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A new no-equilibrium chaotic system is reported in this paper. Numerical simulation techniques, including phase portraits and
Lyapunov exponents, are used to investigate its basic dynamical behavior. To confirm the chaotic behavior of this system, the
existence of topological horseshoe is proven via the Poincaré map and topological horseshoe theory.

1. Introduction

Since Lorenz found an atmosphere dynamical model which
can generate butterfly-shaped chaotic attractor in 1963 [1],
chaos theory in the past five decades has attracted a lot
of attention and hence triggered the emergence of a huge
literature in this area. Since then, many kinds of chaotic
or hyperchaotic systems governed by nonlinear ordinary
differential equations (ODEs), including autonomous and
nonautonomous chaotic systems [2–4], continuous and dis-
crete chaotic systems [5–7], integer-order and fractional-
order chaotic systems [1, 2, 7, 8], and chaotic systems
with self-excited attractor and hidden attractor [9–11], were
developed, and continuous chaotic systems governed by
nonlinear partial differential equations (PDEs) [12–14] were
also investigated.

To our knowledge, we summarize four criteria for the
existence of chaos in the investigation of dynamical systems.
The first one is the well-known Lyapunov exponents [15].
If there is at least one positive Lyapunov exponent in a
dynamical system, the dynamics of this system is chaotic.
The second one is Sil’nikov’s criterion for the existence of
chaos [16, 17]. The main steps are as follows: (1) calculate
equilibrium points of a dynamical system; (2) find a homo-
clinic or heteroclinic orbit connecting equilibrium points by

using the undetermined coefficient method; and (3) prove
the convergence of the homoclinic or heteroclinic orbit series
expansion obtained before. If the convergence can be proved,
horseshoe chaos occurs.The third one is Melnikov’s criterion
which is a powerful approximate tool for investigating chaos
occurrence in near Hamiltonian systems and has been suc-
cessfully applied to the analysis of chaos in smooth systems
by calculating the distance between the stable and unstable
manifold [18]. For dynamical systems, when the stable and
unstable manifolds of their fixed points in the Poincaré map
intersect transversely for sufficiently small parameter, there
exists chaos in the sense of Smale horseshoe. The last one
is the topological horseshoes theory which is based on the
geometry of continuous maps on some subsets of interest
in state space [19–23]. It is more applicable for computer-
assisted verifications for the existence of chaotic behavior in
dynamical systems in theory. A comparative analysis of these
methods shows that the calculation of Lyapunov exponents
and the topological horseshoes theory can be widely applied,
but the Sil’nikov criterion is suitable for these systems where
there is a homoclinic or heteroclinic orbit. Obviously, the
Sil’nikov criterion cannot be used in no-equilibrium systems.

Very recently, hidden attractor in dynamical systems has
been an important research topic because it has properties
different from self-excited attractor. An attractor is called the
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hidden attractor if its basin of attraction does not intersect
with small neighborhoods of the unstable fixed point; that
is, the basins of attraction of the hidden attractors do not
touchunstable fixed points and are located far away from such
points [9].The hidden attractors have been observed in these
systemswithout fixed points, with no unstable fixed points, or
with one stable fixed point, which motivate further construc-
tion and study of various artificial chaotic systems without
equilibria. So far, hidden chaotic attractor has not been stud-
ied by the topological horseshoe theory. The main contribu-
tion of this research is to propose a new no-equilibrium sys-
tem and verify the existence of its chaotic behavior by topo-
logical horseshoes theory. The proposed system is an artifi-
cial chaotic system having hidden attractor and has simple
structure. The objective of this study is that we try to use the
topological horseshoe theory to verify the existence of chaotic
behavior. The rest of this paper is organized as follows. In
Section 2, we introduce a no-equilibrium chaotic system and
analyze its basic dynamics. In Section 3, we present rigorous
arguments on existence of chaos in the new no-equilibrium
system via topological horseshoe theory and computer com-
putations. The conclusion is presented in the last section.

2. The Proposed No-Equilibrium System

2.1. Mathematical Model. Consider the following three-
dimensional dynamical system:

�̇� = 𝑎𝑦,

�̇� = −𝑏𝑥 − 𝑐𝑦 + 𝑦𝑧,

�̇� = −𝑦2 + 𝑘,

(1)

where 𝑥, 𝑦, and 𝑧 make up the system variables, and the
constant term 𝑘 is an external DC excitation, while 𝑎, 𝑏, 𝑐 ∈
R+ are the system’s parameters. When 𝑎 = 2, 𝑏 = 5, 𝑐 = 10,
and 𝑘 = 15, system (1) can generate a chaotic attractor under
the initial condition (𝑥0, 𝑦0, 𝑧0) = (−2, 1, 1), as shown in
Figure 1.

2.2. Basic Dynamics Analysis. Consider the symmetry and
invariance; it is easy to get the invariance of system (1)
under the coordinate transformation (𝑥, 𝑦, 𝑧) → (−𝑥, −𝑦, 𝑧);
namely, system (1) has rotation symmetry around the 𝑧-axis.
We note that the divergence of flow of system (1) is

∇𝑉 =
𝜕�̇�

𝜕𝑥
+

𝜕�̇�

𝜕𝑦
+

𝜕�̇�

𝜕𝑧
= −𝑐 + 𝑧. (2)

Since ∇𝑉 is not always smaller than zero, it is hard to directly
determine the dissipativity of system (1), which is very special
through a comparison of the general chaotic systems. Solving
�̇� = �̇� = �̇� = 0, we cannot obtain exact real solution. There-
fore, system (1) is a no-equilibrium system and the chaotic
attractor shown in Figure 1 is a hidden attractor [24–27].

2.3. Numerical Analysis. For a three-dimensional dynamical
system, we know that it has distinct features in its Lyapunov

exponents. If there is one positive Lyapunov exponent, the
dynamics of this system is chaotic. If we assume that the
largest Lyapunov exponent of system (1) is 𝐿max, then by
calculation, we will find that system (1) enters into chaotic
states under the condition of different parameter values.
The largest Lyapunov exponent spectrum of system (1) with
respect to 𝑎 is depicted in Figure 2. As 𝑎 = 2, the largest
Lyapunov exponent 𝐿max is 0.1273, so we have reasons to
believe that system (1) is chaotic in this case.

3. Horseshoe Chaos in the New System

3.1. Reviews of Topological Horseshoe Theory. In this section,
we firstly recall a result on horseshoes theory developed in
[22, 23]. The dynamics generated by Smale’s horseshoe is
very important as a basic mechanism that indicates clearly
the complexity of the chaotic behavior. In order to describe
clearly the chaotic attractor shown in Figure 1, the topological
horseshoe is introduced in this section.

Let 𝑆𝑚 = {0, 1, . . . , 𝑚 − 1} be the set of nonnegative
successive integers from 0 to𝑚− 1. Let Σ𝑚 be a metric space,
which is compact, totally disconnected, and perfect. A set
having the three properties is often defined as a Cantor set;
such a Cantor set frequently appears in characterization of
complex structure of invariant set in a chaotic dynamical
system. An 𝑚-shift map 𝜎 : Σ𝑚 → Σ𝑚 is defined as follows:

𝜎 (𝑠)𝑖 = 𝑠𝑖+1, (3)

where 𝑠𝑖 ∈ 𝑆𝑚, with 𝑖 = 1, 2, . . . , 𝑚. Then we get 𝜎(Σ𝑚) = Σ𝑚
and 𝜎 is continuous, and the 𝑚-shift map 𝜎 as a dynamical
system defined on Σ𝑚 has the following properties: (1) 𝜎 has
a countable infinity of periodic orbits consisting of orbits of
all periods; (2) 𝜎 has an uncountable infinity of nonperiodic
orbits; and (3) 𝜎 has a dense orbit [23].

Let𝑋 be a metric space,𝐷 be a compact subset of𝑋, and
𝑓 : 𝐷 → 𝑋 be amap satisfying the assumption that there exist
𝑚 mutually disjoint compact subsets 𝐷1, 𝐷2, . . ., and 𝐷𝑚 in
𝐷, and the restriction of 𝑓 to each 𝐷𝑖 is continuous; namely,
𝑓 : 𝐷𝑖 → 𝑋 is continuous map, where 𝑖 = 1, 2, . . . , 𝑚.

Definition 1. Let 𝛾 be a compact subset of 𝐷, such that, for
each 𝑖 ∈ {1, 2, . . . , 𝑚}, 𝛾𝑖 = 𝛾 ∩ 𝐷𝑖 is nonempty and compact;
then 𝛾 is called a connection with respect to 𝐷1, 𝐷2, . . ., and
𝐷𝑚. Let 𝐹 be a family of connections 𝛾s with respect to 𝐷1,
𝐷2, . . ., and 𝐷𝑚 satisfying the following property: 𝛾 ∈ 𝐹 ⇒
𝑓(𝛾𝑖) ∈ 𝐹. Then 𝐹 is said to be a 𝑓-connected family with
respect to 𝐷1, 𝐷2, . . ., and 𝐷𝑚.

Next, we recall the semiconjugacy in terms of a continu-
ous map and the shiftmap 𝜎, which is conventionally defined
as follows.

Definition 2. Let𝑋 be a metric space. Consider a continuous
map 𝑓 : 𝑋 → 𝑋, and let Λ be a compact invariant set of 𝑓. If
there exists a continuous and onto map ent : Λ → Σ𝑚 such
that ent ∘ 𝑓 = 𝜎 ∘ ent, then 𝑓 is said to be semiconjugate to 𝜎.

Theorem 3. Suppose that there exists a 𝑓-connected family 𝐹
with respect to disjointed compact subsets𝐷1,𝐷2, . . ., and𝐷𝑚.
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Figure 1: Chaotic attractor of system (1) with 𝑎 = 2, 𝑏 = 5, 𝑐 = 10, and 𝑘 = 15 and initial condition (𝑥0, 𝑦0, 𝑧0) = (−2, 1, 1): (a) 𝑥-𝑦 plane; (b)
𝑥-𝑧 plane; (c) 𝑦-𝑧 plane.
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Figure 2: The largest Lyapunov exponent spectrum of system (1)
versus 𝑎.

Then there exists a compact invariant set Λ ⊂ 𝐷, such that
𝑓 | Λ is semiconjugate to 𝑚-shift.

Lemma 4. Let 𝑋 be a compact metric space, and 𝑓 : 𝑋 → 𝑋
be a continuous map. If there exists an invariant set Λ ⊂ 𝑋
such that 𝑓 | Λ is semiconjugate to the m-shift 𝜎, then

ent (𝑓) ≥ ent (𝜎) = log𝑚, (4)

where ent(𝑓) denotes the entropy of map𝑓. In addition, for
every positive integer 𝑘, ent(𝑓𝑘) = 𝑘 ⋅ ent(𝑓). When𝑚 > 1, the
dynamics generated by the shiftmap𝜎 has a positive topological
entropy and, therefore, is sensitive to initial conditions, which
means that 𝑓 must be chaotic.

3.2. Topological Horseshoe Analysis of the Proposed Chaotic
System. In this section, a rigorous verification of chaos in the
chaotic system (1) by combining the topological horseshoe
theory with a computer-assisted method of Poincaré maps
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Figure 3: Phase portrait of system (1) and the cross section Γ
projected onto 𝑥-𝑦-𝑧 space.

will be presented. For this purpose, we will utilize the
technique of cross section and the corresponding Poincaré
maps. Denote by 𝜑(𝑋0, 𝑡) the flow of system (1) with initial
condition 𝑋0 = (𝑥0, 𝑦0, 𝑧0) = (−2, 1, 1), that is, 𝜑(𝑋0, 0) =
𝑋0. As shown in Figure 3, we choose a 3D cross section
Γ = {(𝑥, 𝑦, 𝑧) ∈ R3 | 𝑥 = −2}.

Now in the plane Γ = {(𝑥, 𝑦, 𝑧) ∈ R3 | 𝑥 = −2},
aftermany trial-and-error numerical simulations, we can take
a rectangular 𝑄 = |𝐴𝐵𝐶𝐷| with its four vertices being
𝐴 = [−2, 0, −20], 𝐵 = [−2, 25, −20], 𝐶 = [−2, 25, 40],
and 𝐷 = [−2, 0, 40] as our cross section and define the
corresponding Poincaré map 𝐻 : 𝑄 → Γ. For every point
𝑚(𝑥, 𝑦, 𝑧) in this rectangle, the point 𝐻(𝑚) is defined to be
the intersection point of Γ with the flow 𝜑(𝑚, 𝑡) with initial
condition 𝑚(𝑥, 𝑦, 𝑧) when first returning to the plane Γ. In
order to find horseshoe, we consider four compositions of the
map 𝐻 = 𝐻4; namely, 𝐻 : 𝑄 → Γ.

Proposition 5. ThePoincarémap𝐻 corresponding to the cross
section 𝑄 = |𝐴𝐵𝐶𝐷| has the property that there exists a closed
invariant set Λ ⊂ 𝑄 for which 𝐻 | Λ (i.e., 𝐻4 | Λ) is
semiconjugate to the 2-shift map, and ent(𝐻) ≥ log 2 > 0,
so the Poincaré map 𝐻 of system (1) with 𝑎 = 2, 𝑏 = 5, 𝑐 = 10,
𝑘 = 15 and initial condition (𝑥0, 𝑦0, 𝑧0) = (−2, 1, 1) is chaotic.

Proof. To prove this statement, we take two subsets 𝐷1
and 𝐷2 of 𝐻 shown in Figure 4, with the vertexes of
𝐷1 being [−2, 4.757964974, 5.051336502], [−2, 4.766024338,
5.054745948], [−2, 4.765806517, 5.004091334], and [−2,
4.757311513, 5.002143080] and the vertexes of 𝐷2 being [−2,
4.843731848, 5.044882910], [−2, 4.845637779, 5.044517612],
[−2, 4.845583324, 5.008718438], and [−2, 4.843568483,
5.008231375].

Let 𝐷1
1
and 𝐷2

1
denote the left and right sides of 𝐷1,

respectively, and 𝐷1
2
and 𝐷2

2
denote the left and right sides of

𝐷2, respectively. Numerical simulations show that the images
𝐻(𝐷1) and 𝐻(𝐷2) lie wholly across the quadrangle 𝐷1 and
𝐷2, and 𝐻(𝐷2

1
) and 𝐻(𝐷2

2
) lie on the left side of 𝐷1 and 𝐷2,
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Figure 4: 𝐻(𝐷1) wholly across the quadrangle 𝐷1 and 𝐷2.
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Figure 5: 𝐻(𝐷2) wholly across the quadrangle 𝐷1 and 𝐷2.

and 𝐻(𝐷1
1
) and 𝐻(𝐷1

2
) lie on the right side of 𝐷1 and 𝐷2,

which are shown in Figures 4 and 5. In view of the definition
of 𝑚-shift map, there exists an 𝐻-connected family with
respect to these two subsets𝐷1 and𝐷2. Therefore, according
toTheorem 3, it can be concluded that the Poincaré map𝐻 is
semiconjugated to a 2-shift map.

Now let 𝐹 be the family of connections with its element
𝛾 satisfying that 𝛾 ⊂ 𝑄 is a path and 𝛾 goes through 𝐷1
with intersection points in 𝐷1 and 𝐷2 and goes through 𝐷2
with intersection points in 𝐷1 and 𝐷2; then from the above
arguments it is easy to see that, for every 𝛾𝑖 = 𝛾∩𝐷𝑖 (𝑖 = 1, 2),
we have 𝐻(𝛾𝑖) ∈ 𝐹. Now it follows from horseshoe lemma
that there exists a compact invariant set Λ ⊂ 𝑄, such that
𝐻 | Λ is semiconjugate to 2-shift map. In view of Lemma 4, it
is easy to see that ent(𝐻) = ent(𝐻)/8 ≥ log 2/8, which means
that the map 𝐻 is chaotic. The chaos of the Poincaré map 𝐻
implies that chaos of the original system (1). Thus we prove
that system (1) is chaotic for the given parameters.
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4. Conclusion

In this paper, we proposed a new no-equilibrium system
which can generate chaotic flow for the given parameters.
Numerical simulation techniques, including phase portraits
and Lyapunov exponents, illustrate its chaotic behavior.
Moreover, numerical simulations show that the existence
of horseshoe chaos in the proposed system is proven by
means of topological horseshoe theory. The essence of the
arguments is to choose a cross section and study the dynamics
of the corresponding Poincaré map to which the topological
horseshoe theory can apply. The horseshoe chaos in the
Poincaré map shows that the proposed system does exhibit
chaotic behavior.
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