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We construct new explicit solutions of theWick-type stochastic reaction-Duffing equation arising frommathematical physics with
the help of the white noise theory and the system technique. Based on these exact solutions, we also discuss the influences of
stochastic effects for dynamical behaviors according to functions ℎ1(𝑡), ℎ2(𝑡), and Brownian motion 𝐵(𝑡) which are the solitary
wave group velocities.

1. Introduction

We consider the following generalized Wick-type stochastic
reaction-Duffing equation with the variable coefficients and
the white noise environment:
𝑈𝑡 + 𝐻1 (𝑡) ♢𝑈x

+ 𝐻2 (𝑡) ♢ (𝐴𝑈xx + 𝐶𝑈⬦3 + 𝐸𝑈⬦2 + 𝐷𝑈) = 0, (1)

where ♢ is the Wick product on the Hida distribution space𝑆(R𝑑)∗ such as the white noise functional space and𝐻1(𝑡) =ℎ1(𝑡) + 𝑘1𝑊(𝑡) and 𝐻2(𝑡) = ℎ2(𝑡) + 𝑘1𝑊(𝑡) [1, 2]. Here 𝑘1
and 𝑘2 are constants,𝑊(𝑡) is the Gaussian white noise, ℎ1(𝑡)
and ℎ2(𝑡) are two arbitrary functions, and 𝐴, 𝐶, 𝐸, and 𝐷
are real constants. The concern of the Wick-type stochastic
equations is very common because many authors discussed
the Wick-type stochastic equations with variable coefficients
and fractional derivatives and so forth [3–6].

Constructing new explicit solutions of nonlinear evolu-
tion equations arising from the field of mathematical physics
and engineering is an important topic. However, solving the
nonlinear evolution equations is much more difficult than
solving the linear ones. Most of physical phenomena coming
from the fields of mathematical physics and engineering
can be described by the closed-form solutions of nonlinear
partial differential equations. So, a great deal of attention

has been paid towards both exact and numerical solutions
of these equations. Thus we need many efforts for studying
mathematical algorithms for determining the exact solutions
of nonlinear evolution equations. Recently, there are many
effective and powerful methods for obtaining exact solutions
to know physical phenomena in mathematical physics and
engineering and also we need the study for the development
of some techniques, for example, the stochastic linearization
method [7], the wavelet-based method [8], the quasi-static
method [9], differential transform method [10, 11], factoriza-
tionmethod [12], extended Jacobi elliptic function expansion
method [13, 14], tanh-expansion method [15, 16], (𝐺/𝐺)-
expansion method [17, 18], and Kudryashov method [19–
22]. Moreover, through these methods, we know that explicit
solutions of nonlinear partial differential equations can reveal
the internal mechanism of physical phenomena. As well as
physical importance, the closed-form solutions of nonlinear
partial differential equations can assist the numerical solvers
to compare the correctness of their results and can help them
in the stability analysis.

We would like to use the system technique that contains
exponential function based on suitable choices of parameters.
We show that the system technique has its validity and
potential for obtaining new explicit solutions of (1), which
contain kink-typemotions and soliton-typemotions of phys-
ical phenomena and other new types of exact solutions.
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2. Descriptions of the Wick-Type Product and
Algorithm for Finding Solutions

The space (𝑆)𝑛−1 consists of all formal expansions 𝐹(𝜉) =∑𝛼 𝑏𝛼𝐻𝛼(𝜉) with 𝑏𝛼 ∈ R𝑛 and 𝜉 = (𝜉0, . . . , 𝜉𝑚) ∈ (𝑆(R))∗.
Here (𝑆(R))∗ is the Hida distribution space on R. The Wick
product 𝑓♢𝐹 of two elements 𝑓 = ∑𝛼 𝑎𝛼𝐻𝛼, 𝐹 = ∑𝛽 𝑏𝛽𝐻𝛽 ∈(𝑆)𝑛−1 with 𝑎𝛼, 𝑏𝛽 ∈ R𝑛 is defined by

𝑓♢𝐹 = ∑
𝛼,𝛽

(𝑎𝛼, 𝑏𝛽)𝐻𝛼+𝛽. (2)

For 𝐹 = ∑𝛼 𝑏𝛼𝐻𝛼 ∈ (𝑆)𝑁−1, with 𝑏𝛼 ∈ RN, the Hermite
transformation of 𝐹, denoted by �̃�(z), is defined by

�̃� (z) = ∑𝑏𝛼z𝛼 ∈ C
N (when convergent) , (3)

where z = (z1, z2, . . .) ∈ CN (the set of all sequences of
complex numbers) and z𝛼 = z

𝛼1
1 z
𝛼2
2 ⋅ ⋅ ⋅ z𝛼𝑛𝑛 ⋅ ⋅ ⋅ for 𝛼 = (𝛼1,𝛼2, . . .) ∈ (N0)N𝑐 , where 𝛼𝑖 ∈ N0 and z0𝑗 = 1.

For 𝐹, 𝐺 ∈ (𝑆)𝑛−1, by this definition, we have
𝐹♢𝐺 (z) = �̃� (z) ⋅ �̃� (z) , (4)

for all z such that �̃�(z) and �̃�(z) exist. The product on the
right hand side of the above formula is the complex bilinear
product between two elements of C𝑛 defined by (z11, . . . , z1𝑛) ⋅(z21, . . . , z2𝑛) = ∑𝑛𝑘=1 z1𝑘z2𝑘, where z𝑖𝑘 ∈ C.

Let 𝑋 = ∑𝛼 𝑎𝛼𝐻𝛼 ∈ (𝑆)N−1. Then the vector 𝑐0 = �̃�(0) ∈
R𝑛 is called the generalized expectation of 𝑋 and is denoted
by 𝐸(𝑋). Suppose that 𝑔 : 𝑈 → C𝑚 is an analytic function,
where 𝑈 is a neighborhood of 𝑐0 fl 𝐸(𝑋). Assume that the
Taylor series of 𝑔 around 𝑐0 have coefficients inR𝑚. Then the
Wick version 𝑔⬦(𝑋) = H−1(𝑔 ∘ �̃�) is an element of (𝑆)𝑚−1.
In other words, if 𝑔 has the power series expansion 𝑔(z) =∑𝑎𝛼(z − 𝑐0)𝛼 with 𝑎𝛼 ∈ R𝑛, then 𝑔⬦(𝑋) = ∑𝑎𝛼(𝑋 − 𝑐0)⬦𝛼 ∈(𝑆)𝑚−1.

TheWick exponent of𝑋 ∈ (𝑆)𝑛−1 is defined by exp⬦{𝑋} =∑∞𝑛=0𝑋⬦𝑛/𝑛!. With the Hermite transformation, the Wick
exponent shows the same algebraic properties as the usual
one. For example, exp⬦{𝑋 + 𝑌} = exp⬦{𝑋}♢ exp⬦{𝑌}.

We next outline the main processes of the compatibility
method for the Wick-type stochastic partial differential
equations. Suppose that modeling considerations lead us to
consider the stochastic partial differential equation expressed
formally as

P (𝑡, x, 𝜕𝑡, ∇x, 𝑈, 𝜍) = 0, (5)

whereP is a polynomial, in which the highest order deriva-
tives and nonlinear terms are involved, and 𝑈 = 𝑈(x, 𝑡, 𝜍)
is the unknown (generalized) stochastic process and where
the operators 𝜕𝑡 = 𝜕/𝜕𝑡, ∇x = (𝜕/𝜕x1, . . . , 𝜕/𝜕x𝑑) when x =(x1, . . . , x𝑑) ∈ R𝑑.

With the aid of theHermite transformation, we transform
the Wick-type equation

P
⬦ (𝑡, x, 𝜕𝑡, ∇x, 𝑈, 𝜍) = 0 (6)

into an ordinary product equation with variable coefficients

P̃ (𝑡, x, 𝜕𝑡, ∇x, �̃�, z1, z2, . . .) = 0, (7)

where �̃� = H(U) is the Hermite transform of 𝑈 and z1,
z2, . . . are complex numbers.

Suppose that we can get exact solutions 𝑢 = �̃�(𝑡, x, z) of
(7) for each z ∈ K𝑞(𝑟), where K𝑞(𝑟) = {z = (z1, z2, . . .) ∈
CN and ∑𝛼 ̸=0 |z𝛼|2(2N)𝑞𝛼 < 𝑟2} for some 𝑞, 𝑟. For a start,
we would like to introduce the process for obtaining exact
solutions of (7) as follows.

Combining the variables x and 𝑡 into one traveling wave
variable 𝜂, we suppose that traveling wave transformation,

𝑢 (x, 𝑡, z) = u (𝜂) , 𝜂 = 𝑘x − 𝜔 (𝑡, z) , (8)

permits us to reduce (7) to an ordinary differential equation,
for u = u(𝜂),

Q (u, u, u, u, . . .) = 0, (9)

where u = 𝑑u/𝑑𝜂, u = 𝑑2u/𝑑𝜂2, u = 𝑑3u/𝑑𝜂3, . . . .
We can get the 𝑚-order pole solution of (9) that the

positive integer 𝑚 can be determined by considering the
homogeneous balance property between the highest order
derivatives of linear term and nonlinear term appearing in
(9). Suppose that exact solution of (9) can be expressed by a
polynomial in (F(𝜂)/G(𝜂)) as follows:

u (𝜂) = 𝐴𝑚 ( F (𝜂)
G (𝜂))

𝑚 + 𝐴𝑚−1 ( F (𝜂)
G (𝜂))

𝑚−1 + ⋅ ⋅ ⋅
+ 𝐴1 ( F (𝜂)

G (𝜂)) + 𝐴0,
(10)

where F(𝜂) and G(𝜂) are satisfying the system
F
 (𝜂) = 𝑝F (𝜂) ,

G
 (𝜂) = 𝑝F (𝜂) + 𝑞G (𝜂) , (11)

where 𝑝 and 𝑞 are arbitrary constants, and we will call
it the system, and 𝐴𝑚, 𝐴𝑚−1, . . . , 𝐴1, 𝐴0, 𝑘 and 𝜔 will be
determined later with 𝐴𝑚 ̸= 0.

System (11) gives us the following function:

( F (𝜂)
G (𝜂)) = 𝑝 − 𝑞𝑝 − 𝑞 exp {− (𝑝 − 𝑞) 𝜂} , (12)

where 𝑝 and 𝑞 are arbitrary constants with 𝑝 ̸= 𝑞 in Remark 1.
By substituting (10) into (9), collecting all terms with the

same order of (F(𝜂)/G(𝜂)) together, the left-hand side of (9)
is converted into another polynomial in (F(𝜂)/G(𝜂)) using
derivatives in Remark 2. Equating each coefficient of this
polynomial to zero, we have a set of algebraic equations for𝐴𝑚, 𝐴𝑚−1, . . . , 𝐴1, 𝐴0, 𝑘, and 𝜔.

Assuming that the coefficients 𝐴𝑚, 𝐴𝑚−1, . . . , 𝐴1, 𝐴0 and
traveling wave coefficients 𝑘,𝜔 can be obtained by solving the
algebraic equations in the above, since the general solutions
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of system (11) have been known for us, then by substituting𝐴𝑚, 𝐴𝑚−1, . . . , 𝐴1, 𝐴0, 𝑘 and 𝜔 into (10), we have more new
explicit solutions of (9) by traveling wave transformation (8).

Finally, we would end up with the explicit expressions
for some undetermined coefficients and then we can obtain
explicit solutions of (7) by substituting them into 𝑢 =�̃�(𝑡, x, z). Moreover, under certain conditions, we take the
inverse Hermite transformation 𝑈 = H−1𝑢 ∈ (𝑆)−1 and
thereby can obtain a Wick-type solution 𝑈 of (6) [23].

Remark 1. The integrability conditions of the system, given
by (11), have been extensively discussed in the following
literature, and so the relations among the coefficients of the
system involve two constraints as follows: 𝑝 ̸= 𝑞 and 𝑝 = 𝑞.
Firstly, we consider the solution of (11) for 𝑝 ̸= 𝑞. Assume
F(0) = 0 and G(0) = 0 without loss of generality. From the
first part of (11), the solution F(𝜂) is given by

F (𝜂) = 𝑒𝑝𝜂. (13)

Substituting (13) into the second equation of (11), we get a
differential equation

G
 (𝜂) − 𝑞G (𝜂) = 𝑒𝑝𝜂. (14)

Then, we can find the solution of (14) as follows:

G (𝜂) = 𝑒𝑞𝜂 [ 𝑝𝑝 − 𝑞𝑒−(𝑝−𝑞)𝜂 − 𝑞𝑝 − 𝑞] . (15)

Combining (13) and (15), we obtain the following func-
tion:

( F (𝜂)
G (𝜂)) = 𝑝 − 𝑞𝑝 − 𝑞 exp {− (𝑝 − 𝑞) 𝜂} , (16)

where 𝑝 and 𝑞 are arbitrary nonzero constants with 𝑝 ̸= 𝑞.
On the other hand, when 𝑝 = 𝑞, we have another

function:

( F (𝜂)
G (𝜂)) = 1𝜂 + 1 . (17)

Remark 2. The following derivatives are very useful for
equating the expressions at the same degrees of (F/G) to zero
in (9): (F/G) = (𝑝 − 𝑞)(F/G) − 𝑝(F/G)2, (F/G) = (𝑝 −𝑞)2(F/G) − 3𝑝(𝑝 − 𝑞)(F/G)2 + 2𝑝2(F/G)3, (F/G) = (𝑝 −𝑞)3(F/G)−6𝑝(𝑝−𝑞)(F/G)2+2𝑝2(𝑝−𝑞+1)(F/G)3−6𝑝3(F/G)4,
and so on.

3. Wick-Type Explicit Solutions of (1)

Taking the Hermit transformation in (1), we obtain the
following equation:

�̃�𝑡 (𝑡, x, z) + �̃�1 (𝑡, z) �̃�x (𝑡, x, z) + �̃�2 (𝑡, z)
⋅ {𝐴�̃�xx (𝑡, x, z) + 𝐶�̃�3 (𝑡, x, z) + 𝐸�̃�2 (𝑡, x, z)
+ 𝐷�̃� (𝑡, x, z)} = 0,

(18)

where z = (z1, z2, . . .) ∈ (C𝑛)𝑐 is a vector parameter.
To simplify (18), we take traveling wave transformation

�̃� (𝑡, x, z) = 𝑢 (𝑡, x, z) = u (𝜂) , 𝜂 = 𝑘x − 𝜔 (𝑡, z) , (19)

and �̃�1(𝑡, z) = 𝐻1(𝑡, z) and �̃�2(𝑡, z) = 𝐻2(𝑡, z). Then we have

(𝜔 (𝑡, z) + 𝑘𝐻1 (𝑡, z)) u
+ 𝐻2 (𝑡, z) {𝐴𝑘2u + 𝐶u3 + 𝐸u2 + 𝐷u} = 0,

(20)

where u = 𝑑u/𝑑𝜂, u = 𝑑2u/𝑑𝜂2, and 𝜔 = 𝑑𝜔/𝑑𝑡.
Now, let us find exact solutions of (20) by the system

technique. It can be easily seen that (20) has the first-order
pole solution by the balancing property. Suppose that explicit
solution of (20) can be expressed in the form

u (𝜂) = 𝐴0 (𝑡, z) + 𝐴1 (𝑡, z) ( F (𝜂)
G (𝜂)) , (21)

where (F(𝜂)/G(𝜂)) is given by (12) and F(𝜂) and G(𝜂) satisfy
system (11).

By taking expression (21) and using Remark 2, we can
obtain the derivatives u and u expressed via the function(F(𝜂)/G(𝜂)). By substituting u, u, and u into (20) and
equating to zero the expressions with the same degrees of(F(𝜂)/G(𝜂)), we can obtain the set of algebraic equations
with respect to the unknowns𝐴1(𝑡, z),𝐴0(𝑡, z), 𝑘, and 𝜔(𝑡, z)
and, by solving the algebraic system by the help of Maple,
we obtain the following five explicit solutions of (18) with
traveling wave transformation (19).

Let 𝐾1 = 2𝐶𝐷 + 𝐸2 + √𝐸4 − 4𝐶𝐸2𝐷 and 𝐾2 = 2𝐶𝐷 +𝐸2−√𝐸4 − 4𝐶𝐸2𝐷 be constants to reduce the forms of explicit
solutions of (18).The first exact solution of (18) can be written
as

�̃�1 (x, 𝑡, z) = (𝐾1 − 2𝐷𝐶)𝑝𝐸 [ 1
𝑝 − 𝑞 exp {− (𝑝 − 𝑞) (± (√𝐶𝐴𝐾1/2𝐶𝐴 (𝑝 − 𝑞)) x − 𝜔 (𝑡, z))}] , (22)

where𝜔(𝑡, z) = (1/(𝑝−𝑞)2) ∫𝑡
0
{(∓(√𝐶𝐴𝐾1/2𝐶𝐴)(𝑝±𝑞)−(𝑝−𝑞)𝐷)𝐻1(𝜏, z) + (𝐾1𝑞/2𝐶)𝐻2(𝜏, z)}𝑑𝜏.

The second exact solution of (18) can be expressed
as
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�̃�2 (x, 𝑡, z) = (𝐾2 − 2𝐷𝐶)𝑝𝐸 [ 1
𝑝 − 𝑞 exp {− (𝑝 − 𝑞) (± (√𝐶𝐴𝐾2/2𝐶𝐴 (𝑝 − 𝑞)) x − 𝜔 (𝑡, z))}] , (23)

where𝜔(𝑡, z) = (1/(𝑝−𝑞)2) ∫𝑡
0
{(∓(√𝐶𝐴𝐾2/2𝐶𝐴)(𝑝±𝑞)−(𝑝−𝑞)𝐷)𝐻1(𝜏, z) + (𝐾2𝑞/2𝐶)𝐻2(𝜏, z)}𝑑𝜏.

The third exact solution of (18) is given by

�̃�3 (x, 𝑡, z) = −𝐸 ∓ √𝐸2 − 4𝐶𝐷2𝐶 + (12𝐶𝐷 − 2𝐸2 − (𝐸 ∓ √𝐸2 − 4𝐶𝐷)) 𝑝
𝐶𝐸 (2 − 3 (𝐸 ∓ √𝐸2 − 4𝐶𝐷))

× [[
[

1
𝑝 − 𝑞 exp {− (𝑝 − 𝑞) (± (1/ (𝑝 − 𝑞))√− (𝐸2 − 4𝐶𝐷) /2𝐶𝐴x − 𝜔 (𝑡, z))}

]]
]
,

(24)

where 𝜔(𝑡, z) = (1/𝐶(𝑝 − 𝑞)2) ∫𝑡
0
{∓(𝑝 ±

𝑞)𝐶√−(𝐸2 − 4𝐶𝐷)/2𝐶𝐴𝐻1(𝜏, z)−((1/2)𝐸(𝐸−√𝐸2 − 4𝐶𝐷)(𝑝− 𝑞) − 2𝑝𝐶𝐷 + 𝐸2𝑞 − 2𝑞𝐶𝐷)𝐻2(𝜏, z)}𝑑𝜏.
The fourth exact solution of (18) is

�̃�4 (x, 𝑡, z) = −𝐸 ∓ √𝐸2 − 4𝐶𝐷2𝐶 + 2 (3𝐶𝐷 − 𝐸2 + √𝐸4 ∓ 4𝐶𝐸2𝐷)𝑝
𝐶 (𝐸 − 3√𝐸2 − 4𝐶𝐷)

× [ 1
𝑝 − 𝑞 exp {− (𝑝 − 𝑞) (± (1/ (𝑝 − 𝑞))√−𝐾1/4𝐶𝐴x − 𝜔 (𝑡, z))}] ,

(25)

where 𝜔(𝑡, z) = (1/(𝑝−𝑞)2) ∫𝑡
0
{∓(𝑝−𝑞)√−𝐾1/4𝐶𝐴𝐻1(𝜏, z) +(𝐷(2𝑝 − 𝑞) − 𝐸(𝐸 ∓ √𝐸2 − 4𝐶𝐴)𝑝/2𝐶)𝐻2(𝜏, z)}𝑑𝜏.

The last exact solution of (18) is

�̃�5 (x, 𝑡, z) = −𝐸 ∓ √𝐸2 − 4𝐶𝐷2𝐶 + 2 (3𝐶𝐷 − 𝐸2 + √𝐸4 ∓ 4𝐶𝐸2𝐷)𝑝
𝐶 (𝐸 − 3√𝐸2 − 4𝐶𝐷)

× [ 1
𝑝 − 𝑞 exp {− (𝑝 − 𝑞) (± (1/ (𝑝 − 𝑞))√−𝐾2/4𝐶𝐴x − 𝜔 (𝑡, z))}] ,

(26)

where 𝜔(𝑡, z) = (1/(𝑝−𝑞)2) ∫𝑡
0
{∓(𝑝−𝑞)√−𝐾2/4𝐶𝐴𝐻1(𝜏, z) +(𝐷(2𝑝 − 𝑞) − 𝐸(𝐸 ∓ √𝐸2 − 4𝐶𝐴)𝑝/2𝐶)𝐻2(𝜏, z)}𝑑𝜏.

In order to obtain white functional solutions for (1), we
use the Hermit transformation and Theorem 4.1.1 in [23].
The property of generalized exponential functions yields that
there exists a bounded open set G ⊂ R × R+, 𝑘 < ∞, 𝑟 > 0
such that the exact solutions �̃�(x, 𝑡, z) of (18) are uniformly
bounded for (x, 𝑡, z) ∈ G × K𝑞(𝑟), continuous with respect

to (x, 𝑡) ∈ G and analytic with respect to z ∈ K𝑘(𝑟), for
all (x, 𝑡) ∈ G [24]. There exists Ψ(x, 𝑡, z) ∈ (𝑆)−1 such that�̃�(x, 𝑡, z) = (�̃�(𝑡, x))(z) for all (𝑡, x, z) ∈ G × K𝑞(𝑟) and𝑈(x, 𝑡) solves (in the strong sense in (𝑆)−1) (1) in (𝑆)−1. Hence,
by applying the inverse Hermite transformation to solutions
(22)–(26), we can obtain the following Wick-type solutions
of (1). Based on solutions (22) and (23), we get the following
Wick-type solutions as follows:

𝑈1 (x, 𝑡) = (𝐾1 − 2𝐷𝐶) 𝑝𝐸 [ 1
𝑝 − 𝑞 exp⬦ {− (𝑝 − 𝑞) (± (√𝐶𝐴𝐾1/2𝐶𝐴 (𝑝 − 𝑞)) x − 𝜔 (𝑡))}] , (27)
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where 𝜔(𝑡) = (1/(𝑝 − 𝑞)2) ∫𝑡
0
{(∓(√𝐶𝐴𝐾1/2𝐶𝐴)(𝑝 ± 𝑞) − (𝑝 −𝑞)𝐷)𝐻1(𝜏) + (𝐾1𝑞/2𝐶)𝐻2(𝜏)}𝑑𝜏, and

𝑈2 (x, 𝑡) = (𝐾2 − 2𝐷𝐶) 𝑝𝐸 [ 1
𝑝 − 𝑞 exp⬦ {− (𝑝 − 𝑞) (± (√𝐶𝐴𝐾2/2𝐶𝐴 (𝑝 − 𝑞)) x − 𝜔 (𝑡))}] , (28)

where 𝜔(𝑡) = (1/(𝑝 − 𝑞)2) ∫𝑡
0
{(∓(√𝐶𝐴𝐾2/2𝐶𝐴)(𝑝 ± 𝑞) − (𝑝 −𝑞)𝐷)𝐻1(𝜏) + (𝐾2𝑞/2𝐶)𝐻2(𝜏)}𝑑𝜏.

From (24), we obtain the followingWick-type solution of
(1):

𝑈3 (x, 𝑡) = −𝐸 ∓ √𝐸2 − 4𝐶𝐷2𝐶 + (12𝐶𝐷 − 2𝐸2 − (𝐸 ∓ √𝐸2 − 4𝐶𝐷)) 𝑝
𝐶𝐸 (2 − 3 (𝐸 ∓ √𝐸2 − 4𝐶𝐷))

× [[
[

1
𝑝 − 𝑞 exp⬦ {− (𝑝 − 𝑞) (± (1/ (𝑝 − 𝑞))√− (𝐸2 − 4𝐶𝐷) /2𝐶𝐴x − 𝜔 (𝑡))}

]]
]
,

(29)

where 𝜔(𝑡) = (1/𝐶(𝑝 − 𝑞)2) ∫𝑡
0
{∓(𝑝 ±

𝑞)𝐶√−(𝐸2 − 4𝐶𝐷)/2𝐶𝐴𝐻1(𝜏) + (2𝑝𝐶𝐷 − 𝐸2𝑞 + 2𝑞𝐶𝐷 −(1/2)𝐸(𝐸 − √𝐸2 − 4𝐶𝐷)(𝑝 − 𝑞))𝐻2(𝜏)}𝑑𝜏.
Solutions (25) and (26) can convert into the following:

𝑈4 (x, 𝑡) = −𝐸 ∓ √𝐸2 − 4𝐶𝐷2𝐶 + 2 (3𝐶𝐷 − 𝐸2 + √𝐸4 ∓ 4𝐶𝐸2𝐷)𝑝
𝐶 (𝐸 − 3√𝐸2 − 4𝐶𝐷)

× [ 1
𝑝 − 𝑞 exp⬦ {− (𝑝 − 𝑞) (± (1/ (𝑝 − 𝑞))√−𝐾1/4𝐶𝐴x − 𝜔 (𝑡))}] ,

(30)

where 𝜔(𝑡) = (1/(𝑝 − 𝑞)2) ∫𝑡
0
{∓(𝑝 − 𝑞)√−𝐾1/4𝐶𝐴𝐻1(𝜏) +(𝐷(2𝑝 − 𝑞) − 𝐸(𝐸 ∓ √𝐸2 − 4𝐶𝐴)𝑝/2𝐶)𝐻2(𝜏)}𝑑𝜏, and

𝑈5 (x, 𝑡) = −𝐸 ∓ √𝐸2 − 4𝐶𝐷2𝐶 + 2 (3𝐶𝐷 − 𝐸2 + √𝐸4 ∓ 4𝐶𝐸2𝐷)𝑝
𝐶 (𝐸 − 3√𝐸2 − 4𝐶𝐷)

× [ 1
𝑝 − 𝑞 exp⬦ {− (𝑝 − 𝑞) (± (1/ (𝑝 − 𝑞))√−𝐾2/4𝐶𝐴x − 𝜔 (𝑡))}] ,

(31)

where 𝜔(𝑡) = (1/(𝑝 − 𝑞)2) ∫𝑡
0
{∓(𝑝 − 𝑞)√−𝐾2/4𝐶𝐴𝐻1(𝜏) +(𝐷(2𝑝 − 𝑞) − 𝐸(𝐸 ∓ √𝐸2 − 4𝐶𝐴)𝑝/2𝐶)𝐻2(𝜏)}𝑑𝜏.

More precisely, the obtained exact solutions and stochas-
tic explicit solutions have rich structures which can be used
to discuss the behaviors of solutions as a function of these
arbitrary functions and also to provide enough freedom to

build up solutions that may correspond to some particular
physical situations. Moreover, it is observed that the obtained
white noise functional solutions are of exponential type. It
is noted that for different forms of 𝐻1(𝑡) and 𝐻2(𝑡), which
are dependent on group velocities and Brownian effect 𝐵(𝑡),
we can obtain different stochastic exact solutions of (1) from
solutions (27)–(31) as in the following example.
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Example 3. Suppose that ℎ1(𝑡) and ℎ2(𝑡) are bounded or
integrable functions on R+ and put 𝐻1(𝑡) = ℎ1(𝑡) + 𝑘1𝑊(𝑡)
and 𝐻2(𝑡) = ℎ2(𝑡) + 𝑘2𝑊(𝑡), where 𝑘1 and 𝑘2 are real
constants and𝑊(𝑡) is Gaussian white noise; that is,𝑊(𝑡) =�̇�(𝑡). 𝐵(𝑡) is a Brownian motion. Further, taking the Hermite

transformation of𝐻1(𝑡) and𝐻2(𝑡), we have𝐻1(𝑡, z) = ℎ1(𝑡)+𝑘1�̃�(𝑡, z) and 𝐻2(𝑡, z) = ℎ2(𝑡) + 𝑘2�̃�(𝑡, z), where �̃�(𝑡, z) =∑∞𝑘=1 ∫𝑡0 𝜂𝑘(𝑠)𝑑𝑠z𝑘 and z = (z1, z2, . . .) ∈ CN is a parameter
vector and 𝜂𝑘(𝑠) is defined in [25]. In this case, the stochastic
type solutions of (18) can express the following for (27)–(31):

𝑈1 (x, 𝑡, z) = (𝐾1 − 2𝐷𝐶) 𝑝𝐸 [ 1
𝑝 − 𝑞 exp {− (𝑝 − 𝑞) (± (√𝐶𝐴𝐾1/2𝐶𝐴 (𝑝 − 𝑞)) x − 𝜔 (𝑡, z))}] , (32)

where 𝜔(𝑡, z) = (1/(𝑝 − 𝑞)2) ∫𝑡
0
{(∓(√𝐶𝐴𝐾1/2𝐶𝐴)(𝑝 ± 𝑞) −𝐷(𝑝−𝑞))(ℎ1(𝜏)+𝑘1�̃�(𝑡, z))− (ℎ2(𝜏)+𝑘2�̃�(𝑡, z))𝐾1𝑞/2𝐶}𝑑𝜏,

𝑈2 (x, 𝑡, z) = (𝐾2 − 2𝐷𝐶) 𝑝𝐸 [ 1
𝑝 − 𝑞 exp {− (𝑝 − 𝑞) (± (√𝐶𝐴𝐾2/2𝐶𝐴 (𝑝 − 𝑞)) x − 𝜔 (𝑡, z))}] , (33)

where 𝜔(𝑡, z) = (1/(𝑝 − 𝑞)2) ∫𝑡
0
{(∓(√𝐶𝐴𝐾2/2𝐶𝐴)(𝑝 ± 𝑞) −𝐷(𝑝−𝑞))(ℎ1(𝜏)+𝑘1�̃�(𝑡, z))− (ℎ2(𝜏)+𝑘2�̃�(𝑡, z))𝐾1𝑞/2𝐶}𝑑𝜏,

𝑈3 (x, 𝑡, z) = −𝐸 ∓ √𝐸2 − 4𝐶𝐷2𝐶 + (12𝐶𝐷 − 2𝐸2 − (𝐸 ∓ √𝐸2 − 4𝐶𝐷)) 𝑝
𝐶𝐸 (2 − 3 (𝐸 ∓ √𝐸2 − 4𝐶𝐷))

× [[
[

1
𝑝 − 𝑞 exp {− (𝑝 − 𝑞) (± (1/ (𝑝 − 𝑞))√− (𝐸2 − 4𝐶𝐷) /2𝐶𝐴x − 𝜔 (𝑡, z))}

]]
]
,

(34)

where 𝜔(𝑡, z) = (1/𝐶(𝑝 − 𝑞)2) ∫𝑡
0
{∓(𝑝 ±

𝑞)𝐶√−(𝐸2 − 4𝐶𝐷)/2𝐶𝐴(ℎ1(𝜏) + 𝑘1�̃�(𝑡, z)) + (2𝑝𝐶𝐷−𝐸2𝑞 +2𝑄𝐶𝐷−(1/2)𝐸(𝐸−√𝐸2 − 4𝐶𝐷)(𝑝−𝑞))(ℎ2(𝜏)+𝑘2�̃�(𝑡, z))}𝑑𝜏,

𝑈4 (x, 𝑡, z) = −𝐸 ∓ √𝐸2 − 4𝐶𝐷2𝐶 + 2 (3𝐶𝐷 − 𝐸2 + √𝐸4 ∓ 4𝐶𝐸2𝐷)𝑝
𝐶 (𝐸 − 3√𝐸2 − 4𝐶𝐷)

× [ 1
𝑝 − 𝑞 exp {− (𝑝 − 𝑞) (± (1/ (𝑝 − 𝑞))√−𝐾1/4𝐶𝐴x − 𝜔 (𝑡, z))}] ,

(35)

where 𝜔(𝑡, z) = (1/(𝑝 − 𝑞)2) ∫𝑡
0
{∓(𝑝 − 𝑞)√−𝐾1/4𝐶𝐴(ℎ1(𝜏) +𝑘1�̃�(𝑡, z)) + (𝐷(2𝑝 − 𝑞) − 𝐸(𝐸 ∓ √𝐸2 − 4𝐶𝐴)𝑝/2𝐶)(ℎ2(𝜏) +𝑘2�̃�(𝑡, z))}𝑑𝜏, and

𝑈5 (x, 𝑡, z) = −𝐸 ∓ √𝐸2 − 4𝐶𝐷2𝐶 + 2 (3𝐶𝐷 − 𝐸2 + √𝐸4 ∓ 4𝐶𝐸2𝐷)𝑝
𝐶 (𝐸 − 3√𝐸2 − 4𝐶𝐷)

× [ 1
𝑝 − 𝑞 exp {− (𝑝 − 𝑞) (± (1/ (𝑝 − 𝑞))√−𝐾2/4𝐶𝐴x − 𝜔 (𝑡, z))}] ,

(36)
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where 𝜔(𝑡, z) = (1/(𝑝 − 𝑞)2) ∫𝑡
0
{∓(𝑝 − 𝑞)√−𝐾2/4𝐶𝐴(ℎ1(𝜏) +𝑘1�̃�(𝑡, z)) + (𝐷(2𝑝 − 𝑞) − 𝐸(𝐸 ∓ √𝐸2 − 4𝐶𝐴)𝑝/2𝐶)(ℎ2(𝜏) +𝑘2�̃�(𝑡, z))}𝑑𝜏.

Next, by using exp⬦{𝑋} = exp{𝑋} for nonrandom 𝑋 and∫𝑡
0
�̃�(𝑠)𝑑𝑠 = 𝐵(𝑡) − (1/2)𝑡2, we can obtain new versions of

exact solutions for solutions (27)–(31) as follows:

𝑈1 (x, 𝑡) = (𝐾1 − 2𝐷𝐶) 𝑝𝐸 [ 1
𝑝 − 𝑞 exp {− (𝑝 − 𝑞) (± (√𝐶𝐴𝐾1/2𝐶𝐴 (𝑝 − 𝑞)) x − 𝜔 (𝑡))}] , (37)

where 𝜔(𝑡) = (1/(𝑝 − 𝑞)2)(∓(√𝐶𝐴𝐾1/2𝐶𝐴)(𝑝 ± 𝑞) −
(𝑝 − 𝑞)𝐷){∫𝑡

0
ℎ1(𝜏)𝑑𝜏 + 𝑘1(𝐵(𝑡) − (1/2)𝑡2)} + (1/(𝑝 −

𝑞)2)(𝐾1𝑞/2𝐶){∫𝑡0 ℎ2(𝜏)𝑑𝜏 + 𝑘2(𝐵(𝑡) − (1/2)𝑡2)},

𝑈2 (x, 𝑡) = (𝐾2 − 2𝐷𝐶) 𝑝𝐸 [ 1
𝑝 − 𝑞 exp {− (𝑝 − 𝑞) (± (√𝐶𝐴𝐾2/2𝐶𝐴 (𝑝 − 𝑞)) x − 𝜔 (𝑡))}] , (38)

where 𝜔(𝑡) = (1/(𝑝 − 𝑞)2)(∓(√𝐶𝐴𝐾2/2𝐶𝐴)(𝑝 ± 𝑞) −
(𝑝 − 𝑞)𝐷){∫𝑡

0
ℎ1(𝜏)𝑑𝜏 + 𝑘1(𝐵(𝑡) − (1/2)𝑡2)} + (1/(𝑝 −

𝑞)2)(𝐾2𝑞/2𝐶){∫𝑡0 ℎ2(𝜏)𝑑𝜏 + 𝑘2(𝐵(𝑡) − (1/2)𝑡2)},

𝑈3 (x, 𝑡) = −𝐸 ∓ √𝐸2 − 4𝐶𝐷2𝐶 + (12𝐶𝐷 − 2𝐸2 − (𝐸 ∓ √𝐸2 − 4𝐶𝐷)) 𝑝
𝐶𝐸 (2 − 3 (𝐸 ∓ √𝐸2 − 4𝐶𝐷))

× [[
[

1
𝑝 − 𝑞 exp {− (𝑝 − 𝑞) (± (1/ (𝑝 − 𝑞))√− (𝐸2 − 4𝐶𝐷) /2𝐶𝐴x − 𝜔 (𝑡))}

]]
]
,

(39)

where 𝜔(𝑡) = (1/𝐶(𝑝 − 𝑞)2)(∓(𝑝 ±𝑞)𝐶√−(𝐸2 − 4𝐶𝐷)/2𝐶𝐴){∫𝑡
0
ℎ1(𝜏)𝑑𝜏 + 𝑘1(𝐵(𝑡) − (1/2)𝑡2)} +

(1/𝐶(𝑝 − 𝑞)2)(2𝑝𝐶𝐷 − 𝐸2𝑞 + 2𝑞𝐶𝐷 − (1/2)𝐸(𝐸 −√𝐸2 − 4𝐶𝐷)(𝑝 − 𝑞)){∫𝑡
0
ℎ2(𝜏)𝑑𝜏 + 𝑘2(𝐵(𝑡) − (1/2)𝑡2)},

𝑈4 (x, 𝑡) = −𝐸 ∓ √𝐸2 − 4𝐶𝐷2𝐶 + 2 (3𝐶𝐷 − 𝐸2 + √𝐸4 ∓ 4𝐶𝐸2𝐷)𝑝
𝐶 (𝐸 − 3√𝐸2 − 4𝐶𝐷)

× [ 1
𝑝 − 𝑞 exp {− (𝑝 − 𝑞) (± (1/ (𝑝 − 𝑞))√−𝐾1/4𝐶𝐴x − 𝜔 (𝑡))}] ,

(40)

where 𝜔(𝑡) = ∓(1/(𝑝 − 𝑞))√−𝐾1/4𝐶𝐴{∫𝑡0 ℎ1(𝜏)𝑑𝜏 + 𝑘1(𝐵(𝑡) −(1/2)𝑡2)}+ (𝐸(𝐸±√𝐸2 − 4𝐶𝐴)𝑝/2𝐶(𝑝−𝑞)2 −𝐷(2𝑝−𝑞)/(𝑝−𝑞)2){∫𝑡
0
ℎ2(𝜏)𝑑𝜏 + 𝑘2(𝐵(𝑡) − (1/2)𝑡2)}, and

𝑈5 (x, 𝑡) = −𝐸 ∓ √𝐸2 − 4𝐶𝐷2𝐶 + 2 (3𝐶𝐷 − 𝐸2 + √𝐸4 ∓ 4𝐶𝐸2𝐷)𝑝
𝐶 (𝐸 − 3√𝐸2 − 4𝐶𝐷)

× [ 1
𝑝 − 𝑞 exp {− (𝑝 − 𝑞) (± (1/ (𝑝 − 𝑞))√−𝐾2/4𝐶𝐴x − 𝜔 (𝑡))}] ,

(41)
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Figure 1: Profiles of the exact solution (37): (a) kink traveling wave solution without white noise term 𝐵(𝑡) = 0, (b) kinks traveling wave
solution with 𝐵(𝑡) = sin(𝑡), (c) 2D contour of (a), and (d) 2D contour of (b).

where 𝜔(𝑡) = ∓(1/(𝑝 − 𝑞))√−𝐾2/4𝐶𝐴{∫𝑡0 ℎ1(𝜏)𝑑𝜏 + 𝑘1(𝐵(𝑡) −(1/2)𝑡2)}+ (𝐸(𝐸±√𝐸2 − 4𝐶𝐴)𝑝/2𝐶(𝑝−𝑞)2 −𝐷(2𝑝−𝑞)/(𝑝−𝑞)2){∫𝑡
0
ℎ2(𝜏)𝑑𝜏 + 𝑘2(𝐵(𝑡) − (1/2)𝑡2)}.

Solutions (37)–(41) are obtained by the system technique
and these solutions contain various pulse widths and group
velocities for explaining the physical phenomena. In par-
ticular, we discuss the behaviors of solutions (37) and (40)
with various parameter values and arbitrary functions and
Brownianmotions in Figures 1–4. Solution (37) indicates that
pulse width is constant as ±√𝐶𝐴𝐾1/(2𝐶𝐴(𝑝 − 𝑞)), which are
dependent on arbitrary values of parameters 𝐴, 𝐶, 𝐷, and 𝐸
with some relations and𝐾1 = 2𝐶𝐷+𝐸2 +√𝐸4 − 4𝐶𝐸2𝐷, and

group velocity 𝜔(𝑡) is dependent on arbitrary functions ℎ1(𝑡),ℎ2(𝑡), and Brownian motion 𝐵(𝑡) [26, 27].
In Figure 1, solution (37) shows graphically the behaviors

of kink traveling wave solution (37): (a) kink traveling wave
solutionwith white noise term𝐵(𝑡) = 0 and (b) kink traveling
wave solitons-like solution with 𝐵(𝑡) = sin(𝑡) under two
functions ℎ1(𝑡) = 𝑡, ℎ2(𝑡) = 𝑡, and proper values of physical
parameters 𝐴 = −1, 𝐶 = −1, 𝐷 = 1, 𝐸 = 5, 𝑘1 = 1, 𝑘2 = 1,𝑝 = 1, and 𝑞 = −5 with 𝐷 = −𝐶 and is similar to the Chafee-
Infante equation. In particular, the behaviors of (37) with𝐵(𝑡) = sin(𝑡) have soft traveling waves as a big real constant 𝐸
is chosen. Also we represent two contours of motions (a) and
(b), respectively.
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Figure 2: Profiles of the exact solution (37): (a) soliton solution with 𝐵(𝑡) = 0 and (b) solitons solution with 𝐵(𝑡) = 2 sin(5𝑡).
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Figure 3: Profiles of the exact solution (37): (a) dark-soliton solution with 𝐵(𝑡) = 0 and (b) dark-solitons solution with 𝐵(𝑡) = 2 sin(5𝑡).

In Figure 2, solution (37) shows graphically the behaviors
of soliton solution (37): (a) soliton solution with white noise
term 𝐵(𝑡) = 0 and (b) solitons solution with 𝐵(𝑡) = 2 sin(5𝑡)
under two functions ℎ1(𝑡) = −1/2, ℎ2(𝑡) = 0 and proper
values of physical parameters 𝐴 = 2, 𝐶 = 3, 𝐷 = −0.36,𝐸 = −0.8, 𝑘1 = 5, 𝑘2 = 0.1, 𝑝 = −0.1, and 𝑞 = 1.5 with𝐷 = 𝐸2 − 1, −1 < 𝐸 < 0.

In Figure 3, assuming two functions are ℎ1(𝑡) = −1/2 andℎ2(𝑡) = 0 and proper parameters 𝐴 = 2, 𝐶 = 0.08, 𝐸 = −0.8,𝐷 = −0.36, 𝑘1 = 1, 𝑘2 = 1, 𝑝 = −1, and 𝑞 = 1.5 with𝐷 = 𝐸2−1, −1 < 𝐸 < 0, we can derive themotions of solution
(37) that is like a solution of Fitzhugh-Nagumo equation;
Figure 3(a) represents the process of the well-known dark
soliton into the flat-bottomdark solitonwithwhite noise term𝐵(𝑡) = 0 and Figure 3(b) represents the stochastic effect with
deep concavity as multiple kinks solution with white noise
term 𝐵(𝑡) = 2 sin(5𝑡).

Solution (40) indicates that pulse width is constant±√−𝐾1/4𝐶𝐴/(𝑝 − 𝑞), which are dependent on arbitrary

parameter values 𝐴, 𝐶, 𝐷, 𝐸, and 𝐾1 = 2𝐶𝐷 + 𝐸2 +√𝐸4 − 4𝐶𝐸2𝐷, and group velocity 𝜔(𝑡) is dependent on
arbitrary functions ℎ1(𝑡), ℎ2(𝑡), and Brownianmotion𝐵(𝑡). In
Figure 4, assuming two functions are ℎ1(𝑡) = 𝑡3 and ℎ2(𝑡) = 0
and proper parameters 𝐴 = 0.1, 𝐶 = −0.01, 𝐸 = −0.8,𝐷 = −0.36, 𝑘1 = 5, 𝑘2 = 0.1, 𝑝 = −0.1, and 𝑞 = 1.5 with𝐷 = 𝐸2−1,−1 < 𝐸 < 0, we can derive the soliton-likemotions
of solution (40): Figure 4(a) represents the symmetricmotion
of two solitons solutions with white noise term 𝐵(𝑡) = 0 and
Figure 4(b) represents the stochastic effect as nonsymmetric
solitons solution with white noise term 𝐵(𝑡) = 0.5 sin(2𝑡).
4. Conclusion

In this work, we have obtained new various explicit solutions
of the Wick-type stochastic reaction-Duffing equation with
theHermite transformation and thewhite noise theory.These
results can be useful for explaining some physical problems.
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Figure 4: Profiles of the exact solution (40): (a) soliton solution with 𝐵(𝑡) = 0 and (b) solitons solution with 𝐵(𝑡) = 0.5 sin(2𝑡).

The system technique has been successfully applied to find
more explicit solutions of the Wick-type stochastic reaction-
Duffing equation. From the obtained solutions, it is noted
that if we take particular values for physical parameters then
these solutions provide us with more analysis of new exact
solutions than other existing methods. For proper values of
parameters and proper functions, we show that Fitzhugh-
Nagumo equation and Chafee-Infante equation are similar to
the obtained solutions.

Competing Interests

The authors declare that they have no competing interests.

References

[1] S. K. Liu, Z. T. Fu, S.D. Liu, andQ. Zhao, “Jacobi elliptic function
expansion method and periodic wave solutions of nonlinear
wave equations,” Physics Letters A, vol. 289, no. 1-2, pp. 69–74,
2001.

[2] S. Lai, X. Lv, andM. Shuai, “The Jacobi elliptic function solutions
to a generalized Benjamin-Bona-Mahony equation,” Mathe-
matical and Computer Modelling, vol. 49, no. 1-2, pp. 369–378,
2009.

[3] A. Elhanbaly andM. A. Abdou, “Exact travelling wave solutions
for two nonlinear evolution equations using the improved 𝐹-
expansion method,” Mathematical and Computer Modelling,
vol. 46, no. 9-10, pp. 1265–1276, 2007.

[4] Sirendaoreji, “New exact travelling wave solutions for the
Kawahara and modified Kawahara equations,” Chaos, Solitons
and Fractals, vol. 19, no. 1, pp. 147–150, 2004.

[5] A.-M. Wazwaz, “Exact solutions for the fourth order nonlinear
Schrodinger equations with cubic and power law nonlineari-
ties,”Mathematical and ComputerModelling, vol. 43, no. 7-8, pp.
802–808, 2006.

[6] J. H. Choi, H. Kim, and R. Sakthivel, “Exact solution of the
Wick-type stochastic fractional coupled KdV equations,” Jour-
nal of Mathematical Chemistry, vol. 52, no. 10, pp. 2482–2493,
2014.

[7] M. R. Miura, Backlund Transformation, Springer, Berlin, Ger-
many, 1978.

[8] J.Weiss,M. Tabor, andG. Carnevale, “The Painleve property for
partial differential equations,” Journal of Mathematical Physics,
vol. 24, no. 3, pp. 522–526, 1983.

[9] M. Khalfallah, “Exact traveling wave solutions of the Boussin-
esq-Burgers equation,” Mathematical and Computer Modelling,
vol. 49, no. 3-4, pp. 666–671, 2009.

[10] A. S. Ravi Kanth and K. Aruna, “Differential transformmethod
for solving linear and non-linear systems of partial differential
equations,” Physics Letters. A, vol. 372, no. 46, pp. 6896–6898,
2008.

[11] A. S. V. Ravi Kanth and K. Aruna, “Differential transform
method for solving the linear and nonlinear Klein-Gordon
equation,”Computer Physics Communications, vol. 180, no. 5, pp.
708–711, 2009.

[12] H. A. Abdusalam and E. S. Fahmy, “Traveling wave solutions
for nonlinear wave equation with dissipation and nonlinear
transport term through factorizations,” International Journal of
Computational Methods, vol. 4, no. 4, pp. 645–651, 2007.

[13] H. Triki and A.-M. Wazwaz, “Dark solitons for a generalized
Korteweg-de Vries equation with time-dependent coefficients,”
Zeitschrift für Naturforschung, Section A, vol. 66, no. 3-4, pp.
199–204, 2011.

[14] Q. Wang, Y. Chen, and Z. Hongqing, “A new Jacobi elliptic
function rational expansion method and its application to (1 +
1)-dimensional dispersive long wave equation,” Chaos, Solitons
and Fractals, vol. 23, no. 2, pp. 477–483, 2005.

[15] W. Malfliet and W. Hereman, “The tanh method. I. Exact solu-
tions of nonlinear evolution and wave equations,” Physica
Scripta, vol. 54, no. 6, pp. 563–568, 1996.



Advances in Mathematical Physics 11

[16] A. Biswas, “Solitary wave solution for the generalized Kawahara
equation,” Applied Mathematics Letters, vol. 22, no. 2, pp. 208–
210, 2009.

[17] H. Kim and R. Sakthivel, “New travelling wave solutions for
nonlinear stochastic evolution equations,” Pramana—Journal of
Physics, vol. 80, no. 6, pp. 917–931, 2013.

[18] H. Kim and R. Sakthivel, “Travelling wave solutions for time-
delayed nonlinear evolution equations,” Applied Mathematics
Letters, vol. 23, no. 5, pp. 527–532, 2010.

[19] N. A. Kudryashov, “Simplest equation method to look for exact
solutions of nonlinear differential equations,” Chaos, Solitons
and Fractals, vol. 24, no. 5, pp. 1217–1231, 2005.

[20] H. Kim, J.-H. Bae, and R. Sakthivel, “Exact travelling wave solu-
tions of two important nonlinear partial differential equations,”
Zeitschrift fur Naturforschung—Section A Journal of Physical
Sciences, vol. 69, no. 3-4, pp. 155–162, 2014.

[21] S. M. Ege and E.Misirli, “Themodified Kudryashovmethod for
solving some fractional-order nonlinear equations,”Advances in
Difference Equations, vol. 135, no. 1, 2014.

[22] M. M. Kabir and A. Khajeh, “New explicit solutions for the
Vakhnenko and a generalized form of the nonlinear heat
conduction equations via Exp-function method,” International
Journal of Nonlinear Sciences and Numerical Simulation, vol. 10,
no. 10, pp. 1307–1318, 2009.

[23] H. Holden, B. Øksendal, J. Uboe, and T. Zhang, Stochastic
Partial Differential Equations, Birkhäuser, Boston, Mass, USA,
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