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We study the existence of weak solutions to the following Neumann problem involving the p(x)-Laplacian operator: —A

o T

e()[ulP %y = a(x) f(u),in Q, 0u/dv = 0, on 0Q. Under some appropriate conditions on the functions p, e, a,and f, we prove

that there exists A > 0 such that any A € (0, A) is an eigenvalue of the above problem. Our analysis mainly relies on variational

arguments based on Ekeland’s variational principle.

1. Introduction

This paper is considered with the existence of weak solutions
to the following Neumann problem:

—A ot + e (x) PP u=da(x) f (w) inQ,

ou_, )

3 on 09,

where QO ¢ RN (N > 1) is a bounded domain with a smooth
boundary, p(x) € C(Q) with p(x) > 1 on Q,and A > 0
is a parameter. e(x) € C(Q) is nonnegative, f € C(R), and
a(x) € L"™(Q) for some r € C(Q).

The operator Ay = div(|Vul?®2Vy) is called a
p(x)-Laplacian. If p(x) = p is a constant, then operator
is the well-known p-Laplacian, and (1) is the usual p-
Laplacian equation. As a matter of fact, the p(x)-Laplacian
has more complicated nonlinearities than the p-Laplacian.
For example, it is not homogeneous. The study of differential
equations with p(x)-growth conditions is an interesting and
attractive topic and has been the object of considerable
attention in recent years [1-6].

In 3], by applying a variational principle due to B. Ricceri
and the theory of the variable exponent Sobolev spaces, the
author considered the Neumann problem of p(x)-Laplacian:

A pu A A PP u = fw) + g (ou) in Q
)
a_u =0 on 0Q.
0v

In [5], based on the three critical points theorem due to
B. Ricceri, the author studied the problem

-2
— Ayt +e(x) [u|?®)72

=Aa(x) f (x,u) + pug (x,u) in Q, 3)
3_1: =0 on 0Q.

In [6], the author established the existence of at least three
solutions of the problem

_Ap(x)u + |u|P(x)—2 u=\x (x)f(u) + /3(x)g(u) in Q,
g—: =0 on 0Q.

(4)

However, in [3, 5, 6], the function p(x) assumed that p~ >
N. In this paper, by using Ekeland’s variational principle, we



show that when 1 < p(x) < N, there exists A > 0 such

that any A € (0,7); problem (1) has at least one nontrivial
weak solution. For more applications of Ekeland’s variational
principle to other problems, see, for example, [7-10]. Our
result is partly motivated by these nice papers.

This paper is organized as follows. In Section 2, we recall
some basic facts about the variable exponent Lebesgue and
Sobolev spaces and also give some propositions that will
be used later. In Section 3, we obtain the existence of weak
solutions of problem (1).

2. Preliminaries

In order to deal with the p(x)-Laplacian problem, we need
some theories on spaces L? @) (Q), WhP*)(Q) and properties
of p(x)-Laplacian which will be used later. Let

C,(Q)={nlheC(Q), h(x)>1forx on Q}. (5)
Through this paper, for any h € C(Q), we use the notations
+ o— T o= .
h" :=suph(x), h™ = inf h(x); (6)

xeQ x€Q

denote

P Q) = {u | u is a measurable real-valued function,

L u (x)]P® dx < oo} .

(7)
We can introduce the norm on LP*)(Q) by
. u () [P

) = inf {A ol [ [952] axs1f, @

and (L?¥(Q),| - | P(x)) becomes a Banach space; we call it a
generalized Lebesgue space.

The variable exponent Sobolev space W?™(Q) is
defined by

WD Q) = fu e 'Y (@) | [Vul € 7 (@)}, 9)
and it can be equipped with the norm

ol = oy + [Vt oy Vet € WP (). (10)
The spaces L ®(Q), WP (Q) are separable, reflexive
Banach spaces [11].

From now on, we denote X by the space WhPX(Q). For
any u € X, define

flell,

px) P(x)

Vu (x) u(x)

A

e(x)

dx < 1} ;
(11)

then, it is easy to see that ||u]|, is a norm on X and equivalent
to [|u]|. In the following, we will use [|u||, instead of [lu| on X.
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Proposition 1 (see [11, 12]). The conjugate space of LPY(Q)
is LPO(’C)(Q), where 1/p(x) + l/po(x) = 1. For any u ¢

LP¥Q) and v € Lpo(x)(Q), one has the following Holder-type
inequality:

” uvdx|
Q

1 1 )
S<—+— [6] oy 1V] 00y < 2 18] iy [V 5050y -
— - pl) V1p°(x) p(x) W1p°(x)
P (")

(12)

Moreover, ifh; € C+(§) with 1/h,(x) +1/h,(x) + 1/h;(x) = 1,
then, for u € M"OQ), v e I2P(Q), w e L®(Q), one has

d 1 1 1
[ uwdx < h_ + E +— i [1lh, oy VIR, ) 1@y )

< 3 [uly, () VI, () 1@l o) -
(13)

Proposition 2 (see [11]). Put p(u)
LPY(Q); then

_[Q [ulP@dx, Yu €

(i) |”|P(x) <l(=L>1)e pu) <1(=1>1);

(ii) |“|p(x) >1= |u| px) < < p(u) < |u| 2 lulpy <1 =

ul? . < p(u) < |ul?,

p(x) px)
(iii) |u|p(x) - 06 p(u) — 0 Iulp(x) — 00 & p(u) —
0.

From Proposition 2, the following inequalities hold:

lul? < j IV ()17 + e (x) Ju ()P dx <l
0 (14)

if ull, > 15

lul? < j Vit ()P + e () [u ()P dx < fJullf
o (15)

if Jluf, < 1

Proposition 3 (see [13]). Let g € L™(Q) be such that 1 <
p(x)gq(x) < oo fora.e. x € Q. Letu € LPY(Q),u # 0. Then,
one has the following:

(0) 3 1) gy < 1o them full o < a0 <
|“|p<x>q(x)’
(ii) zflu(x)lp(x)q(x) > 1, then |ul?, T g < ™0 <
|”|p<x>q(x>
For any x € Q, let
N
. NP e g <N
p (x)=1N-p(x) (16)
00, if p(x) = N.
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Proposition 4 (see [11, 14]). Assume that 1 < g(x) € Cc(Q)
satisfy q(x) < p*(x) on Q; then the imbedding from W"P® ()
to Lq(x)(Q) is compact and continuous.

We define ® : X — Rby

QM—J—LIMMP ﬂwuwmw,

e
(x) p(x

17)

Y (u) = JQ a(x)F (u)dx, F(t) = L f(s)ds,

I () =) - AY (u).

Proposition 5 (see [15]). (i) @ is weakly lower semicontinu-
ous, ® € CH(X,R), and

(@ w),v) = L IVl Vuvy + e (x) [ulP™ 7 uv dx,

Yu,v € X;
(18)

(i) @' is a mapping of type (S,); that is, if u, — u and
liminf, _, . (®'(u,), u, — u) <0, thenu, — u;
(iii) ®" : X — X* is a homeomorphism.

3. Main Result

We say that u € X is a weak solution of problem (1) if

j IVulP® 2 vuvy + e (x) [ulP® % uv dx
? (19)
= /\I a(x) f(wvdx, VvelX.
Q

It follows that we can seek for weak solutions of problem
(1). We need the following assumptions.

(A) There existy; >y, > 0,0 < 3 < 1,and g;,g,,7 €
C, (Q) such that

l1<q(x)<gy(x)<p(x)<N<r(x) on Q, (20)
0<F(t) <y 11" forteR, (21)
F@t) =y t2Y  forte[-B,A]. (22)

(B) Consider a(x) € L™ (Q) and there exists a subset
Q, ¢ Q with meas(€);) > 0 such that a(x) > 0 for x € Q,,
where meas(-) denotes the Lebesgue measure.

Remark 6. Regarding condition (A), we have
r(x) g; (x)
r(x) = g; (x)

fori=1,2,
(23)

(%) g (x) < p* (%),  s(x)= <p'(x),

where 1/r(x) + 1/r°(x) = 1. Thus, by Proposition 4, the
embeddings X — Lro(x)q*'(x)(Q) and X — L¥Q,i = 1,2
are continuous and compact.

By a standard argument, we have that ¥ is weakly lower
semicontinuous, ¥ € C'(X, (R)), and

(\I" (u), v) = J a(x) f(wvdx, Vu,veX (24)
Q

Remark 7. I, is weakly lower semicontinuous, I, € C'(X, R),
and

(I/'\ (u),v) = J (|Vu|p(x VuVv + e (x) |u|p(x)72uv)dx

—AJ a(x) f(wvdx, VvelX.
Q
(25)

Thus, u is weak solution of problem (1) if and only if u is a
critical point of I.

Note from Remark 6 that the embedding X —
0
L @a™)(Q) is continuous; then, there exists a positive
constant d > 1 such that

[t4] 0 <d|ul,, foranyue X. (26)

0(x)q; (x)
Lemma 8. For any « € (0,1/d), there exist A > 0 and y>0
such thatI,(u) >y forany A € (0,A) andu € X with |ul|, = a.
Proof. Let o € (0,1/d) be fixed. Then, a < 1, and, from (26),

we know that

[u <1, foranyu e X, lul, = «. (27)

0(x)q; (%)
From Propositions 1 and 3, (15), (21), and (26), it follows that

1
I > \v} p(x) p(x) d
2 () p+Lﬂ'”' +e (x) [ul”™) dx

—AJ |a (x)| F (u) dx
Q

1
SR mjmuwﬂ”m
p Q
1
2 S Wf =201l [, B
1
> — Jull?” 2Aylhﬂaﬂluloxm )
p*
1 - ; .
2 5 Wf =20 ol 1l
1 - n
:Fw_nmmmmﬂ-
Hence, if we let
_ 2 p'-a;
2= (x— (29)
Sp yldql |a|r(x



then, for any A € (0, ) and u € X with [lul, = «, there exists
y:ocl’ﬁ/SpJr > 0 such that I) (1) > y. O

Lemma 9. There exists ¢ € X such that ¢ > 0, ¢ # 0, and
L (t¢) < 0 fort > 0 small enough.

Proof. From condition (B) and (20), there exists a subset Q); C
Q, and g,(x) < p(x) on Q,. If we let g, = min, g5 g,(x) and
p =min, g p(x), then there exists § > 0 such that g, +6 < p.
Moreover, since g, (x) € C(£),), there exists an open set (), C
Q,, meas(Q,) > 0, and |g,(x) — §,| < & for x € Q,. Thus,
4 (x) < G +8 < pin Q.

Let ¢ € C;°(Q) be nontrivial such that supp(¢p) ¢ Q, ¢
Q,¢ > 0and ¢ # 0in Q,. From (22), then for 0 < t <
min{l, ﬁ/(maxxmz(p(x))}, we have

BG9)= | o5 (VEP® +ealegl!) s
—AJ a(x)F(t¢)dx
Q
P ) )
= Lz IS (IV @) + e ) [¢]") dx
—)Lj a(x)F(t¢)dx
0,
5 (30)
< [ (T @P +ec o) s
- Ay, J a(x) |t¢|qz(x) dx
0,
tP &) )
< = |, (W@ +elol™)ax

- )\ythzﬂs L a(x) |¢|q2(x) dx.

Since [ (IV($)[P™ + e(x)[¢|P*)dxx > 0, in fact, if this is not
true, JQ (IV(@)1P¥) + e(x)|$|?*))dx = 0; by Proposition 2, we

have [|¢], = 0 and so ¢ = 0 in Q, which is a contradiction.
Hence, I, (t¢) < 0 for

0<t

B

max, o ¢ (x)’

< Ayap” ,[Qz a(x) ¢ >1/ (P=3:-9)
Jo, (V@7 + ¢ () |97 dx

(31)
O

<min {1,

In this paper, we study problem (1) by using Ekeland’s
variation principle, which is recalled below.
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Lemma 10 (see [16]). Let M be a complete metric space and
let ] : M — (00,00] be a lower semicontinuous functional,
bounded from below, and not identically equal to co. Let € > 0
be given and z € M be such that

J(z) < i?/[f] + €. (32)

Then, there exists v € M such that

JW <] <inf]+e d(zv) <1, (33)

and for any u # v in M,
J ) <J(u)+ed(v,u), (34)
where d(-,-) denotes the distance between two elements in M.
We now state our main theorem.

Theorem 11. Assume that conditions (A) and (B) hold. Then,
there exists A > 0 such that any A € (0, A); problem (1) has at
least one nontrivial weak solution.

Proof. Let A be defined by (29),and A € (0, ). By Lemma 8,
we have

inf I, >0,
6113?(0) A (35)

where B, (0) is the ball in X and 0B,(0) is the boundary of
B,(0). For any u € B,(0), by an argument similar to those
used in Lemma 8, we can obtain that

1, - -
Iy (u) = ” lll?” = 2Apd™ lal, o Iuld . (36)

Note from Lemma 9 that there exists ¢ € X such that I, (t¢p) <
0 for t > 0 small enough. Then, from (35) and (36),

-00<c¢, := inf I, <0.
(5} S0 A (37)
Let
0<e< inf I) —¢,.
€St & (38)

Applying Lemma 10, we see that there exists u, € B,(0) such
that

o <I)(u)<c, +e

(39)
Li(u) <Iyw) +elu-u, foru#u,.
Since I (1) < ¢, + € < infyp () ), we have u, € B, (0).
Now, define a functional J, : B,(0) — R by
@) =1 () + efJu—u,. (40)

By (40), u, is a minimum point of J;, and for ¢t > 0 small
enough and all v € B, (0), we have

Ta(ue +tv) = T () 0: (41)
. = 0;
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then
1 +tv)—1
A (ue Vt) A (ue) te ”V”e > 0; (42)
whent — 0, we have
(13 (u),v) +€lvl, 20 Vv e B, (0). (43)

Together with (39), there exists a sequence {u,} C B,(0) such
that
L (u,) —c» I (u,)—0. (44)

By the reflexivity of X, there exists u, € X such thatu, — u,.
Note that

'I;u (un) > Uy — uO' = |I/,\ (un) ’ un| + |I),L (un) > u0|

< 18 o) ol [ )] ol
Then, from (44), we have
Jim (I)'L (w,),u, - uo) =0. (46)
From (21) and Propositions 1 and 3, we have
|\PI (un) > Uy — ”0'
<3q/n lal, () max {|un|21(;1) , |un Zf(:cl)} |un - “0|sl(x) ,

(47)

where s, (x) is defined in Remark 6; by the continuous and
compact embedding of X — L1 (Q) and X — L9P(Q),
we can get

lim (¥ (u,),u, —uy) = 0. (48)

n— 00

Now, we conclude that

lim (d)' (w,),u, - uo) =0. (49)

n—00
Thus, by Proposition 5, we have 1, — u,. Hence,
I) (uy) = ¢, <0, I (uo) = 0. (50)

Therefore, 1, is a nontrivial weak solution of problem (1). [
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