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We investigate the Dirichlet weighted eigenvalue problem of the elliptic operator in divergence form on compact Riemannian
manifolds (M, g, e"?dv). We establish a Yang-type inequality of this problem. We also get universal inequalities for eigenvalues of
elliptic operators in divergence form on compact domains of complete submanifolds admitting special functions which include the
Hadamard manifolds with Ricci curvature bounded below and any complete manifolds admitting eigenmaps to a sphere.

1. Introduction

Let (M, ,)) be an n-dimensional bounded compact Rieman-
nian manifold, ¢ € C*(M), and dy = e ?dv, where dv is the
Riemannian volume measure on (M, {, )). Let A and V be the
Laplacian and the gradient operator on M, respectively. The
witten Laplacian (or the drifting Laplacian) with respect to
the weighted volume measure y is given by

Ag=A= (VY (). )

In recent years, many mathematicians have paid their
attention to the eigenvalue problem of the drifting Laplacian
on Riemannian manifolds (see [1-3]). They have studied the
following eigenvalue problem:

A¢u =-Au, in Q,
)
ulaQ =0.
In particular in [4], Xia and Xu got a Payne-Plya-Weinberger-
Yang-type inequality of the eigenvalues of this problem:

L 2
Z (Akﬂ - /\i)
i=1

) 3)
< 23 (s = 1) (43, + 4901 42 HL + ),
i=1

where H, = sup,|H|, H is the mean curvature vector, and

$o = maxg|Vel.
In this paper, we consider the following eigenvalue prob-
lem:

—div (AVu) + (AV®, Vu) + Vu = Apu, in M,

(4)

ulzpr =0,

where V' is a nonnegative potential function, p is a positive
function continuous on M, and A is symmetric and positive
definite matrices. Through integration by part, we can find

| 1 (div(avg) + (4v9.9g) + Vo) dy
_ JM g (= div (AVF) + (AV, VF) + VF) dp,

| 1 (-div(avg)+ (499 Vg) dye = | (AVg.Vf) dp
(5)

where f and g are smooth functions on M with fl;,, =
Jlap = 0. As we know (see [5]), this problem has a real and
discrete spectrum:

0<A <A, <-- <A, < (6)

here each eigenvalue is repeated from its multiplicity.



In Section 2, we get a general inequality for the eigen-
value of the operator in divergence form —div(AV(:)) +
(V¢,V(-)) +V through the way of trial function. In Section
3, we obtain a Payne-Plya-Weinberger-Yang-type inequality
through defining special trial function. In Section 4, we prove
some universal inequalities for eigenvalues of the divergence
operator on manifolds admitting special functions.

2. A General Inequality

Firstly, we give a useful inequality about the eigenvalues.

Theorem 1. Let A, be the ith eigenvalue of problem (4) and let
u; be the orthonormal eigenfunction corresponding to A;; that
is,

—div (AVy;) + (AV$, Vu,) + Vu; = A,pu;,  in M;
J puu;dp = 5, 7)
M

uilaM =0.

Then, for any h € C*(M)NC*(OM) and any integer k, we have

-

Il
—

(s = 1) JM W2 (Vh, Vh) du

1

k
<€) (Mot — 1)’ JM W2 (AVh, Vhy du ®)
i=1
e =M [ 1 1 2
+ Z# J = ((Vui, Vh) + —u,Ah) du,
-1 € Mp 2

where € is any positive constant.

Proof. We define a trial function
k
¢ = hu; - Zaijuj’ )
=1

where a;; = IM phujudy = aj;, and then we have

jio
j poiujdp =0,  @la =0, forVi,j=1,...,k. (10)
M

If we set L = —div(AV(-)) + (AV¢, V(-)) + V, then through
direct calculation, we have

Lg; = (—div (AV () + (AV$, V() + V) ¢,

k (11)
= hLu; + w,Lh = Vhu; = 2 (AVh, Vi) = ) agd ju.

j=1

Substituting (11) into the well known Rayleigh-Ritz inequality

-[M (piL(Pi

Aoy < ,
U peidu

(12)
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we can get

(A = 1) j po; du
M
(13)
< J ¢; (u;Lh — Vhu; + 2 (AVh,Vu,)) du.
M

We set
b, = JM (w,Lh = Viu, =2 (AVR, Vi) u,dp. (14)

Through direct calculation, we have

bij = _bji’

by=(A-1;)ay. (15)

Combining with (13), we get

(Ajsr = A3) j po;du
M

<- J hu; (u; (div (AVh) — (AV¢, Vh))
M

(16)
=2 (Vu;, AVh))du
2
+Y (4i-1))a
=1
Setting
Gj = J u; <<Vui,Vh> + luiAh) du, (17)
M 2
then through direct calculation, we have
Gj = —Cji> (18)

JM (-2)¢; ((Vui, Vh) + %u,Ah) du

1 k
PN ( Vi, Vh) + - Ah)d 2Ya.c.
JM U; < U; >+2u1 U+ ;azjctj

k
M =i
(19)
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Multiplying (19) by (A, — A;)%, we get
k
2
(Ages = A)) (J u; (Vh, Vhy du + zZaijc,.j>
M i
2
= (/\k+1 - Ai)

1

. JM (~2) VPé, ( - ((w,,w) N %u,Ah)
k
—Zlcij\/ﬁu]) dp
£
< e(hen=1)* | poldu

o e A J L ((wi,vm + lu,Ah)
M\ /P 2

€
X 2
X Vﬁ”f) dp
j=1
=€ (Apsr — Ai)3 J-M P‘/’izdl/‘

Y 2
+ A = i <I = <(Vui,Vh> + lu,-Ah) du
Mp 2

€

(20)

<e(hy - 1)) <— jM hu, (u; (div (AVh)

- (AV¢, Vh))
+2(Vu,;, AVh) du)

(- "j)“é)

k
+

j=1

1

+ Ak+1 - A
€

. J l((Vu Vh)+luAh>2d —icz
M P > SHi “ j:1ij ’

where € is any positive constant. Summing over i from 1 to k,
we have

k
Y (A =) J 12 (Vh, Vh) dy
P M

k
=2 (Mr =4 (M= A aye

ij=1

k
<€ (e -1 (- JM hus, (1 (div (AVH)
i
- (AV¢, Vh))

+2 (Vu,;, AVh)) dy)
5 A — A 1 1 2
+ Z# I = ((Vui,Vh> + —u,-Ah) du
-1 € M p 2

=Y e = A e(A, —Aj)2a§>

ij=1

_ Zk: ()‘kﬂ B Ai)c%.
ij=1 € !
(21)

Because of a;; = aj;, ¢;; = —c;;, we infer

k
Z (M = Ai)z j ”‘? (Vh,Vh) du
j=1 M

k
<ey (A =4’
i=1

: (— J hus, (u; (div (AVH)
M
— (AV$,Vh)) + 2 (Vu,, AVH)) d,u)

k — A 2
+ ZM J ! ((Vui,Vh> + luiAh) du.
-1 € M P 2
(22)

Considering the property of the measure on this weighted
manifold that du = e ®dv, we can refer to the fact that

I hu? div (AVH) d
M
= J hui2 div (AVh) e Pdv
M
- _J (AVh,Vhy ule *dy
M
- j (AVh, Vu,) 2hue P dv + I (AVh, V) hule ®dv
M M
= - J (AVh, Vhy udu — J (AVh, V) 2hudy
M M

. j (AVh, V) huildp.
M
(23)

Substituting (23) into (22), we can finish the proof of Theorem

1 O



3. The Main Theorem and the Proof

In this section, we give some estimates about the eigenvalues
of the operator in divergence form.

Lemma 2. Let M be an n-dimensional complete Riemannian
manifold and let Q be a bounded domain with smooth
boundary and let ¢ be a smooth function on Q in M; Ais a
symmetry and positive definite matrix; suppose A; be the ith
eigenvalue of the problem:

—div (AVy,) + (AV, Vi) + Vu, = Apu;,  in O

JQ puu;du = 83 (24)

uilaQ =0.

If M is isometrically immersed in R™ with mean curvature
vector H, then

k
my O =)' |
i=1 Q
k
<€ (o - izj W tr (A) dy (25)
i=1 Q

k — A
+Z%J <|Vu| + - unH)d(,t.

i=1
Proof. Let x,, « = 1,2,...,m be the standard coordinate

functions of R™. Taking h = x, in (8), summing over « from
1to m, we have

zum T3 [ (T du

a=1

2m
u; AVx,,Vx,)d
L)j( w V) dy

a=1

k
Z /\k+1
k

k+1 i 1 )2
E E Vu;, V + —uA d
JQ P < < u xa) 2 ul xlX M

=1 a=1

k m
=€) O =) [ 7). (AVx, Vi) dy
i=1 a=1

uf (Ax,)”

Zk; kel iJ g (Vi Vx,))?

+ (u,Vu;, Ax, Vx, ) du.

(26)
Since M is isometrically immersed in R™, we have
“ 2
Z [Vx,|” =n, (27)
a=1
and then,
J ufz |an|2 du = nJ uizdy. (28)
Q Q

a=1
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Also, we have

A(xy, %5, %,,) = (Axy, Axy, ..., AX,,) =nH.  (29)

Lete,,...,e, be orthonormal tangent vector fields locally
defined on M; we have

n+l

Y (AVx,,Vx,)

a=1

-y A<i<an,ef>ei>,i<waef>ej>

n n+l (30)

= Z 2. (ex) (%) (Aese;)
- Z (ere;) (Aeve;) = Z (Aeire;)

i,j=1
=tr(A),

and then,

Z J ul {AVx,, Vx, ) dy < J ul tr (A) dy,
o o

a=1

ZAxa (Vg V) = ZAxaVu,- (x,) = (nH,Vu,) = 0.
a=1 a=1

31)

Substituting (28), (29), and (31) into (26), we can finish the
proof of Lemma 2. O

Theorem 3. Under the same assumption of Lemma 2, let T =
(supr)_l, o= (ianp)_l, Vy = mingV, |V¢| < Cy, |H| < Hy,
&I < A <&, and then one has

L 2
Z (Ak+1 - /\i)
i=1

45202

s 2
nt

: Z (Akﬂ - /\i)
i=1

{ 2, [EZCOU

12
+ (&;Cga — 4§ Vot + 4&1%‘) ]

(32)

1
+ ZanZHg } .
Proof. Obviously, we have

o= O’J puizd‘u > J uizdy > TJ pufdy =T (33)
Q Q Q
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Multiplying the equation

—div (AVy;) + (AV@, Vu,) + Vu; = A, py; (34)

by u; and integrating on Q, we have

= J (AVu,;, Vu,) du + J u; (AVe, Vu,) du + J Vi dy
o Q o

> ¢ J \Vus;|* dp + J u; (AV, Vu,) dy + J Vildu.
Q Q Q
(35)

Considering

|| Cav4.v1) di

<& | il V9]V du

1/2 , 172
<&,C, <JQ ufdy) <JQ |Vu,~| dpt)

) 1/2
< &xCoor (| (vl du)
Q

then we can obtain

A= ¢ J |Vus,|* dps + J u; (AVP, Vu,) du + J Vil du
o o o

(36)

12
> & JQ |Vu,~|2 du-&,Cyo (L |Vu,~|2 dy) +V,r.

(37)
Solving this inequality, we have
J qui|2 du
Q
) (38)
1/2
ZE {Ezcoo + (fz — 45 Vot + 4§1Ai) } .
Substituting (33) and (38) into (25) and taking
12
c- (é) : (39)
B

where

A= Z()Lkﬂ - /\i)a

i=1

{ 2, [EZCOG

+ (E§C§0 —4&, VT + 4§1Ai)1/2] (40)
1
+—cm2H§} ,
4

i)2 né,o,

'M=

Il
—

B= (/\k+1

we can finish the proof of Theorem 3. O

Remark 4. Ifwe set ¢ = constant, A =1, p = landV = 0, the
divergence operator becomes the usual laplace operator on
Riemannian manifolds and we can find our result is sharper
than the result in [4, 6].

Remark 5. For some of the recent developments about uni-
versal inequalities for eigenvalues on Riemannian manifolds,
we refer to [6-12] and the references therein.

4. Eigenvalues on Manifolds Admitting
Special Functions

In this section, we get some universal inequalities for eigen-
values of the divergence operator on manifolds admitting
special functions.

Theorem 6. Let M be an n-dimensional complete Riemannian
manifold and let Q be a bounded domain with smooth
boundary and let ¢ be a smooth function on Q in M; A is a

symmetry and positive definite matrix; let T = (sup,p) ", 0 =
(infop) ™", Vy = mingV, [Vl < Cy, |H| < Hy, §,1 < A < &,1;
suppose A; be the ith eigenvalue of the problem:

—div(AVw,) + (AV, Vu,) + Vu, = Apu;,  in O
_[Q puu;ap ij

Uilan = 0;
(41)

if there exists a function 0 : O — R and a constant A, such
that

VOl =1, |A6] <A, onQ, (42)

then

k 2
D (Ager = 1)
i=1

852 Z (Ak+1 i

{251 [EZCOU
+(BC0 - 45, Vyr +481,)" 2]

+ iaA%} .
(43)



Proof. Taking h = 0 in (8) and considering (38), (42), and
(VO, AVO) < &,|VOJ*, we have

k
TZ (A’k-f-l - Ai)z
i=1

—A,.)ZJ W2 (V6, AV6) du
Q

k 2
A=A [ 1 1
+ E + — JQ 5 ((Vui,VH) + EmAG) du

i=1

k 2 2
+20Z}%rl /\’j |Vui|2+ oti du

i1

k

+(GC0 - e Vr +46,1,)")
2
+ aﬁ)
4
(44)
Taking
k
€= <2Z (A1 = M)
i=1
1
(251 <£2C00
A2

+ (Egcéaz - 48 VT + 4€1Ai)1/2> +0

. 1y 12
-<@Z(Akﬂ—ai)z> } ,

we can complete the proof of Theorem 6. O

)

(45)
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Remark 7. Let M be an n-dimensional connected complete
Riemannian manifold; suppose its Ricci curvature satisfies
Ric,, = —(n - 1c%, ¢ > 0. If there exists a smooth func-
tion 0 satisfying |[VO| = 1, then |[AO] < (n - 1)c%. So
the Bussemann functions on Cartan-Hadamard manifolds
with Ricci curvature bounded below satisty the condition in
Theorem 6.

Theorem 8. Let M be an n-dimensional complete Riemannian
manifold and let Q be a bounded domain with smooth
boundary; let ¢ be a smooth function on Q in M; A is a
symmetry and positive definite matrix; let T = (sup,p) ", 0 =
(infop) ™", Vy = mingV, |Vl < Cy, |H| < Hy, §,1 < A < &,
suppose A; be the ith eigenvalue of the problem:

—div (AVw;) + (AV, Vu,) + Vu, = Apu;,  in O
JQ puu;al ij

Uilan = 05
(46)

if Q admits an eigenmap f = (f1, f5, ... Q- 9"

corresponding to an eigenvalue v, that is

’fm+1) :

m+1
Afy = Nfp a=1,...,m+1, Yfi=1, (47
a=1
then
L 2
Z (Akﬂ - /\i)
i=1
- 2¢,0°
<
Z (Ak+1 i
ECyo
g e
+ (Egcga —4& VT + 451/\,»)1/2] + ?} .
(48)
Proof. Because of (47), we obtain
m+1 )
Y Vil =n. (49)
a=1
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Taking h = f, in (8) and summing over « from 1to m + 1, we
get

JQ u} |Vf, | du
umZ (Vfw Afo) dpt
J i (7m0 £ - %nf“ui>2 du

k
< 6’7‘7522 (Aar = /\i)z

i=1

k 2 2
Ak —Ai J 2 My
+20; " Qr]|Vui| T dy

k

< 6’70522 (At — /\i)z

i=1

k — .
+GZAk+1 /\1
= €
: <fi <£2C00
1
2,2 2 1/2
+(BC207 — 48 Vyr +451) )

2
vl ).
:)

(50)

e

+ (Egcgoz - 48 VT + 4£1Ai)1/2> + a%) )

1/2

k -1
’ (fzz(/\kﬂ - Ai)2> >

i-1
(51)

then the proof of Theorem 8 is finished. O

Remark 9. Any compact homogeneous Riemannian mani-
fold admits eigenmaps to some unit sphere for the first posi-
tive eigenvalues of the Laplacian which satisfy the condition
in Theorem 8 [13].

5. Physical Interpretation

In quantum mechanics, eigenvalue is the dynamics of macro
possible values. The wave function is superposition of a num-
ber of eigenstates. Different eigenstate is corresponding to the
specific eigenvalue (of course there may be degenerate case;
namely, the same eigenvalue corresponds to different intrinsic
state). The experimental measurement of the mechanical
quantity must be one of eigenvalues, and wave function
in the measurement is the eigenstate of the corresponding
eigenvalue. The gap between different eigenvalues means
the difference between the energy levels. That is why many
researchers pay much attention to this problem. In this paper,
we find a relatively accurate upper bound between any two
different eigenvalues.
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