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An iterative learning control problem for nonlinear systems with delays is studied in detail in this paper. By introducing the A-norm
and being inspired by retarded Gronwall-like inequality, the novel sufficient conditions for robust convergence of the tracking error,
whose initial states are not zero, with time delays are obtained. Finally, simulation example is given to illustrate the effectiveness of

the proposed method.

1. Introduction

Since iterative learning control is proposed by Arimoto et
al. in 1984 (see [1]), this feedforward control approach has
become a major research area in recent years. Iterative learn-
ing control, which belongs to the intelligent control method-
ology, is an approach for fully utilizing the previous control
information and improving the transient performance of
studied systems that is suitable for repetitive movements. Its
goal is to achieve full range of tracking tasks on finite interval
(see [2-14)).

In practice, the control problem of systems with delays
has always been an interesting research, since time delay can
be often encountered in a wide range, such as aircraft systems,
turbojet engines, microwave oscillators, nuclear reactors, and
chemical processes. The existence of time delay in a system
may degrade the control performance and even at worst
may become a source of instability. Stabilization problem of
control systems with delay has received much attention for
several decades and some research results have been reported
in the literature (see [3, 11, 13, 15-23]). However, only a few
results are available for nonlinear systems, combining with
the iterative learning control items, with time delays [11, 24—
26]. In this paper, under the case that the kth iterative state
vector x;(¢) is different from the (k+1)th iterative state vector
X1 (1), that is, xp,, (£) — x,(t) # 0, the iterative learning
controller of nonlinear time-delayed systems is designed by
using A-norm and retarded Gronwall-like inequality.

Before ending this section, it is worth pointing out the
main contributions of this paper as follows.

(1) The iterative learning control problem for nonlinear
systems with delays is investigated. That is, we consider the
system

)= ftxe ) +gtxe (E—1) +ue (t), (1)

which is different from the mentioned system

() = f(tx () +uy () (2)

in past literature.

(2) Based on retarded Gronwall-like inequality and the
convergence of tracking error e (t) = y,(t) — y(t), the
practical output y, (¢) is determinate by the previous iterative
learning control information x;(£), 1. (£), @y 5, (£).

2. Preliminaries

Throughout this paper, the 2-norm for the n-dimensional
vector x = (x;,X,,... ,xn)T is defined as [lx]| = (X, xiz)l/z,
while the A-norm for a function is defined as || - ||, =
SUP;c (o] ™| - I}, where the superscript T represents the
transpose and A > 0. I and O represent the identity matrix

and a zero matrix, respectively.



Lemma 1 (see [10, 27]). Consider

su <6_M Jt ll (D) dT) <1 ll¢ ()l 3)
P] 0 = A

te[0, T

Lemma 2 (see [28] retarded Gronwall-like inequality). Con-
sider such an inequality

n

b;(t)
uy<a()+)y L( ) fi (t,5) w; (u(s)) ds, w
i=1 “bi(to

ty<t<t,
and suppose that

(1) allw; (i = 1,2,...,n) are continuous and nondecreas-
ing functions on [0, +00) and are positive on (0, +00)
such that w; o< w, < -+ < W,,;

(2) a(t) is continuously differentiable in t and nonnegative
on [ty, t,), where t, t, are constants and t, < t,;

(3) all b, [te,t;) — [teot) G = 1,2,...,n) are
continuously differentiable and nondecreasing such
that b(t) <t on [ty t,);

(4) all f(t,s),i=1,2,...,n, are continuous and nonneg-

ative functions on [ty, ;) X [ty, ;).

Take the notation W(s, sy) = LS (dz/w;(z)) for s > 0, where

So > 0 is a given constant. It is denoted by W,(s) simply when
there is no confusion. If u(t) is a continuous and nonnegative
function on [t, t) satisfying (4), then

b,(t)
u(t)y<w,' [Wn (r, () + J max f, (7,s)ds |,
b,(ty) Ly<ST<t (5)

ty<t<T,

where r,(t) is determined recursively by

r () =al(ty)+ J;t |a' (s)| ds,

b,(t)
Figy (8) = W, [W’l (r; () + J t max f, (7, s) ds] , ©

b,(t,) ty<T<t

i=12,...,n-1;

T < t, and T is the largest number such that

b,(T) to g
W, (r; (1)) + J max f, (1,s)ds < J ” (Zz), -

b, (ty) to<t<T

i=12,...,n
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3. Main Results
Consider the following system with time delay:
X (1) = f(Lxe (1)) + g (6 x (- 7)) + 1y (1),
gy () = uy (£) + Mey (1)
= Yien (1) (441 (0) = x5 (0)) (8)
Vi () = Cxp (8) + Duy () — @, (£
Prrrn () = Pep (1) = Dy, (1) (X (0) = x4 0))
where x,(f) € R*, y(t) € R" and u () € R" are the

state vector, output vector, and input vector, respectively. k
is the number of iterations, k € {1,2,3,...} and ¢t € [0,T].
_[Ot Vn(0)d0 = 1, (t = h), M, C, D are real constant matrices;
er(t) = y(t) — y(t), y4(t) is a reference output.

Suppose that there exist the bounded constants /; > 0 and
l; > 0 such that

1 (& x0 0) = f (&2 )] < Ly i ) = 2 )],
lg (& xica (= 7)) = g (b3t = D) ©)
< l!] "xk+1 (t - T) - Xk (t - T)" .
Theorem 3. For system (8) and a given reference y,(t), if there
exist matrices M, C, D and functions v ;,(t) and ¢y ;,(t) such
that
II-DM| <p<1, (10)

where p is a constant, then system (8) with the iterative learning
control law can guarantee that ||y (t) — y4(¢)| is bounded but
v, (t) cannot track y,(t) ont € [0, h] andlim;_,, v,.(t) = y,(t)
ont € [h,T] for arbitrary initial state x;.(0).
Proof. It is easy to know that, for any t € [h, T,

Xk+1 (t) — Xk (t)

= [ @~ 5 0) 8 + 3 ©) - 50
t
- [ 0 @xin ) - 7Gx 01)
t
+ L (9 (0, x4, (0-1)) = g (0, %, (0 -1)))dO
| s ©) - 10.00) 0+ 5000 ©) - 5,0
t
- [ @ xia ) - 7 @xc o) a6
+ L (9(6, %41 (0-7)) = g (0, (6~ 1))) dO

t
+J Me, (6) d6
0
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G © =3 O) (|| i @)~ 1)
= | (0.3 ) - £ (6.3, 0)) a6
t
+ [ (00501 0-1)- g (0x 0~ 1) a0

t
+J Me, (6) d6.
0
(11)

So we obtain from condition (9)
t
[ ) =2 O <1y [ s 0) = 2, )] 0
-1
+ lg J.O "xk+1 CE X (9)" do (12)

t
N L 1Ml fex (©)]] de.

In this paper, we use Lemma 2. Taking ¢, = 0, b,(t) = t,
by(t) = t—7,a(t) = [ IMIle®)do, Wy(s) = I [ (dz/z) =
lftlns, and W,(s) = lg Ls(dz/z) = lgtlns, then r(t) =
[, 1Mllex(6)1d6 and r,(t) = expln( |, IMlllle(©)Id6) +
[0, /1)de) = e |1 IIMtII lex(0)1d6. So we havet I (8-
O < explln(e®"?" [ IMIlllec(©)IdO) + [ do] =
IOt [ | M[lle(6)d6:

€1 (1) = e () + yi () = Vi (B)
= e, (t) + Cxy (£) + Dy (t) — @y (8)
= Cxpepy (8) = Dty (£) + gy (£)
= e (£) = C (g (1) = X (1)
= D (1 () = 1y (1))
+ (Prrrn (1) — @y, (1)
= ¢ (t) = C (X541 (£) = ¢ (£)) — DMey (t)

+ Dy, (8) (X4 (0) = x4 (0))

(13)

+ (Prsrn (1) = @pp ()
= (I -DM)e; (t) = C (%11 (1) = 1 (1)),
lews O] < IT = DM]| [leg )]
+ICH s (8) = 5 ()]

< I = DM] [leg (®)] + ICJl *o/%)T (14)

: L IM]l [l )] 6.

Using Lemma 1 and multiplying both sides of the above
inequality (14) by e and taking the A-norm, we have

”ek+1 (t)",\

< |II - DMl [lex 1],

clim (41, /1T
L Icl II/\e lex O, (15)
CliMI 0+ /iNT
:(||I—DM||+—” L "; )”ek(t)"A.

Thus, condition (10) can guarantee (|I - DM]| +

||C||||M||e(1+lg/lf)T/)L) < 1 by selecting A sufficiently large, so

we have lim;_,lle;(t)ll, = 0foranyt € [k, T]. It follows from

the equivalence of norms; we get that lim;_, _[le,(¢)]| = 0.
Foranyt € [0, h],

xk+1 (t) - xk (t)

_ L (f (0. %0,1 0)) - £ (6., (6))) dO

>

+ | (9(6: x4, (0-7)) - g (6,x,(6-7)))dO

0
t

+ | Me,(6)do

(=]

t
G © =3 O) ||y @) 1),
"xk+1 (£) = xy (t)"

t
<l I ki1 (0) = x, (6] d6
0 (16)
t—7
*ly JM |41 (6) — x, ()] d6
t
[ 1 e @)] a0
t
+ ||xk+1 (0) — xy (0)” ll L Vi (0)d6 - 1”
t
<l L ECOEEACIEE
t—1
+ lg L_ "xk+1 (9) - X (9)" do
t
[ i@l o+,
where 17 = sup;¢ (o j,) (11 (0) — x, (0) | Jot Y5, (0)d0 — 11).

It is easy to know that

%1 (8) = 24 ()|

t
e ([ 1t @1 o)

by using Lemma 2.

17)



Then
e O < IT = DMl Jle, (1)
+1CH i (8) = i 0]

< |1 - DM] |Je, (1) (18)

t
+wqémﬂﬂ(Lnquwww>
+Cl e(1+zg/lf)T’7_

Using Lemma 1 and multiplying both sides of the above
inequality by e and taking the A-norm, we have

lexss ],

ICI | M e o/ T

< <||I—DM|| + 1 )”ek O, +n 19

= flec @+

where o = | - DM|| + |C|||M ]/ )T /2

lexsr @], +

T <o (flec ol +

d 1). (20)

Imitating the above proof, the result lim,_, lle,(t)ll, = 0 for
any t € [h,T] is obtained by selecting A sufficiently large. So
it is true that |le, (¢)| is bounded on ¢ € [0, h]. O

Remark 4. When the number of iterations k — oo and
[, T] — [0, T1], the tracking error satisfies that [le,(£)| — 0
ont € [0, T] for arbitrary initial state x;(0).

System (8) is

)= ftxe (D)) +gtx (=1 (@)) +u (£),
gy () = wy (8) + M () e, (2)
= Yien (1) (41 (0) = x5 (0)) (21)
Vi (£) = C () x; (8) + D (8) vy (8) = ey (£) 5
Prin () = Py () = D () Y, (1) (X1 (0) = x4 (0)) 5

where the delay 7(¢) satisfies 0 < 7(¢) <y < 1.
Similar to the proof of Theorem 3, inequality (14) is
written as

lews O] < 1T =D (&) M (@)] |le O] + IC ®)]
Mme““%””[quww,
0

(22)
Imﬂwms(m—Dvam

L Iconim @pe LT

! leccol

Then we have the following.
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Theorem 5. For system (21) and a given reference y,(t), if
there exist matrices M(t), C(t), and D(t) and functions v, ()
and @, (t) such that |[COIIM@)| is bounded and ||I —
DM@ < p < 1, where p is a constant, then system
(21) with the iterative learning control law can guarantee that
1y (t) = y (Ol is bounded but y,(t) cannot track y,(t) on
t € [0,h] and limy_, ., v (t) = y,(t) ont € [h,T] for arbitrary
initial state x;.(0).

When y(t) = s(t, x;(t), s (t)) — @i p(t) and s(t, x,(¢),
u (t)) satisfies

0<o1<s, = 2EOmO) o,
ouy (1)
( ) (23)
B 0s (x; (1), uy (2)
0<83I<SX—WS64I,

it is easy to obtain that

s (t’ Xerr (£) > Upeyy (t)) - (t> xp (1), uy (t))
= 5, (§) (oepqr (1) = x4 (1)) (24)
* 5, () (s (0~ (1),

where € [x(t) +@ (g, (8) = x4 (1)), g () + @ (g1 () =14 (1))],
w € (0,1).
Consider the following system:
k() = f(txe (1) +g(tx (t —1) +u (1),
Ujiq (t) = Uy (t) + Mek (t)
= Vi () (41 (0) = x;.(0)) (25)
Vi (8) = s (t, x5 (£) s 1ty (£) = g (8)
Prsin ) = Py (8) = s, ¥ (1) (441 (0) = X (0)) .

Similar to the proof of Theorem 3, we get

lexs: O],

”SX” ”M” e(1+lg/lf)T (26)

< (- s+ 1L

leccol

So we have the following result.

Theorem 6. For system (25) and a given reference y,(t), if
conditions (9) are true and there exist matrix M and functions
Yin(t) and @y () such that JZ Yn(@do = 1, > h, s, is
bounded, max(|I — § M||, I — §,MIl) < p < 1, where p is
a constant, then system (25) with the iterative learning control
law can guarantee that limy_, v, (t) = y,(t) is bounded but
v (t) cannot track y,(t) ont € [0, h] andlim;_, v,.(t) = y,(t)
ont € [h,T] for arbitrary initial state x;.(0).
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4. Numerical Example
For further illustration, we consider the following system:
% (t) = 0.8 cos® (x4 (1))
=05 (|Jx (t=1) + 1| = |x, (£ = 1) = 1])
+u (1),
Upepy () = 1y () +0.9¢; () (27)
= Yien (1) (X1 (0) = x5 (0))
yi (1) = tanh (2x; (t) + 0.9u; (1)) — @y, (8),

Prer1 () = @1 (£) = 0.9y, (£) (541 (0) = x5 (0))
where M = 0.9 and

T cos( T t), t €[0,0.5),
Wk,h (t) = 2 X 05 2 X 05 (28)

0, t € [0.5,5],

taking the reference y,(t) = sint + 1.
From the above numerical example, it can be easily
proved that the conditions of Theorem 6 are satisfied.

5. Conclusion

In this paper, considering the iterative learning control prob-
lem for nonlinear systems with delays, the novel sufficient
conditions for robust convergence of the tracking error have
been addressed.
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