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We study the mixed initial-boundary value problem for the capillary wave equation: 𝑖𝑢
𝑡
+ |𝑢|

2
𝑢 = |𝜕

𝑥
|
3/2
𝑢, 𝑡 > 0, 𝑥 > 0; 𝑢(𝑥, 0) =

𝑢
0
(𝑥), 𝑥 > 0; 𝑢(0, 𝑡) + 𝛽𝑢

𝑥
(0, 𝑡) = ℎ(𝑡), 𝑡 > 0, where |𝜕

𝑥
|
3/2
𝑢 = (1/√2𝜋) ∫

∞

0
(sign(𝑥 − 𝑦)/√|𝑥 − 𝑦|)𝑢

𝑦𝑦
(𝑦)𝑑𝑦. We prove the global

in-time existence of solutions of IBV problem for nonlinear capillary equation with inhomogeneous Robin boundary conditions.
Also we are interested in the study of the asymptotic behavior of solutions.

1. Introduction

This paper is concerned with the initial-boundary value
problem (IBV problem) for the nonlinear capillary wave
equation with mixed (Robin) boundary conditions posed on
a half-unbounded domain:

𝑖𝑢
𝑡
+
󵄨󵄨󵄨󵄨𝜕𝑥

󵄨󵄨󵄨󵄨

3/2

𝑢 = |𝑢|
2
𝑢, 𝑡 > 0, 𝑥 > 0;

𝑢 (𝑥, 0) = 𝑢
0
(𝑥) , 𝑥 > 0,

𝑢 (0, 𝑡) + 𝛽𝑢
𝑥
(0, 𝑡) = ℎ (𝑡) , 𝑡 > 0.

(1)

Here |𝜕
𝑥
|
3/2 is a fractional derivative defined by

󵄨󵄨󵄨󵄨𝜕𝑥
󵄨󵄨󵄨󵄨

3/2

𝑢 =
1

√2𝜋
∫

∞

0

sign (𝑥 − 𝑦)

√
󵄨󵄨󵄨󵄨𝑥 − 𝑦

󵄨󵄨󵄨󵄨

𝑢
𝑦𝑦
(𝑦) 𝑑𝑦. (2)

Mixed boundary value problems arise in a variety of applied
mathematics, engineering, and physics, such as gas dynamics,
nuclear physics, chemical reaction, studies of atomic struc-
tures, and atomic calculations.Therefore, themixed problems
have attractedmuch attention and have been studied bymany
authors. For detailed description of the mixed boundary
conditions, see [1–3] and the references cited therein. This
paper is the first attempt to investigate the inhomogeneous

mixed initial-boundary value problem for the dispersive
fractional nonlinear equation, considering as an example
the famous capillary water wave equation (1). Fractional
differential equations appear in many applications of the
applied sciences, such as the fractional diffusion and wave
equations [4], subdiffusion and superdiffusion equations
[5], electrical systems [6], viscoelasticity theory [6], control
systems [6], bioengineering [7], and finance [8].Many articles
have appeared in the literature, where fractional derivatives
are used for a better description of certainmaterial properties.
Thus, for example, the fractional NLS model (1) comes from
the study of the long-time behavior of solutions to the
water waves equations [9]. The operator 𝑖|𝜕

𝑥
|
3/2 corresponds

to the dispersive relation of the linearized gravity water
wave equations for one-dimensional interfaces with surface
tension. Furthermore, thanks to the absence of resonances
at the quadratic level, one expects the nonlinear dynamics of
water waves to be governed by nonlinearity of cubic type like
those appearing in (1). Papers [9–11] addressed some other
applications of fractional Schrödinger equations. Works con-
cerning the Cauchy problem for fractional type Schrödinger
equations, which address the existence of small solutions,
and in particular the question of modified scattering, include
[12–14]. In paper [15], it was shown that (1) with dispersive
fractional derivative operator of order 1/2 admits global
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solutions whose long-time behavior is not linear. Global
existence results and asymptotic behavior of small solutions
of Cauchy problem for capillary water wave equation were
obtained in [9]. The initial-boundary problems have been
much less studied than the Cauchy problems in spite of their
importance. The inhomogeneous problems are often called
forced ones, when an external force is applied to a system.
Frequently the forcing is putted as the inhomogeneous
boundary condition. In the case of the initial-boundary value
problems there appear new difficulties comparing with the
Cauchy problems due to the boundary. For example, in the
case of the initial-boundary value problems it is not clear
how many of the boundary conditions are required for the
well-posedness of the initial-boundary value problem. The
answer to this question relies on the construction of theGreen
function for the linear capillary water wave equation that
is interesting on its own. Also it is necessary to take into
account the boundary effects which affect the behavior of the
solutions. Also usually we ask as less as possible regularity
on the initial and boundary data, since the regularity of the
solution implies the compatibility conditions on the initial
and boundary data. Observe that for the Cauchy problem
there is no such complication, in general, andwe can askmore
regularity on the initial data.

It is well-known that boundary value problems with
homogeneous boundary conditions are easier than the cor-
responding homogeneous problems. However, we present in
this paper remarkable results, such as global in-time existence
of solutions and its large time asymptotic behavior. In book
[16], it was proved that in the case of mixed problem for
dissipative equations the solutions obtain more rapid time
decay comparing with the case of the Cauchy problem. This
phenomenon was also observed for some dispersive equa-
tions, such as intermediate-long wave and Benjamin-Ono
equations, posed on the positive half-line [17, 18]. However,
there are several important examples of equations whose
small solutions do not behave like linear ones, as it is the case
for the Schrödinger equation [19]. As we will show below, the
same happens for the case of the capillary wave equation (1)
with mixed boundary conditions: the cubic nonlinearity is
also critical with respect to the large time decay. Theorem 1
below shows that (1) admits global solutions whose long-
time behavior is not linear. In particular, a correction of
logarithmic type (see (9)) is needed in order to obtain the
𝑡
−1/2 decay and the scattering of solutions. Our approach
is based on the estimates of the integral equation in the
Sobolev spaces. To construct the Green operator on a half-
line we adopt the analytic continuation method proposed
in the paper [20], based on the Riemann theory. To get
smooth solutions we use a method of the decomposition of
the critical cubic nonlinearity. A major complication of IBV
problem for nonlocal equation (1) on a half-line is that its
symbol 𝐾(𝑝) = |𝑝|

3/2 is nonanalytic; therefore, we can not
apply the Laplace theory directly. The construction of the
Green operator involves the solution of the inhomogeneous
Riemann problem with discontinuous coefficients. Another
difficulty is that the symbol 𝐾(𝑝) is dispersive. To get the
asymptotics of solution, we need to solve the nonlinear

singular integrodifferential equation with Hilbert kernel. We
believe that the method developed in this paper could be
applied to a wide class of dispersive nonlinear nonlocal
equations.

2. Main Result and Notation

To state the results of the present paper, we give some nota-
tions. The usual direct and inverse Laplace transformations
we denote byL andL−1. The Fourier transformF and the
inverse Fourier transformF−1 are defined as

F𝜙 =
1

√2𝜋
∫
R
𝑒
−𝑖𝑥𝜉

𝜙 (𝑥) 𝑑𝑥,

F
−1
𝜙 =

1

√2𝜋
∫
R
𝑒
𝑖𝑥𝜉
𝜙 (𝜉) 𝑑𝜉.

(3)

The usual Fourier sine transform F
𝑠
and the Fourier cosine

transformF
𝑐
are given by

F
𝑠
𝜙 = √

2

𝜋
∫
𝑅
+

𝜙 (𝑥) sin𝑝𝑥𝑑𝑥,

F
𝑐
𝜙 = √

2

𝜋
∫
𝑅
+

𝜙 (𝑥) cos𝑝𝑥𝑑𝑥.

(4)

Define the “distorted” Fourier sine transform K
𝑐
and the

inverse “distorted” Fourier sine transformK∗

𝑠
as follows:

𝜙̂ (𝑝) = K
𝑠
𝜙 = ∫

∞

0

Ψ
𝑠
(𝑥, 𝑝) 𝜙 (𝑥) 𝑑𝑥,

𝜙 (𝑥) = K
∗

𝑠
𝜙̂ =

1

2𝜋
∫

∞

0

Ψ
∗

𝑠
(𝑥, 𝑝) 𝜙̂ (𝑝) 𝑑𝑝,

(5)

where

Ψ
∗

𝑐
(𝑥, 𝑧)

= 𝑒
𝑖𝑧𝑥
𝑒
−Γ(𝑖)

+ 𝑒
−𝑖𝑧𝑥

𝑒
−Γ(−𝑖)

+
1

2𝜋𝑖
∫

−∞

0

𝑒
𝑧𝑞𝑥

𝜛 (𝑞) 𝑑𝑞,

Ψ
𝑠
= E

−
(𝑥, 𝑧) −E

−
(𝑥, −𝑧) ,

E
−
(𝑥, ±𝑧) = lim

𝑤→±𝑖,Re𝑤>0

1

2𝜋𝑖
∫

𝑖∞

−𝑖∞

𝑒
−𝑞𝑧𝑥

𝑒
Γ(𝑞)

𝑞 − 𝑤
𝑑𝑞,

𝜛 (𝑞) =
3√2

2
𝑒
−Γ(𝑞) 1

𝑞1/2 ((𝑖𝑞)
3/2

− 1) ((−𝑖𝑞)
3/2

− 1)

,

Γ (𝑠) =
1

2𝜋𝑖
∫

∞

0

ln (𝑞 − 𝑠) 𝑑 ln
(−𝑖𝑞)

3/2

− 1

(𝑖𝑞)
3/2

− 1

.

(6)

For a detailed study of the properties of K
𝑠
𝜙 and K∗

𝑠
𝜙̂,

see below Lemma 3.
Also we introduce the Green operator on a half-line as

G (𝑡) = (1 − 𝛽𝜕
𝑥
)K

∗

𝑠
𝑒
−𝑖𝑡𝐾(𝑝) 1

1 + 𝛽2𝑝2
K

𝑠
(1 + 𝛽𝜕

𝑥
) ,

𝐾 (𝑝) = 𝑝
3/2

, Re𝛽 ̸= 0.

(7)
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Let 𝜙(𝑞) be a complex function, defined in Re 𝑞 = 0, which
obeys the Hölder condition for all finite 𝑞 and tends to a
definite limit 𝜙(∞) as 𝑞 → ∞. Then, Cauchy type integral
𝐹(𝑧) = (1/2𝜋𝑖) ∫

𝑖∞

−𝑖∞
(𝜙(𝑞)/(𝑞 − 𝑧)) 𝑑𝑞 constitutes a function

which is analytic in the left and right complex semiplanes.
Here and below these functions will be denoted by 𝐹

+
(𝑧)

and 𝐹
−
(𝑧), respectively. These functions have the limiting

values 𝐹+(𝑝) and 𝐹−(𝑝) at all points of imaginary axis Re𝑝 =

0, on approaching the contour from the left and from the
right, respectively. These limiting values are expressed by
Sokhotzki-Plemelj formula (see [20] for these definitions and
a discussion of related issues):

𝐹
±
(𝑝) = ±

1

2
𝜙 (𝑝) +

1

2𝜋𝑖
VP∫

𝑖∞

−𝑖∞

𝜙 (𝑞)

𝑞 − 𝑝
𝑑𝑞. (8)

The usual Lebesgue space L𝑝 = {𝜙 ∈ S󸀠; ‖𝜙‖L𝑝 < ∞}, where
the norm ‖𝜙‖L𝑝 = (∫R+ |𝜙(𝑥)|

𝑝
𝑑𝑥)

1/𝑝 if 1 ≤ 𝑝 < ∞ and
‖𝜙‖L∞ = esssup

𝑥∈R+ |𝜙(𝑥)| if 𝑝 = ∞. Weighted Lebesgue
space is L𝑝,𝑘 = {𝜙 ∈ S󸀠; ‖𝜙‖L𝑝,𝑘 < ∞}, where the norm
‖𝜙‖L𝑝,𝑘 = ‖⟨⋅⟩

𝑘
𝜙(⋅)‖L𝑝 , 𝑘 ≥ 0.

Weighted Sobolev space is H𝑚,𝑘
= {𝜙 ∈ S󸀠 : ‖𝜙‖H𝑚,𝑘 ≡

‖(1 + 𝜕)
𝑚
𝜙‖L2,𝑘 < ∞}, where 𝑚, 𝑘 ∈ R. The usual Sobolev

space is H𝑚
= H𝑚,0, so the index 0 we omit if it does not

cause a confusion. Also ‖𝜑‖L∞ = ‖𝜑‖
∞
, and ‖𝜑‖L2 = ‖𝜑‖.

Let Y = {ℎ ∈ H1,1/2+𝛾
; ‖ℎ‖Y < ∞}, where ‖ℎ‖Y =

‖ℎ‖H1,1/2+𝛾 , 𝛾 > 0 is small. Different positive constants we
denote by the same letter𝐶.We denote ⟨𝑡⟩ = 1+𝑡, {𝑡} = 𝑡/⟨𝑡⟩.

Our main result is as follows.

Theorem 1. Let 𝑢
0
∈ Z = H0,1

∩ H1, and ℎ(𝑡) ∈ Y and the
norm ‖𝑢

0
‖Z + ‖ℎ‖Y = 𝜖. Then, there exists 𝜖

0
> 0 such that

for all 0 < 𝜖 < 𝜖
0
the initial-boundary value problem (1) has

a unique global solution 𝑢(𝑡) ∈ C([0,∞);H1
). Furthermore,

there exists a unique final state Λ ∈ L∞ such that the large
time asymptotics

𝑢 (𝑡) =
1

√𝑡
𝑒
𝑖|Λ(𝑠)|

2
Λ(𝑠) log 𝑡

Λ (𝑠) + 𝑂 (𝑡
𝛾−1/4−1/2

) (9)

is true, where 𝛾 ∈ (0, 1/4), and

Λ (𝑠) = 𝑒
−Γ(𝑖) ¿

√
2

3

𝑠
1/4

1 − 𝑖𝛽𝑠
(K

𝑠
(1 + 𝛽𝜕

𝑥
) 𝑢

0

+ 2𝑒
Γ(0)

∫

∞

0

𝑒
𝑖|𝑠|
3/2
𝑡
ℎ (𝑡) 𝑑𝑡) + 𝑂 (𝜀

3
) .

(10)

3. Sketch of Proof

Firstly, we construct the Green operator defined by the linear
IBV problem posed on a half-line:

𝑖𝑢
𝑡
+
󵄨󵄨󵄨󵄨𝜕𝑥

󵄨󵄨󵄨󵄨

3/2

𝑢 = 0, 𝑡 > 0, 𝑥 > 0;

𝑢 (𝑥, 0) = 𝑢
0
(𝑥) , 𝑥 > 0,

(1 + 𝛽𝜕
𝑥
) 𝑢 (0, 𝑡) = ℎ (𝑡) , 𝑡 > 0.

(11)

To derive an integral representation for the solution of
problem (11), we adopt the analytic continuation method
proposed in the paper [20]. The Laplace transform of the
fractional operator |𝜕

𝑥
|
3/2

𝑢 with respect to space and time
variables is

L
󵄨󵄨󵄨󵄨𝜕𝑥

󵄨󵄨󵄨󵄨

3/2

𝑢 = P
− 󵄨󵄨󵄨󵄨𝜕𝑥

󵄨󵄨󵄨󵄨

3/2

𝑢

= lim
𝑤→𝑝,Re𝑤>0

∫

𝑖∞

−𝑖∞

1

𝑞 − 𝑤

󵄨󵄨󵄨󵄨𝑞
󵄨󵄨󵄨󵄨

3/2

⋅ (̂̂𝑢 (𝑞, 𝜉) − 𝑞
−1
𝑢̂ (0, 𝜉) − 𝑞

−2
𝑢̂
𝑥
(0, 𝜉)) 𝑑𝑞,

(12)

where ̂̂𝑢(𝑝, 𝜉), 𝑢̂(0, 𝜉), and 𝑢̂
𝑥
(0, 𝜉) are Laplace transforms of

𝑢(𝑥, 𝑡), 𝑢(0, 𝑡), and 𝑢
𝑥
(0, 𝑡), respectively.

Thus, since
̂̂𝑢 (𝑝, 𝜉) = P

− ̂̂𝑢 (𝑝, 𝜉)

= lim
𝑤→𝑝,Re𝑤>0

∫

𝑖∞

−𝑖∞

1

𝑞 − 𝑤

̂̂𝑢 (𝑞, 𝜉) 𝑑𝑞,

(13)

applying the Laplace transforms to (11) with respect to space
and time variables we obtain

P
−
{(𝐾 (𝑝) + 𝜉) ̂̂𝑢 (𝑝, 𝜉)

− [𝑢̂
0
(𝑝) + 𝐾 (𝑝) (𝑝

−1
𝑢̂ (0, 𝜉) + 𝑝

−2
𝑢̂
𝑥
(0, 𝜉))]}

= 0, 𝐾 (𝑝) = 𝑖
󵄨󵄨󵄨󵄨𝑝
󵄨󵄨󵄨󵄨

3/2

.

(14)

Let Φ+
(𝑝, 𝜉) be some complex function analytic in the left-

half complex plane and |Φ+
(𝑝, 𝜉)| < 𝐶⟨𝑝⟩

−𝛿, 𝛿 > 0, such that

P
−
Φ
+
(𝑝, 𝜉) = 0 for any Re 𝜉 > 0. (15)

Thus, from (14), we obtain

̂̂𝑢 (𝑝, 𝜉) =
1

𝐾 (𝑝) + 𝜉
[𝑢̂

0
(𝑝)

+ 𝐾 (𝑝) (𝑝
−1
𝑢̂ (0, 𝜉) + 𝑝

−2
𝑢̂
𝑥
(0, 𝜉)) + Φ̂

+

(𝑝, 𝜉)] .

(16)

Note that there are three unknown types of data, 𝑢̂(0, 𝜉), 𝑢̂
𝑥
(0,

𝜉), and Φ̂
+

(𝑝, 𝜉) in (16). To find some of these data we use
analytic properties of ̂̂𝑢(𝑝, 𝜉), which is analytic in Re𝑝 > 0 by
the construction. Also, as we see in the left-hand side of (16),
𝐾(𝑝) is not analytic. We define the “analyticity switching”
functions 𝑌±

(𝑝, 𝜉). Denote 𝐾
−
(𝑝) = 𝑖(𝑖𝑝)

3/2. Note that for
Re𝑝 > 0 and Re 𝜉 > 0 the equality 𝐾−

(𝑝) + 𝜉 = 0 has only
one root 𝑘(𝜉) = −𝑖(𝑖𝜉)

2/3 such that Re 𝑘(𝜉) > 0 in Re 𝜉 > 0.
We make a cut along the negative imaginary axis. Let

𝑤
+
= 𝑝

3/4
(𝑝 − 𝑘 (𝜉))

−3/4

,

𝑤
−
= 𝑝

3/4
(𝑝 + 𝑘 (𝜉))

−3/4

.

(17)

We prove that for Re 𝜉 > 0

Ind
(𝐾 (𝑝) + 𝜉)𝑤

−

(𝐾− (𝑝) + 𝜉)𝑤+
=

1

2𝜋𝑖
∫

𝑖∞

−𝑖∞

𝑑 ln
𝐾(𝑝) + 𝜉

𝐾− (𝑝) + 𝜉

𝑤
−

𝑤+

= 0.

(18)
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Therefore, via Index ZeroTheorem, we have

𝐾(𝑝) + 𝜉

𝐾− (𝑝) + 𝜉
=
𝑌
+
(𝑝, 𝜉)

𝑌− (𝑝, 𝜉)
, (19)

where

𝑌
±
= 𝑒

Γ
±
(𝑝,𝜉)

𝑤
±
,

Γ (𝑧, 𝜉) =
1

2𝜋𝑖
∫

𝑖∞

−𝑖∞

1

𝑞 − 𝑧
ln

𝐾(𝑞) + 𝜉

𝐾− (𝑞) + 𝜉

𝑤
−

𝑤+
𝑑𝑞.

(20)

Via Sokhotski-Plemelj formula, we have

𝑈
+
− 𝑈

−
=

𝑢̂
0
(𝑝)

𝑌+ (𝑝, 𝜉)
,

𝐼
+
− 𝐼

−
=
𝐾 (𝑝) 𝑝

−2

𝑌+ (𝑝, 𝜉)
,

𝐽
+
− 𝐽

−
=
𝐾 (𝑝) 𝑝

−1

𝑌+ (𝑝, 𝜉)
,

(21)

where

𝑈 =
1

2𝜋𝑖
∫

𝑖∞

−𝑖∞

𝑑𝑞

𝑞 − 𝑧

𝑢̂
0
(𝑞)

𝑌+ (𝑞, 𝜉)
,

𝐼 =
1

2𝜋𝑖
∫

𝑖∞

−𝑖∞

𝑑𝑞

𝑞 − 𝑧

𝐾 (𝑞) 𝑞
−2

𝑌+ (𝑞, 𝜉)
,

𝐽 =
1

2𝜋𝑖
∫

𝑖∞

−𝑖∞

𝑑𝑞

𝑞 − 𝑧

𝐾 (𝑞) 𝑞
−1

𝑌+ (𝑞, 𝜉)
.

(22)

Applying (19) and (21) into (16), we obtain

̂̂𝑢 (𝑝, 𝜉) =
𝑌
+

𝐾(𝑝) + 𝜉
(𝑈

+
− 𝑈

−
+

1

𝑌+
Φ̂
+

(𝑝, 𝜉)

+ (𝐽
+
− 𝐽

−
) 𝑢̂ (0, 𝜉) + (𝐼

+
− 𝐼

−
) 𝑢̂

𝑥
(0, 𝜉)) .

(23)

For the analyticity of the function ̂̂𝑢 in the right-half complex
plane, we need to put the following conditions:

1

𝑌+
Φ̂
+

(𝑝, 𝜉) + 𝑈
+
+ 𝐼

+
𝑢̂
𝑥
(0, 𝜉) + 𝐽

+
𝑢̂ (0, 𝜉) = 0,

𝑈
−
(𝑘 (𝜉) , 𝜉) + 𝐽

−
(𝑘 (𝜉) , 𝜉) 𝑢̂ (0, 𝜉)

+ 𝐼
−
(𝑘 (𝜉) , 𝜉) 𝑢̂

𝑥
(0, 𝜉) = 0.

(24)

Thus, we must put in the problem (11) only one type of
boundary data. Another type of unknown boundary data can
be find from relation (24). For example, if we consider Robin
boundary condition, 𝑢(0, 𝑡)+𝛽𝑢

𝑥
(0, 𝑡) = ℎ(𝑡), boundary data

𝑢(0, 𝑡) and 𝑢̂
𝑥
(0, 𝜉) are completely determined by

𝑢 (0, 𝑡) = ℎ (𝑡) − 𝛽𝑢
𝑥
(0, 𝑡) ,

𝑢̂
𝑥
(0, 𝜉) = −

𝑈
−
(𝑘 (𝜉) , 𝜉) + ℎ̂ (𝜉) 𝐽

−
(𝑘 (𝜉) , 𝜉)

(𝐼− (𝑘 (𝜉) , 𝜉) − 𝛽𝐽− (𝑘 (𝜉) , 𝜉))
,

(25)

where ℎ̂(𝜉) is Laplace transform of ℎ(𝑡). We will prove that
𝑢̂
𝑥
(0, 𝜉) is analytic in Re 𝜉 > 0 under condition Re𝛽 ̸=

0. Finally substituting (25) and (24) into (23) and applying
inverse Laplace transform, we will prove that the solution (11)
is represented by 𝑢 = G(𝑡)𝑢̃

0
, where

𝑢̃
0
= K

𝑠
D𝑢

0
+ 2𝑒

Γ(0)
𝑝
1/2

∫

𝑡

0

𝑒
𝑖𝐾(𝑝)𝜏

ℎ (𝜏) 𝑑𝜏,

D = 1 + 𝛽𝜕
𝑥
,

G (𝑡) = D
∗
K

∗

𝑠
𝑒
−𝑖𝑡𝐾(𝑝) 1

1 + 𝛽2𝑝2
, D

∗
= 1 − 𝛽𝜕

𝑥
.

(26)

This fact is exploited in Proposition 2 below. Therefore, the
IBV problem (1) can be rewritten as

𝑢 = D
∗
K

∗

𝑠
𝑒
−𝑖𝑡𝐾(𝑝)

⋅
1

1 + 𝛽2𝑝2
(𝑢̃

0
+ 𝑖 ∫

𝑡

0

𝑒
𝑖𝜏𝐾(𝑝)

K
𝑠
D |𝑢|

2
𝑢 𝑑𝜏) .

(27)

The estimates of the integral equation (27) in the Sobolev
spaces yield an a priori estimate of ‖𝑢‖H1 . To get the L∞-
estimate of 𝑢(𝑥, 𝑡), we will prove the asymptotics

G (𝑡) 𝜙 = 𝑒
−𝑖(𝜋/4) 𝑒

(𝑖𝑡/2)𝐾(𝜉)+Γ(𝑖)

√𝑡

𝜉
1/4

1 + 𝑖𝛽𝜉
𝜙 (𝜉)

+ 𝑡
−1+(1−𝛾)/4

𝑂(
󵄩󵄩󵄩󵄩󵄩
𝜙̂ (𝑝)

󵄩󵄩󵄩󵄩󵄩H1) .

(28)

We introduce the new function 𝜙 as

𝜙 (𝑝, 𝑡) = 𝑖D
∗
K

∗

𝑠
𝑒
−𝑖𝑡𝐾(𝑝)

∫

𝑡

0

𝑒
𝑖𝜏𝐾(𝑝)

K
𝑠
D |𝑢|

2
𝑢 𝑑𝜏. (29)

Then, we obtain from (1) and (27)

𝜙
𝑡
= 𝑖𝑒

𝑖𝐾(𝑝)𝑡
K

𝑠
𝑢 |𝑢|

2
− 2

𝑝
1/2

𝑒
𝑖𝐾(𝑝)𝑡

1 + 𝛽2𝑝2
ℎ (𝑡) . (30)

In Lemma 7 below, we will prove that the nonlinearity
K

𝑠
{𝑢|𝑢|

2
} is decomposed into the resonant term and the

remainder such that

K
𝑠
𝑢 |𝑢|

2
= −𝑡

−1
𝑒
−𝑖𝑡𝐾(𝑝)

𝜆 (1 − 𝑖𝛽𝑝)

𝛼 (𝑝)

⋅N(
𝛼 (𝑝)

1 − 𝑖𝛽𝑝
𝜙̂ (𝑝)) + 𝑡

−1−1/4+𝛾
(1 − 𝑖𝛽𝑝)

⋅ 𝑂 ((
󵄩󵄩󵄩󵄩󵄩
𝜙̂ (𝑝)

󵄩󵄩󵄩󵄩󵄩H1 + ‖ℎ‖Y + |𝑡𝑢 (0, 𝑡)|)
3

) ,

(31)

where 𝜆 = 𝑒
−(Γ(𝑖)+Γ(−𝑖))

> 0 and 𝛼(𝑝) = 𝑒
−Γ(𝑖)

√2/3𝑝
1/4. Also

we prove

|𝑡𝑢 (0, 𝑡)| ≤ 𝐶 (
󵄩󵄩󵄩󵄩󵄩
𝜙̂ (𝑝)

󵄩󵄩󵄩󵄩󵄩H1 + ‖ℎ‖Y) . (32)

Then, the estimates of ‖𝜙(𝑝)‖
∞

and ‖𝜙(𝑝)‖H1 follow. There-
fore, along with (28) and (29) we prove the L∞-estimate
of 𝑢(𝑥, 𝑡). Also we obtain asymptotics of the solution. We
construct the Green operator for the initial-boundary value
problem in the next section. Section 5 is devoted to several
lemmas involved in the proof of the main result. In Section 6,
we prove our main result.
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4. Green Operator

We consider linearized version of problem (1). We prove the
following proposition.

Proposition 2. Let 𝑢
0
, ℎ ∈ L1(R+

), and Re𝛽 ̸= 0. Then, the
solution 𝑢(𝑥, 𝑡) of the initial-boundary value problem (11) has
the following integral representation:

𝑢 (𝑥, 𝑡) = G𝑢̃
0
= D

∗
K

∗

𝑠
𝑒
−𝑖𝐾(𝑝)𝑡 1

1 + 𝛽2𝑝2
𝑢̃
0
(𝑝) ,

𝐾 (𝑝) =
󵄨󵄨󵄨󵄨𝑝
󵄨󵄨󵄨󵄨

3/2

,

(33)

where 𝑢̃
0
(𝑝) = K

𝑠
D𝑢

0
+ 2𝑖𝑒

Γ(0)
𝑝
1/2

∫
𝑡

0
𝑒
𝑖𝐾(𝑝)𝜏

ℎ(𝜏)𝑑𝜏, and
operatorsK

𝑠
, and K∗

𝑠
were given by (6).

Proof. Substituting (25) and (24) into (23) and applying
inverse Laplace transform we prove that the solution (11) is
represented:

̂̂𝑢 (𝑝, 𝜉) = −
𝑌
+
(𝑝, 𝜉)

𝐾 (𝑝) + 𝜉
(𝑈

−
− Ψ (𝑝, 𝜉)𝑈

−
(𝑘 (𝜉) , 𝜉)

− (𝐽
−
(𝑝) − 𝐽

−
(𝑘 (𝜉)) Ψ (𝑝, 𝜉)) ℎ̂ (𝜉)) ,

(34)

where

Ψ (𝑝, 𝜉) =
(𝐼

−
(𝑝, 𝜉) − 𝛽𝐽

−
(𝑝, 𝜉))

(𝐼− (𝑘 (𝜉) , 𝜉) − 𝛽𝐽− (𝑘 (𝜉) , 𝜉))
. (35)

Denote

E (𝑦, 𝑤, 𝜉) =
1

2𝜋𝑖
∫

𝑖∞

−𝑖∞

𝑒
−𝑞𝑦

𝑞 − 𝑤

1

𝑌+ (𝑞, 𝜉)
𝑑𝑞, (36)

where 𝑌
+
(𝑞, 𝜉) was introduced by (20). Taking the Laplace

transform of (34) with respect to 𝜉 and 𝑝 variables, we get

𝑢 (𝑥, 𝑡) = G𝑢
0
+Hℎ, (37)

where

G𝑢
0
= ∫

∞

0

𝑢
0
(𝑦)𝐺 (𝑥, 𝑦, 𝑡) 𝑑𝑦,

Hℎ = ∫

𝑡

0

𝐻(𝑥, 𝑡 − 𝜏) ℎ (𝜏) 𝑑𝜏

(38)

with

𝐺 (𝑥, 𝑦, 𝑡) = − (
1

2𝜋𝑖
)

2

∫

𝑖∞+𝜀

−𝑖∞+𝜀

𝑑𝜉𝑒
𝜉𝑡
∫

𝑖∞

−𝑖∞

𝑒
𝑝𝑥

⋅
𝑌
+
(𝑝, 𝜉)

𝐾 (𝑝) + 𝜉
(E

−
(𝑦, 𝑝, 𝜉)

− Ψ (𝑝, 𝜉)E
−
(𝑦, 𝑘 (𝜉) , 𝜉)) 𝑑𝑝,

(39)

𝐻(𝑥, 𝑡) = (
1

2𝜋𝑖
)

2

∫

𝑖∞+𝜀

−𝑖∞+𝜀

𝑑𝜉𝑒
𝜉𝑡
∫

𝑖∞

−𝑖∞

𝑒
𝑝𝑥

⋅
𝑌
+
(𝑝, 𝜉)

𝐾 (𝑝) + 𝜉
(𝐽

−
(𝑝, 𝜉)

− Ψ (𝑝, 𝜉) 𝐽
−
(𝑘 (𝜉) , 𝜉)) 𝑑𝑝.

(40)

Now we consider 𝐺(𝑥, 𝑦, 𝑡) given by (39). Using analytic
properties of integrand functions for Im 𝜉 > 0, we rewrite the
function 𝐺 in the following form:

𝐺 (𝑥, 𝑦, 𝑡) = 𝐺
1
(𝑥, 𝑦, 𝑡) + 𝐺

2
(𝑥, 𝑦, 𝑡) , (41)

where

𝐺
1
(𝑥, 𝑦, 𝑡) = − (

1

2𝜋𝑖
)

2

∫

−∞𝑒
−𝑖𝜀

0

𝑑𝜉𝑒
𝜉𝑡

⋅ ∫

𝑖∞

−𝑖∞

𝑒
𝑝𝑥

𝑌
+
(𝑝, 𝜉)

𝐾 (𝑝) + 𝜉
Ω (𝑝, 𝑘 (𝜉)) 𝑑𝑝 + (

1

2𝜋𝑖
)

2

⋅ ∫

−∞𝑒
𝑖𝜀

0

𝑑𝜉𝑒
𝜉𝑡

⋅ ∫

𝑖∞

−𝑖∞

𝑒
𝑝𝑥

𝑌
+
(𝑝, 𝜉)

𝐾 (𝑝) + 𝜉
Ω (𝑝, 𝑒

𝑖(4𝜋/3)
𝑘 (𝜉)) 𝑑𝑝,

(42)

𝐺
2
(𝑥, 𝑦, 𝑡) = − (

1

2𝜋𝑖
)

2

∫

−𝑖∞𝑒
−𝑖𝜀

0

𝑑𝜉𝑒
𝜉𝑡

⋅ ∫

𝑖∞

−𝑖∞

𝑒
𝑝𝑥

𝑌
+
(𝑝, 𝜉)

𝐾 (𝑝) + 𝜉
Ω (𝑝, 𝑒

𝑖(4𝜋/3)
𝑘 (𝜉)) 𝑑𝑝

− (
1

2𝜋𝑖
)

2

∫

0

−𝑖∞𝑒
𝑖𝜀

𝑑𝜉𝑒
𝜉𝑡

⋅ ∫

𝑖∞

−𝑖∞

𝑒
𝑝𝑥

𝑌
+
(𝑝, 𝜉)

𝐾 (𝑝) + 𝜉
Ω (𝑝, 𝑘 (𝜉)) 𝑑𝑝,

(43)

where

Ω(𝑝, 𝑘 (𝜉)) = E
−
(𝑦, 𝑝, 𝜉) − Ψ (𝑝, 𝜉)E

−
(𝑦, 𝑘 (𝜉) , 𝜉) . (44)

Since 𝑒𝑖(4𝜋/3)𝑘(|𝜉|𝑒−𝑖𝜋) = 𝑘(|𝜉|𝑒
𝑖𝜋
), we get

𝐺
1
(𝑥, 𝑦, 𝑡) = 0, (45)

which implies 𝐺(𝑥, 𝑦, 𝑡) = 𝐺
2
(𝑥, 𝑦, 𝑡). We make the changes

of the variables 𝑧 = 𝑒
𝑖(4𝜋/3)

𝑘(𝜉) and 𝑧 = 𝑘(𝜉) in the first
and second terms of (43) correspondingly. Using that, by the
definitions 𝐾−

(𝑘(𝜉)) = −𝜉 and 𝐾
−
(𝑒
𝑖(4𝜋/3)

𝑘(𝜉)) = −𝜉, we
obtain

𝐺 (𝑥, 𝑦, 𝑡) = (
1

2𝜋𝑖
)

2

∫

+𝑖∞𝑒
−𝑖𝜀

−𝑖∞𝑒
𝑖𝜀

𝑑𝑧𝑒
−𝐾(𝑧)𝑡

𝐾
󸀠
(𝑧) ∫

𝑖∞

−𝑖∞

𝑒
𝑝𝑥

⋅
𝑌
+
(𝑝, −𝐾 (𝑧))

𝐾 (𝑝) − 𝐾 (𝑧)
(E

−
(𝑦, 𝑝, −𝐾 (𝑧))

− Ψ (𝑝, −𝐾 (𝑧))E
−
(𝑦, 𝑧, −𝐾 (𝑧))) 𝑑𝑝.

(46)
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Now we consider 𝐽(𝑤, −𝐾(𝑧)) and 𝐼(𝑤, −𝐾(𝑧)) given by (22).
Via (19) and CauchyTheorem taking residue in the point 𝑞 =

0, we get

𝐽 (𝑤, −𝐾 (𝑧)) =
1

2𝜋𝑖

⋅ ∫

𝑖∞

−𝑖∞

1

𝑞 − 𝑤

1

𝑌+ (𝑞, −𝐾 (𝑧))

𝐾 (𝑞) − 𝐾 (𝑧) + 𝐾 (𝑧)

𝑞

=
1

2𝜋𝑖

⋅ lim
𝑠→0,Re 𝑠>0

∫

𝑖∞

−𝑖∞

1

𝑞 − 𝑤

1

𝑌− (𝑞, −𝐾 (𝑧))

𝐾
−
(𝑞) − 𝐾 (𝑧)

𝑞 − 𝑠

+
𝐾 (𝑧)

2𝜋𝑖
lim

𝑠→0,Re 𝑠>0
∫

𝑖∞

−𝑖∞

1

𝑞 − 𝑤

1

𝑌+ (𝑞, −𝐾 (𝑧))

1

𝑞 − 𝑠
𝑑𝑞

= −𝐾 (𝑧)
1

𝑤

1

𝑌+
(0, −𝐾 (𝑧))

−
𝐾 (𝑤) − 𝐾 (𝑧)

𝑌+
(𝑤, −𝐾 (𝑧)) 𝑤

(47)

and by the same way

𝐼 (𝑤, −𝐾 (𝑧)) =
1

𝑤
𝐽 (𝑤, −𝐾 (𝑧)) . (48)

As a consequence of (47) and (48), from (35) it follows that

Ψ (𝑝, −𝐾 (𝑧))

=
𝑧
2

𝑝2

1 − 𝛽𝑝

1 − 𝛽𝑧
(1 +

𝐾 (𝑝) − 𝐾 (𝑧)

𝑌+ (𝑝, −𝐾 (𝑧))

𝑌
+
(0, −𝐾 (𝑧))

𝐾 (𝑧)
) .

(49)

Substituting (49) into (46), we attain

𝐺 (𝑥, 𝑦, 𝑡) = 𝐺
1
(𝑥, 𝑦, 𝑡) + 𝐺

2
(𝑥, 𝑦, 𝑡) , (50)

where

𝐺
1
(𝑥, 𝑦, 𝑡) = (

1

2𝜋𝑖
)

2

∫

+𝑖∞𝑒
−𝑖𝜀

−𝑖∞𝑒
𝑖𝜀

𝑑𝑧𝑒
−𝐾(𝑧)𝑡

𝐾
󸀠
(𝑧)

⋅ lim
𝑠→0,Re 𝑠<0

∫

𝑖∞

−𝑖∞

𝑒
𝑝𝑥
𝑌
+
(𝑝, −𝐾 (𝑧))

𝐾 (𝑝) − 𝐾 (𝑧)

⋅ (E
−
(𝑦, 𝑝, −𝐾 (𝑧))

−
𝑧
2

(𝑝 − 𝑠)
2

1 − 𝛽𝑝

1 − 𝛽𝑧
E
−
(𝑦, 𝑧, −𝐾 (𝑧)))𝑑𝑝,

𝐺
2
(𝑥, 𝑦, 𝑡) = (

1

2𝜋𝑖
)

2

∫

+𝑖∞𝑒
−𝑖𝜀

−𝑖∞𝑒
𝑖𝜀

𝑑𝑧𝑒
−𝐾(𝑧)𝑡

𝐾
󸀠
(𝑧)

⋅
𝑧
2
𝑌
+
(0, −𝐾 (𝑧))

𝐾 (𝑧) (1 − 𝛽𝑧)
E
−
(𝑦, 𝑧, −𝐾 (𝑧)) (𝑥 − 𝛽) .

(51)

By Jordan Lemma taking residue in the point 𝑝 = −𝑧, we
rewrite 𝐺

1
in the form

𝐺
1
(𝑥, 𝑦, 𝑡) = −𝐺

2
+

1

2𝜋𝑖
∫

+𝑖∞

−𝑖∞

𝑒
−𝐾(𝑧)𝑡

𝑌
+
(−𝑧, −𝐾 (𝑧))

⋅ 𝑒
−𝑧𝑥

(E
−
(𝑦, −𝑧, −𝐾 (𝑧))

−
1 + 𝛽𝑧

1 − 𝛽𝑧
E
−
(𝑦, 𝑧, −𝐾 (𝑧))) + (

1

2𝜋𝑖
)

2

⋅ ∫

+𝑖∞

−𝑖∞

𝑑𝑧𝑒
−𝐾(𝑧)𝑡

𝐾
󸀠
(𝑧) ∫

−∞

0

𝑒
𝑝𝑥
Θ(𝑝, −𝐾 (𝑧))

⋅E
+
(𝑦, 𝑝, −𝐾 (𝑧)) 𝑑𝑝 − (

1

2𝜋𝑖
)

2

⋅ ∫

+𝑖∞

−𝑖∞

𝑑𝑧𝑒
−𝐾(𝑧)𝑡

𝐾
󸀠
(𝑧) ∫

−∞

0

𝑒
𝑝𝑥
Θ(𝑝, −𝐾 (𝑧))

⋅
𝑧
2

𝑝2

1 − 𝛽𝑝

1 − 𝛽𝑧
E
−
(𝑦, 𝑧, −𝐾 (𝑧)) 𝑑𝑝.

(52)

Here

Θ(𝑝, −𝐾 (𝑧))

= (
1

𝐾+ (𝑝) − 𝐾 (𝑧)
−

1

𝐾− (𝑝) − 𝐾 (𝑧)
) ,

𝐾
±
(𝑝) = 𝑖 (∓𝑖𝑝)

3/2

.

(53)

Since integrand is even function with respect to 𝑧-variable,
we get for the last summand of (52)

∫

+𝑖∞

−𝑖∞

𝑑𝑧𝑒
−𝐾(𝑧)𝑡

𝐾
󸀠
(𝑧)

⋅ ∫

−∞

0

𝑒
𝑝𝑥
Θ(𝑝, −𝐾 (𝑧))E

+
(𝑦, 𝑝) 𝑑𝑝 = 0.

(54)

Therefore, 𝐺(𝑥, 𝑦, 𝑡) = 𝐺
1
(𝑥, 𝑦, 𝑡) + 𝐺

2
(𝑥, 𝑦, 𝑡) takes the form

𝐺 (𝑥, 𝑦, 𝑡)

= (
1

2𝜋𝑖
)

2

∫

+𝑖∞

0

𝑒
−𝐾(𝑧)𝑡

D
∗

𝑥
Ψ
∗
(𝑥, 𝑧) Ψ (𝑦, 𝑧) ,

D
∗

𝑥
= 1 − 𝛽𝜕

𝑥
,

(55)
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where

Ψ
∗
(𝑥, 𝑧) = 𝑌

+
(𝑧, −𝐾 (𝑧)) 𝑒

𝑧𝑥
− 𝑌

+
(−𝑧, −𝐾 (𝑧)) 𝑒

−𝑧𝑥

−
𝐾
󸀠
(𝑧)

2𝜋𝑖
∫

−∞

0

𝑒
𝑝𝑥
Θ(𝑝, −𝐾 (𝑧))

𝑧
2

𝑝2
𝑑𝑝

Ψ (𝑦, 𝑧) =
1

1 − 𝛽𝑧
E
−
(𝑦, 𝑧, −𝐾 (𝑧))

−
1

1 + 𝛽𝑧
E
−
(𝑦, −𝑧, −𝐾 (𝑧))

=
Ψ
𝑠
(𝑦, 𝑧) + 𝛽𝑧Ψ

𝑐
(𝑦, 𝑧)

1 − 𝛽2𝑧2
.

(56)

Via Lemma 11 𝑌+
(𝑝, −𝐾(𝑧)) = 𝑒

−Γ(𝑝|𝑧|
−1
). Therefore, we

make the change of variables 𝑝 → |𝑧|𝑝, 𝑝 > 0, to get

Ψ
∗
(𝑥, 𝑧) = 𝑒

−Γ(𝑖)
𝑒
𝑧𝑥

− 𝑒
−Γ(−𝑖)

𝑒
−𝑧𝑥

−
3

2

1

2𝜋𝑖
∫

−∞

0

𝑒
𝑝|𝑧|𝑥

𝑒
−Γ(𝑝)

Θ(𝑝) 𝑑𝑝,

Θ (𝑝) =
1

𝑝2
(

1

𝐾+ (𝑝) − 1
−

1

𝐾− (𝑝) − 1
) .

(57)

Also since via Lemma 3 𝑧Ψ
𝑐
= 𝜕

𝑥
Ψ
𝑠
,

Ψ (𝑦, 𝑧) =
DΨ

𝑠
(𝑦, 𝑧)

1 − 𝛽2𝑧2
. (58)

Thus, finally we obtain

G𝜙 = ∫

∞

0

𝜙 (𝑦)𝐺 (𝑥, 𝑦, 𝑡) 𝑑𝑦

= D
∗
K

∗

𝑠
𝑒
−𝑖𝐾(𝑝)𝑡 1

1 + 𝛽2𝑝2
K

𝑠
D𝜙,

𝐾 (𝑝) = 𝑝
3/2

,

(59)

where operatorsK∗

𝑠
andK

𝑠
are defined by (6). By the same

way as in the proof of (59), we get

𝐻(𝑥, 𝑡)

=
𝑒
Γ(0)

𝑖

𝜋
D

∗
∫

+∞

0

𝑑𝑧𝑒
−𝐾(𝑧)𝑡

Ψ
∗

𝑠
(𝑥, 𝑧)

𝑧
1/2

1 + 𝛽2𝑧2
𝑑𝑧.

(60)

Applying this relation intoHℎ = ∫
𝑡

0
𝐻(𝑥, 𝑡−𝜏)ℎ(𝜏)𝑑𝜏, we

obtain

Hℎ = 𝑒
Γ(0)

𝑖D
∗
K

∗

𝑠
𝑒
−𝑖𝐾(𝑝)𝑡 𝑝

1/2

1 + 𝛽2𝑝2
∫

𝑡

0

𝑒
𝑖𝐾(𝑝)𝜏

ℎ (𝜏) 𝑑𝜏. (61)

Therefore, via (61) and (59), Proposition 2 follows.

5. Lemmas

Section 5 is devoted to several lemmas involved in the proof
of the main result. Via Proposition 2 by Duhamel principle
we have for solution of (1)

𝑢 = D
∗
K

∗

𝑠

⋅
𝑒
−𝑖𝐾(𝑝)𝑡

1 + 𝛽2𝑝2
(𝑢̃

0
(𝑝) + 𝑖 ∫

𝑡

0

𝑒
𝑖𝐾(𝑝)𝜏

K
𝑠
DN (𝑢) 𝑑𝜏) ,

(62)

where

𝑢̃
0
(𝑝) = K

𝑠
D𝑢

0
+ 2𝑖𝑝

1/2
𝑒
Γ(0)

∫

𝑡

0

𝑒
𝑖𝐾(𝑝)𝜏

ℎ (𝜏) 𝑑𝜏,

N (𝑢) = |𝑢|
2
𝑢,

𝐾 (𝑝) = 𝑝
3/2

.

(63)

Firstly, we prove the main properties of the operatorsK
𝑠
,

K
𝑐
andK∗

𝑠
,K∗

𝑐
defined in (6).

Lemma 3. The following estimates are valid:

󵄩󵄩󵄩󵄩K𝑐
𝜙
󵄩󵄩󵄩󵄩 +

󵄩󵄩󵄩󵄩K𝑠
𝜙
󵄩󵄩󵄩󵄩 ≤ 𝐶

󵄩󵄩󵄩󵄩𝜙
󵄩󵄩󵄩󵄩 ,

󵄩󵄩󵄩󵄩󵄩
𝜕
𝑝
K

𝑠
𝜙
󵄩󵄩󵄩󵄩󵄩
≤ 𝐶

󵄩󵄩󵄩󵄩𝜙
󵄩󵄩󵄩󵄩H0,1 ,

󵄩󵄩󵄩󵄩󵄩
D

∗
K

∗

𝑠
𝜙̂
󵄩󵄩󵄩󵄩󵄩H1 ≤ 𝐶

󵄩󵄩󵄩󵄩󵄩
𝜙̂
󵄩󵄩󵄩󵄩󵄩H0,2 .

(64)

Proof. Applying Sokhotski-Plemelj formula, we get

E
−
(𝑥, −𝑖𝑧) = −𝑒

𝑖𝑧𝑥+Γ(−𝑖)

+
1

2𝜋𝑖
∫

∞𝑒
−𝑖(𝜋/4)

−∞𝑒
𝑖(𝜋/4)

𝑒
−𝑖𝑞𝑧𝑥+Γ(𝑖𝑞)

𝑞 + 1
𝑑𝑞

= −𝑒
𝑖𝑧𝑥+Γ(−𝑖)

+
1

2𝜋𝑖
∫

∞

−∞

𝑒
−𝑖𝑞𝑧𝑥

(𝑒
Γ(𝑖𝑞)

− 𝑒
Γ(−𝑖)

)

𝑞 + 1
𝑑𝑞,

E
−
(𝑥, 𝑖𝑧) = −𝑒

−𝑖𝑧𝑥+Γ(𝑖)
+

1

2𝜋𝑖
∫

∞𝑒
−𝑖(𝜋/4)

−∞𝑒
𝑖(𝜋/4)

𝑒
−𝑞𝑧𝑥+Γ(𝑖𝑞)

𝑞 − 1
𝑑𝑞

= −𝑒
−𝑖𝑧𝑥+Γ(𝑖)

+
1

2𝜋𝑖
∫

∞

−∞

𝑒
−𝑖𝑞𝑧𝑥

(𝑒
Γ(𝑖𝑞)

− 𝑒
Γ(𝑖)

)

𝑞 − 1
𝑑𝑞.

(65)
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Thus, for 𝑥 > 0,

Ψ
𝑠
(𝑥, 𝑧) = E

−
(𝑥, 𝑖𝑧) −E

−
(𝑥, −𝑖𝑧)

= 𝑒
𝑖𝑧𝑥+Γ(−𝑖)

− 𝑒
−𝑖𝑧𝑥+Γ(𝑖)

+ Φ
𝑠
(𝑥, 𝑧) ,

Φ
𝑠
(𝑥, 𝑧) = −

1

𝜋
∫

∞𝑒
−𝑖(𝜋/4)

−∞𝑒
𝑖(𝜋/4)

𝑒
−𝑞𝑧𝑥+Γ(𝑞)

𝑞2 + 1
𝑑𝑞,

(66)

Ψ
𝑐
(𝑥, 𝑧) = E

−
(𝑥, −𝑧) +E

−
(𝑥, 𝑧)

= −𝑒
𝑖𝑧𝑥+Γ(−𝑖)

− 𝑒
−𝑖𝑧𝑥+Γ(𝑖)

+ Φ
𝑐
(𝑥, 𝑧) ,

Φ
𝑐
(𝑥, 𝑧) =

1

𝜋𝑖
∫

∞𝑒
−𝑖(𝜋/4)

−∞𝑒
𝑖(𝜋/4)

𝑒
−𝑞𝑧𝑥+Γ(𝑞)

𝑞

𝑞2 + 1
𝑑𝑞 = −𝜕

𝑥
Φ
𝑠
(𝑥, 𝑧)

(67)

and as a consequence

𝑖𝑧Ψ
𝑐
= −𝜕

𝑥
Ψ
𝑠
,

Ψ
𝑠
(0, 𝑧) = 0,

𝜕
𝑧
Ψ
𝑠
(𝑥, 𝑧) = 𝑥Ψ

𝑐
(𝑥, 𝑧) ,

𝜕
𝑧
Ψ
𝑐
(𝑥, 𝑧) = −𝑥Ψ

𝑠
(𝑥, 𝑧) .

(68)

By the definition,

K
𝑐
𝜙 = ∫

∞

0

Ψ
𝑐
(𝑥, 𝑧) 𝜙 (𝑥) 𝑑𝑥;

K
𝑠
𝜙 = ∫

∞

0

Ψ
𝑠
(𝑥, 𝑧) 𝜙 (𝑥) 𝑑𝑥.

(69)

From (65) by Plancherel Theorem,

󵄩󵄩󵄩󵄩K𝑠
𝜙
󵄩󵄩󵄩󵄩 ≤ 𝐶

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩

∫

∞

0

𝑒
𝑖𝑧𝑥
𝜙 (𝑥) 𝑑𝑥

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩

+ 𝐶

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩

∫

∞

0

𝑒
−𝑖𝑧𝑥

𝜙 (𝑥) 𝑑𝑥

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩

+ 𝐶

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩

∫

∞

−∞

(𝑒
Γ(𝑖𝑞)

− 𝑒
Γ(−𝑖)

)

𝑞 + 1
𝑑𝑞∫

∞

0

𝑒
−𝑖𝑧𝑞𝑥

𝜙 (𝑥) 𝑑𝑥

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩

+ 𝐶

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩

∫

∞

−∞

(𝑒
Γ(𝑖𝑞)

− 𝑒
Γ(𝑖)

)

𝑞 − 1
𝑑𝑞∫

∞

0

𝑒
−𝑖𝑧𝑞𝑥

𝜙 (𝑥) 𝑑𝑥

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩

≤ 𝐶
󵄩󵄩󵄩󵄩𝜙
󵄩󵄩󵄩󵄩(1 +

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩

∫

∞

−∞

(𝑒
Γ(𝑖𝑞)

− 𝑒
Γ(−𝑖)

)

(𝑞 + 1) 𝑞1/2
𝑑𝑞

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩

+

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩

∫

∞

−∞

(𝑒
Γ(𝑖𝑞)

− 𝑒
Γ(𝑖)

)

(𝑞 − 1) 𝑞1/2
𝑑𝑞

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩

) ≤ 𝐶
󵄩󵄩󵄩󵄩𝜙
󵄩󵄩󵄩󵄩 .

(70)

By the same way, we can prove ‖K
𝑐
𝜙‖ ≤ 𝐶‖𝜙‖. Since via (68)

𝑖𝑧Ψ
𝑐
= −𝜕

𝑥
Ψ
𝑠
, after integrating by part we have

𝑧K
𝑐
𝜙 = ∫

∞

0

𝑧Ψ
𝑐
(𝑥, 𝑧) 𝜙 (𝑥) 𝑑𝑥

= −∫

∞

0

𝜙 (𝑥) 𝜕
𝑥
Ψ
𝑠
(𝑥, 𝑧) 𝑑𝑥

= ∫

∞

0

Ψ
𝑠
(𝑥, 𝑧) 𝜙

𝑥
(𝑥) 𝑑𝑥.

(71)

Therefore,
󵄩󵄩󵄩󵄩𝑧K𝑐

𝜙
󵄩󵄩󵄩󵄩 ≤ 𝐶

󵄩󵄩󵄩󵄩𝜙𝑥
󵄩󵄩󵄩󵄩 . (72)

By the definition (6), D∗K∗

𝑠
𝜙̂ = (1/2𝜋) ∫

∞

0
Ψ
∗
(𝑥, 𝑧)𝜙̂(𝑧)𝑑𝑧,

where

Ψ
∗
(𝑥, 𝑧) = (1 − 𝛽𝑖𝑧) 𝑒

𝑖𝑧𝑥
𝑒
−Γ(𝑖)

− (1 + 𝛽𝑖𝑧) 𝑒
−𝑖𝑧𝑥

𝑒
−Γ(−𝑖)

+ Φ̃ (𝑥, 𝑧) ,

Φ̃ (𝑥, 𝑧) = 𝐶∫

−∞

0

𝑒
𝑧𝑞𝑥

𝑒
−Γ(𝑞)

⋅
(1 − 𝛽𝑧𝑞)

𝑞1/2 ((𝑖𝑞)
3/2

− 1) ((−𝑖𝑞)
3/2

− 1)

𝑑𝑞.

(73)

Using analytic properties of integrand function, we can
change the contour of integration such that Re 𝑧𝑞𝑥 < 0 for
all 𝑞 ∈ C. Since |𝑒−Γ(𝑞)| ≤ 𝐶, we have
󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩

𝜕
(𝑛)

𝑥
∫

∞

0

𝜙̂ (𝑝) Φ̃ (⋅, 𝑝) 𝑑𝑝

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩

≤ 𝐶∫

∞

0

󵄨󵄨󵄨󵄨󵄨
𝜙̂ (𝑝)

󵄨󵄨󵄨󵄨󵄨
𝑑𝑝

⋅ ∫

∞

0

𝑞
𝑛
(
󵄨󵄨󵄨󵄨𝑝𝑞 + 𝑖

󵄨󵄨󵄨󵄨)
−1/2−𝛾 󵄨󵄨󵄨󵄨1 − 𝛽𝑝𝑞

󵄨󵄨󵄨󵄨 𝑝
𝑛

𝑞1/2
󵄨󵄨󵄨󵄨󵄨󵄨
(−𝑖𝑞)

3/2

− 1
󵄨󵄨󵄨󵄨󵄨󵄨

󵄨󵄨󵄨󵄨󵄨󵄨
(𝑖𝑞)

3/2

− 1
󵄨󵄨󵄨󵄨󵄨󵄨

𝑑𝑞

≤ 𝐶
󵄩󵄩󵄩󵄩󵄩󵄩
𝑝
𝑛
⟨𝑝⟩

1/2−𝛾

𝜙̂ (𝑝)
󵄩󵄩󵄩󵄩󵄩󵄩L1

≤ 𝐶
󵄩󵄩󵄩󵄩󵄩
⟨𝑝⟩

2

𝜙̂ (𝑝)
󵄩󵄩󵄩󵄩󵄩
,

𝑛 = 0, 1.

(74)

As a consequence via Plancherel Theorem and estimates (70)
and (72), we get

󵄩󵄩󵄩󵄩󵄩
D

∗
K

∗

𝑠
𝜙̂
󵄩󵄩󵄩󵄩󵄩H1 ≤ 𝐶

󵄩󵄩󵄩󵄩󵄩
⟨𝑝⟩

2

𝜙̂
󵄩󵄩󵄩󵄩󵄩
. (75)

Since by the definition 𝜕
𝑝
Ψ
𝑠
(𝑥, 𝑝) = 𝑖𝑥Ψ

𝑐
(𝑥, 𝑝) applying

‖K
𝑐
𝑥𝜙‖ ≤ 𝐶‖𝑥𝜙‖ we get

󵄩󵄩󵄩󵄩󵄩
𝜕
𝑝
K

𝑠
𝜙
󵄩󵄩󵄩󵄩󵄩
≤ 𝐶

󵄩󵄩󵄩󵄩𝜙
󵄩󵄩󵄩󵄩H0,1 , (76)

thus via (70), (72), (75), and (76) the lemma is proved.

We introduce

𝜉 (𝑥𝑡
−1
) = 𝜉 (𝑥̃) = (

2𝑥̃

3
)

2

,

𝐾 (𝑝) = 𝑝
3/2

.

(77)
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Lemma 4. Let 𝜙̂(𝑝) be an analytic in the right-half complex
plane, except when 𝑝 = 𝑥 > 0. Then, the asymptotics

1

2𝜋
∫

+∞

0

𝑒
𝑖𝑝𝑥

𝑒
−𝑖𝐾(𝑝)𝑡

𝜙̂ (𝑝) 𝑑𝑝

= 𝑒
−𝑖(𝜋/4) 𝑒

𝑖𝑡(𝐾(𝜉)/2)

√𝑡𝐾󸀠󸀠 (𝜉)

𝜙̂ (𝜉)

+ 𝑡
−1+(1−𝛾)/4

𝑂(
󵄩󵄩󵄩󵄩󵄩
𝜙̂
𝑝

󵄩󵄩󵄩󵄩󵄩
+
󵄩󵄩󵄩󵄩󵄩
𝜙̂
󵄩󵄩󵄩󵄩󵄩∞

) , 𝑥 > 0

(78)

is valid for 𝑥 > 0.

Proof. We have, for 𝜉 > 0, 𝜀 = 𝑡
−1/2+𝛾,

1

2𝜋
∫

𝜉+𝜀

𝜉−𝜀

𝑒
−𝑖(𝐾
󸀠󸀠
(𝜉)/2)𝑡(𝑝−𝜉)

2

𝜙̂ (𝑝) 𝑑𝑝

= 𝑒
−𝑖(𝜋/4) 𝑒

𝑖𝑡(√𝜉/2)

√𝑡𝐾󸀠󸀠 (𝜉)

𝜙̂ (𝜉) + 𝑡
−1/4−1/2+𝛾 󵄩󵄩󵄩󵄩󵄩

𝜙
𝑝

󵄩󵄩󵄩󵄩󵄩
.

(79)

Indeed, by the direct calculation, it follows that

∫

𝜉+𝜀

𝜉−𝜀

𝑒
−𝑖𝜆(𝜉)𝑡(𝑝−𝜉)

2

𝜙̂ (𝑝) 𝑑𝑝

= 𝜙̂ (𝜉) ∫

𝜉+𝜀

𝜉−𝜀

𝑒
−𝑖𝜆(𝜉)𝑡(𝑝−𝜉)

2

𝑑𝑝

+ ∫

𝜉+𝜀

𝜉−𝜀

𝑒
−𝑖𝜆(𝜉)𝑡(𝑝−𝜉)

2

(𝜙̂ (𝑝) − 𝜙̂ (𝜉)) 𝑑𝑝.

(80)

Denote 𝜆(𝜉) = 𝐾
󸀠󸀠
(𝜉)/2. Therefore, changing 𝑡𝑝2 = 𝑞

2, we get

∫

𝜉+𝜀

𝜉−𝜀

𝑒
−𝑖𝜆(𝜉)𝑡(𝑝−𝜉)

2

𝑑𝑝 = ∫

𝜀

−𝜀

𝑒
−𝑖𝜆(𝜉)𝑡𝑝

2

𝑑𝑝

=
1

√𝑡
∫

𝑡
𝛾

−𝑡
−𝛾

𝑒
−𝑖𝜆(𝜉)𝑞

2

𝑑𝑞 =
1

√𝑡𝜆 (𝜉)

∫

𝑡
𝛾
√𝜆(𝜉)

−𝑡
𝛾√𝜆(𝜉)

𝑒
𝑖𝑞
2

𝑑𝑞

=
𝑒
−𝑖(𝜋/4)

√𝑡𝜆 (𝜉)

∫

∞

−∞

𝑒
−𝑞
2

𝑑𝑞 =
𝑒
−𝑖(𝜋/4)

𝜋

√𝑡𝜆 (𝜉)

,

∫

𝜀

−𝜀

𝑒
−𝑖𝜆𝑡𝑝

2

(𝜙̂ (𝑝 + 𝜉) − 𝜙̂ (𝜉)) 𝑑𝑝

=
1

√𝑡
𝑂(∫

𝑡
𝛾

−𝑡
𝛾

𝑒
−𝑖𝜆𝑞
2

(𝜙̂ (
𝑞

√𝑡
+ 𝜉) − 𝜙̂ (𝜉)) 𝑑𝑞) .

(81)

Using analytic properties of function 𝜙̂, we can change the
contour of integration such that

󵄨󵄨󵄨󵄨󵄨󵄨
𝑒
−𝑖𝜆𝑞
2 󵄨󵄨󵄨󵄨󵄨󵄨
≤ 𝐶

1

󵄨󵄨󵄨󵄨󵄨
1 + 𝜆

󵄨󵄨󵄨󵄨𝑞
󵄨󵄨󵄨󵄨

2󵄨󵄨󵄨󵄨󵄨

𝛾 (82)

and using
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

𝜙̂ (
𝑞

√𝑡
+ 𝜉) − 𝜙̂ (𝜉)

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

=

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

∫

𝑞/√𝑡+𝜉

𝜉

𝜙̂
𝑧
𝑑𝑧

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

≤ 𝐶
󵄩󵄩󵄩󵄩󵄩
𝜙̂
𝑧

󵄩󵄩󵄩󵄩󵄩
𝑡
−(1−𝛾)/4

√𝑞

(83)

we get
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

∫

𝑡
𝛾

−𝑡
𝛾

𝑒
−𝑖𝜆𝑞
2

(𝜙̂ (
𝑞

√𝑡
+ 𝜉) − 𝜙̂ (𝜉)) 𝑑𝑞

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

≤ 𝐶
󵄩󵄩󵄩󵄩󵄩
𝜙̂
𝑧

󵄩󵄩󵄩󵄩󵄩
∫

∞

0

√𝑞
1

󵄨󵄨󵄨󵄨󵄨
1 + 𝜆

󵄨󵄨󵄨󵄨𝑞
󵄨󵄨󵄨󵄨

2󵄨󵄨󵄨󵄨󵄨

𝛾
𝑑𝑞 ≤ 𝐶

󵄩󵄩󵄩󵄩󵄩
𝜙̂
𝑧

󵄩󵄩󵄩󵄩󵄩

(84)

from which it follows (79). We use the stationary phase
method. Let 𝑓(𝑝) = −𝐾(𝑝) + 𝑝𝑥̃.

We define 𝜉(𝑥̃) = ((2/3)𝑥̃)
2 such that𝑓

𝑝
(𝜉) = −𝐾

󸀠
(𝜉)+𝑥̃ =

0. Note that |𝐾󸀠󸀠
(𝜉)|

−1/2
= (2/√3)𝜉

1/4.
Denote𝐾󸀠󸀠

(𝜉) = 2𝜆(𝜉) = 𝑂(𝜉
−1/2

), 𝜇(𝑝, 𝜉) = 𝑓(𝑝)−𝑓(𝜉)−

𝜆(𝜉)(𝑝 − 𝜉)
2, and 𝑓(𝜉) = 𝐾(𝜉) − 𝜉𝐾

󸀠
(𝜉).

We rewriteG
1
𝜙 as

G
1
𝜙 (𝑥) =

1

2𝜋
∫

+∞

0

𝑒
𝑖𝑝𝑥

𝑒
−𝑖𝐾(𝑝)𝑡

𝜙̂ (𝑝) 𝑑𝑝

=
𝑒
−Γ(𝑖)

2𝜋
𝑒
𝑖𝑡𝑓(𝜉)

∫

𝜉+𝜀

𝜉−𝜀

𝑒
𝑖𝑡𝜆(𝜉)(𝑝−𝜉)

2

𝜙̂ (𝑝) 𝑑𝑝 + 𝑅,

(85)

where
𝑅

=
𝑒
−Γ(𝑖)

2𝜋
𝑒
𝑖𝑡𝑓(𝜉)

∫

𝜉+𝜀

𝜉−𝜀

𝑒
𝑖𝑡𝜆(𝜉)(𝑝−𝜉)

2

(𝑒
𝑖𝜇(𝑝,𝜉)𝑡

− 1) 𝜙̂ (𝑝) 𝑑𝑝

+ (∫

𝜉−𝜀

0

+∫

+∞

𝜉+𝜀

) 𝑒
𝑖𝑡𝑓(𝑝,𝜉)

𝜙̂ (𝑝) 𝑑𝑝

= 𝑅
1
+ 𝑅

2
+ 𝑅

3
.

(86)

Via (79),

𝑒
𝑖𝑡𝑓(𝜉)

∫

𝜉+𝜀

𝜉−𝜀

𝑒
−𝑖𝑡𝜆(𝑝−𝜉)

2

𝜙̂ (𝑝) 𝑑𝑝

= 𝑒
𝑖(𝜋/4) 𝑒

𝑖𝑡(√𝜉/2)

√𝑡𝐾󸀠󸀠 (𝜉)

𝜙̂ (𝜉) + 𝑡
−1/4−1/2+𝛾 󵄩󵄩󵄩󵄩󵄩

𝜙̂
𝑝

󵄩󵄩󵄩󵄩󵄩
.

(87)

Since𝑓󸀠
(𝜉) = 0 and 𝜇(𝑝, 𝜉) = 𝑂(𝑝

−3/2
(𝑝−𝜉)

3
) after changing

the variables 𝑝 = 𝑝
1
𝑡
−1/2

+ 𝜉, we get for 𝜀 = 𝑡
−1/2+𝛾

󵄨󵄨󵄨󵄨𝑅1
󵄨󵄨󵄨󵄨

≤ 𝑡
−2
∫

𝑡
𝛾

−𝑡
−𝛾

𝑂((𝑝𝑡
−1/2

+ 𝜉)
−3/2

)𝑝
3
𝜙 (𝑝𝑡

−1/2
+ 𝜉) 𝑑𝑝

≤ 𝐶𝑡
−2+3/4 󵄩󵄩󵄩󵄩󵄩

𝜙̂ (𝑝)
󵄩󵄩󵄩󵄩󵄩L∞ 𝑡

(5/2)𝛾
∫

𝑡
𝛾

−𝑡
−𝛾

𝑝
3−3/2

𝑑𝑝

≤ 𝐶𝑡
−1/2−1/4 󵄩󵄩󵄩󵄩󵄩

𝜙̂ (𝑝)
󵄩󵄩󵄩󵄩󵄩L∞ .

(88)

To estimate

𝑅
2
= ∫

+∞

𝜉+𝜀

𝑒
𝑖𝑡𝑓(𝑝,𝜉)

𝜙̂ (𝑝) 𝑑𝑝

= {∫

2𝜉

𝜉+𝜀

+∫

∞

2𝜉

} 𝑒
𝑖𝑡𝑓(𝑝,𝜉)

𝜙̂ (𝑝) 𝑑𝑝 = 𝑅
21
+ 𝑅

22
,

(89)
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we use analytic properties of the function 𝜙̂(𝑝). Since
𝑓(𝑝, 𝜉) = 𝐾(𝑝) − 𝑝𝐾

󸀠
(𝜉) ̸= 0 for 𝜉 + 𝜀 ≤ 𝑝 ≤ 2𝜉, we can

to change the contour of the integration to obtain

󵄨󵄨󵄨󵄨󵄨
𝑒
𝑖𝑡𝑓(𝑝,𝜉)󵄨󵄨󵄨󵄨󵄨

≤
𝐶

󵄨󵄨󵄨󵄨𝑓 (𝑝, 𝜉)
󵄨󵄨󵄨󵄨 𝑡

≤ 𝐶
󵄨󵄨󵄨󵄨𝑝
󵄨󵄨󵄨󵄨

−1+𝛾

⟨𝑝⟩
−2𝛾

𝑡
−1+1/4+𝛾

,

𝛾 ≥ 0.

(90)

Therefore,

𝑅
21

= ∫

2𝜉

𝜉+𝜀

𝑒
𝑖𝑡𝑓(𝑝,𝜉)

𝜙̂ (𝑝) 𝑑𝑝 = 𝑡
−1+1/4+𝛾

𝑂(
󵄩󵄩󵄩󵄩󵄩
𝜙̂ (𝑝)

󵄩󵄩󵄩󵄩󵄩∞
) . (91)

Integrating by part, we get

𝑅
22

= ∫

∞

2𝜉

𝑒
𝑖𝑡𝑓(𝑝,𝜉)

𝜙̂ (𝑝) 𝑑𝑝

= 𝑡
−1
(∫

∞

2𝜉

𝑒
𝑖𝑡𝑓(𝑝,𝜉)

𝜕
𝑝

𝜙̂ (𝑝)

𝑓
𝑝
(𝑝, 𝜉)

𝑑𝑝 +
𝜙̂ (2𝜉)

𝑓󸀠 (2𝜉)
) ,

(92)

where
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

𝜕
𝑝

𝜙̂ (𝑝)

𝑓󸀠 (𝑝)

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

≤

𝐶
󵄨󵄨󵄨󵄨󵄨
𝜙̂ (𝑝)

󵄨󵄨󵄨󵄨󵄨

√𝑝
󵄨󵄨󵄨󵄨𝐾

󸀠 (𝑝) − 𝐾󸀠 (𝜉)
󵄨󵄨󵄨󵄨

2

+

𝐶
󵄨󵄨󵄨󵄨󵄨
𝜙̂
𝑝
(𝑝)

󵄨󵄨󵄨󵄨󵄨
󵄨󵄨󵄨󵄨𝐾

󸀠 (𝑝) − 𝐾󸀠 (𝜉)
󵄨󵄨󵄨󵄨

.

(93)

We have |𝜙̂(2𝜉)/𝑓󸀠
(2𝜉)| ≤ 𝐶𝑡

−1+1/4
‖𝜙̂(𝑝)‖L∞ . Also for 2𝜉 <

𝑝 < 1,
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

𝜕
𝑝

𝜙̂ (𝑝)

𝑓󸀠 (𝑝)

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

≤ 𝐶𝑡
1/4+𝛾

(𝑝
−1+𝛾 󵄨󵄨󵄨󵄨󵄨

𝜙̂ (𝑝)
󵄨󵄨󵄨󵄨󵄨
+ 𝐶𝑝

−1/2+𝛾 󵄨󵄨󵄨󵄨󵄨
𝜙̂
𝑝
(𝑝)

󵄨󵄨󵄨󵄨󵄨
) ,

(94)

and for 𝑝 ≥ 1

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

𝜕
𝑝

𝜙̂ (𝑝)

𝑓󸀠 (𝑝)

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

≤

𝐶
󵄨󵄨󵄨󵄨󵄨
𝜙̂ (𝑝)

󵄨󵄨󵄨󵄨󵄨

√𝑝
󵄨󵄨󵄨󵄨𝐾

󸀠 (𝑝) − 𝐾󸀠 (𝜉)
󵄨󵄨󵄨󵄨

2

+

𝐶
󵄨󵄨󵄨󵄨󵄨
𝜙̂
𝑝
(𝑝)

󵄨󵄨󵄨󵄨󵄨
󵄨󵄨󵄨󵄨𝐾

󸀠 (𝑝) − 𝐾󸀠 (𝜉)
󵄨󵄨󵄨󵄨

≤ 𝐶𝑝
−1/2

(
󵄨󵄨󵄨󵄨󵄨
𝜙̂ (𝑝)

󵄨󵄨󵄨󵄨󵄨
𝑝
−1

+
󵄨󵄨󵄨󵄨󵄨
𝜙̂
𝑝
(𝑝)

󵄨󵄨󵄨󵄨󵄨
) .

(95)

Therefore,

󵄨󵄨󵄨󵄨𝑅22
󵄨󵄨󵄨󵄨 ≤ 𝑡

−1+1/4+𝛾
∫

1

2𝜉

(𝑝
−1 󵄨󵄨󵄨󵄨󵄨

𝜙̂ (𝑝)
󵄨󵄨󵄨󵄨󵄨
+
󵄨󵄨󵄨󵄨󵄨
𝜙̂
𝑝
(𝑝)

󵄨󵄨󵄨󵄨󵄨
) 𝑑𝑝

+ 𝑡
−1
∫

∞

1

(𝑝
−3/2 󵄨󵄨󵄨󵄨󵄨

𝜙̂ (𝑝)
󵄨󵄨󵄨󵄨󵄨
+ 𝑝

−1/2−𝛾
𝑝
𝛾 󵄨󵄨󵄨󵄨󵄨
𝜙̂
𝑝
(𝑝)

󵄨󵄨󵄨󵄨󵄨
)

+ 𝐶𝑡
−1+1/4 󵄩󵄩󵄩󵄩󵄩

𝜙̂ (𝑝)
󵄩󵄩󵄩󵄩󵄩L∞

≤ 𝐶𝑡
−1+1/4+𝛾

(
󵄩󵄩󵄩󵄩󵄩
𝜙̂
𝑝
(𝑝)

󵄩󵄩󵄩󵄩󵄩
+
󵄩󵄩󵄩󵄩󵄩
𝜙̂ (𝑝)

󵄩󵄩󵄩󵄩󵄩∞
) .

(96)

Collecting estimates (91) and (96) from (89), we get

𝑅
2
= 𝑅

21
+ 𝑅

22
≤ 𝐶𝑡

−1+1/4+𝛾
(
󵄩󵄩󵄩󵄩󵄩
𝜙̂ (𝑝)

󵄩󵄩󵄩󵄩󵄩∞
+
󵄩󵄩󵄩󵄩󵄩
𝜙̂
𝑝
(𝑝)

󵄩󵄩󵄩󵄩󵄩
) . (97)

Since 𝑓(𝑝) ̸= 0 for 𝑝 ∈ (0, 𝜉 − 𝜀) using analytic properties of
𝜙̂(𝑝), we can the change of the contour of the integration to
get

󵄨󵄨󵄨󵄨󵄨
𝑒
𝑖𝑡𝑓(𝑝)󵄨󵄨󵄨󵄨󵄨

≤
𝐶 (𝑡

󵄨󵄨󵄨󵄨𝑝
󵄨󵄨󵄨󵄨)
−1

󵄨󵄨󵄨󵄨(2/3)𝐾
󸀠 (𝑝) − 𝐾󸀠 (𝜉)

󵄨󵄨󵄨󵄨

≤ 𝐶𝑡
−1
𝑝
−1

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

1

𝐾󸀠
(𝜉)

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

1

− (2/3) (𝐾󸀠 (𝑝) /𝐾󸀠 (𝜉)) + 1

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

≤ 𝐶𝑡
−1+1/4+𝛾

𝑝
−1+𝛾

.

(98)

Thus, by the same way as in the estimation of 𝑅
2
, we

obtain
󵄨󵄨󵄨󵄨𝑅3

󵄨󵄨󵄨󵄨 ≤ 𝐶𝑡
−1+1/4+𝛾 󵄩󵄩󵄩󵄩󵄩

𝑝
−1+𝛾

𝜙
󵄩󵄩󵄩󵄩󵄩L1(0,𝜉)

≤ 𝐶𝑡
−1+1/4+𝛾

(
󵄩󵄩󵄩󵄩󵄩
𝜙̂
𝑝
(𝑝)

󵄩󵄩󵄩󵄩󵄩
+
󵄩󵄩󵄩󵄩󵄩
𝜙̂ (𝑝)

󵄩󵄩󵄩󵄩󵄩∞
) .

(99)

Finally collecting the estimates (87), (88), (97), and (99)
from (85), we obtain

G
1
𝜙 (𝑥) = 𝑒

−𝑖(𝜋/4) 𝑒
𝑖𝑡(𝐾(𝜉)/2)

√𝑡𝐾󸀠󸀠
(𝜉)

𝜙̂ (𝜉)

+ 𝑡
−1+(1−𝛾)/4

𝑂(
󵄩󵄩󵄩󵄩󵄩
𝜙̂
𝑝
(𝑝)

󵄩󵄩󵄩󵄩󵄩
+
󵄩󵄩󵄩󵄩󵄩
𝜙̂ (𝑝)

󵄩󵄩󵄩󵄩󵄩∞
) ,

𝑥 > 0.

(100)

Lemma is proved.

We introduce

𝛼 (𝑝) = 𝑒
−Γ(𝑖) ¿

√
2

3

𝑝
1/4

1 + 𝑖𝛽𝑝
. (101)

Lemma 5. The following asymptotics is valid:

D
∗
K

∗

𝑠
𝑒
−𝑖𝐾(𝑝)𝑡 1

1 + 𝛽𝑝2
𝜙̂

= 𝑒
−𝑖(𝜋/4)

𝑒
−Γ(𝑖) 𝑒

𝑖𝑡(𝐾(𝜉)/2)
𝛼 (𝜉)

√𝑡
𝜙̂ (𝜉)

+ 𝑡
−1+(1−𝛾)/4

𝑂(
󵄩󵄩󵄩󵄩󵄩
𝜙̂
𝑝
(𝑝)

󵄩󵄩󵄩󵄩󵄩
+
󵄩󵄩󵄩󵄩󵄩
𝜙̂ (𝑝)

󵄩󵄩󵄩󵄩󵄩∞
) ,

𝑥 > 0.

(102)

Proof. By the definition (6), D∗K∗

𝑠
𝜙 = (1/2𝜋) ∫

∞

0
Ψ
∗
(𝑥,

𝑧)𝜙(𝑧)𝑑𝑧, where

Ψ
∗
(𝑥, 𝑧) = (1 − 𝑖𝛽𝑧) 𝑒

𝑖𝑧𝑥
𝑒
−Γ(𝑖)

− (1 + 𝑖𝛽𝑧)

⋅ 𝑒
−𝑖𝑧𝑥

𝑒
−Γ(−𝑖)

+ Φ̃ (𝑥, 𝑧) ,

Φ̃ (𝑥, 𝑧) = 𝐶∫

−∞

0

𝑒
𝑧𝑞𝑥

𝑒
−Γ(𝑞)

⋅
1 − 𝛽𝑧𝑞

𝑞1/2 ((𝑖𝑞)
3/2

− 1) ((−𝑖𝑞)
3/2

− 1)

𝑑𝑞.

(103)
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Therefore, we rewriteK∗

𝑠
𝑒
−𝑖𝐾(𝑝)𝑡

𝜙̂ in the form

K
∗

𝑠
𝑒
−𝑖𝐾(𝑝)𝑡

𝜙̂ = G
1
𝜙 +G

2
𝜙 +G

3
𝜙, (104)

where

G
1
𝜙 =

𝑒
−Γ(𝑖)

2𝜋
∫

∞

0

𝑒
𝑖𝑡(−𝐾(𝑝)+𝑝𝑥̃) 1

1 + 𝑖𝛽𝑝
𝜙̂ (𝑝) 𝑑𝑝,

G
2
𝜙 =

𝑒
−Γ(−𝑖)

2𝜋
∫

∞

0

𝑒
𝑖𝑡(−𝐾(𝑝)−𝑝𝑥̃) 1

1 − 𝑖𝛽𝑝
𝜙̂ (𝑝) 𝑑𝑝,

G
3
𝜙 = ∫

∞

0

𝑒
−𝑖𝑡𝐾(𝑝)

Φ(𝑥, 𝑝)
1

1 + 𝛽2𝑝2
𝜙̂ (𝑝) 𝑑𝑝.

(105)

Applying Lemma 4,

G
1
𝜙 = 𝑒

−𝑖(𝜋/4)
𝑒
−Γ(𝑖) 𝑒

𝑖𝑡(𝐾(𝜉)/2)
𝛼 (𝜉)

√𝑡
𝜙̂ (𝜉)

+ 𝑡
−1+(1−𝛾)/4

𝑂(
󵄩󵄩󵄩󵄩󵄩
𝜙̂ (𝑝)

󵄩󵄩󵄩󵄩󵄩H1) .

(106)

To obtain asymptotics for G
2
𝜙 = (𝑒

−Γ(−𝑖)
/

2𝜋) ∫
∞

0
𝑒
𝑖𝑡(−𝐾(𝑝)−𝑝𝑥̃)

𝜙̂(𝑝) 𝑑𝑝, we observe that 𝑓
󸀠

1
(𝑝) =

(−𝐾(𝑝) − 𝑝𝑥)
󸀠

̸= 0 along line of the integration. Therefore,
applying standard Laplace method after integrating by part,
we can prove

G
2
𝜙 (𝑥) = 𝑡

−1+1/4
𝑂(

󵄩󵄩󵄩󵄩󵄩
𝜙̂
󵄩󵄩󵄩󵄩󵄩H1) . (107)

Also using decay properties of the integrand function, we
prove that

G
3
𝜙 = 𝑡

−1+1/4
𝑂(

󵄩󵄩󵄩󵄩󵄩
𝜙̂
󵄩󵄩󵄩󵄩󵄩H1) . (108)

The lemma is proved.

In the next lemma, we obtain asymptotics of boundary
operatorHℎ given by

Hℎ = 𝑒
Γ(0)

𝑖D
∗
K

∗

𝑠

𝑝
1/2

1 + 𝛽𝑝2
∫

𝑡

0

𝑒
−𝑖𝐾(𝑝)(𝑡−𝜏)

ℎ (𝜏) 𝑑𝜏. (109)

Lemma 6. The asymptotics

Hℎ (𝑡) = 𝑒
−𝑖(𝜋/4) 𝑒

𝑖𝑡(𝐾(𝜉)/2)
𝛼 (𝜉)

√𝑡
ℎ̂ (0)

+ 𝑡
−1+1/4+𝛾

𝑂 (‖ℎ‖Y) ,

𝜉 =
4

9
(
𝑥

𝑡
)

2

, ℎ̂ = Lℎ

(110)

are valid, provided the right-hand sides are finite.

Proof. From Lemma 5,

Hℎ = ∫

𝑡

0

𝑒
𝑖(𝐾(𝜉(𝑡−𝜏))/2)(𝑡−𝜏)

√𝑡 − 𝜏
𝑒
−𝑖(𝜋/4)

𝛼 (𝜉 (𝑡 − 𝜏)) ℎ (𝜏) 𝑑𝜏

+ 𝑂 ((𝑡 − 𝜏)
−3/4+𝛾

) ℎ (𝜏) 𝑑𝜏

= 𝑖𝑡
−1/2

𝑒
−𝑖(𝜋/4)

𝛼 (𝜉 (𝑡)) 𝑒
𝑖(𝐾(𝜉(𝑡))/2)𝑡

∫

∞

0

ℎ (𝜏) 𝑑𝜏

+ 𝑡
−1/2−1/4

‖ℎ‖H0,5/4
∞

.

(111)

Thus, the lemma is proved.

In the next lemma, we prove that K
𝑠
-transform of the

nonlinearity is decomposed into the resonant and remainder
terms.

Denote

N (𝑢) = 𝑖 |𝑢|
2
𝑢, (112)

𝛼 (𝑝) = 𝑒
−Γ(𝑖) ¿

√
2

3

𝑝
1/4

1 + 𝑖𝛽𝑝
. (113)

Lemma 7. Let

𝑢 = D
∗
K

∗

𝑠
𝑒
−𝑖𝐾(𝑝)𝑡

𝜙 (𝑝, 𝑡)

1 + 𝛽2𝑝2
. (114)

Then, the asymptotic formula for large time 𝑡 holds:

K
𝑠
N (𝑢) = −

𝑖

𝑡
𝑒
−(Γ(𝑖)+Γ(−𝑖))

𝑒
−𝑖𝐾(𝑝)𝑡

⋅
1

𝛼 (𝑝)

󵄨󵄨󵄨󵄨󵄨
𝛼 (𝑝) 𝜙̂ (𝑝)

󵄨󵄨󵄨󵄨󵄨

2

𝛼 (𝑝) 𝜙̂ (𝑝)

+ 𝐶𝑡
−1−1/4

(
󵄩󵄩󵄩󵄩󵄩
𝜙̂
󵄩󵄩󵄩󵄩󵄩H1 +

󵄩󵄩󵄩󵄩󵄩
𝑝𝜙̂

󵄩󵄩󵄩󵄩󵄩
+ ⟨𝑡⟩ |𝑢 (0, 𝑡)| + ‖ℎ‖Y)

3

+ 𝐶 |𝑢 (0, 𝑡)|
2+1/2

√𝑡.

(115)

Moreover,

𝑡
󵄩󵄩󵄩󵄩󵄩
𝑒
𝑖𝐾(𝑝)𝑡

K
𝑠
N (𝑢)

󵄩󵄩󵄩󵄩󵄩H1

≤ 𝐶
󵄩󵄩󵄩󵄩󵄩
𝜙̂
󵄩󵄩󵄩󵄩󵄩

2

∞
(
󵄩󵄩󵄩󵄩󵄩
𝜙̂
󵄩󵄩󵄩󵄩󵄩H1 +

󵄩󵄩󵄩󵄩󵄩
𝑝𝜙̂

󵄩󵄩󵄩󵄩󵄩
+ ‖ℎ‖Y + |𝑡𝑢 (0, 𝑡)|)

+ 𝐶𝑡
2
|𝑢 (0, 𝑡)|

3
.

(116)

Proof. We introduce a new function𝑊(𝜉) such that

𝑢 (𝑥, 𝑡) =
1

√𝑡
𝑒
𝑖𝑡𝑓(𝜉(𝑥̃))

(𝑊 (𝜉) + 𝑒
−𝜉
√𝑡𝑢 (0, 𝑡)) ,

𝑓 (𝑝) = −𝐾 (𝑝) + 𝑝𝐾
󸀠
(𝑝) ,

𝐾
󸀠
(𝜉) = 𝑥̃,

𝜉 (𝑥𝑡
−1
) = 𝜉 (𝑥̃) = (

2𝑥̃

3
)

2

.

(117)
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Note that in view of Lemmas 4 and 6,

𝑊(𝜉) = 𝜙 (𝜉) 𝑒
−𝑖(𝜋/4)

𝛼 (𝜉) + 𝑡
−1/4+𝛾

(
󵄩󵄩󵄩󵄩𝜙
󵄩󵄩󵄩󵄩H1 + ‖ℎ‖Y)

− 𝑒
−𝜉
√𝑡𝑢 (0, 𝑡) ,

𝑊 (0) = 0.

(118)

Making the change of variables 𝐾󸀠
(𝜉)𝑡 = 𝑥, 𝜉 ∈ (0, +∞),

we get

K
𝑠
N (𝑢) = 𝑖𝑡

−1/2
∫

∞

0

Ψ
𝑠
(𝐾

󸀠
(𝜉) 𝑡, 𝑝) 𝑒

𝑖𝑡𝑓(𝜉)
𝐾
󸀠󸀠
(𝜉)

⋅
󵄨󵄨󵄨󵄨󵄨
𝑊 + 𝑒

−𝜉
√𝑡𝑢 (0, 𝑡)

󵄨󵄨󵄨󵄨󵄨

2

(𝑊 + 𝑒
−𝜉
√𝑡𝑢 (0, 𝑡)) 𝑑𝜉,

(119)

where𝑓(𝜉) = −𝐾(𝜉)+𝜉𝐾
󸀠
(𝜉). By the stationary phasemethod

(see proof of Lemma 4), we get

K
𝑠
(|𝑢|

2
𝑢) = −

𝑒
−Γ(𝑖)

√𝑡
𝑖 ∫

∞

0

𝑒
𝑖𝑡(−𝐾(𝜉)+(𝜉−𝑝)𝐾

󸀠
(𝜉))

𝐾
󸀠󸀠
(𝜉)

⋅
󵄨󵄨󵄨󵄨󵄨
𝑊 (𝜉) + √𝑡𝑒

−𝜉
𝑢 (0, 𝑡)

󵄨󵄨󵄨󵄨󵄨

2

⋅ (𝑊 (𝜉) + √𝑡𝑒
−𝜉
𝑢 (0, 𝑡)) 𝑑𝜉 + 𝑅

1
= −

𝑖

𝑡

⋅ 𝑒
−𝑖𝐾(𝑝)𝑡

𝑒
−(Γ(𝑖)+Γ(−𝑖))

|𝑊|
2
𝑊(𝑝)𝐾

󸀠󸀠(1/2)
(𝑝) + 𝑅

1
,

(120)

where

𝑅
1
= 𝑡

−1−1/4
𝑂(

󵄩󵄩󵄩󵄩󵄩
𝑝
−1/2 󵄨󵄨󵄨󵄨𝑊 (𝑝)

󵄨󵄨󵄨󵄨

2

𝑊(𝑝)
󵄩󵄩󵄩󵄩󵄩H1

+
󵄩󵄩󵄩󵄩󵄩
𝑝
−1/2 󵄨󵄨󵄨󵄨𝑊 (𝑝)

󵄨󵄨󵄨󵄨

2
√𝑡𝑒

−𝜉
𝑢 (0, 𝑡)

󵄩󵄩󵄩󵄩󵄩H1) + |𝑢 (0, 𝑡)|
2

⋅
󵄩󵄩󵄩󵄩󵄩
𝑝
−1/2 󵄨󵄨󵄨󵄨𝑊 (𝑝)

󵄨󵄨󵄨󵄨 𝑒
−𝑝󵄩󵄩󵄩󵄩󵄩L1 .

(121)

Using (120), we obtain

K
𝑠
(|𝑢|

2
𝑢) = −

𝑖

𝑡
𝑒
−(Γ(𝑖)+Γ(−𝑖))

𝑒
−𝑖𝐾(𝑝)𝑡

⋅
1

𝛼 (𝑝)

󵄨󵄨󵄨󵄨󵄨
𝛼 (𝑝) 𝜙̂ (𝑝)

󵄨󵄨󵄨󵄨󵄨

2

𝛼 (𝑝) 𝜙̂ (𝑝) + 𝑅
1

+ 𝑅
2
,

(122)

where

󵄩󵄩󵄩󵄩𝑅2
󵄩󵄩󵄩󵄩∞

≤ 𝐶(
1

𝛼 (𝑝)
𝑡
−1−1/4

(
󵄩󵄩󵄩󵄩󵄩
𝜙̂
󵄩󵄩󵄩󵄩󵄩H1 + ‖ℎ‖Y)) . (123)

From (117), we have

𝑊(𝑝) = √𝑡𝑒
−𝑖𝑡𝑓(𝑝)

∫

+∞

0

𝑒
−𝑖𝑡𝐾(𝑧)

Ψ
∗
(𝐾

󸀠
(𝑝) 𝑡, 𝑧)

⋅
1

1 + 𝛽𝑝2
𝜙̂ (𝑧) 𝑑𝑧 − 𝑒

−𝑝
𝑒
−𝑖𝑡𝑓(𝑝)

𝑢 (0, 𝑡) ,

(124)

where by (6)

Ψ
∗
(𝑥, 𝑧) = (1 − 𝑖𝛽𝑝) 𝑒

𝑖𝑝𝑥
𝑒
−Γ(−𝑖)

− (1 + 𝑖𝛽𝑝) 𝑒
−𝑖𝑝𝑥

𝑒
−Γ(𝑖)

+ Φ (𝑥, 𝑧) ,

(125)

with

Φ (𝑥, 𝑧) =
1

2𝜋𝑖
𝐶∫

−∞

0

𝑒
𝑞𝑧𝑥

𝑒
−Γ(𝑞)

⋅

√
󵄨󵄨󵄨󵄨𝑞
󵄨󵄨󵄨󵄨 (1 − 𝛽𝑞𝑧)

((𝑖𝑞)
3/2

− 1) ((−𝑖𝑞)
3/2

− 1)

𝑑𝑞,

Γ (𝑠) =
1

2𝜋𝑖
∫

∞

0

ln (𝑞 − 𝑠) 𝑑 ln
(−𝑖𝑞)

3/2

− 1

(𝑖𝑞)
3/2

− 1

𝑑𝑞.

(126)

Denote

𝐼 (𝑝) = √𝑡𝑒
−𝑖𝑡𝑓(𝑝)

∫

+∞

0

𝑒
−𝑖𝑡𝐾(𝑧)

Ψ
∗
(𝐾

󸀠
(𝑝) 𝑡, 𝑧)

⋅
𝜙̂ (𝑧)

1 + 𝛽𝑧2
𝑑𝑧.

(127)

We rewrite 𝐼(𝑝) in the form

𝐼 (𝑝) = 𝐼
1
(𝑝) + 𝐼

2
(𝑝) + 𝐼

3
(𝑝) , (128)

where

𝐼
1
(𝑝) = √𝑡∫

+∞

0

𝑒
𝑖𝑡𝑓(𝑧,𝑝) 𝜙̂ (𝑧)

1 + 𝑖𝛽𝑧
𝑑𝑧,

𝑓 (𝑧, 𝑝) = (𝐾 (𝑝) − 𝐾 (𝑧)) − (𝑝 − 𝑧)𝐾
󸀠
(𝑝) ,

𝐼
2
(𝑝)

= 𝑒
−Γ(−𝑖)

𝑒
𝑖𝐾(𝑝)𝑡

√𝑡∫

∞

0

𝑒
𝑖𝑡(−𝐾(𝑧)−𝑧𝐾

󸀠
(𝑝)) 𝜙̂ (𝑧)

1 − 𝑖𝛽𝑧
𝑑𝑧,

𝐼
3
(𝑝)

= 𝑒
𝑖𝐾(𝑝)𝑡

√𝑡∫

∞

0

𝑒
−𝑖𝑡𝐾(𝑧)

Φ(𝐾
󸀠
(𝑝) 𝑡, 𝑧)

𝜙̂ (𝑧)

1 + 𝛽𝑧2
𝑑𝑧.

(129)

Now we estimate 𝐼
1
(𝑝).

Integrating by the part, we have 𝐼
1𝑝
(𝑝) =

𝐶𝑡
1/2

∫
∞

0
𝑒
𝑖𝑡𝑓(𝑧,𝑝)

Ψ(𝑝, 𝑧)𝑑𝑧, where

Ψ (𝑝, 𝑧)

=
1

√𝑝
(𝜙

1
(𝑧)

𝐶
1

√𝑧
+ 𝐶

2
(√𝑧 + √𝑝) 𝜙

1𝑧
(𝑧)) ,

𝜙̂
1
(𝑧) =

𝜙̂ (𝑧)

1 + 𝑖𝛽𝑧
.

(130)
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We have

󵄩󵄩󵄩󵄩󵄩󵄩
{𝑝}

1/4+𝛾

⟨𝑝⟩
−1/4−𝛾

𝐼
1𝑝

󵄩󵄩󵄩󵄩󵄩󵄩

2

= 𝑡∫

∞

0

{𝑝}
1/2+2𝛾

⋅ ⟨𝑝⟩
−1/2−2𝛾

𝑑𝑝∫

∞

0

𝑒
𝑖𝑡𝑓(𝑝,𝑧

1
)
Ψ (𝑝, 𝑧

1
) 𝑑𝑧

1

⋅ ∫

∞

0

𝑒
−𝑖𝑡𝑓(𝑝,𝑧

2
)
Ψ (𝑝, 𝑧

2
) 𝑑𝑧

2

= 𝑡∫

∞

0

𝑒
−𝑖𝑡𝐾(𝑧

1
)
𝑑𝑧

1
∫

∞

0

𝑒
𝑖𝑡𝐾(𝑧
2
)
𝑑𝑧

2

⋅ (∫

+∞

0

𝑑𝑝 {𝑝}
1/2+2𝛾

⟨𝑝⟩
−1/2−2𝛾

Ψ (𝑝, 𝑧
1
) Ψ (𝑝, 𝑧

2
)

⋅ 𝑒
𝑖(𝑧
1
−𝑧
2
)𝐾
󸀠
(𝑝)𝑡

) = 𝐼
11
+ 𝐼

12
+ 𝐼

13
,

(131)

where

𝐼
11

= 𝑡∫

∞

0

𝑒
−𝑖𝑡𝐾(𝑧

1
)
𝜙
1
(𝑧

1
)

√𝑧
1

𝑑𝑧
1
∫

∞

0

𝑒
𝑖𝑡𝐾(𝑧
2
)
𝜙
1
(𝑧

2
)

√𝑧
2

𝑑𝑧
2

⋅ (∫

+∞

0

𝑑𝑝 {𝑝}
1/2+2𝛾

⟨𝑝⟩
−1/2−2𝛾 1

𝑝
𝑒
𝑖(𝑧
1
−𝑧
2
)𝐾
󸀠
(𝑝)𝑡

) ,

𝐼
12

= 𝑡∫

∞

0

𝑒
−𝑖𝑡𝐾(𝑧

1
)
√𝑧

1
𝜙
1𝑧
(𝑧

1
) 𝑑𝑧

1

⋅ ∫

∞

0

𝑒
𝑖𝑡𝐾(𝑧
2
)
√𝑧

2
𝜙
1𝑧
(𝑧

2
) 𝑑𝑧

2

⋅ (∫

+∞

0

𝑑𝑝 {𝑝}
1/2+2𝛾

⟨𝑝⟩
−1/2−2𝛾 1

𝑝
𝑒
𝑖(𝑧
1
−𝑧
2
)𝐾
󸀠
(𝑝)𝑡

) ,

𝐼
13

= 𝑡∫

∞

0

𝑒
−𝑖𝑡𝐾(𝑧

1
)
𝜙
1𝑧
(𝑧

1
) 𝑑𝑧

1

⋅ ∫

∞

0

𝑒
𝑖𝑡𝐾(𝑧
2
)
𝜙
1𝑧
(𝑧

2
) 𝑑𝑧

2

⋅ (∫

+∞

0

𝑑𝑝 {𝑝}
1/2+2𝛾

⟨𝑝⟩
−1/2−2𝛾

𝑒
𝑖(𝑧
1
−𝑧
2
)𝐾
󸀠
(𝑝)𝑡

) .

(132)

Since 𝑒𝑖(𝑧1−𝑧2)𝐾
󸀠
(𝑝)𝑡 is analytic for all 𝑝 ∈ C except for 𝑝 < 0,

we can change the contour of the integration such that

󵄨󵄨󵄨󵄨󵄨󵄨
𝑒
𝑖(𝑧
1
−𝑧
2
)𝐾
󸀠
(𝑝)𝑡

󵄨󵄨󵄨󵄨󵄨󵄨
≤ 𝐶 (1 +

󵄨󵄨󵄨󵄨𝑧1 − 𝑧
2

󵄨󵄨󵄨󵄨
󵄨󵄨󵄨󵄨𝑝
󵄨󵄨󵄨󵄨

1/2

𝑡)

−2−𝛾

. (133)

Applying (133) by Young inequality, we have

𝐼
11

= 𝑡∫

∞

0

𝑒
−𝑖𝑡𝐾(𝑧

1
)
𝑧
−1/2

1
𝜙
1
(𝑧

1
) 𝑑𝑧

1

⋅ ∫

∞

0

𝑒
𝑖𝑡𝐾(𝑧
2
)
𝑧
−1/2

2
𝜙
1
(𝑧

2
) 𝑑𝑧

2

⋅ (∫

+∞

0

𝑑𝑝 {𝑝}
1/2+2𝛾

⟨𝑝⟩
−1/2−2𝛾

⋅ (1 +
󵄨󵄨󵄨󵄨𝑧1 − 𝑧

2

󵄨󵄨󵄨󵄨
󵄨󵄨󵄨󵄨𝑝
󵄨󵄨󵄨󵄨

1/2

𝑡)

−2−𝛾

) ≤ 𝐶
󵄩󵄩󵄩󵄩󵄩
𝑧
−1/2

1
𝜙
1
(𝑧

1
)
󵄩󵄩󵄩󵄩󵄩

2

⋅ ∫

+∞

0

𝑑𝑝 {𝑝}
1/2+2𝛾

⟨𝑝⟩
−1/2−2𝛾

𝑝
−3/2

𝑑𝑝

≤ 𝐶
󵄩󵄩󵄩󵄩󵄩
𝑧
−1/2

1
𝜙
1
(𝑧

1
)
󵄩󵄩󵄩󵄩󵄩

2

.

(134)

Since 𝜙(0) = 0, we have
󵄨󵄨󵄨󵄨𝜙 (𝑝)

󵄨󵄨󵄨󵄨 ≤ 𝐶√𝑝
󵄩󵄩󵄩󵄩𝜙1

󵄩󵄩󵄩󵄩H1 (135)

and as a consequence

󵄩󵄩󵄩󵄩󵄩
𝜙𝑧

−1/2󵄩󵄩󵄩󵄩󵄩

2

≤ 𝐶
󵄩󵄩󵄩󵄩𝜙
󵄩󵄩󵄩󵄩H1 . (136)

Thus, from (134),

𝐼
11

≤ 𝐶
󵄩󵄩󵄩󵄩𝜙
󵄩󵄩󵄩󵄩

2

H1 . (137)

Using the same approach, we obtain

𝐼
12
+ 𝐼

13
≤ 𝐶

󵄩󵄩󵄩󵄩𝜙
󵄩󵄩󵄩󵄩

2

H1 . (138)

Thus, from (137), (138), and (131), we obtain
󵄩󵄩󵄩󵄩󵄩󵄩
{𝑝}

1/4+𝛾

⟨𝑝⟩
−1/4−𝛾

𝐼
1𝑝

󵄩󵄩󵄩󵄩󵄩󵄩
≤ 𝐶 (

󵄩󵄩󵄩󵄩󵄩
𝜙̂
𝑧

󵄩󵄩󵄩󵄩󵄩
+
󵄩󵄩󵄩󵄩󵄩
√𝑧𝜙̂

󵄩󵄩󵄩󵄩󵄩
) . (139)

By analogy, we can estimate 𝐼
2𝑝

and 𝐼
3𝑝
:

󵄩󵄩󵄩󵄩󵄩󵄩
{𝑝}

1/4+𝛾

⟨𝑝⟩
−1/4−𝛾

𝐼
2𝑝

󵄩󵄩󵄩󵄩󵄩󵄩
+
󵄩󵄩󵄩󵄩󵄩󵄩
{𝑝}

1/4+𝛾

⟨𝑝⟩
−1/4−𝛾

𝐼
13

󵄩󵄩󵄩󵄩󵄩󵄩

≤ 𝐶 (
󵄩󵄩󵄩󵄩󵄩
𝜙̂
󵄩󵄩󵄩󵄩󵄩H1 +

󵄩󵄩󵄩󵄩󵄩
𝑧𝜙̂

󵄩󵄩󵄩󵄩󵄩
) ,

(140)

which imply the following estimate for 𝐼
𝑝
= 𝐼

1𝑝
+ 𝐼

2𝑝
+ 𝐼

3𝑝
:

󵄩󵄩󵄩󵄩󵄩󵄩
{𝑝}

1/4+𝛾

⟨𝑝⟩
−1/4−𝛾

𝐼
𝑝

󵄩󵄩󵄩󵄩󵄩󵄩
≤ 𝐶 (

󵄩󵄩󵄩󵄩󵄩
𝜙̂
󵄩󵄩󵄩󵄩󵄩H1 +

󵄩󵄩󵄩󵄩󵄩
𝑧𝜙̂

󵄩󵄩󵄩󵄩󵄩
) . (141)

Note that by the same way we can prove that
󵄩󵄩󵄩󵄩󵄩󵄩
{𝑝}

−1/4+𝛾

⟨𝑝⟩
−1/4−𝛾

𝐼
󵄩󵄩󵄩󵄩󵄩󵄩
≤ 𝐶 (

󵄩󵄩󵄩󵄩󵄩
𝜙̂
󵄩󵄩󵄩󵄩󵄩H1 +

󵄩󵄩󵄩󵄩󵄩
𝑧𝜙̂

󵄩󵄩󵄩󵄩󵄩
) . (142)

Now we estimate

𝐽 (𝑝) = 𝑒
−𝑝
𝑒
−𝑖𝑡𝑓(𝑝)

𝑢 (0, 𝑡) . (143)

We have
󵄩󵄩󵄩󵄩󵄩󵄩
{𝑝}

𝛾

⟨𝑝⟩
−1/4−𝛾

𝐽
𝑝

󵄩󵄩󵄩󵄩󵄩󵄩
≤ 𝐶𝑡

󵄨󵄨󵄨󵄨𝑢0 (𝑡)
󵄨󵄨󵄨󵄨 ,

󵄩󵄩󵄩󵄩󵄩󵄩
{𝑝}

−1/4+𝛾

⟨𝑝⟩
−1/4−𝛾

𝐽
󵄩󵄩󵄩󵄩󵄩󵄩
≤ 𝐶 |𝑢 (0, 𝑡)| .

(144)
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Thus,
󵄩󵄩󵄩󵄩󵄩󵄩
{𝑝}

−1/4+𝛾

⟨𝑝⟩
−1/4−𝛾

𝑊
󵄩󵄩󵄩󵄩󵄩󵄩

≤ 𝐶 (
󵄩󵄩󵄩󵄩󵄩
𝜙̂
󵄩󵄩󵄩󵄩󵄩H1 +

󵄩󵄩󵄩󵄩󵄩
𝑧𝜙̂

󵄩󵄩󵄩󵄩󵄩
+ |𝑢 (0, 𝑡)|) ,

󵄩󵄩󵄩󵄩󵄩󵄩
{𝑝}

𝛾

⟨𝑝⟩
−1/4−𝛾

𝑊
𝑝

󵄩󵄩󵄩󵄩󵄩󵄩

≤ 𝐶 (
󵄩󵄩󵄩󵄩󵄩
𝜙̂
󵄩󵄩󵄩󵄩󵄩H1 +

󵄩󵄩󵄩󵄩󵄩
𝑧𝜙̂

󵄩󵄩󵄩󵄩󵄩
+ ⟨𝑡⟩ |𝑢 (0, 𝑡)|) .

(145)

Since by the construction𝑊(0, 𝑡) = 0, therefore we get

󵄨󵄨󵄨󵄨𝑊 (𝑝)
󵄨󵄨󵄨󵄨 ≤ ∫

𝑝

0

󵄨󵄨󵄨󵄨󵄨
𝑊

𝜉

󵄨󵄨󵄨󵄨󵄨
𝑑𝜉 ≤ 𝐶𝑝

1/2−𝛾 󵄩󵄩󵄩󵄩󵄩
𝑝
𝛾
𝑊

𝑝

󵄩󵄩󵄩󵄩󵄩
. (146)

Therefore, from (141) and (142), it follows that

󵄩󵄩󵄩󵄩󵄩
𝑝
−3/2

𝑊
3󵄩󵄩󵄩󵄩󵄩

2

= ∫

+∞

0

𝑝
−3
|𝑊|

6
𝑑𝑝

= ∫

1

0

𝑝
−3
|𝑊|

6
𝑑𝑝

+ |𝑊|
4
∫

+∞

1

󵄨󵄨󵄨󵄨󵄨
𝑝
−1/4−𝛾

𝑊
󵄨󵄨󵄨󵄨󵄨

2

𝑑𝑝

≤ 𝐶
󵄩󵄩󵄩󵄩󵄩
{𝑝}

𝛾

𝑊
𝑝

󵄩󵄩󵄩󵄩󵄩

6

∫

1

0

𝑝
−3
𝑝
3−6𝛾

+ 𝐶
󵄩󵄩󵄩󵄩󵄩󵄩
⟨𝑝⟩

−1/4−𝛾

𝑊
󵄩󵄩󵄩󵄩󵄩󵄩

6

H1
.

(147)

Also

󵄩󵄩󵄩󵄩󵄩
𝑝
−1/2

𝜕
𝑝
𝑊

3󵄩󵄩󵄩󵄩󵄩

2

= 3∫

1

0

𝑝
−1 󵄨󵄨󵄨󵄨󵄨

𝑊
𝑝

󵄨󵄨󵄨󵄨󵄨

2

|𝑊|
4
𝑑𝑝

+ 3∫

+∞

1

𝑝
−1 󵄨󵄨󵄨󵄨󵄨

𝑊
𝑝

󵄨󵄨󵄨󵄨󵄨

2

|𝑊|
2
𝑑𝑝

= 3
󵄩󵄩󵄩󵄩󵄩
𝑝
𝛾
𝑊

𝑝

󵄩󵄩󵄩󵄩󵄩

4

∫

1

0

󵄨󵄨󵄨󵄨󵄨
𝑊

𝑝

󵄨󵄨󵄨󵄨󵄨

2

𝑑𝑝

+ 3 ‖𝑊‖
4

∞
∫

+∞

1

󵄨󵄨󵄨󵄨󵄨
𝑊

𝑝

󵄨󵄨󵄨󵄨󵄨

2

𝑑𝑝.

(148)

Therefore,
󵄩󵄩󵄩󵄩󵄩
𝑝
−1/2

𝑊
3󵄩󵄩󵄩󵄩󵄩H1 ≤ 𝐶 (

󵄩󵄩󵄩󵄩󵄩
𝜙̂
󵄩󵄩󵄩󵄩󵄩H1 +

󵄩󵄩󵄩󵄩󵄩
𝜙̂
󵄩󵄩󵄩󵄩󵄩H0,1 + ⟨𝑡⟩ |𝑢 (0, 𝑡)|)

3

. (149)

Also we can prove
󵄩󵄩󵄩󵄩󵄩
𝑝
−1/2 󵄨󵄨󵄨󵄨𝑊 (𝑝)

󵄨󵄨󵄨󵄨 𝑒
−𝑝󵄩󵄩󵄩󵄩󵄩L1

≤ 𝐶 (
󵄩󵄩󵄩󵄩󵄩
𝜙̂
󵄩󵄩󵄩󵄩󵄩H1 +

󵄩󵄩󵄩󵄩󵄩
𝜙̂
󵄩󵄩󵄩󵄩󵄩H0,1 + ⟨𝑡⟩ |𝑢 (0, 𝑡)|)

1/2

,

󵄩󵄩󵄩󵄩󵄩
𝑝
−1/2 󵄨󵄨󵄨󵄨𝑊 (𝑝)

󵄨󵄨󵄨󵄨

2
√𝑡𝑒

−𝑝
𝑢 (0, 𝑡)

󵄩󵄩󵄩󵄩󵄩H1

≤
󵄨󵄨󵄨󵄨󵄨
√𝑡𝑢 (0, 𝑡)

󵄨󵄨󵄨󵄨󵄨
𝐶 (

󵄩󵄩󵄩󵄩󵄩
𝜙̂
󵄩󵄩󵄩󵄩󵄩H1 +

󵄩󵄩󵄩󵄩󵄩
𝜙̂
󵄩󵄩󵄩󵄩󵄩H0,1 + ⟨𝑡⟩ |𝑢 (0, 𝑡)|)

2

.

(150)

Substituting estimates (149) and (150) into (123), we get the
first estimate of Lemma 7.

Now we prove the second estimate of Lemma 7. We have

󵄩󵄩󵄩󵄩󵄩
𝜕
𝑝
𝑒
𝑖𝐾(𝑝)𝑡

K
𝑠
N (𝑢)

󵄩󵄩󵄩󵄩󵄩L2(1,∞)

≤ 𝐶
󵄩󵄩󵄩󵄩󵄩
𝑝
−1
𝜕
𝑝
𝑝𝑒

𝑖𝐾(𝑝)𝑡
K

𝑠
N (𝑢)

󵄩󵄩󵄩󵄩󵄩L2(1,∞)

+ 𝐶
󵄩󵄩󵄩󵄩󵄩
𝑝
−1
𝑒
𝑖𝐾(𝑝)𝑡

K
𝑠
N (𝑢)

󵄩󵄩󵄩󵄩󵄩L2(1,∞)
.

(151)

Firstly, we estimate ‖𝑝
−1
𝜕
𝑝
𝑝𝑒

𝑖𝐾(𝑝)𝑡K
𝑠
N(𝑢)‖L2(1,∞)

.
Denote 𝐹(𝑝) = 𝑝𝑒

𝑖𝐾(𝑝)𝑡K
𝑠
N(𝑢).

Via (117),

𝑢 = 𝑡
−1/2

𝑒
𝑖𝑡𝑓(𝜉(𝑥̃))

(𝑊 (𝜉) + 𝑒
−𝜉
√𝑡𝑢 (0, 𝑡)) ,

𝜉 (𝑥𝑡
−1
) = 𝜉 (𝑥̃) = (

2𝑥̃

3
)

2

,

𝑓 (𝑝) = −𝐾 (𝑝) + 𝑝𝐾
󸀠
(𝑝)

(152)

from which it follows that

𝜕
𝑥
𝑢 = 𝑒

𝑖𝑡𝑓(𝜉(𝑥̃))
𝑡
−1/2

(𝑊 (𝜉) + 𝑡
−1
√𝜉𝑊

𝜉
(𝜉)

+ 𝑒
−𝜉
𝑡
−1/2

𝑢 (0, 𝑡)) .

(153)

Applying Ψ
𝑠
(0, 𝑝) = 0, we get

𝐹 (𝑝) = 𝑒
𝑖𝐾(𝑝)𝑡

K
𝑐
𝜕
𝑥
|𝑢|

2
𝑢

− 𝑒
𝑖𝐾(𝑝)𝑡

Ψ
𝑐
(0, 𝑝) |𝑢 (0, 𝑡)|

2
𝑢 (0, 𝑡) ,

(154)

where via (152) and (153)

𝜕
𝑥
|𝑢|

2
𝑢 = 𝑡

−3/2 󵄨󵄨󵄨󵄨𝑊 (𝜉 (𝑥̃))
󵄨󵄨󵄨󵄨

2

⋅ (𝑊 (𝜉) + 𝑡
−1
√𝜉𝑊

𝜉
(𝜉) + 𝑒

−𝜉
𝑡
−1/2

𝑢 (0, 𝑡)) .

(155)

Therefore, making the change of variable 𝑥 = 𝐾
󸀠
(𝜉)𝑡, we

get

𝐹 (𝑝) = 𝑝𝑒
𝑖𝐾(𝑝)𝑡

K
𝑠
N (𝑢)

= 𝐹
1
(𝑝) + 𝐹

2
(𝑝) + 𝐹

3
(𝑝) ,

(156)

where

𝐹
1
(𝑝)

= 𝐶𝑡
−1/2

𝑒
𝑖𝐾(𝑝)𝑡

∫

∞

0

𝑒
𝑖𝑡𝑓(𝑧)

Ψ
𝑐
(𝐾

󸀠
(𝑧) 𝑡, 𝑝) 𝜙

1
(𝑧) 𝑑𝑧,

𝜙
1
(𝑧) = 𝑧

−1/2
|𝑊 (𝑧)|

2
𝑊(𝑧) ,
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𝐹
2
(𝑝)

= 𝐶𝑡
−3/2

𝑒
𝑖𝐾(𝑝)𝑡

∫

∞

0

𝑒
𝑖𝑡𝑓(𝑧)

Ψ
𝑐
(𝐾

󸀠
(𝑧) 𝑡, 𝑝) 𝜙

2
(𝑧) 𝑑𝑧,

𝜙
2
(𝑧) = |𝑊 (𝑧)|

2
𝑊

𝑧
.

(157)

Now we estimate ‖⟨𝑝⟩−1𝜕
𝑝
𝐹
1
(𝑝)‖. By the definition (67),

Ψ
1
(𝑥, 𝑧) = 𝑒

𝑖𝑧𝑥+Γ(𝑖)
+ 𝑒

−𝑖𝑧𝑥+Γ(−𝑖)

+ 𝐶∫

𝑖∞𝑒
−𝑖(𝜋/4)

−𝑖∞𝑒
𝑖(𝜋/4)

𝑒
−𝑞𝑧𝑥+Γ(𝑞)

𝑞

𝑞2 + 1
𝑑𝑞, 𝑥 ≥ 0.

(158)

We estimate the first “more difficulty” term 𝑒
𝑖𝑧𝑥+Γ(−𝑖) of

Ψ
𝑐
(𝑥, 𝑝). Another term can be estimated by the same way

using Laplace method (see Lemma 4).

As in the proof of (131) integrating by part, we obtain

𝐹
1𝑝
(𝑝) = 𝐶𝑡

−1/2
∫

∞

0

𝑒
𝑖𝑡𝑓(𝑧,𝑝)

Φ(𝑝, 𝑧) 𝑑𝑧, (159)

where 𝑓(𝑧, 𝑝) and Φ(𝑝, 𝑧) were defined by (124) and (130)
with 𝜙(𝑧) = 𝑧

−1/2
|𝑊(𝑧)|

2
𝑊(𝑧). By the same way as in the

proof of estimate (141), we obtain

𝑡
󵄩󵄩󵄩󵄩󵄩
⟨𝑝⟩

−1

𝐹
1𝑝
(𝑝)

󵄩󵄩󵄩󵄩󵄩

≤ 𝐶
󵄩󵄩󵄩󵄩󵄩
|𝑊 (𝑧)|

3
𝑧
−1󵄩󵄩󵄩󵄩󵄩

+ 𝐶
󵄩󵄩󵄩󵄩󵄩
|𝑊 (𝑧)|

3
𝑧
−3/2󵄩󵄩󵄩󵄩󵄩

(160)

+ 𝐶
󵄩󵄩󵄩󵄩󵄩
𝑧
−1/2

|𝑊 (𝑧)|𝑊
𝑧

󵄩󵄩󵄩󵄩󵄩

≤ 𝐶 ‖𝑊‖
2

∞

󵄩󵄩󵄩󵄩󵄩
𝑧
−1/4+𝛾

⟨𝑧⟩
−2𝛾

𝑊
𝑧

󵄩󵄩󵄩󵄩󵄩

2

.

(161)

By the direct calculation,

𝐹
2𝑝
(𝑝) = 𝐶𝑡

−1/2
∫

∞

0

𝑒
𝑖𝑡𝑓(𝑧,𝑝)

𝑓
𝑝
(𝑧, 𝑝) 𝜙

2
(𝑧) 𝑑𝑧,

𝜙
2
(𝑧) = |𝑊 (𝑧)|

2
𝑊

𝑧
, 𝑓 (𝑧, 𝑝) = 𝐾 (𝑝) − 𝐾 (𝑧) + (𝑧 − 𝑝)𝐾

󸀠
(𝑝) , 𝑓

𝑝
(𝑧, 𝑝) = (𝑧 − 𝑝)𝐾

󸀠󸀠
(𝑝) .

(162)

Therefore, as in the proof of estimate (141), we get

𝑡
󵄩󵄩󵄩󵄩󵄩
𝑝
−1
𝐹
2𝑝

󵄩󵄩󵄩󵄩󵄩L2(1,∞)
≤ 𝐶

󵄩󵄩󵄩󵄩󵄩
𝑧
−1/4+𝛾

⟨𝑧⟩
−2𝛾

|𝑊 (𝑧)|
2
𝑊

𝑧

󵄩󵄩󵄩󵄩󵄩

≤ 𝐶 ‖𝑊‖
2

∞

󵄩󵄩󵄩󵄩󵄩
𝑧
−1/4+𝛾

⟨𝑧⟩
−2𝛾

𝑊
𝑧

󵄩󵄩󵄩󵄩󵄩
.

(163)

Also we have

𝑡
󵄩󵄩󵄩󵄩󵄩
𝑝
−1
𝐹
3𝑝

󵄩󵄩󵄩󵄩󵄩L2(1,∞)

≤ 𝑡
󵄩󵄩󵄩󵄩󵄩
𝑝
−1
𝜕
𝑝
𝑒
𝑖𝐾(𝑝)𝑡󵄩󵄩󵄩󵄩󵄩L2(1,∞)

|N (𝑢 (0, 𝑡))|

≤ 𝑡
󵄩󵄩󵄩󵄩󵄩
𝑝
−1
𝜕
𝑝
𝑒
𝑖𝐾(𝑝)𝑡󵄩󵄩󵄩󵄩󵄩L2(1,∞)

|N (0, 𝑡)|

≤ 𝐶𝑡
2
|𝑢 (0, 𝑡)|

3
.

(164)

Applying (163) and (160) into (156), we obtain

𝑡
󵄩󵄩󵄩󵄩󵄩
𝑝
−1
𝜕
𝑝
(𝑝𝑒

𝑖𝐾(𝑝)𝑡
K

𝑠
N (𝑢))

󵄩󵄩󵄩󵄩󵄩L2(1,∞)

≤ 𝐶 ‖𝑊‖
2

∞

󵄩󵄩󵄩󵄩󵄩
𝑧
−1/4+𝛾

⟨𝑧⟩
−2𝛾

𝑊
𝑧

󵄩󵄩󵄩󵄩󵄩
+ 𝐶𝑡

2
|𝑢 (0, 𝑡)|

3
.

(165)

Note that, using the same procedure, we can prove

𝑡
󵄩󵄩󵄩󵄩󵄩
𝑝
−1
𝑒
𝑖𝐾(𝑝)𝑡

K
𝑠
N (𝑢)

󵄩󵄩󵄩󵄩󵄩L2(1,∞)

≤ 𝐶 ‖𝑊‖
2

∞

󵄩󵄩󵄩󵄩󵄩
𝑧
−1/4+𝛾

⟨𝑧⟩
−2𝛾

𝑊
𝑧

󵄩󵄩󵄩󵄩󵄩
.

(166)

Therefore, via (165) and (166) from (151), we obtain

𝑡
󵄩󵄩󵄩󵄩󵄩
𝜕
𝑝
𝑒
𝑖𝐾(𝑝)𝑡

K
𝑠
N (𝑢)

󵄩󵄩󵄩󵄩󵄩L2(1,∞)

≤ 𝐶 ‖𝑊‖
2

∞

󵄩󵄩󵄩󵄩󵄩
𝑧
−1/4+𝛾

⟨𝑧⟩
−2𝛾

𝑊
𝑧

󵄩󵄩󵄩󵄩󵄩
+ 𝐶𝑡

2
|𝑢 (0, 𝑡)|

3
.

(167)

For small |𝑝| < 1 using estimate (130) with 𝜙
1
(𝑧) =

|𝑊(𝑧)|
2
𝑊(𝑧), we get

𝑡
󵄩󵄩󵄩󵄩󵄩
𝜕
𝑝
𝑒
𝑖𝐾(𝑝)𝑡

K
𝑠
N (𝑢)

󵄩󵄩󵄩󵄩󵄩L2(0,1)

≤ 𝐶 ‖𝑊‖
2

∞

󵄩󵄩󵄩󵄩󵄩
𝑧
−1/4+𝛾

⟨𝑧⟩
−2𝛾

𝑊
𝑧

󵄩󵄩󵄩󵄩󵄩
.

(168)

Thus, applying (141) and (118) along with (168) and (167), we
have

𝑡
󵄩󵄩󵄩󵄩󵄩
𝜕
𝑝
𝑒
𝑖𝐾(𝑝)𝑡

K
𝑠
N (𝑢)

󵄩󵄩󵄩󵄩󵄩

≤ 𝐶
󵄩󵄩󵄩󵄩󵄩
𝜙̂
󵄩󵄩󵄩󵄩󵄩

2

∞
(
󵄩󵄩󵄩󵄩󵄩
𝜙̂
󵄩󵄩󵄩󵄩󵄩H1 +

󵄩󵄩󵄩󵄩󵄩
𝜙̂
󵄩󵄩󵄩󵄩󵄩H0,1 + ‖ℎ‖Y + |𝑡𝑢 (0, 𝑡)|)

+ 𝐶𝑡
2
|𝑢 (0, 𝑡)|

3
.

(169)

By the same way, we can prove

𝑡
󵄩󵄩󵄩󵄩󵄩
𝑒
𝑖𝐾(𝑝)𝑡

K
𝑠
N (𝑢)

󵄩󵄩󵄩󵄩󵄩

≤ 𝐶
󵄩󵄩󵄩󵄩󵄩
𝜙̂
󵄩󵄩󵄩󵄩󵄩

2

∞
(
󵄩󵄩󵄩󵄩󵄩
𝜙̂
󵄩󵄩󵄩󵄩󵄩H1 +

󵄩󵄩󵄩󵄩󵄩
𝜙̂
󵄩󵄩󵄩󵄩󵄩H0,1 + ‖ℎ‖Y + |𝑡𝑢 (0, 𝑡)|) .

(170)

The lemma is proved.

In this lemma, we estimate the Green operator:

G𝑢̃
0
= D

∗
K

∗

𝑠
𝑒
−𝑖𝐾(𝑝)𝑡 1

1 + 𝛽2𝑝2
𝑢̃
0
, (171)

where

𝑢̃
0
(𝑝) = K

𝑠
D𝑢

0
+ 2𝑖𝑒

Γ(0)
𝑝
1/2

∫

𝑡

0

𝑒
𝑖𝐾(𝑝)𝜏

ℎ (𝜏) 𝑑𝜏. (172)
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Lemma 8. The following estimate is valid:
󵄩󵄩󵄩󵄩G𝑢̃

0

󵄩󵄩󵄩󵄩H1 ≤ 𝐶 (
󵄩󵄩󵄩󵄩𝑢0

󵄩󵄩󵄩󵄩H1 + ‖ℎ‖H1,1/2+𝛾) . (173)

Proof. Via Lemma 3, ‖D∗K∗

𝑠
𝜙̂‖H1 ≤ 𝐶‖⟨𝑝⟩

2
𝜙̂‖ and therefore

󵄩󵄩󵄩󵄩G𝑢̃
0

󵄩󵄩󵄩󵄩H1 ≤ 𝐶
󵄩󵄩󵄩󵄩𝑢̃0

󵄩󵄩󵄩󵄩 . (174)

Denote by 𝜃(𝑥)

𝜃 (𝑥) =
{

{

{

1, 𝑥 > 0,

0, 𝑥 < 0.

(175)

Integrating by the part, we get for |𝑝| ≥ 1

∫

𝑡

0

𝑒
𝑖𝐾(𝑝)𝜏

ℎ (𝜏) 𝑑𝜏 =
1

𝑖𝐾 (𝑝)
(ℎ (0) − 𝑒

𝑖𝐾(𝑝)𝑡
ℎ (𝑡)

+ ∫

𝑡

0

𝑒
𝑖𝐾(𝑝)𝜏

ℎ
󸀠
(𝜏) 𝑑𝜏) .

(176)

Therefore, we rewrite operator 𝑢̃
0
in the form

𝑢̃
0
= (1 − 𝜃 (𝑝)) 𝑢̃

0
+ 𝜃 (𝑝) 𝑢̃

0

= 𝑢̃
01
+ 𝑢̃

02
,

(177)

where

𝑢̃
01

= 𝑒
𝑖𝐾(𝑝)𝑡

ℎ (𝑡) (1 − 𝜃 (𝑝))
√𝑝

𝑖𝐾 (𝑝)

+ (1 − 𝜃 (𝑝)) (𝑢
1
(𝑝) + 𝑢

2
(𝑝))

𝑢̃
02

= 𝜃 (𝑝) 𝑢̃
0
,

(178)

where

𝑢
1
(𝑝) = K

𝑠
D𝑢

0
+

√𝑝

𝑖𝐾 (𝑝)
ℎ (0) ,

𝑢
2
(𝑝) =

√𝑝

𝑖𝐾 (𝑝)
∫

𝑡

0

𝑒
𝑖𝐾(𝑝)𝜏

ℎ
󸀠
(𝜏) 𝑑𝜏.

(179)

Since ‖K
𝑠
𝜙‖ + ‖K

𝑐
𝜙‖ ≤ 𝐶‖𝜙‖, we get

󵄩󵄩󵄩󵄩𝑢̃0
󵄩󵄩󵄩󵄩 ≤

󵄩󵄩󵄩󵄩𝑢̃01
󵄩󵄩󵄩󵄩 +

󵄩󵄩󵄩󵄩𝑢̃02
󵄩󵄩󵄩󵄩 ≤ 𝐶 (

󵄩󵄩󵄩󵄩𝑢0
󵄩󵄩󵄩󵄩H1 + ‖ℎ‖H1,1/2+𝛾) . (180)

Thus, via (174), we get the estimate of the lemma. The
lemma is proved.

Now we estimate the nonlinear term of (62).

Lemma 9. The following estimate is valid:
󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩

∫

𝑡

0

G (𝑡 − 𝜏) |𝑢|
2
𝑢 (𝜏) 𝑑𝜏

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩H1
≤ 𝐶∫

𝑡

0

‖𝑢‖
2

∞
‖𝑢‖H1 𝑑𝜏. (181)

Proof. From Lemma 3, ‖G𝜙‖H1 ≤ 𝐶‖K
𝑠
D𝜙‖. Therefore, we

have
󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩

∫

𝑡

0

G (𝑡 − 𝜏) |𝑢|
2
𝑢 (𝜏) 𝑑𝜏

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩H1

≤ 𝐶

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩

K
𝑠
∫

𝑡

0

𝑒
𝑖𝐾(𝑝)𝜏

D (|𝑢|
2
𝑢) 𝑑𝜏

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩

.

(182)

Thus, using ‖𝜕
𝑥
|𝑢|

2
𝑢‖ ≤ 𝐶‖𝑢‖

2

∞
‖𝑢‖H1 , we get

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩

∫

𝑡

0

G (𝑡 − 𝜏) |𝑢|
2
𝑢 (𝜏) 𝑑𝜏

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩H1
≤ 𝐶∫

𝑡

0

‖𝑢‖
2

∞
‖𝑢‖H1 𝑑𝜏. (183)

The lemma is proved.

Lemma 10. Let

𝑢 (0, 𝑡) = lim
𝑥→0

D
∗
K

∗

𝑠

𝑒
−𝑖𝐾(𝑝)𝑡

1 + 𝛽2𝑝2
(𝑢̃

0
(𝑝)

+ 𝑖 ∫

𝑡

0

𝑒
𝑖𝐾(𝑝)𝜏

K
𝑠
DN (𝑢) 𝑑𝜏) ;

(184)

then, the following estimate holds:

⟨𝑡⟩ |𝑢 (0, 𝑡)| ≤ 𝐶
󵄩󵄩󵄩󵄩𝑢0

󵄩󵄩󵄩󵄩Z + 𝐶 ‖ℎ‖Y + 𝐶 ⟨𝑡⟩

⋅ (∫

𝑡/2

0

1

(𝑡 − 𝜏)
+ ∫

𝑡

𝑡/2

1

(𝑡 − 𝜏)
1−𝛾

) ‖𝑢‖
2

∞
(𝜏) ‖𝑢‖H1

⋅ (𝜏) 𝑑𝜏.

(185)

Proof. Taking residue in the point 𝑝 = 0, we have

𝑢 (0, 𝑡) = K
∗

𝑠0
𝑒
−𝑖𝐾(𝑝)𝑡

𝑢̃
0
(𝑝)

+ 𝑖K
∗

𝑠0
∫

𝑡

0

𝑒
−𝑖𝐾(𝑝)(𝑡−𝜏)

K
𝑠
DN (𝑢) 𝑑𝜏,

(186)

where

K
∗

𝑠0
𝜙 = −𝛽𝑒

Γ(0)
∫

∞

0

𝑝

1 + 𝛽𝑝2
𝜙 (𝑝) 𝑑𝑝. (187)

Using the analytic properties of the integrand by Cauchy
Theorem, we can change the contour of the integration to get

󵄨󵄨󵄨󵄨󵄨
K

∗

𝑠0
𝑒
−𝑖𝐾(𝑝)𝑡

𝜙̂ (𝑝)
󵄨󵄨󵄨󵄨󵄨

≤ 𝐶∫

∞

0

𝑒
−𝑝
3/2
𝑡

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

𝑝

1 + 𝛽𝑝2

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

󵄨󵄨󵄨󵄨󵄨
𝜙̂ (𝑝)

󵄨󵄨󵄨󵄨󵄨
𝑑𝑝

≤
󵄩󵄩󵄩󵄩󵄩
𝜙̂
󵄩󵄩󵄩󵄩󵄩

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩

𝑒
−𝑝
3/2
𝑡 𝑝

1 + 𝛽𝑝2

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩

≤ 𝐶 ⟨𝑡⟩
−1 󵄩󵄩󵄩󵄩󵄩

𝜙̂
󵄩󵄩󵄩󵄩󵄩
.

(188)

Therefore,
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

K
∗

𝑠0
∫

𝑡

0

𝑒
−𝑖𝐾(𝑝)(𝑡−𝜏)

K
𝑠
DN (𝑢) 𝑑𝜏

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

≤ 𝐶

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

∫

𝑡/2

0

1

(𝑡 − 𝜏)
𝑛+1

󵄩󵄩󵄩󵄩K𝑠
DN (𝑢)

󵄩󵄩󵄩󵄩 (𝜏) 𝑑𝜏

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

+ 𝐶

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

∫

𝑡

𝑡/2

1

(𝑡 − 𝜏)
1−𝛾

󵄩󵄩󵄩󵄩K𝑠
DN (𝑢)

󵄩󵄩󵄩󵄩 𝑑𝜏

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

.

(189)

Since via Lemma 3

󵄩󵄩󵄩󵄩K𝑠
DN (𝑢)

󵄩󵄩󵄩󵄩 ≤ 𝐶 ‖DN (𝑢)‖ ≤ 𝐶 ‖𝑢‖
2

∞
‖𝑢‖H1 , (190)
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from (189) we get
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

K
∗

𝑠0
∫

𝑡

0

𝑒
−𝑖𝐾(𝑝)(𝑡−𝜏)

K
𝑠
DN (𝑢) 𝑑𝜏

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

≤ 𝐶

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

(∫

𝑡/2

0

1

(𝑡 − 𝜏)
+ ∫

𝑡

𝑡/2

1

(𝑡 − 𝜏)
1−𝛾

) ‖𝑢‖
2

∞
(𝜏)

⋅ ‖𝑢‖H1 (𝜏) 𝑑𝜏
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

.

(191)

Also via (180),
󵄨󵄨󵄨󵄨󵄨
K

∗

𝑠0
𝑒
−𝑖𝐾(𝑝)𝑡

𝑢̃
0
(𝑝)

󵄨󵄨󵄨󵄨󵄨
≤ 𝐶 ⟨𝑡⟩

−1 󵄩󵄩󵄩󵄩𝑢̃0 (𝑝)
󵄩󵄩󵄩󵄩

≤ 𝐶 ⟨𝑡⟩
−1
(
󵄩󵄩󵄩󵄩𝑢0

󵄩󵄩󵄩󵄩H1 + ‖ℎ‖H1,1/2+𝛾) .
(192)

By virtue of (186), (191), and (192) Lemma 10 is proved.

In the next lemma, we consider “analyticity switching”
functions 𝑌+

(𝑝, −𝐾(𝑧)) = 𝑒
Γ
+
(𝑤,𝑧)

𝑤
+, where

Γ (𝑤, 𝑧) =
1

2𝜋𝑖
∫
𝑖𝑅

1

𝑞 − 𝑤
ln

𝐾
+
(𝑞) − 𝐾 (𝑧)

𝐾− (𝑞) − 𝐾 (𝑧)

𝑤
−

𝑤+
𝑑𝑞,

𝐾 (𝑧) = |𝑧|
3/2

, 𝐾
±
(𝑧) = (∓𝑖𝑧)

3/2
, 𝑤

±
(𝑞, 𝑧) = (𝑞 ∓ 𝑧)

3/4

.

(193)

Lemma 11. The following formula is valid for Re 𝑧 = 0:

𝑌
+
(𝑝, −𝐾 (𝑧)) = 𝑧

3/4
𝑒
−Γ(𝑝|𝑧|

−1
)
, (194)

where

Γ (𝑠) =
1

2𝜋𝑖
∫

+∞

0

ln (𝑞 − 𝑠) 𝑑 ln
𝐾
+
(𝑞) − 1

𝐾− (𝑞) − 1
. (195)

Moreover,
󵄨󵄨󵄨󵄨󵄨
𝑒
Γ(𝑠)󵄨󵄨󵄨󵄨󵄨

≤ 𝐶 ⟨|𝑠|⟩
−3/4

. (196)

Proof. Using analytic properties of the integrand function
after integrating by part and changing variables 𝑞 → 𝑞|𝑧|, we
get

Γ
+
(𝑝, −𝐾 (𝑧))

= −
1

2𝜋𝑖
∫

+∞

0

ln (𝑞 − 𝑝 |𝑧|
−1
) 𝑑 ln

𝐾
+
(𝑞) − 1

𝐾− (𝑞) − 1

−
3

4
VP 1

2𝜋𝑖
∫
𝑖𝑅

ln (𝑞 − 𝑝 |𝑧|
−1
) (

1

𝑞 − 𝑖
−

1

𝑞 + 𝑖
) .

(197)

Also taking residue in the point 𝑞 = 𝑖, we get

VP 1

2𝜋𝑖

3

4
∫
𝑖𝑅

ln (𝑞 − 𝑝 |𝑧|
−1
) (

1

𝑞 − 𝑖
−

1

𝑞 + 𝑖
)

= ln𝑤+
.

(198)

Thus, substituting (198) into (197), we obtain

Γ
+
(𝑝, −𝐾 (𝑧)) = − ln𝑤+

+
3

4
ln |𝑧| − Γ (𝑝 |𝑧|

−1
) (199)

and as a consequence

𝑌
+
(𝑝, −𝐾 (𝑧)) = 𝑧

3/4
𝑒
−Γ(𝑝|𝑧|

−1
)
. (200)

Also we have (we make a cut along the negative axis)

ind(
𝐾
+
(𝑞) − 1

𝐾− (𝑞) − 1
) =

1

2𝜋𝑖
∫

∞

0

𝑑 ln
𝐾
+
(𝑞) − 1

𝐾− (𝑞) − 1

=
1

2𝜋𝑖
Arg

𝐾
+
(𝑞) − 1

𝐾− (𝑞) − 1

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

+∞

0

=
3

4
.

(201)

Since for |𝑠| > 𝑞 > 1 : ln(𝑞 − 𝑠) = ln |𝑠| + ln(1 − 𝑞|𝑠|
−1
) =

ln |𝑠| +𝑂(𝑞|𝑠|−1) and ind((𝐾+
(𝑞) − 1)/(𝐾

−
(𝑞) − 1)) = −3/4we

get

Γ (𝑠) =
1

2𝜋𝑖
∫

+∞

0

ln (𝑞 − 𝑠) 𝑑 ln
𝐾
+
(𝑞) − 1

𝐾− (𝑞) − 1
=

1

2𝜋𝑖

⋅ ∫

|𝑠|

0

ln (𝑞 − 𝑠) 𝑑 ln
𝐾
+
(𝑞) − 1

𝐾− (𝑞) − 1
+

1

2𝜋𝑖

⋅ ∫

+∞

|𝑠|

ln (𝑞 − 𝑠) 𝑑 ln
𝐾
+
(𝑞) − 1

𝐾− (𝑞) − 1
=
3

4
ln |𝑠|

+
1

2𝜋𝑖
∫

|𝑠|

0

ln (1 − 𝑞 |𝑠|
−1
)

⋅ (
𝐾
+
󸀠

(𝑞
1
)

𝐾+ (𝑞
1
) − 1

−
𝐾
−
󸀠

(𝑞
1
)

𝐾− (𝑞
1
) − 1

)𝑑𝑞
1
+

1

2𝜋𝑖

⋅ ∫

+∞

|𝑠|

ln (𝑞 − 𝑠) 𝑑 ln
𝐾
+
(𝑞) − 1

𝐾− (𝑞) − 1
=
3

4
ln 𝑠

+ 𝑂 (𝑠
−𝛾
) ,

(202)

also for, |𝑠| < 1,
Γ (𝑠)

=
1

2𝜋𝑖
∫

+∞

|𝑠|

ln 𝑞(
𝐾
+󸀠
(𝑞)

𝐾+ (𝑞) − 1
−

𝐾
−󸀠
(𝑞)

𝐾− (𝑞) − 1
)𝑑𝑞

+
1

2𝜋𝑖
∫

+∞

|𝑠|

ln(1 − 𝑠

𝑞
)Θ (𝑞) 𝑑𝑞 + 𝑂 (1)

= 𝑂 (1)

(203)

we get
󵄨󵄨󵄨󵄨󵄨
𝑒
Γ(𝑠)󵄨󵄨󵄨󵄨󵄨

≤ 𝐶. (204)

Lemma is proved.

6. Proof of Theorem 1

Via Proposition 2 by Duhamel principle, we have for solution
of (1)
𝑢 = D

∗
K

∗

𝑠

⋅
𝑒
−𝑖𝐾(𝑝)𝑡

1 + 𝛽2𝑝2
(𝑢̃

0
(𝑝) + 𝑖 ∫

𝑡

0

𝑒
𝑖𝐾(𝑝)𝜏

K
𝑠
DN (𝑢) 𝑑𝜏) ,

(205)
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where

𝑢̃
0
(𝑝) = K

𝑠
D𝑢

0
+ 2𝑝

1/2
𝑒
Γ(0)

∫

𝑡

0

𝑒
𝑖𝐾(𝑝)𝜏

ℎ (𝜏) 𝑑𝜏,

N (𝑢) = 𝑖 |𝑢|
2
𝑢,

𝐾 (𝑝) = 𝑝
3/2

.

(206)

We introduce X
𝑇
= {𝜙 ∈ C([0, 𝑇];H1

); ‖𝜙‖X
𝑇

< ∞}, where
󵄩󵄩󵄩󵄩𝑓

󵄩󵄩󵄩󵄩X
𝑇

= sup
𝑡∈[0,𝑇]

(⟨𝑡⟩
−𝛾 󵄩󵄩󵄩󵄩(1 +K

𝑠
) 𝑓 (𝑡)

󵄩󵄩󵄩󵄩H1

+ ⟨𝑡⟩
1/2 󵄩󵄩󵄩󵄩𝑓 (𝑡)

󵄩󵄩󵄩󵄩∞
) .

(207)

The local existence in the function spaceX
𝑇
can be proved

by a standard contraction mapping principle. We state it
without a proof.

Theorem 12. Let 𝑢
0
∈ Z = H0,1

∩ H1, ℎ(𝑡) ∈ Y = H1,1/2+𝛾
∩

H1, and the norm ‖𝑢
0
‖Z+‖ℎ‖Y = 𝜀.Then, there exist 𝜀

0
> 0 and

𝑇 > 1 such that for all 0 < 𝜀 < 𝜀
0
the initial value problem (1)

has a unique local solution 𝑢 ∈ C([0, 𝑇];X
𝑇
) with the estimate

‖𝑢‖X
𝑇

< √𝜀.

Let us prove that the existence time 𝑇 can be extended
to infinity which then yields the result of Theorem 1. By
contradiction, we assume that there exists a minimal time
𝑇 > 0 such that the a priori estimate ‖𝑢‖X

𝑇

< √𝜀 does not
hold; namely, we have ‖𝑢‖X

𝑇

≤ √𝜀.
Applying Lemmas 8 and 9 from (205) andTheorem 12, we

get

‖𝑢‖H1 ≤ 𝐶 ‖𝑢‖
3

X
𝑇

∫

𝑡

0

1

𝜏1−𝛾
𝑑𝜏 + 𝐶 ‖ℎ‖Y ≤ 𝐶𝑡

𝛾
𝜀
3/2

. (208)

From Lemma 10 andTheorem 12, we obtain

⟨𝑡⟩ |𝑢 (0, 𝑡)| ≤ 𝐶
󵄩󵄩󵄩󵄩𝑢0

󵄩󵄩󵄩󵄩Z + 𝐶 ‖ℎ‖Y + 𝐶 ⟨𝑡⟩

⋅ (∫

𝑡/2

0

1

(𝑡 − 𝜏)
+ ∫

𝑡

𝑡/2

1

(𝑡 − 𝜏)
1−𝛾

) ‖𝑢‖
2

∞
(𝜏) ‖𝑢‖H1

⋅ (𝜏) 𝑑𝜏 ≤ 𝐶
󵄩󵄩󵄩󵄩𝑢0

󵄩󵄩󵄩󵄩Z + 𝐶 ‖ℎ‖Y + 𝐶 ⟨𝑡⟩ ‖𝑢‖
3

X
𝑇

⋅ (∫

𝑡−1

0

1

(𝑡 − 𝜏)
+ ∫

𝑡

𝑡−1

1

(𝑡 − 𝜏)
1−𝛾
1

)
𝜏
𝛾

1 + 𝜏
𝑑𝜏

≤ 𝐶𝑡
𝛾
𝜀
3/2

,

(209)

where

𝑢 (0, 𝑡) = lim
𝑥→0

D
∗
K

∗

𝑠

𝑒
−𝑖𝐾(𝑝)𝑡

1 + 𝛽2𝑝2

⋅ (𝑢̃
0
(𝑝) + 𝑖 ∫

𝑡

0

𝑒
𝑖𝐾(𝑝)𝜏

K
𝑠
DN (𝑢) 𝑑𝜏) .

(210)

To estimate L∞-norm of the solution, we find the solution in
the form

𝑢 = D
∗
K

∗

𝑠

𝑒
−𝑖𝐾(𝑝)𝑡

1 + 𝛽2𝑝2
𝜙 (𝑝, 𝑡) . (211)

Via Proposition 2, we obtain for the new function 𝜙(𝑝, 𝑡) the
following ordinary differential equation for 𝑡 ≥ 1 depending
on a parameter 𝑝 ∈ R+:

D
∗
K

∗

𝑠

𝑒
−𝑖𝐾(𝑝)𝑡

1 + 𝛽2𝑝2
𝜙
𝑡
(𝑝, 𝑡)

= N (𝑢) + ℎ (𝑡)D
∗
K

∗

𝑠

𝑝
1/2

1 + 𝛽2𝑝2
,

𝜙
1
(𝑝, 1) = 𝜙

0

(212)

from which it follows that

𝜙
𝑡
(𝑝, 𝑡) = 𝑒

𝑖𝐾(𝑝)𝑡
(1 + 𝛽

2
𝑝
2
)K

𝑠
D

∗−1
N (𝑢)

+ ℎ (𝑡) 𝑝
1/2

, 𝜙
1
(𝑝, 1) = 𝜙

0
.

(213)

By the direct calculation,

(1 + 𝛽
2
𝑝
2
)K

𝑠
D

∗−1
N (𝑢)

= K
𝑠
N (𝑢) + DN (𝑢)|

𝑥=0
.

(214)

Thus, using |DN(𝑢)|
𝑥=0

| ≤ 𝐶|𝑢(0, 𝑡)|
2
|ℎ(𝑡)|, we get

𝜙
𝑡
(𝑝, 𝑡) = 𝑒

𝑖𝐾(𝑝)𝑡
K

𝑠
N (𝑢) + ℎ (𝑡) 𝑝

1/2

+ DN (𝑢)|
𝑥=0

, 𝜙 (𝑝, 1) = 𝜙
0
.

(215)

FromLemma 7, the asymptotic formula for large time 𝑡 holds:

K
𝑠
N (𝑢) = −𝑡

−1
𝑒
−𝑖𝑡𝐾(𝑝) 𝜆

𝛼 (𝑝)
N (𝛼 (𝑝) 𝜙̂ (𝑝))

+ 𝑡
−1−1/4+𝛾

𝑂((
󵄩󵄩󵄩󵄩󵄩
𝜙̂ (𝑝)

󵄩󵄩󵄩󵄩󵄩H1 +
󵄩󵄩󵄩󵄩󵄩
𝑝𝜙̂ (𝑝)

󵄩󵄩󵄩󵄩󵄩

+ |𝑡𝑢 (0, 𝑡)|)
3

) ,

(216)

where 𝜆 = 𝑒
−(Γ(𝑖)+Γ(−𝑖))

> 0 and

𝛼 (𝑝) = 𝑒
−Γ(𝑖)

√
2

3

𝑝
1/4

1 + 𝑖𝛽𝑝
,

𝐾 (𝑝) = 𝑝
3/2

.

(217)

Firstly, we consider the case of 𝑝 ≤ 𝑡
1−𝛾. Multiplying both

sides of (216) by 𝛼(𝑝), from (215) we get

𝛼 (𝑝) 𝜙
𝑡
(𝑝, 𝑡)

=
𝑖𝜆

𝑡
N (𝛼 (𝑝) 𝜙̂ (𝑝)) + 𝑒

𝑖𝐾(𝑝)𝑡
𝛼 (𝑝) 𝑝

1/2
ℎ (𝑡)

+ 𝛼 (𝑝) 𝑒
𝑖𝐾(𝑝)𝑡

DN (𝑢)
󵄨󵄨󵄨󵄨󵄨𝑥=0

+ 𝑡
−1−𝛾

𝑂((
󵄩󵄩󵄩󵄩󵄩
𝜙̂ (𝑝)

󵄩󵄩󵄩󵄩󵄩H1 +
󵄩󵄩󵄩󵄩󵄩
𝑝𝜙̂ (𝑝)

󵄩󵄩󵄩󵄩󵄩
+ |𝑡𝑢 (0, 𝑡)|)

3

) .

(218)

Denote

𝜓 (𝑡) = 𝜙
1
𝑒
−𝜆𝑖 ∫
𝑡

1
(1/𝜏)|𝜙

1
(𝑝,𝜏)|

2
𝑑𝜏
,

𝜆 = 𝑒
−(Γ(𝑖)+Γ(−𝑖))

∈ R, 𝜙
1
= 𝛼 (𝑝) 𝜙,

󵄨󵄨󵄨󵄨𝜓 (𝑡)
󵄨󵄨󵄨󵄨 =

󵄨󵄨󵄨󵄨𝜙1
󵄨󵄨󵄨󵄨 .

(219)
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Then, from (218) we have

󵄨󵄨󵄨󵄨𝜓 (𝑡)
󵄨󵄨󵄨󵄨 =

󵄨󵄨󵄨󵄨𝜙1
󵄨󵄨󵄨󵄨

≤ 𝐶
󵄨󵄨󵄨󵄨𝜓 (1)

󵄨󵄨󵄨󵄨 + ∫

𝑡

0

|ℎ (𝜏)| 𝑑𝜏

+ ∫

𝑡

0

|ℎ (𝜏)| |𝑢 (0, 𝜏)|
2
𝑑𝜏

+ 𝑂((
󵄩󵄩󵄩󵄩󵄩
𝜙̂ (𝑝)

󵄩󵄩󵄩󵄩󵄩H1 +
󵄩󵄩󵄩󵄩󵄩
𝑝𝜙̂ (𝑝)

󵄩󵄩󵄩󵄩󵄩
+ |𝑡𝑢 (0, 𝑡)|)

3

)

≤ 𝐶
󵄨󵄨󵄨󵄨𝜓 (1)

󵄨󵄨󵄨󵄨 + ‖ℎ‖Y

+ 𝑂((
󵄩󵄩󵄩󵄩󵄩
𝜙̂
󵄩󵄩󵄩󵄩󵄩H1 +

󵄩󵄩󵄩󵄩󵄩
𝜙̂
󵄩󵄩󵄩󵄩󵄩H0,1 + |𝑡𝑢 (0, 𝑡)|)

3

) .

(220)

Therefore, from (220) we get

󵄩󵄩󵄩󵄩𝛼 (𝑝) 𝜙 (𝑝)
󵄩󵄩󵄩󵄩L∞(0,𝑡1−𝛾)

≤ 𝐶 (
󵄩󵄩󵄩󵄩󵄩
𝜙̂
󵄩󵄩󵄩󵄩󵄩H1 +

󵄩󵄩󵄩󵄩󵄩
𝜙̂
󵄩󵄩󵄩󵄩󵄩H0,1 + ‖ℎ‖Y + |𝑡𝑢 (0, 𝑡)|)

3

.

(221)

Now we consider the case of 𝑝 > 𝑡
1−𝛾. We multiply both

sides of (215) by 𝛼(𝑝) to get

𝜙
𝑡
(𝑝, 𝑡) = 𝐶𝑒

𝑖𝐾(𝑝)𝑡
𝑝
−1
(𝑝K

𝑠
N (𝑢)) + ℎ (𝑡) 𝑝

1/2

+ DN (𝑢)|
𝑥=0

= 𝑡
−1−𝛾

𝑂 (𝑝K
𝑠
N (𝑢)) .

(222)

Via Lemma 3, we have 𝑝Ψ
𝑠
(𝑥, 𝑝) = 𝜕

𝑥
Ψ
𝑐
(𝑥, 𝑝). Therefore,

integrating by part, we obtain

𝑝K
𝑠
N (𝑢) = K

𝑐
𝜕
𝑥
N (𝑢) −N (𝑢 (0, 𝑡)) . (223)

Also since

󵄨󵄨󵄨󵄨K𝑐
𝜕
𝑥
N (𝑢)

󵄨󵄨󵄨󵄨 ≤ 𝐶
󵄩󵄩󵄩󵄩𝜕𝑥N (𝑢)

󵄩󵄩󵄩󵄩L1 ≤ 𝐶 ‖𝑢‖
2

∞
‖𝑢‖H1

≤ 𝐶𝑡
−1+𝛾

‖𝑢‖
3

X
𝑇

,

(224)

from (222) we obtain 𝛼(𝑝)𝜙
𝑡
(𝑝, 𝑡) = 𝑡

−1−𝛾
𝜀
3/2 and as a

consequence

󵄩󵄩󵄩󵄩𝜙 (𝑝)
󵄩󵄩󵄩󵄩L∞(𝑡1−𝛾 ,∞)

≤ 𝐶 ‖𝑢‖
3

X
𝑇

. (225)

Thus, along with (221), applying |𝑡𝑢(0, 𝑡)| ≤ 𝐶‖𝑢‖X
𝑇

we get

󵄩󵄩󵄩󵄩𝛼 (𝑝) 𝜙 (𝑝)
󵄩󵄩󵄩󵄩L∞ ≤ 𝐶 (

󵄩󵄩󵄩󵄩𝜙
󵄩󵄩󵄩󵄩H1 + ‖ℎ‖Y + ‖𝑢‖X

𝑇

)
3

. (226)

Via Lemmas 4 and 6, we have

𝑢 (𝑥, 𝑡) = K
∗

𝑠
𝑒
−𝑖𝐾(𝑝)𝑡

𝜙̂ (𝑝, 𝑡)

= −
𝜆

√𝑡
𝑒
𝑖(√𝜉/2)𝑡

𝛼 (𝜉) 𝜙 (𝜉)

+ 𝑡
−1/2−1/4

(
󵄩󵄩󵄩󵄩𝜙
󵄩󵄩󵄩󵄩H1 + ‖ℎ‖Y)

3

.

(227)

Thus, from estimate (226) along with Theorem 12 it follows
that

sup
𝑡≥0

⟨𝑡⟩
1/2

‖𝑢 (𝑡)‖
∞

≤ 𝐶 sup
𝑡≥0

󵄩󵄩󵄩󵄩󵄩
𝑝
1/4

𝜙
󵄩󵄩󵄩󵄩󵄩∞

+ 𝐶 ⟨𝑡⟩
−1/4

(
󵄩󵄩󵄩󵄩𝜙
󵄩󵄩󵄩󵄩H1 +

󵄩󵄩󵄩󵄩𝑝𝜙
󵄩󵄩󵄩󵄩 + ‖ℎ‖Y + ‖𝑢‖X

𝑇

)
3

.

(228)

Now we estimate ‖𝜙‖H1 . Via (212),

󵄩󵄩󵄩󵄩𝜙 (𝑝, 𝑡)
󵄩󵄩󵄩󵄩H1 ≤ 𝐶∫

𝑡

0

󵄩󵄩󵄩󵄩󵄩
𝑒
𝑖𝐾(𝑝)𝜏

K
𝑠
N (𝑢)

󵄩󵄩󵄩󵄩󵄩H1 𝑑𝜏

+
󵄩󵄩󵄩󵄩𝜙 (0)

󵄩󵄩󵄩󵄩H1 ,

󵄩󵄩󵄩󵄩𝑝𝜙 (𝑝, 𝑡)
󵄩󵄩󵄩󵄩 ≤ 𝐶∫

𝑡

0

󵄩󵄩󵄩󵄩󵄩
𝑒
𝑖𝐾(𝑝)𝜏

𝑝K
𝑠
N (𝑢)

󵄩󵄩󵄩󵄩󵄩
𝑑𝜏

+
󵄩󵄩󵄩󵄩𝑝𝜙 (0)

󵄩󵄩󵄩󵄩 .

(229)

From estimate (116) of Lemma 7, we have

𝑡
󵄩󵄩󵄩󵄩󵄩
𝑒
𝑖𝑡𝐾(𝑝)

K
𝑠
N (𝑢)

󵄩󵄩󵄩󵄩󵄩H1

= 𝑂 (
󵄩󵄩󵄩󵄩𝜙
󵄩󵄩󵄩󵄩

2

L∞ (
󵄩󵄩󵄩󵄩𝜙
󵄩󵄩󵄩󵄩H1 +

󵄩󵄩󵄩󵄩𝑝𝜙
󵄩󵄩󵄩󵄩 + |𝑡𝑢 (0, 𝑡)|)) .

(230)

From Lemma 3 we have ‖𝜙‖H1,1 ≤ 𝐶‖𝑝(1 + 𝜕
𝑝
)K

𝑠
𝜙‖ and

therefore
󵄩󵄩󵄩󵄩𝜙 (0)

󵄩󵄩󵄩󵄩H1 ≤
󵄩󵄩󵄩󵄩⟨𝑥⟩ 𝑢0 (𝑥)

󵄩󵄩󵄩󵄩 +
󵄩󵄩󵄩󵄩𝑢0𝑥 (𝑥)

󵄩󵄩󵄩󵄩 ≤ 𝐶
󵄩󵄩󵄩󵄩𝑢0

󵄩󵄩󵄩󵄩Z . (231)

Applying (230) and (231) into (229), we get
󵄩󵄩󵄩󵄩𝜙
󵄩󵄩󵄩󵄩H1

≤ 𝐶
󵄩󵄩󵄩󵄩𝑢0

󵄩󵄩󵄩󵄩Z + 𝐶 ‖ℎ‖Y

+ 𝐶
󵄩󵄩󵄩󵄩󵄩
𝜙̂
󵄩󵄩󵄩󵄩󵄩

2

∞
∫

𝑡

0

1

𝜏1−𝛾
(
󵄩󵄩󵄩󵄩𝜙
󵄩󵄩󵄩󵄩H1 +

󵄩󵄩󵄩󵄩𝑝𝜙
󵄩󵄩󵄩󵄩 + ‖𝑢‖X

𝑇

) 𝑑𝜏.

(232)

Also, we have
󵄩󵄩󵄩󵄩𝑝𝜙 (𝑝, 𝑡)

󵄩󵄩󵄩󵄩 ≤ 𝐶
󵄩󵄩󵄩󵄩𝑢0

󵄩󵄩󵄩󵄩Z + 𝐶 ‖ℎ‖Y

+ 𝐶

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩

∫

𝑡

0

𝑒
𝑖𝐾(𝑝)𝜏

𝑝K
𝑠
N (𝑢) 𝑑𝜏

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩

𝑑𝜏.

(233)

We have

𝑝K
𝑠
N (𝑢) = K

𝑠
𝜕
𝑥
N (𝑢) + 𝑢 (0, 𝑡) |𝑢 (0, 𝑡)|

2
. (234)

Integrating by part, we attain for |𝑝| > 1

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

∫

𝑡

0

𝑒
𝑖𝐾(𝑝)𝜏

𝑢 (0, 𝜏) |𝑢 (0, 𝜏)|
2
𝑑𝜏

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

≤ 𝐶𝑝
−3/2

(|𝑢 (0, 0)|
3

+ |𝑢 (0, 𝑡)|
3
+ ∫

𝑡

0

󵄨󵄨󵄨󵄨𝑢𝜏 (0, 𝜏)
󵄨󵄨󵄨󵄨 |𝑢 (0, 𝜏)|

2
𝑑𝜏)

= 𝑂 (𝑝
−3/2

) .

(235)
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From estimates (221) and (232) along with Theorem 12, it
follows that

󵄩󵄩󵄩󵄩𝜙
󵄩󵄩󵄩󵄩H1 ≤ 𝐶𝑡

𝛾
𝜀
3/2

. (236)

Via (208), (226), and (236), we get that

‖𝑢‖X
𝑇

≤ 𝐶𝜀 < √𝜀 (237)

which implies the desired contradiction. Thus, there exists a
unique global solution 𝑢 ∈ C([0,∞);X) of (27) with the time
decay estimate sup

𝑡≥1
⟨𝑡⟩

1/2
‖𝑢(𝑡)‖

∞
≤ 𝐶.

We now prove the asymptotics of solutions. Denote

𝜓 (𝑡) = 𝛼 (𝑝) 𝜙𝑒
−𝜆𝑖|𝛼(𝑝)𝜙(𝑝,𝑡)|

2 log 𝑡
𝑒
−𝜆𝑖Φ(𝑡)

,

𝜆 = 𝑒
−(Γ(𝑖)+Γ(−𝑖))

> 0,

(238)

where

𝜙 (𝑝, 𝑡) =
1

1 + 𝛽𝑝2
(K

𝑠
D𝑢

0

− 𝑒
Γ(0)

𝑝
1/2

∫

∞

0

𝑒
𝑖𝐾(𝑝)𝜏

ℎ (𝜏) 𝑑𝜏 +K
𝑠
DN (𝑢)) .

(239)

By (215), we have

󵄩󵄩󵄩󵄩𝜓 (𝑡) − 𝜓 (𝑠)
󵄩󵄩󵄩󵄩∞

≤ 𝐶𝜀
3/2

∫

𝑡

𝑠

𝜏
𝛾−5/4

𝑑𝜏 ≤ 𝐶𝜀
3/2

𝑠
𝛾−1/4 (240)

with 𝛾 ∈ (0, 1/4) and

Φ (𝑡) = ∫

𝑡

1

(
󵄨󵄨󵄨󵄨𝜓 (𝑝, 𝜏)

󵄨󵄨󵄨󵄨

2

−
󵄨󵄨󵄨󵄨𝜓 (𝑝, 𝑡)

󵄨󵄨󵄨󵄨

2

)
𝑑𝜏

𝜏
. (241)

Thus, we see that there exists a unique final state 𝜓
+
∈ L∞

such that ‖𝜓(𝑝, 𝑡) − 𝜓
+
(𝑝)‖

∞
≤ 𝐶𝜀

3/2
𝑡
𝛾−1/4

.We consider the
asymptotics of the phase function Φ(𝑡) given by (241). By a
direct calculation, we have

Φ(𝑝, 𝑡) − Φ (𝑝, 𝑠)

= (∫

𝑡

𝑠

(
󵄨󵄨󵄨󵄨𝜓 (𝑝, 𝜏)

󵄨󵄨󵄨󵄨

2

−
󵄨󵄨󵄨󵄨𝜓 (𝑝, 𝑡)

󵄨󵄨󵄨󵄨

2

)
𝑑𝜏

𝜏

+ (
󵄨󵄨󵄨󵄨𝜓 (𝑝, 𝑡)

󵄨󵄨󵄨󵄨

2

−
󵄨󵄨󵄨󵄨𝜓 (𝑝, 𝑠)

󵄨󵄨󵄨󵄨

2

) log 𝑠) ,

(242)

where 1 < 𝑠 < 𝜏 < 𝑡. Hence,
󵄩󵄩󵄩󵄩Φ (𝑝, 𝑡) − Φ (𝑝, 𝑠)

󵄩󵄩󵄩󵄩∞

≤ 𝐶∫

𝑡

𝑠

󵄩󵄩󵄩󵄩𝜓 (𝜏) − 𝜓 (𝑡)
󵄩󵄩󵄩󵄩∞

(
󵄩󵄩󵄩󵄩𝜓 (𝜏)

󵄩󵄩󵄩󵄩∞
+
󵄩󵄩󵄩󵄩𝜓 (𝑡)

󵄩󵄩󵄩󵄩∞
)
𝑑𝜏

𝜏

+ 𝐶
󵄩󵄩󵄩󵄩𝜓 (𝑠) − 𝜓 (𝑡)

󵄩󵄩󵄩󵄩∞
(
󵄩󵄩󵄩󵄩𝜓 (𝑠)

󵄩󵄩󵄩󵄩∞
+
󵄩󵄩󵄩󵄩𝜓 (𝑡)

󵄩󵄩󵄩󵄩∞
) log 𝑠

≤ 𝐶𝜀
5/2

∫

𝑡

𝑠

𝜏
𝛾−5/4

𝑑𝜏 + 𝐶𝜀
5/2

𝑠
𝛾−5/4 log 𝑠

(243)

from which it follows that there exists a unique real valued
functionΦ

+
(𝑝) such that

󵄩󵄩󵄩󵄩Φ (𝑡) − Φ
+

󵄩󵄩󵄩󵄩∞
≤ 𝐶𝜀

3/2
𝑡
𝛾−1/4

. (244)

Therefore, we have the asymptotics of the phase function

∫

𝑡

1

󵄨󵄨󵄨󵄨𝜓 (𝑝, 𝜏)
󵄨󵄨󵄨󵄨

2 𝑑𝜏

𝜏
= Φ

+
+ (Φ (𝑡) − Φ

+
) + 𝜓̃

+
log 𝑡

+ (𝜓̃ (𝑡) − 𝜓̃
+
) log 𝑡

= Φ
+
(𝑝)

+ (𝐾
󸀠󸀠
(𝑝))

−1/2 󵄨󵄨󵄨󵄨𝜓+ (𝑝)
󵄨󵄨󵄨󵄨

2 log 𝑡

+ 𝑂 (𝑡
−𝛾
) ,

(245)

where 𝜓̃ = |𝜓(𝑝, 𝜏)|
2. We also have

𝛼 (𝑝) 𝜙 (𝑝) = 𝑒
𝜆𝑖 ∫
𝑡

1
|𝜓(𝑝)|

2
(𝑑𝜏/𝜏)

𝜓 (𝑝, 𝑡)

= 𝑒
𝑖Φ
+
−𝜆𝑖Ψ(𝑝) log 𝑡

𝜓
+
(𝑝)

+ 𝑒
𝑖Φ
+
−3𝑖⟨𝑝⟩

−1
|𝜓
+
|
2 log 𝑡

(𝜓 (𝑝, 𝑡) − 𝜓
+
)

+ 𝜓 (𝑝, 𝑡) (𝑒
𝜆𝑖 ∫
𝑡

1
|𝜓(𝑝)|

2
(𝑑𝜏/𝜏)

− 𝑒
𝑖Φ
+
−𝜆𝑖Ψ(𝑝) log 𝑡

) .

(246)

Collecting these estimates, we find
󵄩󵄩󵄩󵄩󵄩
𝛼 (𝑝) 𝜙

1
(𝑝, 𝑡) − 𝑒

𝑖Φ
+
−𝜆𝑖Ψ(𝑝) log 𝑡

𝜓
+
(𝑝)

󵄩󵄩󵄩󵄩󵄩∞

≤ 𝐶
󵄩󵄩󵄩󵄩𝜓 (𝑡) − 𝜓

+

󵄩󵄩󵄩󵄩∞
+
󵄩󵄩󵄩󵄩𝜓+

󵄩󵄩󵄩󵄩∞

󵄩󵄩󵄩󵄩Φ (𝑡) − Φ
+

󵄩󵄩󵄩󵄩∞

+
󵄩󵄩󵄩󵄩𝜓+

󵄩󵄩󵄩󵄩L∞
󵄩󵄩󵄩󵄩𝜓 (𝑡) − 𝜓

+

󵄩󵄩󵄩󵄩∞
(
󵄩󵄩󵄩󵄩𝜓+

󵄩󵄩󵄩󵄩∞
+
󵄩󵄩󵄩󵄩𝜓 (𝑡)

󵄩󵄩󵄩󵄩∞
) log 𝑡

≤ 𝐶𝜀
3/2

𝑡
𝛾−1/4

.

(247)

Via Lemma 4, estimate (247) means that
󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩

𝑢 (𝑡) −
𝑒
𝑖 log 𝑡

√𝑡
Λ(

𝑥

𝑡
)

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩∞

≤ 𝐶𝜀
3/2

𝑡
𝛾−1/4−1/2

, (248)

where Λ(𝑠) = 𝑒
−𝑖(𝜋/4)

𝜓
+
(𝑠) exp 𝑖Φ

+
(𝑠). Theorem 1 is now

proved.

Competing Interests

The authors declare that they have no competing interests.

Acknowledgments

This work is partially supported by CONACYT and PAPIIT
IN100114.

References

[1] R. P. Agarwal, D. O’Regan, and S. Staněk, “Positive andmaximal
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