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A stochastic nonautonomous N-species Lotka-Volterra model with delays and impulsive perturbations is investigated. For this
model, sufficient conditions for extinction, nonpersistence in the mean, weak persistence and stochastic permanence are given,
respectively. The influences of the stochastic noises, and the impulsive perturbations on the properties of the stochastic model are
also discussed. The critical value between weak persistence and extinction is obtained. Finally, numerical simulations are given to

support the theoretical analysis results.

1. Introduction

Population ecology is a major subfield of ecology that deals
with the dynamics of species populations and the way these
populations interact with the environment. It is concerned
with the study of groups of organisms that live together in
time and space and compete for the limited resources or
in some way inhibit others’ growth. Modelling of dynamic
interactions in nature allows us to understand better how
these complex interactions and processes work. The well-
known model that regards dynamic of population models
is the Lotka-Volterra model. The investigation of the Lotka-
Volterra model is one of the dominant themes in mathemati-
cal ecology due to its importance. The Lotka-Volterra model
with delays has received more and more attentions and had
lots of nice results [1-5]. More details of the Lotka-Volterra
model with delays are discussed in the books by Gopalsamy
[6] and Kuang [7].

In the real world, the population models are inevitably
influenced by the environmental noise which is an important
component in an ecosystem [8-10]. Moreover, May [11] has
pointed out the fact that, due to environmental noise, the
birth rate, carrying capacity, competition coeflicient, and
other parameters involved with the system exhibit random
fluctuation to a greater or lesser extent [12].

On the other hand, populations may be affected by a vari-
ety of factors both naturally and manly, such as earthquake,
drought, flooding, fire, crop-dusting, planting, hunting, and
harvesting; the inner discipline of species or environment
often suffers some dispersed changes over a relatively short
time interval at the fixed times, which makes it unsuitable
to be considered continually. In mathematics perspective,
such sudden changes could be described by impulses. With
the development of the theory of impulsive differential
equations [13, 14], we can establish adequate mathematical
models of impulsive differential equations to investigate the
dynamic behaviors of such ecosystems with impulsive effects.
Consequently the dynamical behaviors of impulsive popula-
tion dynamical models and stochastic population dynamical
models have been extensively studied [15-19]. The nonau-
tonomous N-species Lotka-Volterra competitive system with
impulsive perturbations was discussed in Hou et al. [15]. N-
species nonautonomous Lotka-Volterra competitive system
with delays and impulsive perturbations was considered in
Zhang and Teng [18]. While these papers did not discuss the
persistence and extinction of the stochastic Lotka-Volterra
model, from the viewpoint of applications, it is critical to find
out when the population will go to extinction or survival.

A major problem in population biology is to understand
what determines extinction of a population. Population



extinction is often a result of habitat destruction and
modification which can be widespread. Moreover, dramatic
changes in ecosystem structure or function are often caused
by the species additions in the form of invasive species.
In addition, the extinction of native populations may be
caused by the growth of invasive species [20]. Moreover, even
large populations may be destroyed by some extraordinary
perturbation [21]. When the time is sufficiently large the
population of some species may not become extinct, but the
size of that population may be close to zero so that the species
can be endangered. In other words, there exists a critical
number between extinction and survival of population. In
this sense, Ma and Hallam [22, 23] proposed the concepts
of nonpersistence in the mean and weak persistence for
some deterministic models and Lu and Ding [24] applied
these concepts to stochastic logistic models instead of the
stochastic Lotka-Volterra model.

Inspired by the works referred above, in this paper, we
will investigate the persistence and extinction of a general
stochastic nonautonomous Lotka-Volterra model with delays
and impulsive perturbations. To our knowledge, there are
few results of this aspect for the stochastic nonautonomous
Lotka-Volterra model. Moreover, all the publications have
not obtained the persistence-extinction threshold for the
general stochastic nonautonomous Lotka-Volterra model
with delays and impulsive perturbations. The problems
above are explored and some main results are given in this
paper. The general stochastic nonautonomous Lotka-Volterra
model with delays and impulsive perturbations which has
a unique positive global solution is investigated. For this
model, sufficient conditions for extinction, nonpersistence
in the mean, weak persistence, and stochastic permanence
are established. The influences of the stochastic noises and
impulsive perturbations on the properties of the stochastic
model are discussed. Comparing with deterministic results
[25-27], if the noise is sufficiently small, the property
permanence that the related deterministic system possesses
is preserved in the stochastic model. However, with the
increase of stochastic noise, the properties of the system
may be changed greatly. For example, the solution to the
associated stochastic model will be extinct with probability
one with the increase of stochastic noise being sufficiently
large, although the solution to the original deterministic
model may be persistent. The properties of the system are not
affected by the impulsive perturbations which are bounded;
otherwise, the properties may be changed significantly. The
critical value between weak persistence and extinction is
obtained.

The rest of the paper is arranged as follows. The stochas-
tic nonautonomous Lotka-Volterra model with delays and
impulsive perturbations is formulated and some notations
and preliminaries are given in Section 2. Section 3 shows
that the general nonautonomous Lotka-Volterra model has
a unique positive global solution. Then, sufficient conditions
for extinction, nonpersistence in the mean, weak persistence,
and stochastic permanence are established in Section 4. The
simulation results in Section 5 are given to illustrate the main
results obtained in this paper. Finally, the conclusions are
given in Section 6.
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2. Problem Formulation and Preliminaries

A classical nonautonomous Lotka-Volterra model with time-
varying and infinite delays can be expressed as follows:

dx, (t) N
0 k0| n (t)—;% (£) x; (1)

b.. (t—1.
+jzzl,](t)x](t 7, (1)) "

n 0
$Ye 0| x+0)du 0|,
IEE

1<i<n, 1<j<n,

where x(t) = (x,(t),... ,xn(t))T; x;(t) and r,(t) are the pop-
ulation size and intrinsic exponential growth rate for the ith
species at time ¢, respectively; aij(t), bij(t), and cl-j(t) represent
the effects of interspecific (for i # j) and intraspecific (fori =
j) interaction at time #; 7;;(t) > O represents the time-varying
fiel'ays; and yij(e) is the probability measure on (-00,0], 1 <
i, j<n

In real life, model (1) is affected by environmental noises.
The intrinsic growth rate of the ith species r;(t) (1 < i <
n) at time t is estimated by an average value plus an error
term. Then the intrinsic growth rate becomes r;(t) —
r;(t) + ai(t)Bi(t). The effects of interspecific (for i # j) and
intraspecific (for i = j) interaction a;(f) (1 < i,j < n)at
time t are estimated by an average value plus an error term.
So ai]-(t) is replaced by —al-j(t) — —ai]-(t) + 8i]-(t)Bij(t). o;(t)
and Sij(t) (1 <1, j < n) are continuous nonnegative bounded
functions on R, = [0,+00) and the intensities of the white
noise at time ¢. B;(¢) and B,-]- (t) are the white noises; B;(t) and
B,-j(t) are the one-dimensional Brownian motions defined on
a complete probability space (Q, #, P).

On the other hand, in practice, model (1) is affected by
impulsive perturbations. As a result, model (1) becomes the
following stochastic nonautonomous Lotka-Volterra model
with impulsive perturbations:

dx; (t) = x; (t) | 1, (8) = Y (£) x; (1)
j:l
+ )b (0 x; (1 -7 (1)
j:l

" 0
+ FZICJ (t) Lx) x; (t+0) dp; (0) | dt +x, () o

-0y (t)dB; (£) + x; () ) 8, (t) x; (t)dB;; (¢),
j=1
t+t, keN,
x; () = x; (t) = hyex; (),

keN, 1<i<n, 1<j<n,
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where N denotes the set of positive integers, 0 < t; < t, <
- < limy_, .t = +00. This model will be studied in this
paper.
Let the initial data £0) = (£,(0),&,(0),...,&,(0))" be
positive and belong to the friendly space €, [28] which is
defined by

%, = {q) € C((-00,0]5(0, +00)") : 1 < ||,
3)

—00<6<0

= sup erel(p(0)|<L},

where [p(8)] = (9*(6) + ¢*(6) +---+¢2(0)* r > 0,and I, L
are two positive constants, [ < L.
For model (2) we always assume the following:

(HD): p;5(0) (1 < i, j < n) is the probability measure on
(=00, 0] satisfying p;;, = Jfoo e_zredyij(H) < +00.

(H2): r,(t), a(£),b;(t) and ¢;(t) (1 < ij < n)
are continuous and bounded function on R, and
min,; ;c,inf, g a;(t) > 0, b;(t) 2 0, ¢;(£) > 0.

(H3): 7;;(t) (1 < i,j < n) are continuously differentiable
functions with 0 < 7;(t) < ™ and 1 - ;(t) > 0
for t € R, where 7™ is a constant. A;jl (t) is inverse
function ofAij(t) =t —1;(1).

(H4): we assume that 1 + by, > 0,7 = 1,2,...,n, k € N.
When h;. > 0, the perturbation denotes increasing
of the species (e.g., planting), while -1 < h; < 0
represents decreasing (e.g., harvesting).

Definition 1 (see [29]). A stochastic process X(t) = (X,(¢),
N Xn(t))T, te §+, is said to be a solution of ISDE:

dX (£) = F(t, X (t)) dt + G (t, X () dB (),
t#t, keN, (4)
X(t) - X () =B X (ty), keN

with initial condition X(0), if the following conditions are
satisfied:

(1) X(t) is adapted and is continuous on (0,t;) and
(ti>trer)s k € N3 F(t, X(t)) € L'(R,; R"), G(t, X(t)) €
L*(R,; R"), where KR +3R") is all R" valued measur-
able adapted processes f(t) satisfying IOT |f(t)lFdt <
+00 a.s. (almost surely) for every T' > 0.

(2) For each f, k € N, X(t;) = lim, - X(#) and
X(t,) = limtﬂt;X(t) exist and X(¢;) = X(t;) with
probability one.

(3) X(t) obeys the equivalent integral equation of (4) for
almost every t € R, \ t, and satisfies the impulsive

conditions at each t = t;, k € N with probability one.
Then X (t) is said to be a solution of ISDE (4).

For the aim of simplicity, we define the following nota-
tions:

f“=supf(t),

teR

l_ .
f=intf @),

(x; )) = % Lt x; (s) ds,

x; =limsup x; (£),

t — +00
x;+ = liminf x; (t), ©)
t — +00
R, =(0,+00),
g, =limsupt™ [ Z In (1 +hy)
t—+oo 0<ty<t
t 2
+J (ri(t)— %i (S)>d5], 1<i<n
0 2
For any sequence {d,-j(t)} (1 <14, j < n),define
d:) = max supd.: (t),
( ’J) lgi,antEE i 0
(6)

(Jl) = min infd; (¢).

Y I<i,j<nteR 7

The following definitions are commonly used and we list
them here.

Definition 2. (a) The population x;(t) is said to go to extinc-
tion a.s. if lim, _, . x;(¢) = 0.

(b) The population x;(t) is said to be nonpersistence in the
mean a.s. (see, e.g., [22]) if lim sup, _, , . (x;(¢)) = 0.

(c) The population x;(t) is said to be weak persistence a.s.
(see, e.g., [23]) if lim sup, _, , . x;(¢) > 0.

(d) The population x(t) = (x,(t), x,(t),..., xn(t))T is said
to be stochastic permanence if, for arbitrary € > 0, there are
constants $ > 0, H > 0 such that liminf, , ,  2P{|x(t)| >
B} > 1-eandliminf, ,,  P{x(t)] < H} > 1 - ¢, where | - |
denotes the Euclidian norm in R7.

3. Nonexplosion

Theorem 3. Consider model (2); for any given initial value
EO) = (£,(0),5,(0),....5,0)" « €, there is a unique
solution x(t) on t € R and the solution remains in R} with
probability I; in other words, x(t) € R’ for allt € R almost
surely.



Proof. Consider the following SDE without impulses:

I:r(t Za,J(t [T (1+hu)y;®

0<t<t

dy; (t) =

+§b,-j(t) [T (1+hy)y(t-7;0)

0<ty <t—;;(t)

+ Zcij ()
=1

7)

0
S TT (e h) v, e+ 0)duy ©

0 o<ty <t+0

+y 00 (OB (0) + ;D) Y 8,0 T (1+hy)

j=1 0<tj <t

-y, (B dBy (1),

with the same initial condition as model (2).

Now for model (7), there is a unique solution y(t) ont € R
and the solution will remain in R, with probability 1.

Since the coeflicients of model (7) do not fulfil the
linear growth condition, the general theorems of existence
and uniqueness cannot be implemented for this equation.
However, they are locally Lipschitz continuous; hence for
any given positive initial condition £(0) = (&,(0),&,(0),...,
En(G))T € ,» there is a unique local solution y(¢) ont €
(—00, 7,), where 7, is the explosion time. To show this solution
x(t) is global solution, which means that the explosion time
T, = +00, a.s. Let us choose k;, > 0 which is sufficiently large
such that

ki< min HCE max |§ )| < k. (8)
For each integer k > k;, define the stopping time
Tk=inf{te(— 7,): (1) < <1 ry,-(t)zk},
K (9)
I1<i<n,

where throughout this paper we set inf @ = +o0 (as usual @
denotes the empty set). Clearly, 7, is increasing as k — +0o0.
Set T, = limy _, 7}, whence 7, < 7, a.s. and x(¢) € R}
a.s. for all t > 0. In other words, to complete the proof all we
need to show is that 7, , = +00 a.s. To show this statement, let
us define a C*-function V: R — R, by Vi(y) = Y1, [\/7i —
1-0.51n(y,)], where y = (y,,...,y,) . Letk > k,and T > 0

be arbitrary. Now define

t h. g 2
t )/(t) sz (l_.[0<t,{<s(1 + ]k)) y] (S)ds

Snlemeo 1-1(a1 )

t 2
+ ZZJ L9< H (1 +hjk)) yf (s)ds du;; (0)
i=1j=1 0<ti<s

+Vi(y(@).

(10)
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For 0 < t < 7, AT, applying Itd’s formula to V (¢, y(t)), we can
get

av (t,y(©) = F(y @) de+ Y2 [ 0 -1]
i=1

-0, (t)dB, (t) + Z% 2 -1] a1)

(Z‘% ® [] (1+h )yj(t)>dBij(t),

0<ty<t
where
F(y(®)
(H0<tk<t (1 + h]k))2 }’,2 (t)
-1 (A5 ®)

+"Z< [1 (1+hjk)>2yf-<t>

0<tp<t

i=1j=1

+Yon® [ o-1]
i=1
—ZZ a; (O [y O -1] T] (1+hy) y; 0

i=1j= 1 0<tp<t

+ZZ16 (1) [y 1) -1 (12)
i=1j=1

+ZZECU O 0 -1]

i=1j=1

ln 2 0.5 ln 2
8,;0" ®) y° () + 4;@ (t)

0<ty<t

2
_é 1% (t)lZ‘Su ® ] (1+hjk)yj(t)]

0<t <t

2
+iz[26ij<f> N <1+hjk>y,.<t>] |
i=1 | j=1

With the fact that ]_[0<t <L+ hy)y(6) < Y0, H0<tk<t(1

hy)y;(t), it is easy to see that F(y(t)) is bounded on R7.
In other words, there exists a positive constant K such that
F(y(t)) < K. Therefore,

V(t,y(t)) < Kdt + Z% [»7% () - 1] 0, (t) dB; (¢)
i=1

- 1
+;5 [i* 0 -1] (13)

: (Za,.j o [ (1+hy)y; (t)> dB; (t).
j=1

0<tj<t
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Integrating both sides from 0 to ¢ and then taking expecta-
tions, we have

EV(t,y (1)

& (0 (H0<tk<t (1 + hjk))2 yjz‘ (s)
< d
< ZZ J_T () 1-1; (A;]; (s)) s

i=1j=1
(14)
n n 0 0 2 i
+ZZJ J < H (1+hjk)) ¥; (s)dsdu;; ()
i=1j=1 =00 98 \och<s
+V, (y(0)) + Kt.
Lett = 7, AT, from fz’j(A;jl(t)) < 1 we have
EV, (y (% AT))
nono 0 (H0<tk<t (1 + hjk))z yf )
- d
< I:ZIJ:ZI J‘Ti]-(O) 1-— T (A (S)) S
(15)
n n 0 0
) J j < [10 +hjk)> y; (s)ds d; (6)
i=1j=1 7700 70 \ o<t <s

+V, (y(0)) + KT.

Note that, for every w € {1, < T}, x;(1, w) equals either k
or 1/k, and hence V; (y(1, w)) is no less than either Vk-1-
0.5log(k) or \/1/k—1-0.5log(1/k) = v/1/k — 1+ 0.5log(k).

Consequently,

Vi (v (1)) > [\/E— 1-0.5log (k)]

T (16)
A \/— -1 +0.510g(k)] .
k
It then follows from (14) that
SN (H0<tk<t (1 + hjk))z )’? (s)
DY [
PR RO 1-1; (45 (9)
n n 0 0 2 )
+ZZJ J ( H (1+hjk)> Vi (s)dsdu; (6)
i=1j=1°"° 0 \o<ty<s
(17)

+V,(y(0)) +KT 2 E [I{TkST} (@) Vy (¥ (0 “-’))]

> Pln <T} ([\/_—1—0510g(k)] [ - -1

+0.5log (k)]),

where I, .7y is the indicator function of {r, < T}. Letting
k — +oo,lim_, Pt < T} = 0 and hence P{r,, <
T} = 0. Since T" > 0 is arbitrary, we must have P{r, <
+00} = 0, so P{r,, = +00} = 1 as required.

Now let

x; (t) = H (1+hy) y: (1) (18)

0<ti<t

Next x(t) is the solution of (2) which will be shown. In fact,
x(t) is continuous on (f4,t;,;) < (0,400), k € N and for
everyt # g,

cmxn=d[II(1+m0»aﬂ

0<ty<t
=[] Q+h)dy 0y =TT (1+hy)

0<ti<t 0<ty<t
-y (8) [Ti ®-Ya; ) [] (1+ha)y;®
j=1 0<t<t
b [T (Lrhy)y(t-7;0)
j=1 0<ty <t—T;(t)
+ Y 6 (t)
=1
0
: I [T (1+hy)y;+6)du; (9)] dt
~0 <t <t+0
' (19)
+ [T (e k) o (1) i (1) dB; (1)
0<t, <t
+ [T O +hy) 5@ Zau ® [T (1+hy)
0<tp<t 0<ty<t
-y () dBy; (£) = x; (t) I:”i (t)
Za (1) x; () + Zbij ) x; (t-7; ()
=1
Y (t)J x; (£ +0) dy, (e)} dt + 0, (t)
j=1
x; (£)dB, (£) + x; () ) 8, (t) x; (t) dB;; (¢).
=1
Moreover, for every k € N and t;. € [0, +00),
x () = lim [T (1+h) 30
k 0<t;<t
= H (1+hy) y; (£)
0<t;<ty (20)
= (1+ hy) H (1+hy) y; (t)
0<t;<ty

= (1 +hy) x; (t) -



In addition,

x; ()
=lim [ (1+h)y® [T () ()
t—t 0<t;<t 0<t;<ty
= [T (Crha) i (8) = % (8) -
0<t;<t,

So the proof is completed.

4. The Persistence and Extinction Analysis

In this section, the extinction, nonpersistence in the mean,
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Then we have

n by (A5} (9)) x; (s)
1 —a
Z[Lm 1-1; (A3 9) ’

weak persistence, and stochastic permanence of model (2) are

discussed.

Theorem4. Ifg’ < 0andmin1<]<ninftER {a;(H)-b,

(2) goes to extznctzon a.s.

Proof. Now applying It6’s formula to (7), we can have

n t
dy j
=1 t—‘r,-j(t)

bif (A;j1 (5)) H0<tk<s (1 + hjk) Vi (s) ds
1-1; (A;jl (S))

+dlny; (t)

j=1

by (85 ) Tloctyee (1 + hi) 3 ()
1= (85 )

—b; (1) H

0<ty<t—T;;(t)

(1 + hjk) Yi (t - T (t))] dt

[ Za,l O T (1+h) ;@)
0<t <t

[

0<t)<t—7;;(t)

(1+hy)y; (¢ -7 0)

+ Zbij (1)
s}

n 0
#Ya 0 T (1+h)y e+ 0)du; ©)
=1

0 o<t <t+0

- [Z;‘:l 8 () Tlocyer (1 + i) 75 (t)]z 5t
2

+0;(t)dB; (t) + 25,7 (t) H (1 +hjk)

j=1 O<ty<t

-y () dBij ().

(A1)
(1-1; (A L)) - Ton } > 0, then the ith population x;(t) of model

j=1
1) 0 b.»(AT.l (s))x»(s)d 1
- J 7,0 1 - (A (s)) s
o o2 (s)
O “lny 0= | [ms)—T
(23)
by (27 9) )
- ;i (s )— — (s)
Z(a] .i( 1]1()) Xj\s
(s) (s+0)du;; (9)
j
_ [ZJ 1Y (Zs)x (S)] ]ds+M§ )+ M (t),
where MMNt) = [ o(s)dB(s) and M) =
_[ Z] 1 6;(s)x (s)dBy;(s). By hypothesis (H1),
J, Yo (S)J x; (s +6) du, (0) ds
j=1
= i J: Gj (s)ds st er(”g)xj (s+0) eir(ﬁe)d‘ulj )
1 —00
] (24)

n

+thdptq(0)J xj(s+0)ds

j=1
n 1 u . n
< Z;Cij "51"%; P‘zjr(l -e t) Z J x;(s)ds.
j=1 =1
(22) The quadratic form ofMi1 t)is (Mil(t),Mil(t)) - Iot Giz(s)ds <

(6¥)’t. Making use of the strong law of large numbers for
martingales [30],

M! (¢t
lim It() =0, a.s

t — +00

(25)

The quadratic form of Mz(t) is (Mz(t) Mz(t)) =
Iot > i1 ,J(s)x (s)]%ds. By virtue of the exponential mar-

tingale inequality [30], for any positive constants T, « and
B, we have

9»{ sup [M (t)——(M (t), M (t)>] >/3}
0<t<T, (26)

<e
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Choose T = k, o« = 1, § = 2In k. Then it follows that

@{sup (w20 -5 (M2 ). 0 (t)>]>21nk}
0<t<

(27)
1
< .
<2
Making use of the Borel-Cantelli lemma [30], one gets that,
for almost all w € (), there is a random integer k, = k,(w)
such that, for k > k,,

sup [MF () - (MF (), M} (0)] <21k (28)

0<t<k

This implies that

1
M} (1) < 2Ink+ 5 (M (6, M] ()

2 (29)
=2kt j !Zs,](s)x (s)] ds

forall 0 < t <k, k > k, a.s. Substituting this inequality, (24),
and (25) into (23), we can obtain that

Z In(1+hy)+1Iny () —lny,; (0) < Z In(1

0<ty <t 0<ty <t

)+ i J- b (A;jl (S)—) % ds
Ao | 1-1;(A3 )

t 2
+ .[0 |:ri(s)—(riT(‘g)

n b. (A7}
_Z<aij(s)_M_c;;>

j=1 1 -7 (Aijl ®))

(30)

X, (s>} ds+2Ink + zl 13 e

—e )+ M (1),
forall 0 <t <k, k > k; a.s. Therefore,
Inx; () - Inx; (0) < Z In(1+hy)

0<ty <t

n b.. Af.l . t
+ J [M]d5+j |:r,-(s)
o | 11, (A (s)) 0
2 n A*I
j=1

= 1, (AU (s ))
“X; (s)] ds+2Ink+ Z{%c}j "Ej"% yijr(l
i

—e) + M (1),

forall0 <t < k, k > k; a.s. In other words, we can get that
forO<k-1<t<kkz=>k

t ' {Inx; (t) -
! Z In (1 + hy)

In x; (0)}

0<t <t
n b. (AL .
I ALK
o | 1-%;(a7 ) (32)

+t ljt[ (s) - ()]ds+z(k—1)‘11nk
0

e M}
R PR RE

j=

Taking superior limit on both sides of (32) and using
(25), we have limsup, _, ,  (Inx;(t)/t) < g;. That is to say,
if g’ < 0, one can see that lim, _, , x;(t) = 0 a.s. So the proof
is completed. O

(87 0)/
(1-7 (A L(1)- fon } > 0, then the ith population x;(t) of model
(2) is nonperszstent in the mean a.s.

Theorem 5. If g; = 0 and min, ., inf, 7 {a;(t)-b

Proof. Due to (25), for any given € > 0, there is a positive
constant T, such that

! Z In (1 + hy)

0<tp <t

e [ b ( ;;<s>_)xj<s>}ds

=1 | 1= (Aijl (S)) (33)
n l ff 21 k
o 1]:21? ij "E "?g iy (1= + Tn
M (1)
+ t < 8)

for sufficiently large ¢ satisfying t > T'. Substituting the above
inequality into (31), therefore,

In x; (t) — In x; (0)
<e

t
ta b (A7 ()

—t! J 3 a(s) - (—11) ¢ (34)
03 1-1; (83 (5)

“Xj (s)ds,

foralT <k-1<t k=>kjas.

Define h,(t) = JZ x;(s)ds, N = minlgjgninfSEK [a,;(s) -
bij(A;jl(S))/(l - ‘l",-j(A;jl(S))) - Cg], with the fact that x;(t) <
Yoo, x;(t) < nlx(t)]; we have

ln<dh;_:t)> <et—Nh;(t)+Inx; (0); t>T.  (35)



Consequently,

Integrating this inequality from T to t,

N [eNh,-(t) 3 eNhi(T)] < x; (0)&! [eet 3 esT] _ (37)

Rewriting this inequality,

Nh;(t)

e < N

+x,(0) Ne'e” — x, (0) Ne ', (38)

Taking the logarithm of both sides, we have

h; (t)
(39)
<N'ln (x,» (0) Ne e + ™MD _ x.(0) N{leeT) )
In other words, we can get that
t
{t_l J x; (s) ds} < {t_lN_l
0 (40)

-In (xi (0) Ne ‘e + &M _ x, (0) Ns_leST)}* .
By applying UHospital’s rule, one can obtain
)" <N n [x; ) Nele ]} = =
(x; (1))" {7 [x, (0) Ne e ]} ~ @

Since ¢ is arbitrary, we have (x;(¢))" = 0, which is the required
assertion. So the proof is completed. O

Theorem 6.If g/ > 0, min,_inf 5 {a;()

e CT D (A 0)/(1 — T (AT ©) — chugd > 0, then
the ith population x;(t) of model (2) is weak persistence a.s.

Proof. To begin with, let us claim that

lim sup [t_l In x; (t)] <0 as. (42)

t— +00

Applying Itd’s formula to (7), we have

e T, (871(5)) Toeryes (1+75) 75 9)

n t :
d J ij ij J d
<JZ; t-75;(t) 1-1; (A;jl (s)) s

+e'lny, (t))

D In(1+hy)+7; (1)

0<ti<t

RACHON AN
W) e (43
-4 (a5 m) )

=¢ |:lnx,» (t) -

o () <
- P - Z (a’l] (t)

2

n nL8s () x;(t

+Zc,.j(t)JO x; (¢ +6) dy; (6) - (2 u;)x]()] }dt
= —oo

+é'o, (t)dB; (t) + etiaﬁ () x; (£)dB;; (1)
j=1
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Thus,
>

eS”,.j(A;j%s))bij (a " (5)) x; (5)
7,(6) 1-1; (A;jl (S))

es+r,-j(A;}(s))b (A‘..l (s)) x;(s) t

_Zj .ij - ! ds+e

73;(0) 1-1; (Aijl (s))

Iny; (1) =Iny (0) = Lt e’ [ln x; (s)

a; (s)
2

eTij(Ai (s) )b ( 7]1 (S))
x.:(s)
1-1; (A (s)) !

— Y In(1+hy)+7;(s) - (44)

0<t;<s

- Z <aij (s) -
=

+ e, (s)j x; (s +6) dpy (6)
=1

EHEACERC)
2

ds+ N/ (t) + N7 (1),

where N/ (t) — If ¢.(s)dB (s),
J Z] 1 6;;(s)x;(s)dBy;(s). Now we have

NZ(0) =

Jesz (s)J x;j (s +0)du,; (0)ds
o I

. J’i er(sw)xj (s+0) e_r(”e)dyij ) (45)

n -0 t+6 0
+ Z J_t dy,-j 0) L Gj (s — 0)e x;(s) ds

J

Il
—

i GijHijr "E ||% t+ Zcz]”z]rj e’ Xj (s)ds.

Note that Ni (t) (1 < i < n)is a local martingale with the
quadratic form (Nil(t),Ni1 ) = Iot ezsaiz(s)ds. Nf(t) 1 <
i < n) is also a local martingale with the quadratic form
(N} (1), N} (@t) = |, Ot *[Y1, 8,j(s)x;(s)]*ds. Following from
the exponential martingale inequality (26) by choosing T, =
uk, &« = e, B = pet* Ink,

9{ sup [N} (1) - 0.5¢ (N} (1), N (1))]
0<t<uk
’ (46)

> pet lnk]» <k,
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where p > 1 and u > 1, A = 1,2. In view of the Borel-Cantelli
lemma [30], for almost all w € Q, there exists a k,(w) such
that, for every k > k(w),

N} () < 0.5¢ (N} (1), N (1) + pe* Ink,
(47)
0 <t <k

By hypotheses (H2) and (H3), it is easy to see that there exists
a constant C independent of k such that

o
Inx; (s) - Z In(1+hy)+7(s) - (S)
0<t<s
) 85O, (AT.I (s)) )
_ a; (s) - = i
JZi < i 1-1; (A;j1 Q) " (48)
e ﬂkO'iZ (S)
xj (S) + 2

_ [Z;L:I 8;j (s) x; (s)]2 [1 _ es—yk] .
2 <

forany 0 < s < pk and x;(s) > 0. Substituting the above
inequalities (45), (47), and (48) into (44), for any 0 < t < pk,
we have

nooot es+‘r (A5 (s) ( (S)) X (S)
ZJt— ® 1—1( 1(s)) :
j=1 7
[ L Oy,
RO -1 ( -1 (s)) (49)
+e'Iny, (t) - 1ny, (0)

E]"% t+2pet* Ink.

n
<C [et - l] + Z%L;'Mjr
)

On the other hand, we can obtain that

t

¢ Y In(l+hy)+elny () -

0<t<t

In y; (0)

n s+‘r (A (s)

Z J'_T o - T”(( ‘li ((55)))) Xj (s) ds

j=1 ij ij (50)
+é Z In(1 +hik)+C[et—1]

0<ty<t

Z T

& "% t+2pet* Ink.

That is to say,
e Inx; (t) - Inx; (0)

0 es+‘r,-j(A;jl(s))

b, (835 ) x; ) e
1= (A5 9)
+é Z ln(1+hik)+C[et— 1]

0<tp<t

(51)

Z GijMijr ”EJ'”%, b+ zpeﬂk Ink.

Therefore,

In x; (t)

<e'lnx; (0)+ Y In(1+hy)+C [1-¢7]

0<t, <t

+2pe* Ink + e Z Gjthijr |16 “% 2
ST (A5 (5) U( ij (S))x (s)
7 (45 )

Consequently, if u(k — 1) < t < pk and k > ky(w), one can
observe that

t'ln x; ()

S

j=1 7;;(0) 1-

S.

<t'elnx, (0)+t " ( Z In(1+ hik)>

0<t<t

+t'C [1 - e_t] +2t " pe ' Ink

—t
+t e Z ]Aul]r

(53)

e,

S—t+T;; (A (s)

1 < 0 e
+t J
Z _Tij(o) 1-

J=1

(“”x@d
(45 )
which becomes the desired assertion (42) by lettingt — +o0.
Now suppose that g > 0; we will prove
limsup, ,, x;(t) > 0 as. If this assertion is not true,

let F = {limsup, _, , . x;(t) = 0} and suppose P(F) > 0. In the
light of (23), we can get that

f{ir %Mﬂ%yw%]
1 1 -1 (A;j (s))
n by (A5} () x; (s) 3
B
[ZJ 50 1-1; (A ;jl(s)) St

Inx; (t) -t 'Inx,; (0) =t ( Z In(1 +h,»k))

0<ty<t

>
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t 2
o[-

( 711 (5))
l—T (A (s)) % ®

0
+ Zcij (s) J_ xi(s+ 0) d.“ij )

j=1
[zjleﬁsx(s]}ds+ﬂﬁa)
2 t
M; (1)
+—.
t

(54)

On the other hand, for Vw € F, we have limt_> rooXi(tw) =
0 and the fact that x;(f) < Y., x;(t) < nlx(t)|. The law
of large numbers for local martingales [30] indicates that
lim, _, +00(M1.2(t)/t) = 0. Substituting this equality and (25)
into (68),

lim sup [tfl In x; (¢, w)]

t — +00

zlimsupt_l[ Z In(1+hy)

t—+0o 0<t, <t

j( (5) - (v ]=£>&

Then 2(lim supt_,+00[t_llnx,-(t)] > 0) > 0, which contra-
dicts (42). So the proof is completed. O

When it comes to the study of population model, the role
of stochastic permanence indicating the eternal existence of
the population can never be ignorant with its theoretical and
practical significance. So now let us show that the population
x;(t) is stochastic permanence in some cases.

(H5): there are two positive constants m and M such that
= H0<tk<t(1 +hy) <M (i =1,2,...,n) for all
t>0.

Theorem 7. Under assumption (H5), if ?f >
and there exists &, € (0, 2r) such  that

min,; jo,inf, gz {e2(HT0) _ geal Ay D/ - ()} = 0, then
the population x(t) of model (2) is stochastic permanence

200 r > 1,

Proof. We prove that, for arbitrary ¢ € (0, 1), there is a
positive constant H = H(e) such thatlim inf, , . P{|x(t)| <
H} > 1 —e. Consider 0 < p < 1; by Itd’s formula, we have

i d H0)
dY yP (1) < F (x () dt - o
;y ¥ ;(Hoqkd (1 + hzk))
YT - Y (e 7y 1)

i=1j=1 i=1j=1
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n n

0
NN EEAGTENO)

i=1j=1

+ Zzyijrx? (t)jl dt

i=1j=1

+i pxf ()0, (1)
=1 (H0<tk<t (1 + hik))

C px! (t)
+
;(H0<tk<t (1 + hik))P

dei (t)

{i‘% (t) x; (1) :|dB,»j t),

j=1
(56)

where

Hﬂm=ii&“”%w
i=1j=1

(e 41 (1) p) xF (1)
+
;(Ho«kq (1 + hik))p
na PR XT (1)
i=1j=14 (H0<tk<t (1 + hik))zp
DY e AGEDWES (¢
Pyt i=1j=1
+
21214 (H0<tk<t (1+ htk))
n o (1) xP (t)
~25p(l-p) ———
z;z (H0<tk<t (1 + hik)>P

1 xF (1)

- VNIp(1-
z;zp( p) (H()<tk<t (1 + hik))P

+

— T (t))

pe ()% (t) &7

2
: [Zéij (t) x; (t)jl :

J=1

With the fact that x;(f) < Yo, x;(t) < nlx(t)], it is easy
to see that F(x(¢)) is bounded in R'; in other words, M; =
Squ(t)eRzF(x(t)) < +00. Therefore,

n " 0
Ay () < =5
; [ ;(Hoqkq (1 + hzk))

B Zzesﬂ’ (t) 2 (t) + ZZX,‘ (t - Tz] (t))]

i=1j=1 i=1j=1
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£y JO 22 (¢ +0) dy (0) dt < Zf” 0+ 2\4 1:

i=1j=1""
- iiywx; (t)dt + px? (t) o, (t) dB; (1) + EZUZIJ o e 2 (s) ds

P =
) (i% )+, (t)> a8, ). +E2;j j ¥ (s + 0) dy; (6) ds

i
(58) - EZ;E;MJT J eSZsz (5)ds.
Once again by Itd’s formula, we have o (60)

From hypothesis (H1), we have

&t C P _ &t < y 4 y t 0
d [e ;y,- (t)] =e [;ezyi () dt+di;y,» (t>] L e J X2 (s + ) duy (6) ds
n on t -s
St Ml 3 ZZeEZT (t) 2 (t) _ Jl) eezsdsj 2r(s+6) 2 (S + e)e 2r(s+6)d (9)
=Tj=1 - (61)
JO t+6 9) ) ( )d
n n + dy,--(@)J e s)ds
DIEACEAC) -
i=1j=1 ) .
non 0 (59) < "EJ"%T Hijrt + A"lijrj 52552 (s) ds.
2
+ x5 (t+0)du; (0)
;]; J—cc g Hi This implies thatlim sup, _, ,  E[Y1, y7(t)] < M, /e,. There-
fore,
e 2 et p n P M
- 22y <t)] dt + ¢ px! (t) 0, (t) dB, (¢) limsup E[Z( I (1+hik)) y (t)] M (6
= t—+0o i 0<ty<t &
. L So we can get that
+ e pxl (1) <Z<s,.j (t) x; (t)> dBy; (t).
=1
! lim sup E [Zx (t):| < MPM (63)
t — +00 i=1 2

We h derive that
¢ hience detive tha On the other hand, we have |x(t)|* < nmaxlggnsupteRx,-(t)z,

SO

B ny (t)] lx ®)|F < np/zmaxsupx t)? < np/ZZx ). (64)
- i=1
n &t M
< Z £ (0) + erM, M, Therefore, finally we have
i=1 & & oM,
limsup E |x (t)|F < nf Mps—. (65)
n n t t— +00 2
_E j e£23+£2‘r, s) 2 $)ds
;]; 0 i Setting K = n?/>MP (M, /¢,) and choosing p = 1/2,
non cten(t) 2850 2 5 (s)ds lilff‘;opE( |x(t)|) <K. (66)
cryy [
i=1j=1 770 1= () Now for any e > 0, let H = K?/&’. Then, by Chebyshev’s
nono ot 0 5 inequality,
! E;]; L ¢ Lo xj (s + O) dpy (0) s P{Ix (O] > H} = 2 {\x O] > VH}
67)
nonoct E( Ix (t)|) (
_E %% () d < —"7
23 [ e s Vi
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Hence lim sup, _, ,  P{Ix(t)| > H} < e. This implies

ltiminfgj{lx M| <H}>1-¢

(68)

Next, we claim that, for arbitrary ¢ > 0, there is a constant
p > 0 such that liminf, |, P{|x(t)] = 8} > 1 — . Denote

V(y(t) = Y, »(t). Applying Itd’s formula, we get

V(y®)= Zy, ) lr (- Zau ()

T (hi) 3@+ Yoy )
j=1

0<t<t

(14 1) 3 (1 7y 0) 3y )

0<tk<t—-r,-j(t)

0
J [1 (1+hjk)y,~<t+e>dmj(e>}dt

~O0 o<t <t+0

+ Yy, () 0; () dB, () + Y i (1) Y 8 (1)

=1 = P
0<ty <t

Define U(y(t)) = 1/V(y(t)) ont > 0. Then we have
du = | -U? (Z)’f ) ["i (t) - Zaij ()
i=1 j=1

' H (1 +hjk) y; () + Zbij ®)
j=1

0<ty <t

n

[T (emp)y(t-70)+ Y6 ®
0<ty <t-T;;(t) =
0
J H (1+h]-k)yj (t+9)dyij(6)]>
0 o<ty <t+6

n 2 [ » 7
Yy 0o (t)] 200y,
==

i=1

|

1 (“hjk)yj(t)]

0<t <t

dt — Uzzyi (t)
i1

- Uzzyi (t) z% (t)
izl i1

[T (1+hy) 0 dB; @),

O<tp<t

-0; (t) dB; (1)

(69)

(70)
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dropping y(t) from U(y(t)). Define the function V( y(t)) =
U**P(y(t)); then by Itd’s formula, we have

i=1

LV(y@®)=(2+p)U? -U? <Z)’i () |:ri ()

Za,](t) [T (1+h )y](t)+z (1)

0<t<t

[T (+hu)y(e-

0<t)<t—7;(t)

0
J H (1+hjk)yj(t+0)d‘uij(6)]>

75 ( t)) ZC ()

~0 <t <t+0
n (71)
Ul | Xy (t)] [Zy, (t) Za,] ()
i=1 i=1
2
. H (1+h]-k)yj(t) +p+l
0<t, <t 2
n 2 n n
Ut < PACK (t)] + [Z;Vi (t) Y8, (1)
i=1 i=1 =1
2
T1 @ +hjk)yj(t)] } :
0<ty<t
Since we know that
U0 (02 7,
i=1
UZZ)’;’ (t) zaij (¥) H (1 + hjk) y; (t) < May,
i=1 j=1 0<t<t
" 2
U’ (Zy,- (o (t)) < (@), (72)
i=1
(Zy, (t) 26,] ® [T (1+hy) (t))
i=1 0<tp<t
2
<M’ (61 J) :
It follows from (71) that
= 3 +
W) @) (-(7- =@ )ur .

+3 —u\2
+ Mau't + ‘DTM2 (613) UP).
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Now choose a constant k > 0 sufficiently small such that it
satisfies k — (2 + p)(?f -((p+ 3)/2)(5}‘)2) < 0. Therefore,

L[V (y0))] = ke"V (y (1) + 9LV (y (1))

< ke"UPP (y (1)) + € (2 + p)

(-(#-2 @y )u

2
" Ma;UHP " pT”MZ (SZ‘)Z UP) (74)
=M ([k -(2+p) <;Jl _ P;’ 3 ((7?)2)] Ute

+(2+ p) Maju'*?

P+3 . o uN2 p kt
+(2+p)—2 M((Sij)U)SKe.
This implies that

lim sup EU**P (y (1)) < K. (75)

t— +00

For y(t) € R, note that (Y1, y;(t)*? < n**P|y(t)|**?.

42

Consequently

1 ppe 1
———— <n " flimsupE——m——
I ()P t—ro0 (Y0 % ()P

1 2+ (76)
(Z?:l H0<tk<t (1 + hik) Yi (t)) ?

<(mn) " PK = d.

lim sup E

t — +00

= n > Plimsup E
t— +00

So for any € > 0, settin = (g/d)®*P) by Chebyshev’s
y g Y Y
inequality, gets that

P{1x (®)] < B} = 2 {lx ()PP < BP}

1 1
-7 x@OFF )
E[1/ Ix (0]*"] 77
P
= 1/ﬁ2+p

:/32+PE[W],

which means that limsup, . 2{|x(t)| < B} < f*Pd = e.
We can get that

I}Ti&f‘@ {lx() =B} =1-e (78)
So the whole proof is completed. O

Remark 8. If g& >
efff(A;jl(t))bij(A;jl(t))/(l - fij(A;jl @®)) - ci';yij,} > 0, then the

0 and min,_;,inf, 7 {a;(t) -

13

population x;(t) will be weak persistence. If g < 0 and
min, _;,inf, g {a;;(0) = b; (A7 (0)/(1 = 1;(A5 (1) ~ ¢} 2 0,
then the population x;(t) will go to extinction. That is to say, if
min, _;_,inf, g {a;()- efff<A?f“>>b,.j(A;j1 (0)/(1-,;(A7 (1) -
cil;("ijr} > 0 and minlSaninftGE{aij(t) - bij(A;jl(t))/(l -
"rij(A;jl(t))) - ci';} > 0 hold, then g;" is the critical number
between weak persistence and extinction for the population
x;(t).

Remark 9. Generally speaking, as the biology has implied,
in Theorem 4, on one hand, if the species in the process of
planting, that is, by > 0, or harvesting, that is, b < 0,
is affected by stochastic environmental noises which plays
a dominant role, then the species will be extinct a.s. In a
word, population probably will come to an end in the worst
cases which is revealed in Theorem 4, while if the growth
rate and the influences of the stochastic noises and impulsive
perturbations cancel each other out, then the effects of
interspecific (for i # j) and intraspecific (for i = j)
interaction at time , that is, a;;(f), are the dominant factor.
So the living chances are considerably rare which is shown
in Theorem 5. In Theorem 6, even though the growth rate
is larger than the influences of the stochastic noises and
impulsive perturbations, a;;() plays the dominant role; then
the population size is limited to zero with the time permitted;
however, the opportunity of the survival of it still exists. In
Theorem 7, if the growth rate is large enough, then the species
will be stochastic permanence. This can well explain why the
conditions are gradually stronger from Theorems 4-6.

*

Remark 10. According to g

1

lim supt—>+oot_l[20<tk<t In(1 + hy,) + I;(ri(s) - af(s)/Z)ds],
on one hand, we are conscious of the fact that the stochastic
noise on r;(t) is detrimental to the survival of the population
but the stochastic noise on a;;(t) has hardly impressed on
the persistence or extinction of the population. Thus, in true
ecological modelling, the stochastic noise on 7;(t) should be
realized but the stochastic noise on a,»j(t) could be overlooked
in some cases.

Remark 11. In view of g/ = limsup, ,,t ' [Zoct < In(1 +

hy) + Jot (ri(s) — a}(s)/2)ds], we can find that the properties
including extinction, nonpersistence in the mean, weak
persistence, and stochastic permanence are not affected by
the impulsive perturbations which are bounded and if the
impulsive perturbations are unbounded the properties will
change significantly.

Remark 12. Assumption (H5) is easy to be satisfied. For

example, for the ith population, if h; = VR 1, then
"7 < [To<t, < (1 + hy) < eforallt > 0. Thus I < [o, (1 +
hy) <eforallt > 0.

5. Examples and Numerical Simulations

In this section, we explore system behavior numerical solu-
tions of model (2). For convenience, consider the case n = 2
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and let the probability measure ;;(6) = f(i=1,2 j=1,2)
on (-0, 0] satisfying p;;, = J‘i)oo efzredtuij(@) < +00. Thus the
nonautonomous stochastic model (2) will be written as
dx (t) = x(t) [rl ) —a, ) x({t)—ay @)y (@)
+b, O x(t—1, @) +b, (1) y(t— 11, (1))

0

+re‘e, (t) J erefl (6)do

0

+re‘c, (t) J ¢, (0)do

t
+re‘e, (t) J ¢?x(6)do
0

Fréte, (t) Lt %y (0) d@] dt+0, (1) ()

-x (£)dB, (t) + 8, (t) x* (£) dBy, (1)
+8, ) x () y(t)dBy, (1),
dy (t) = y () [rz () —ay () x () —ay, () y (1)
(79)
+by () x (t =15 (1) + by (1) y (£ — 155 (1))

0
tréen @[ % ©0)do
0
+re‘c, (t) J_ erOEZ (6)do

t
+re‘c, (t) J ex(0)do
0

t

rrée, (1) L &y (0) de] dt + 0, (£) (1

<y (£)dB, (t) + 8y (£) x (t) y (t) dByy (¢)

+8,, (t) y* (£)dBy, (1),
x(0) =& (0),
y(0)=&0),

£0)=(5(0).50) €%,

By employing the Milstein method mentioned in Higham [31]
to discretize the two equations, where the integral term is
approximated by using the composite 0-rule as a quadrature
[32] and taking &(0) = e %, &(0) = 267, 7,(t) =
0.3 (i = 1,2, j = 1,2), we can obtain the discrete approxi-
mate solution with respect to (79)

Xip1 = Xp + x5 | 7 (KAL) — ay, (KAL) x;

— ayy (KAL) yi + by (KAY) xp_300 + byy (KAL) yi_309

Advances in Mathematical Physics

kAt —kAt
N ¢ (kAt) re

5 + ¢, (kAt) re KA

k
+ ¢ (kAt) re_kAtZe_r]AtxjAt
i1

k
+ ¢, (kAL) reikAtZefrJAtxjAt At + o, (kAt)
i1

.x,ﬂggk+§af@Anxkyﬁ_4]At

1
+ 8y, (KAL) x; VAL + géﬁ (kAt) x3 [C3y - 1]
At + 8y, (k) ;9 VAR 1y + %5?2 (kAt)

xe v (G — 1] A8,
Vi1 = Vi + Vi | 12 (kKAL) — ay; (KAL) x;,

= Ay (kAY) i + byy (KAL) xp_300 + byy (KAL) Yi_300

kAt) re At .
L xeIre ( 2) re + ¢, (kAt) re kat
k .
+ 6, (kAL) re_kAtZe_r]AtxjAt
=1

k
+ 6y (KAL) re_kAtZe_”AtyjAt:| At + o, (kAt)
=

1
-y VAL + §0§ (kAt) y, [(;k - 1] At
1
+ 8y, (kKAL) x; \/A_tka + 5651 (kAt) x1 Yk [(glk
— 1] At + 8y, (kAE) Y VAR + %552 (kAD)

SAISEE
(80)

where (. and (. (i = 1,2, j=1,2, k = 1,2,...,n) are the
Gaussian random variables which follow N(0, 1).

Here, we choose t, = 100k, a,-]-(t) = 1.2 + 0.01cost (i =
1,2, j = 1,2),b;(t) = 0.3+0.05sint, ¢;;(f) = 0.006+0.02cos t,
0;(t) = 1.5, 8,(t) = 0.1, hy, = ¢ ** — 1 forallk € N and
step size At = 0.001. The only difference between conditions
of Figures 1(a)-1(d) is that the representations of r;(t) are
different.

Because of —1 < hy = e "% ~1 < 0, both species x(t) and
y(t) are in the process of harvesting. Moreover, in Figure 1(a),
we choose r;(t) = 0.1 + 0.4sint; stochastic environmental
noises play a dominant role; then the conditions of Theorem 4



Advances in Mathematical Physics

2.5
" 2
| g
2 15 =
g =
k= 5]
= =
£ 5
0.5 ¢ ~
0 5 10 15 20 25 30
Time
— x(t)
-y
(a)
6 - - - - -
51
c
L
=
3
a,
o
¥
4
. T S
0 5 10 15 20 25 30
Time
— x(t)
- )

2.5

1.5

0.5

Population sizes

15

50 100 150

Time
— (x(#))
--- {y@)
(b)
25 r r - - -

FIGURE 1: Persistence and extinction of model (68). (a) Extinction a.s. (b) Nonpersistence in the mean a.s. (c) Weak persistence a.s.

(d) Stochastic permanence.

are satisfied. In view of Theorem 4, the population x(¢) and
the population y(t) will go to extinction a.s. In Figure 1(b), we
consider 7;(¢) = 1.12505 + 0.4sin t; the effects of interspecific
(for i # j) and intraspecific (for i = j) interaction at time t,
that is, a,-j(t), are the dominant factor; then the conditions of
Theorem 5 hold. By virtue of Theorem 5, the population x(t)
and the population y(t) are nonpersistent in the mean a.s. In
Figure 1(c), we choose ,(t) = 1.6 + 0.4sint; a;;(t) plays the
dominant role; then the conditions of Theorem 6 are satisfied.
That is to say, the population x(¢) and the population y(t) are
weak persistence a.s. This means that even though the species
x(t) and y(t) are in the process of harvesting, a,-j(t) plays the
dominant role; then the opportunity of the survival of it still
exists. In Figure 1(d), we consider r;(t) = 4.9; the growth rate
is large enough; then the conditions of Theorem 7 hold. Mak-
ing use of Theorem 7, the population x(t) and the population
y(t) are stochastic permanence. By the numerical simula-
tions, we can find that stochastic noise onr;(¢t) (1 < i < n) can
change the properties of the population models significantly.

6. Conclusions

In this paper, the persistence and extinction of a general
stochastic nonautonomous N-species Lotka-Volterra model

with time-varying, infinite delays and impulsive perturba-
tions are investigated. Sufficient conditions for extinction,
nonpersistence in the mean, weak persistence, and stochastic
permanence are established in Theorems 4-7. The influences
of the stochastic noises and impulsive perturbations on the
properties of the stochastic model are discussed. On one
hand, if the noise is small enough, the property permanence
that the related deterministic system possesses is preserved
in the stochastic model. On the other hand, with the increase
of noise, the solution of the considered model (2) that will
become extinct with probability one, nonpersistent in the
mean, or weakly persistent has also been shown in this
paper. According to g’ limsup, .t [, <ty (1 +

hy) + Iot (r;(s) — af(s)/Z)ds], we can obtain the result that
if the impulsive perturbations are bounded, the properties
including extinction, nonpersistence in the mean, weak
persistence, and stochastic permanence are not affected by
the impulsive perturbations and if the impulsive perturba-
tions are unbounded the properties will be affected by the
impulsive perturbations and change greatly. Moreover, the
critical number between extinction and weak persistence is
obtained. Through the observation of Theorems 4-7, there
is a very interesting phenomenon that the stochastic noise
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on r;(t) is detrimental to the survival of the population
but the stochastic noise on a;;(t) has hardly impressed on
the persistence or extinction of the population. Finally, the
numerical simulations are given to confirm the theoretical
analysis results.
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