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A general investigation has been made and analytic solutions are provided corresponding to the flows of an Oldroyd-B fluid, under
the consideration of slip condition at the boundary. The fluid motion is generated by the flat plate which has a translational motion
in its plane with a time-dependent velocity. The adequate integral transform approach is employed to find analytic solutions for the
velocity field. Solutions for the flows corresponding to Maxwell fluid, second-grade fluid, and Newtonian fluid are also determined
in both cases, namely, flows with slip on the boundary and flows with no slip on the boundary, respectively. Some of our results
were compared with other results from the literature. The effects of several emerging dimensionless and pertinent parameters on

the fluid velocity have been studied theoretically as well as graphically in the paper.

1. Introduction

Many materials in industry, for instance, grease, polymer
melts, drilling mud, clay coating, suspensions, certain oil, and
different emulsions, behave in such a way that we cannot
describe mathematically through Navier-Stokes equations.
For this reason, it is now generally accepted that non-New-
tonian fluid models are more appropriate than Newtonian
ones and, in practical applications, the behavior of non-
Newtonian fluids cannot be replaced with that of Newto-
nian fluids. Therefore, the study of non-Newtonian fluids
has become very important due to their large number of
applications in industry.

The reader can see [1] for the latest and complete dis-
cussion on Oldroyd-B fluid models. To the best of the authors’
knowledge, the first exact solutions corresponding to these
fluid models seem to be those obtained by Tanner [2]. Fur-
thermore, some other useful as well as simpler solutions can
be found in [3] regarding the study of Oldroyd-B fluids.

In the above studies, the effect of fluid slippage is not
considered. The flow of fluids induced by a motion of a plate is
called Stokes flow. Solution for some Stokes flows in different

geometries and under the assumption of no-slip boundary
condition can be found in [4-7].

However, the no-slip condition is inadequate in several
situations, for instance, mechanics of thin fluids, problems
having multiple interfaces, microchannel flows, flows in wavy
tubes, and flows of polymeric liquids with high molecular
weight [8].

It is vital to study the effect of fluid slippage as it finds
many applications in industry. When a surface moves, the
slip is mainly produced by the roughness of surface and rar-
efaction of the fluid and the velocity on the surface. Navier
[9] proposed slip boundary condition in which it was stated
that the velocity of the fluid depends on the shear stress.
For describing the slip that occurs at solid boundaries, a
large number of models have been proposed [10]. Other
studies of slip at the boundary can be seen in [11-14]. Some
non-Newtonian fluids, such as polymer melts, often exhibit
macroscopic wall slip, which is generally described by a
nonlinear relation between wall slip velocity and the friction
at the wall.

The aim of the present communication is to study Stokes
flows of an Oldroyd-B fluid on a flat plate under the slip



boundary conditions assumption between the plate and the
fluid. The motion of the plate is a rectilinear translation in its
plane. Exact expressions for the velocity are determined by
means of the Laplace transforms. Expressions for the relative
velocity are also determined and the solutions corresponding
to flows with no slip at the boundary are presented. The
particular case, namely, sine oscillations of the wall, is studied.
Some relevant properties of the velocity and comparisons
between solutions with slip and no slip at the boundary are
presented by using graphical illustrations generated by the
software Mathcad.

2. Mathematical Formulation of the Problem

We consider an incompressible Oldroyd-B fluid occupying
the space over an infinite plate which is situated in the (x, z)-
plane of the Cartesian coordinate system with the positive y-
axis in the upward direction. Initially, both the fluid and the
plate are at rest. At ¢ = 0 the fluid is set in motion by the
plate, which begins to move along the x-axis. The velocity of
the plate is assumed to be of the form U, f (¢), where U, > 01is
a constant and f(t) is a piecewise continuous dimensionless
function defined on [0, 00) and f(0) = 0. Furthermore we
suppose that the Laplace transform of the function f exists. In
the case of parallel flow along the x-axis, the velocity vector is
v = (u(y,t),0,0) whereas [15-17] lead us to the following gov-
erning equation:

u(y,t) ou(yt) 9\ o°u(yt)
= — | —= 1
A St v<1+/\rat> R o

where A is the relaxation time, A, is the retardation time, v =
u/ p is the kinematic viscosity, ¢ is the dynamic viscosity, and
p is the constant density of the fluid. In this work we consider
the existence of slip at the wall and assume that the relative
velocity between the velocity of the fluid at the wall 1(0,¢)
and the speed of the wall is proportional to the shear rate at
the wall [18,19]. The adequate initial and boundary conditions
are given by

u(O,t)—ﬁauzgf/’t)zUof(t), B>0,t>0,
u(y,O):aug:O):O, y >0, @)

u(y,t) — 0 for y — oo,

where f is the slip coefficient.
By using the characteristic time T, introducing the follow-
ing nondimensional quantities to (1) and (2),

«

t'=—=; T>0,
T
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and dropping out the * notation we get the following non-
dimensional problem:

Aazu(y,t) L oulyt) —i(1+/\ B)M (4)

ot? ot  Re rot) oy

The nondimensional initial and boundary conditions are

u(0,t) - ﬁaua(—;)/’t) =g(t), fort>0, (5a)
ou(y,0

u(y,O)z%zO, for y >0, (5b)

u(y,t) — 0, fory — oo, (5¢)

with Re = U,*T'/, the Reynolds number.

3. Calculations for Velocity Field

3.1. Oldroyd-B Fluid with Slip at the Wall. Applying Laplace
transform to (4), (5a), and (5¢) and using (5b), we obtain the
transformed problem:

Fu(yq) Re(A’+q)_

9y? (1+Aq) 0na) =0, ©
ou (0,
7(0.q) - ﬁ% _c(g), )

u(y,q) —0, y—o00. (8)

The solution of the set of (6)-(8) is given by

u(y.q)=F(y.q)-G(q), 9)
where
£ () beXp(—a\/(Aq2+q)/(Mq+1))
»,q) = ,
b+ (A +4q)/ (A,q+1) (10)
1
a=yVRe, b= AVRe

and G(q) = L{g()}.
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In order to obtain the inverse Laplace transform of func-
tion u(y, q), we consider the auxiliary functions

_ bexp(-aq)
F (y.9) = “brvg
(11)
A 2
w(q) = Aqq : ?

Seeing that F(y,q) = F, [y, w(q)], we have

F00 =L FGa) = [ A h@ndy @)
where

fi(not) = L7HE, (1.9)}
e—yzRe/4t

BVRent (13)

L pprep g ((YVRe 1 [
2Vt

B*Re B VRe
and h(x,t) = L™ {exp(-xw(q))} is given by

_ Ax yx
h(x,t) = exp(yx)8<t 3 ) \j/\,t—)tx

r

i (/%\h/x (Art—)tx)> (14)

((z)t—/\,)x—)trt)

withy = (A = A,)/A, %
Now, introducing f;(y,t) and h(x, t) into (12), we obtain

by ARey? 2
V—rexp ARey” pA, | Ab
it ar A p)

v’ VAR
- exp ()/b\/ﬁ+ V) t) Erfc(u

fpt)=

AT 24/At
NEY] R
A o | Vrx
Re (20 -A)x—- At
_exp(_y e | r)zx ) (15)
4x /\,
20-A)x— At
—bzexp<yb\/ﬁ+b2x+#)
A
rfc [ 2YRe _x (3
Erfc( W +b\/})]x\jlrt—)tx I, T

Slyx (At - Ax)) dx,

and the velocity field corresponding to the flow, with slip at
the wall of an Oldroyd-B fluid, is given by

t

) =(f =)= | f(rg-9ds (6

0

where f(y,t) is given by (15).

3.2. Oldroyd-B Fluid with No Slip at the Wall. In this particu-
lar case, function F(y, q) given by (10) becomes

/\q2 +q
5 = —_ . 17
F. (7.9 exp( )/\/Re\//quJr . > (17)

By using the auxiliary functions,

Fips (3:q) = exp (—y\/@ ,

(18)
VRe ’Re
flns(y’t)= ) exp _y >
2t~/mt 4t
together with the relation
$us00) = L {E )} = [ fis (02)
VRe A A
“h(x,t)dx = ut73/2exp (ht
2+/7A, A
B y*Re A . y+/Rey (19)
4A,t 2w

o 2 2
) J oV RelAx (A=A )x-A,0)/A,
0

1

‘ XAt —Ax

The velocity field corresponding to the flow with no-slip
conditions of the Oldroyd-B fluid is given by

A <% yx (At - Ax)) dx.

' 2
e ()= [ S (9 gt - 90ds = —
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J Jg(t—s)
0o Jo x\A,s— Ax

x I, (}% \Vyx(A,s - Ax)) dsdx.



It is important to point out that the solution given by (20)
is similar to that obtained recently by Fetecau et al. [20, Eq.
(4.28)].

3.3. Maxwell Fluid with Slip Condition. For the flows of Max-
well fluids with slip condition at the wall, (10) becomes

Fou (3,9)
(b/\/i) exp (—y\/ARe\/(q +1/21)° - (1/2)t)2)
b/VZ + (g +1/20) - (1/20)?

(rvReGa o) - )
= b, €xp b,
+\(a+a) -at = F (1w, (9)).

where F, (-, ) is given by (11) and w, (q) = (g + al)2 - af, b =
b/VA,and a, = 1/2A.

The inverse Laplace transform of function (21) is

(21)

fon 00 = [ £1021)

+a Lt fi (yl\/t2 - uz) I, (a,u) du] et

b e—yzRe/\/élt—alt
1

Vnt
Ny VRe A
—blzeyb1 Red+bit “ltErfc(yh; +b\/?) (22)
+a;e ™t Jt b13_y2ReM4z_alz
! 0 \nz

— blze}’bl\/erblz*alZErfc ( yz\Ijgk + bl \/Z):|

z =1, (al\/t2 - zz)dz

t2—z

and the velocity field is given by

ugy (151) = (f * g) (t) = L fou (055) g (t—s)ds.  (23)

3.4. Maxwell Fluid with No Slip at the Wall. Making 8 — 0
and therefore b — 0 into (21) or A, — 0 into (17), we have

Foou (1>4) = exp (—y\/ﬁ\/lqz + q)
= exp <—y\/mv(q +a) - af) .

(24)
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Using the formula

ym o y*Re)/4t

1 [ —yVReX
L 1{6 y Rwé}:hl (y,t) N

(25)

we obtain

Fun 021) = [ (2)

+a Lt hy (y,2) I, (al m) dz]

z
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and the velocity field

t
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3.5. Second-Grade Fluid with Slip at the Wall. Making A — 0
into (10) and (14) and using the results

JOO e—yzRe/4x—x/)t, dx
0

\/}

O ()PRe/A,) 422 -2
J ey e 24/A,dz
0

. (28)
-b Aij e—Zz—(}’m/Ar)z/‘lzde

B 2 N _iyVReVEL -y VRe/vE,
= b\/;rﬁ . Te = b\//\\,e
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we obtain the velocity field of the second-grade fluid with slip
at the wall in the equivalent forms

e (1) = by, VRNV g (1) 526 g 1)

© /) yVRe ) 1
. "Erf +bvx |dx+ —
JO e I C( \/_ X A

r

be y“Re/4x
' L [ Vrx (29)
_ bzeyb\/ﬂwszrfc(y\/\/j " b\/_)]

-, \/)—Cll (i VE) dx
t A
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or

Ugsg (1:1) = (bz\/\ b+ \/\> VRN g (1)
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_ pPy VR xx/d g g ( —y;/g + b\/z)]

(30)

-AxI ( \/E) dx.

2
VA,

3.6. Second-Grade Fluid with No-Slip Condition. Making A —
0 into (17) and using (18) and (28) we have

yVRe
WY

. J»oo J»t g(t —-5) e_),zRe/zLx—x//\,—s/A,I1 (i (31)
o Jo xs A,

. \/E) dsdx.

UnssG (y’ t) = e_y RC/A’g (t) +

3.7 Newtonian Fluid with/without Slip Condition. These
cases are obtained easily from (6) and (10) by making A =
A, = 0. We obtain the following expressions for the velocity
field:

ux (00) = | 9t =) (1),

, (32)
UnsN ()’> t) = 4[0 g (t - T) VnsN (J’: T) dT’

5
where
()= L1 (—yzRe) ( 1 )2
1) = ——ex -
sN y ﬁ\/ﬁ\/a p At /3\/%
y t
= 33
exp( ; /32Re> (33)
(5% 5m)
cerfc| ———
NN
for flows with slip on the boundary, and
yVRe (- ’R
nsN (y’t) < y < > (34)
2t\/_ 4t

for flows with no slip on the boundary, respectively.

We mention that the results given by (33) and (34) are the
same as those obtained by Fetecau et al. (see [21], Eq. (29), for
M =0, y replaced by BvRe and y replaced by yVRe).

Also, if in our results we consider g(t) = sin(wt) or g(t) =
cos(wt), (32)-(34) become equivalent to the results of Khaled
and Vafai (see [22], Egs. (8), (9), (10), (16)) and to the results
obtained by Hayat et al. (see [23], Eqs. (13), (14), with M =0
and K — 00).

In the case of no slip on the boundary, our solution (32)
together with (34) is identical with the result obtained by
Fetecau et al. (see [24], Eq. (31) with K ¢ = 0).

4. Numerical Results and Conclusions

In this paper we have studied the flow of Oldroyd-B fluids
generated by a moving flat plate. Using Laplace transform
method, we obtained analytical expressions of the velocity
for both cases of flows with slip at the boundary and without
slip on the boundary. The plate velocity was considered in a
general form U f (¢); therefore, solutions for several practical
problems can be obtained by choosing suitable forms of the
function f(t). From the dimensionless form of the studied
problem it can be seen that only Reynolds number and
nondimensional relaxation and retardation time influence
the fluid flows. From this reason, the numerical studies are
made for several values of Reynolds number and of the time
t. Graphs of velocity were plotted versus spatial coordinate y
for the case of translation of the plate with constant velocity,
namely, for f(t) = 1. Velocity fields corresponding to flows of
Maxwell fluid, second-grade fluid, and Newtonian fluid were
also determined, in both cases, namely, flows with slip on the
boundary and flows with no slip on the boundary. In order
to study the physical behavior of the fluid, some numerical
simulations were made using the Mathcad software. In Fig-
ures 1and 2, curves corresponding to velocity of the Oldroyd-
B fluid for A = 0.25 and A, = 0.15 and the dimensionless
friction coefficient f = 0.75 are sketched. In Figures 1 and
2, the velocity curves for three values of time t and for three
values of Reynolds number Re in the case of flow with slip at
the plate and in the case of no slip at the plate are plotted.
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FIGURE : Velocity profiles of Oldroyd-B fluid for slip condition (16) with 8 = 0.75 and no-slip condition (20) for A = 0.25, A, = 0.15, and

different Reynolds number.

For a fixed value of the time ¢ or for a fixed value of the
Reynolds number the issues which must be highlighted are as
follows.

The fluid flows more slowly if slippage occurs on the
boundary. Increasing of the Reynolds number values leads

to slowing of the flows in both cases, with or without slip. If
the values of the time t are increasing, then it increases the
thickness of the velocity boundary layer.

Figure 3 was drawn in order to compare the velocity
flows for Oldroyd-B, Maxwell, and Newtonian fluids. It is
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Velocity u(y, t)
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—a— t=5.0,slip —A— t = 5.0,no slip

FIGURE 2: Velocity profiles of Oldroyd-B fluid for slip condition (16) with 8 = 0.75 and no-slip condition (20) for A = 0.25, A, = 0.15, and
different values of the time .

important to note that, for the flow with no slip on the layer of the Maxwell fluid is the smallest and the speed of this
boundary, the velocity of Maxwell fluid has significant varia-  type of fluid becomes zero more quickly than other fluids. If
tions in the area near plate. This no longer occurs if the flowis  the values of the time ¢ are increasing, then the differences
with slip at the boundary. Also, the thickness of the boundary =~ between velocities of the three fluids become insignificant.
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FIGURE 3: Comparison between velocity profiles of three fluid models with slip condition with 8 = 0.55 and no-slip condition, for Re = 0.65,

A=0.55and A, = 0.35.
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