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Through applying the Jacobian elliptic function method, we obtain the periodic solution for a series of nonlinear Zakharov
equations, which contain Klein-Gordon Zakharov equations, Zakharov equations, and Zakharov-Rubenchik equations.

1. Introduction

For most of nonlinear evolution equations, we have many
methods to obtain their exactly solutions, such as hyperbolic
function expansion method [1], the transformation method
[2], the trial function method [3], the automated method [4],
and the extended tanh-function method [5]. But these meth-
ods can only obtain solitary wave solution and cannot be used
to deduce periodic solutions. The Jacobian function method
provides a way to find periodic solutions for some nonlinear
evolution equations. In particular, in the research of plasma
physics theory, quantum mechanics, fluid mechanics, and
optical fiber communication, we frequently meet kinds of
Zakharov equations.

Hence, in this paper, inspired by Angulo Pava’s work [6],
we are concerned to obtain exact periodic solutions of a series
of Zakharov equations,

𝑢𝑡𝑡 − 𝑢𝑥𝑥 + 𝑢 + 𝑛𝑢 = 0,𝑛𝑡𝑡 − 𝑛𝑥𝑥 = (|𝑢|2)𝑥𝑥 ,𝑢𝑡𝑡 − 𝑢𝑥𝑥 − |V|𝑥𝑥 = 0,𝑖V𝑡 + 𝛼V𝑥𝑥 − 𝑢V = 0,
(1)

and Zakharov-Rubenchik equations,

𝑖𝐵𝑡 + 𝜔𝐵𝑥𝑥 − 𝑘 (𝑢 − 12𝜆𝜌 + 𝑞 |𝐵|2 𝐵) = 0,𝜃𝜌𝑡 + (𝑢 − 𝜆𝜌)𝑥 = −𝑘 |𝐵|2𝑥 ,𝜃𝑢𝑡 + (𝛽𝜌 − 𝜆𝑢)𝑥 = 12𝑘𝜆 |𝐵|2𝑥 .
(2)

2. The Periodic Solution for Klein-Gordon
Zakharov Equations

The Klein-Gordon Zakharov equations are used to show
the interaction between langmuir wave and ion wave in the
plasma, which has the following form:

𝑢𝑡𝑡 − 𝑢𝑥𝑥 + 𝑢 + 𝑛𝑢 = 0,
𝑛𝑡𝑡 − 𝑛𝑥𝑥 = (|𝑢|2)𝑥𝑥 , (3)

where 𝑢(𝑥, 𝑡) denotes the biggest moment scale component
produced by electron in electric field. 𝑛(𝑥, 𝑡) denotes the
speed of deviations between the ions at any position and that
at equilibrium position.

Now, we suppose that it possesses solitary wave solutions
of the following form:

𝑢 (𝑥, 𝑡) = 𝑒𝑖𝜃𝜑 (𝜉) ,
𝑛 (𝑥, 𝑡) = 𝑛 (𝜉) ,

𝜉 = 𝑥 − 𝑐𝑡,
(4)

where 𝑐 is a traveling wave speed and 𝑐2 < 1 is a constant.
By substituting (4) into (3), we can obtain

𝑐2𝜑󸀠󸀠 − 𝜑󸀠󸀠 + 𝜑 + 𝜑𝑛 = 0, (5)

(𝑐2 − 1) 𝑛󸀠󸀠 = (𝜑2)󸀠󸀠 . (6)
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By (6), we have

(𝑐2 − 1) 𝑛 − 𝜑2 = 𝑐1𝜉 + 𝑚, (7)

where 𝑐1,𝑚 are integration constants.
In what follows, we are concerned with the periodic

solution of (3); thus we need to require 𝑐1 = 0.
Therefore, (7) implies

𝑛 = 𝜑2 + 𝑚𝑐2 − 1 . (8)

Moreover, through (8) and (5), we have that

(𝑐2 − 1) 𝜑󸀠󸀠 + 𝜑 + 𝜑3 + 𝜑𝑚𝑐2 − 1 = 0. (9)

Multiplying (9) by 𝜑󸀠 and integrating once, we obtain

𝑐2 − 12 (𝜑󸀠)2 + 𝜑22 + 𝜑4 + 2𝑚𝜑2𝑐2 − 1 14 = ℎ, (10)

where ℎ is a nonzero integration constant. Furthermore, ℎ,𝑚,
and 𝑐 satisfy the following condition:

(1 − 𝑐2 − 𝑚)2 − 4ℎ (1 − 𝑐2) ≥ 0,
(1 − 𝑐2 − 𝑚) − √(1 − 𝑐2 − 𝑚)2 − 4 (1 − 𝑐2) ℎ ≥ 0,
0 < ℎ < (1 − 𝑐2 − 𝑚)24 (1 − 𝑐2) ,

(11)

so that

(𝜑󸀠)2 = 12 1(𝑐2 − 1)2 (𝜂21 − 𝜑2) (𝜑2 − 𝜂22) , (12)

where −𝜂1, 𝜂1, −𝜂2, and 𝜂2 are the zeros of the polynomial𝐹(𝜆) = −((𝑐2−1+𝑚)/(𝑐2−1)2)𝜆2−(1/2)(𝜆4/(𝑐2−1)2)+2ℎ/(𝑐2−1). Without losing generality, we assume that 𝜂1 > 𝜂2 > 0.
Therefore, we can deduce that 𝜂1 ≤ 𝜑 ≤ 𝜂2; 𝜂1 and 𝜂2 satisfy

𝜂21 + 𝜂22 = 2 (1 − 𝑐2) − 2𝑚,
𝜂21𝜂22 = 4ℎ (1 − 𝑐2) . (13)

Let 𝜙 = 𝜑/𝜂1, 𝑘2 = (𝜂21−𝜂22)/𝜂21 . Hence, (12) can be written
as

(𝜙󸀠)2 = 12 1(𝑐2 − 1)2 𝜂21 (1 − 𝜙2) (𝜙2 − 1 + 𝑘2) . (14)

Moreover, we define a new variable𝜓, which satisfies𝜓󸀠 ≥0,𝜓(0) = 0, by the relation𝜙2 = 1−𝑘2sin2𝜓; through a tedious
computation, we obtain that

(𝜓󸀠)2 = 12 1(𝑐2 − 1)2 𝜂21 (1 − 𝑘2sin2𝜓) . (15)

Then we obtain

∫𝜓(𝜉)
0

𝑑𝜏√1 − 𝑘2sin2𝜏 = √22 11 − 𝑐2 𝜂1𝜉. (16)

According to the definition of the Jacobian elliptic func-
tion 𝑦 = sn(𝑢; 𝑘), we can obtain that sin𝜓 = sn(𝜂1√𝛽𝜉, 𝑘).
Here, 𝛽 = √2/2(1 − 𝑐2). So

𝜙 (𝜉) = √1 − 𝑘2sn2 (𝜂1√22 11 − 𝑐2 𝜉, 𝑘)
= dn(𝜂1√22 11 − 𝑐2 𝜉, 𝑘) .

(17)

By returning to initial variable, we obtain that

𝜑 (𝜉) = 𝜂1dn(𝜂1√22 11 − 𝑐2 𝜉, 𝑘) (18)

is a dnoidal solution of (10).
Furthermore, dn has fundamental period 2𝐾(𝑘); that is,

dn(𝑢 + 2𝑘; 𝑘) = dn(𝑢; 𝑘), and 𝐾(𝑘) is the complete elliptic
integral of first kind. So the dnoidal wave solution 𝜑 has
fundamental period, 𝑇, given by

𝑇 = 2√2𝐾 (𝑘) (1 − 𝑐2)𝜂1 . (19)

So, by applying the method of the Jacobian elliptic
function and inspired by Angulo Pava’s ideas, we obtain that
(3) has the periodic traveling solution of the following form:

𝑢 (𝑥, 𝑡) = 𝑒𝑖𝜃𝜑 (𝜉) = 𝑒𝑖𝜃𝜂1dn(𝜂1√22 11 − 𝑐2 𝜉, 𝑘) ,
𝑛 (𝑥, 𝑡)

= (𝜂1dn (𝜂1 (√2/2) (1/ (1 − 𝑐2)) 𝜉, 𝑘))2 + 𝑚𝑐2 − 1 .
(20)

Moreover, 𝑇 and 𝑘2 can be also rewritten as the following
form:

𝑇 (𝜂2) = 2√2𝐾 (𝑘 (𝜂2)) (1 − 𝑐2)
√2 (1 − 𝑐2) − 2𝑚 − 𝜂22 ,

𝑘2 = 2 (1 − 𝑐2) − 2𝑚 − 2𝜂222 (1 − 𝑐2) − 2𝑚 − 𝜂22 .
(21)

Furthermore, if 𝜂2 → 0 then 𝑘(𝜂2) → 1. Hence𝐾(𝑘(𝜂2)) → +∞, so that 𝑇(𝜂2) → +∞. If 𝜂2 → √1 − 𝑐2 − 𝑚,
then 𝑘(𝜂2) → 0. Hence 𝐾(𝑘(𝜂2)) → 𝜋/2, so that 𝑇(𝜂2) →√2𝜋(1 − 𝑐2)/√1 − 𝑐2 − 𝑚.

Next we will show that, for an arbitrary but

fixed 𝐿, √1 − (𝐿2 + 𝐿√𝐿2 − 8𝜋𝑚)/4𝜋 < |𝑐0| <√1 + (𝐿2 + 𝐿√𝐿2 − 8𝜋𝑚)/4𝜋. We can obtain that there
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is a unique 𝜂2,0 = 𝜂2,0(𝑐0) ∈ (0, √1 − 𝑐20 − 𝑚) such that𝑇(𝜂2) = 𝑇(𝜂2(𝑐)) = 𝐿 is a fundamental period for the dnoidal
wave solution (18).

Theorem 1. Let 𝐿 > 0 be arbitrary but fixed.
Consider √1 − (𝐿2 + 𝐿√𝐿2 − 8𝜋𝑚)/4𝜋 < |𝑐0| <√1 + (𝐿2 + 𝐿√𝐿2 − 8𝜋𝑚)/4𝜋 and unique 𝜂2,0 = 𝜂2,0(𝑐0) ∈(0, √1 − 𝑐20 − 𝑚), such that 𝑇(𝜂2) = 𝐿. Then, there exist
an interval 𝑈(𝑐0), an interval 𝐼(𝜂2,0), and a unique smooth
function 𝐹 : 𝑈(𝑐0) → 𝐼(𝜂2,0) such that 𝐹(𝑐) = 𝜂2 and

𝐿 = 2√2𝐾 (𝑘 (𝜂2)) (1 − 𝑐2)
√2 (1 − 𝑐2) − 2𝑚 − 𝜂22 , (22)

where 𝑐 ∈ 𝑈(𝑐0), 𝜂2 ∈ 𝑈(𝜂2,0).
Proof. Based on the ideas establish in Angulo Pava’s work [6],
we will give a brief proof. Now, we consider the open set

Ω = {{{(𝜂2, 𝑐) : 𝜂2 ∈ (0,√1 − 𝑐
2
0 − 𝑚) , 𝑐

∈ (−√1 + 𝐿2 + 𝐿√𝐿2 − 8𝜋𝑚4𝜋 ,
√1 + 𝐿2 + 𝐿√𝐿2 − 8𝜋𝑚4𝜋 ) ∪(−∞,

− √1 − 𝐿2 + 𝐿√𝐿2 − 8𝜋𝑚4𝜋 )

∪(√1 − 𝐿2 + 𝐿√𝐿2 − 8𝜋𝑚4𝜋 , +∞)}}} ∈ 𝑅2.

(23)

We define Φ : Ω → 𝑅 by

Φ(𝜂2, 𝑐) = 2√2𝐾 (𝑘 (𝜂2)) (1 − 𝑐2)
√2 (1 − 𝑐2) − 2𝑚 − 𝜂22 . (24)

Here, 𝑘2 = (2(1 − 𝑐2) − 2𝑚 − 2𝜂22)/(2(1 − 𝑐2) − 2𝑚 − 𝜂22).
Hypothesise Φ(𝜂2,0, 𝑐0) = 𝐿. In what follows, we will prove
that 𝜕Φ/𝜕𝜂2 < 0.

From (24), we can obtain that

𝜕Φ𝜕𝜂2 =
2√2𝜂2𝐾(𝑘 (𝜂2)) (1 − 𝑐2)(2 (1 − 𝑐2) − 2𝑚 − 𝜂22)3/2
+ 2√2 (1 − 𝑐2)
√2 (1 − 𝑐2) − 2𝑚 − 𝜂22

𝑑𝐾𝑑𝑘 𝜕𝑘𝜕𝜂2 .
(25)

From 𝑘2, we can deduce 𝑘(𝜂2, 𝑐) is a strictly decreasing
function of 𝜂2.

According to Jacobian elliptic function theory [7], we
have

𝑑𝐾𝑑𝑘 = 𝐸 − (1 − 𝑘2)𝐾𝑘 (1 − 𝑘2) , (26)

𝑑𝐸𝑑𝑘 = 𝐸 − 𝐾𝑘 . (27)

Here, 𝐸 is the complete elliptic integral of second kind.
Next, we adopt the reduction to absurdity to prove𝜕Φ/𝜕𝜂2 < 0. Now, we assume that 𝜕Φ/𝜕𝜂2 ≥ 0. So, we have

the following inequality:

𝑘 (2 (1 − 𝑐2 − 𝑚) − 𝜂22)𝐾 (𝑘 (𝜂2))
≥ 2 (1 − 𝑐2 − 𝑚) 𝑑𝐾𝑑𝑘 .

(28)

Indeed, substituting (26) into (25) and using the method
of enlarging and reducing, we obtain that

(1 − 𝑘2) [4 (1 − 𝑐2 − 𝑚) − 2𝜂22]𝐾 (𝑘)
≥ 2 (1 − 𝑐2 − 𝑚)𝐸 (𝑘) . (29)

From 𝑘2, we can easily deduce that

1 − 𝑘2 = 𝜂222 (1 − 𝑐2) − 2𝑚 − 𝜂22 ,
2 − 𝑘2 = 2 (1 − 𝑐2) − 2𝑚2 (1 − 𝑐2) − 2𝑚 − 𝜂22 .

(30)

Hence,

2 (1 − 𝑘2)𝐾 (𝑘) ≥ (2 − 𝑘2) 𝐸 (𝑘) . (31)

Let 𝛾2(𝜂2, 𝑐) = 1 − 𝑘2, 𝛾󸀠 = −𝑘(𝜕𝑘/𝜕𝜂2)(1/𝛾) > 0. So, 𝛾
is an increasing function of 𝜂2 ∈ (0, √1 − 𝑐 2 − 𝑚). Moreover,𝛾(0) = 1, 𝛾(√1 − 𝑐2 − 𝑚) = 1.

Define

𝑓 (𝛾) = (1 + 𝛾2) 𝐸 (√1 − 𝛾2) − 2𝛾2𝐾(√1 − 𝛾2) . (32)

Due to 𝜕Φ/𝜕𝜂2 ≥ 0, 𝑓(𝛾) ≤ 0.
However, by (27) and a simple computation,

𝑓󸀠 (𝛾) = 3𝛾 (𝐸(√1 − 𝛾2) − 𝐾(√1 − 𝛾2)) < 0, (33)

so 𝑓(𝛾) is a decreasing function. Furthermore, 𝑓(1) = 0, so
for 𝛾 ∈ (0, 1), 𝑓(𝛾) > 0.

It is in conflict with our assumption. So we obtain our
affirmation that 𝜕Φ/𝜕𝜂2 < 0. Hence, by the implicit function
theorem, there exists a unique smooth function 𝐹, defined
in a neighborhood, 𝑈(𝑐0) of 𝑐0, so that Φ(𝜂2(𝑐), 𝑐) = 𝐿 for𝑐 ∈ 𝑈(𝑐0). Hence, we obtain (22).
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3. The Periodic Solution for
Zakharov Equations

Now, we consider the following Zakharov equations:

𝑢𝑡𝑡 − 𝑢𝑥𝑥 − (|V|)2𝑥𝑥 = 0,𝑖V𝑡 − 𝛼V𝑥𝑥 − 𝑢V = 0, (34)

which describe the high frequency moment of plasma,
where 𝑢(𝑥, 𝑡) denotes the ion number density variation,
V(𝑥, 𝑡) denotes the electric field intensity of slowly varying
amplitude, and 𝛼 ∈ 𝑅.

We seek the solitary solutions of (34) in the form

𝑢 = 𝑢 (𝜉) ,
V = 𝜑 (𝜉) 𝑒𝑖𝜉,
𝜉 = 𝑥 − 𝑐𝑡,

(35)

where 𝑢 and 𝜑 are real functions, 𝑐 is a traveling speed, and𝑐2 ̸= 1.
Substituting (35) into (34), we can obtain that

(𝑐2 − 1) 𝑢󸀠󸀠 − (𝜑2)󸀠󸀠 = 0, (36)

−𝛼𝜑󸀠󸀠 − (𝑐 + 2𝛼) 𝑖𝜑󸀠 + (𝑐 + 𝛼) 𝜑 − 𝑢𝜑 = 0. (37)

By (36), we can deduce

(𝑐2 − 1) 𝑢 − 𝜑2 = 𝑐2𝜉 + 𝑟. (38)

Here, 𝑐2, 𝑟 are integration constants.
Next, we consider periodic solutions of (34). So, we need

to require 𝑐2 = 0. Therefore, by (38)

𝑢 = 𝜑2 + 𝑟𝑐2 − 1 . (39)

Furthermore, by (37), we can obtain that

𝑐 = −2𝛼. (40)

So, by (39) and (40), (37) can be rewritten:

𝜑󸀠󸀠 + 𝜑(1 + 2𝑟𝑐 − 𝑐3 ) + 2𝜑3𝑐 − 𝑐3 = 0. (41)

Multiplying (41) by 𝜑󸀠 and integrating once, we obtain12 (𝜑󸀠)2 + 12𝜑2 (1 + 2𝑟𝑐 − 𝑐3 ) + 12𝜑4 = ℎ, (42)

where ℎ is a nonzero integration constant.
Hence,

(𝜑󸀠)2 = (𝑎2 + 𝜑2) (𝑏2 − 𝜑2) . (43)

Here, −𝑎𝑖, 𝑎𝑖, −𝑏, and 𝑏 are polynomial roots of 𝐹(𝑡) = −𝑡4 −𝑡2(𝑎2 − 𝑏2) + 2ℎ, 𝑏 > 0, and
𝑎2 − 𝑏2 = 1 + 2𝑟𝑐 − 𝑐3 ,
𝑎2𝑏2 = 2ℎ. (44)

Let 𝜒 = 𝜑/𝑏 (suppose 𝜒(0) = 0) and 𝑘2 = 𝑏2/(𝑎2 + 𝑏2).
Hence, (43) becomes

(𝜒󸀠)2 = 𝑏2 (1 − 𝜒2)(𝑎2𝑏2 + 𝜒2) . (45)

Now, we define 𝜒2 = 1 − sin2𝜓, so we get that
(𝜓󸀠)2 = (𝑎2 + 𝑏2) (1 − 𝑘2sin2𝜓) . (46)

Let 𝜏 = √𝑎2 + 𝑏2. According to the definition of the
Jacobian elliptic function sn, we can obtain sin𝜓(𝜉) =
sn(𝜏𝜉, 𝑘). So that, 𝜒2 = 1 − sn2(𝜏𝜉, 𝑘).

So, we obtain the solution of (41):𝜑 (𝜉) = 𝑏 cn (𝜏𝜉, 𝑘) . (47)

According to Jacobian elliptic functions theory, cn has
period 4𝐾(𝑘), and we can obtain that the cnoidal wave
solution has period 𝑇, which is given by

𝑇 = 4𝐾 (𝑘)𝜏 . (48)

So, we can obtain the periodic solutions of (34):

𝑢 (𝑥, 𝑡) = 𝑢 (𝜉) = (𝑏 cn (𝜏𝜉, 𝑘))2 + 𝑟𝑐2 − 1 ,
V (𝑥, 𝑡) = V (𝜉) = 𝑏𝑒𝑖𝜉cn (𝜏𝜉, 𝑘) . (49)

Furthermore, it follows that for 𝑘2 = 𝑏2/(𝑎2+𝑏2), we have𝑘2 ∈ (0, 1/2).
If 𝜏 → 0, then 𝑘 → 0, and 𝐾(𝑘) → 𝜋/2, 𝑇(𝜏) → +∞.

Furthermore, if 𝜏 → +∞, 𝑇(𝜏) → 0.
Next, we will prove that for an arbitrary but fixed 𝐿 > 0,

there exists a unique 𝛼 = 𝛼(𝑐) ∈ (0, +∞) such that 𝑇(𝛼(𝑐)) =𝐿 is a fundamental period of the cnoidal wave solution (47).
So, we have the following theorem.

Theorem 2. Let 𝐿 > 0 but fixed. Consider 𝑐0 > 0 and the
unique 𝜏0 = 𝜏0(𝑐0) ∈ (0, +∞) such that 𝑇(𝜏0) = 𝐿. Then, there
exists an internal𝐴(𝑐0) around 𝑐0, an internal 𝐵(𝑏0) around 𝑏0,
and a unique smooth function Υ such that Υ(𝑐0) = 𝛼0 and

𝐿 = 4𝐾 (𝑘)𝜏 , (50)

where 𝑐 ∈ 𝐴(𝑐0), 𝜏 = Υ(𝑐).
Proof. The proof is similar to that of Theorem 1. For details
see Theorem 1 (see also Angulo Pava [6, 8, 9]).

4. The Periodic Solution for
Zakharov-Rubenchik Equations

Now, we consider the Zakharov-Rubenchik equations:

𝑖𝐵𝑡 + 𝜔𝐵𝑥𝑥 − ℓ (𝑢 − 12𝜆𝜌 + 𝑞 |𝐵|2 𝐵) = 0,
𝜃𝜌𝑡 + (𝑢 − 𝜆𝜌)𝑥 = −ℓ |𝐵|2𝑥 ,

𝜃𝑢𝑡 + (𝛽𝜌 − 𝜆𝑢)𝑥 = 12ℓ𝜆 |𝐵|2𝑥 ,
(51)
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which describe the dynamics of small amplitude Alfvén
waves propagating in a plasma. Here, 𝐵(𝑥, 𝑡) denotes the
magnetic field, 𝑢(𝑥, 𝑡) the fluid speed, and 𝜌(𝑥, 𝑡) the density
of mass. Moreover, 𝜔, ℓ, 𝜆, 𝜃, 𝛽, 𝑞 are real constants.

Motivated by Oliveira [10], we look for the solitary waves
of (51), as follows:

𝐵 (𝑥, 𝑡) = 𝑒𝑖𝜉𝐴 (𝜉) ,
𝑢 (𝑥, 𝑡) = 𝑎𝐴2 (𝜉) ,
𝜌 (𝑥, 𝑡) = 𝑏𝐴2 (𝜉) ,

𝜉 = 𝑥 − 𝑐𝑡,
(52)

where 𝑎, 𝑏, and 𝐴 are real functions and 𝑐 denotes traveling
speed.

Putting (52) into (51), from the second and third equa-
tions of (51), we can deduce

𝑎 = 𝑎 (𝑐) = ℓ [(𝜆/2) (𝜆 + 𝑐𝜃) − 𝛽]𝛽 − (𝑐𝜃 + 𝜆)2 ,
𝑏 = 𝑏 (𝑐) = ℓ (−𝑐𝜃 − 𝜆/2)𝛽 − (𝑐𝜃 + 𝜆)2 .

(53)

Moreover, from the first equation of (51), we can obtain
that

(𝑐 − 𝜔)𝐴 + 𝑖 (2𝜔 − 𝑐) 𝐴󸀠 + 𝜔𝐴󸀠󸀠
− ℓ (𝑎 − 12𝜆𝑏 + 𝑞)𝐴3 = 0.

(54)

So, by (54), it implies

𝑐 = 2𝜔, (55)

𝐴󸀠󸀠 + 𝐴 − 2ℓ (𝑎 − (𝜆/2) 𝑏 + 𝑞)𝑐 𝐴3 = 0. (56)

Let 𝑏1 = −ℓ(𝑎 − (𝜆/2)𝑏 + 𝑞)/𝑐 > 0 and multiplying (56) by𝐴󸀠 and integrating once, we obtain

[𝐴󸀠]2 = 𝑏1 (𝐴2 + 𝑎21) (𝑏22 − 𝐴2) , (57)

where −𝑎1𝑖, 𝑎1𝑖, −𝑏2, 𝑏2 are the polynomial roots of 𝐹(𝑟) =−𝑏1𝑟4 − 𝑟2 + ℎ. Moreover,

𝑏22 − 𝑎21 = − 1𝑏1 ,
𝑏22𝑎21 = ℎ𝑏1 .

(58)

Let 𝜒 = 𝐴/𝑏2 (suppose 𝜒(0) = 0) and 𝑘2 = 𝑏22 /(𝑎21 + 𝑏22 ).
Hence, (57) becomes

(𝜒󸀠)2 = 𝑏1𝑏22 (1 − 𝜒2)(𝑎21𝑏22 + 𝜒2) . (59)

Now, we define 𝜒2 = 1 − sin2𝜓, so we get that
(𝜓󸀠)2 = 𝑏1 (𝑎21 + 𝑏22 ) (1 − 𝑘2sin2𝜓) . (60)

Let 𝛼 = √𝑏1(𝑎21 + 𝑏22 ). According to the definition of
the Jacobin elliptic function sn, we can obtain sin𝜓(𝜉) =
sn(𝛼𝜉, 𝑘). So, 𝜒2 = 1 − sn2(𝛼𝜉, 𝑘).

So, we obtain the solution of (56):

𝐴 (𝜉) = 𝑏2cn (𝛼𝜉, 𝑘) . (61)

Since cn has fundamental period 4𝐾(𝑘), we can obtain
that solution (61) has fundamental period, 𝑇, which is

𝑇 = 4𝐾 (𝑘)
√𝑏1 (𝑎21 + 𝑏22 ) . (62)

Hence, (51) have the periodic solutions of the following
form:

𝐵 (𝜉) = 𝑒𝑖𝜉𝑏2cn (𝛼𝜉, 𝑘) ,
𝑢 (𝜉) = 𝑎𝑏22 cn2 (𝛼𝜉, 𝑘) ,
𝜌 (𝜉) = 𝑏𝑏22 cn2 (𝛼𝜉, 𝑘) .

(63)

Moreover, from (58) and the definition of 𝑘2, it follows
that

𝑘2 = 𝑎21 − 1/𝑏12𝑎21 − 1/𝑏1 ,
𝑇 (𝑎1) = 4𝐾 (𝑘)

√2𝑎21𝑏1 − 1 .
(64)

Moreover, if 𝑎1 → 0, 𝑘2 → 1, 𝑇(𝑎1) → +∞. If 𝑎1 → +∞,𝑘2 → 1/2, 𝑇(𝑎1) → 0.
Next, we will show that for an arbitrary but fixed 𝐿 > 0,

there exists 𝑎1 = 𝑎1(𝑐) ∈ (0, +∞) such that 𝑇(𝑎1(𝑐)) = 𝐿
is a fundamental period of the cnoidal wave solution (61).
Motivated by Angulo Pava’s result [6], we have the following
theorem.

Theorem3. For 𝐿 > 0 arbitrary and fixed, consider 𝑐0 > 0 and
the unique 𝑎1 = 𝑎1(𝑐0) ∈ (0, +∞). Then, there exist an interval𝐶(𝑐0) around 𝑐0, an interval 𝐷(𝑎1) around 𝑎1, and a unique
smooth function𝐻 : 𝐶(𝑐0) → 𝐷(𝑎1) such that𝐻(𝑐0) = 𝑎1 and

𝐿 = 4𝐾 (𝑘)
√2𝑎21𝑏1 − 1 , (65)

where 𝑐 ∈ 𝐶(𝑐0), 𝑎1 = 𝐻(𝑐).
Proof. The idea andmethod are similar to those ofTheorem 1.
For details, please see Theorem 1 (see also Angulo Pava [6, 8,
9]).
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5. Conclusion

Inspired by Angulo Pava’s idea, by applying Jacobian elliptic
functionmethod, we have obtained newperiodwave solution
for Klein-Gordon Zakharov equations, Zakharov equations,
and Zakharov-Rubenchik equations. In particular, the solu-
tions of (18), (47), and (58) were not found in the previous
work.Themethod can help to look for periodic solution for a
class of nonlinear equations.
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