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For 𝑛 ≥ 3 point charges 𝑛 − 1 of which are negative and equal quasi-exact periodic solutions of their Coulomb equation of motion
are found. These solutions describe a motion of the negative charges around a coordinate axis in such a way that their coordinates
coincide with vertices of a regular polygon in planes perpendicular to the axis alongwhich the positive chargemoves.TheWeinstein
and center Lyapunov theorems are utilized.

1. Introduction

In this paper we consider the Coulomb nonplanar dynamics
of 𝑛 − 1 ≥ 2 negative identical charges −𝑒0 and a positive
charge 𝑒𝑛. In our paper [1] we found planar exact solutions
of the Coulomb equation of motion for these charges such
that the immobile positive charge and the equal negative
charges occupy the origin and all vertices of a regular polygon
centered at the origin, respectively.The charges coordinates in
the complex representation were written as

𝑥𝑗 = (𝑥1𝑗 + 𝑖𝑥2𝑗 ; 0) = (𝑧𝑗𝑞 (𝑡) ; 0) ∈ R3,𝑞 (𝑡) = 𝑒𝑖𝑢(𝑡)𝑟 (𝑡) , 𝑗 = 1, . . . , 𝑛 − 1, 𝑥𝑛 = 0, (1)

where 𝑧𝑗 is one of the 𝑛 − 1 vertices of a regular polygon in
the complex plane. As a result the 2𝑛-dimensional Coulomb
equation of motion is reduced to equations for the radial and
angular variables which determine a Keplerian orbit.

In our paper [2] we generalized this result for the system
with two additional nonplanar equal charges located at the
same distance from the origin where the positive charge 𝑒𝑛 is
immobile. The charges coordinates were written as

𝑥𝑗 = (𝑥1𝑗 + 𝑖𝑥2𝑗 ; 0) = (𝑧𝑗𝑞 (𝑡) ; 0) ∈ R3,𝑞 (𝑡) = 𝑒𝑖𝑢(𝑡)𝑟1 (𝑡) , 𝑗 = 1, . . . , 𝑛 − 1, 𝑥𝑛 = 0,−𝑥𝑛+2 = 𝑥𝑛+1 = (0, 0, 𝑟2 (𝑡)) ∈ R3, 𝑧𝑗 = 𝑎,
(2)

where 𝑥𝑛, 𝑥𝑛+1, 𝑥𝑛+2 are the coordinates of the positive charge𝑒𝑛 and the two additional nonplanar charges, the coordinates𝑥𝑗, 𝑗 < 𝑛 of the negative planar charges have the complex
representation, and 𝑧𝑗 is one of the 𝑛 − 1 vertices of a regular
polygon in the complex plane. As a result the Coulomb
equation of motion for 𝑛 + 2 charges is reduced to equations
for two radial 𝑟1 and 𝑟2 and angular variables. The equations
for 𝑟1, 𝑟2 determine a two-dimensional mechanical system,
that is, a four-dimensional Hamiltonian one, and have an
equilibriumwhich generates the time-dependent quasi-exact
solutions of theCoulomb equation ofmotion for 𝑛+2 charges.

In this paper we find quasi-exact nonplanar solutions
of the Coulomb equation of motion for the 𝑛 mentioned
charges such that the positive charge moves along the vertical
coordinate axis and the equal 𝑛−1 negative charges occupy all
the vertices of regular polygons centered at the origin located

Hindawi
Advances in Mathematical Physics
Volume 2017, Article ID 6751025, 5 pages
https://doi.org/10.1155/2017/6751025

https://doi.org/10.1155/2017/6751025


2 Advances in Mathematical Physics

at different horizontal planes. The charges coordinates in the
complex representation are written in this case as𝑥𝑗 = (𝑥1𝑗 + 𝑖𝑥2𝑗 ; 𝑞2 (𝑡)) = (𝑧𝑗𝑞 (𝑡) ; 𝑞2 (𝑡)) ∈ R3,𝑞 (𝑡) = 𝑒𝑖𝑢(𝑡)𝑞1 (𝑡) , 𝑗 = 1, . . . , 𝑛 − 1, 𝑥𝑛 = (0, 0, 𝑞3 (𝑡)) , (3)

where 𝑧𝑗 is one of the 𝑛 − 1 vertices of a regular polygon in
the complex plane. We derive the equation of motion for the
vector 𝑞𝑗, 𝑗 = 1, 2, 3, which determines a three-dimensional
mechanical system with an equilibrium. This equation is
translation invariant in 𝑞2, 𝑞3 and this allows us to derive an
equation of motion for 𝑞1 and 𝑞2 − 𝑞3, which determines
a two-dimensional mechanical system with an equilibrium,
and establish the existence of its periodic solutions with the
help of the Lyapunov center theorem [3–7] and Weinstein
theorem [8, 9]. The existence of periodic orbits for the
Coulomb equation ofmotion in systems of charges other than
considered by us was announced in [10].

Ourmain result relies on the following theoremandprop-
osition proved in [1, 2].

Theorem1. Let the positive charge 𝑒𝑛 = 𝑒0𝑛 > 0 have the coordi-
nate 𝑧𝑛 = 0 and the negative planar charges 𝑒𝑗 = 𝑒0𝑗 = −𝑒0 < 0,𝑗 = 1, . . . , 𝑛 − 1 ≥ 2, have the coordinates 𝑧𝑘 which determine
all vertices of a regular polygon centered at the origin for 𝑛 > 3
and 𝑧1 + 𝑧2 = 0 for 𝑛 = 3. Let also |𝑧𝑛 − 𝑧𝑗| = 𝑎. Then such the
configuration is an equilibrium of the Coulomb system of these
charges if

𝑒0𝑛 = 2−3/2𝑒0𝑛−2∑
𝑘=1

(1 − cos 2𝜋𝑘𝑛 − 1)−1/2
= 2−2𝑒0𝑛−2∑

𝑘=1

sin−1 𝜋𝑘𝑛 − 1 .
(4)

Proposition 2. Let 𝑧𝑗 and charges 𝑒𝑗, 𝑗 = 1, . . . , 𝑛−1, with the
equal mass𝑚 be the same as in Theorem 1. Then

−𝑤2𝑚𝑗𝑧𝑗 = 𝑛∑
𝑘=1, 𝑘 ̸=𝑗

𝑒𝑗𝑒𝑘 𝑧𝑗 − 𝑧𝑘𝑧𝑗 − 𝑧𝑘3 , (5)

where 𝑤2𝑎3𝑚𝑒0 = 𝑒𝑛 − 𝑒0𝑛. (6)

A crucial role in the proofs is played by the equality for
the coordinates of the regular polygon vertices

𝑛−1∑
𝑘=1

𝑧𝑘 = 0, 𝑧𝑘 = 𝑧𝑘, 𝑧 = 𝑒𝑖(2𝜋/(𝑛−1)) (7)

which in its turn is a consequence of the equality

𝑧𝑛−1∑
𝑘=1

𝑧𝑘 = 𝑛−1∑
𝑘=1

𝑧𝑘. (8)

In the formula for 𝑒0𝑛 we used the equality

cos2𝑥 = 12 (1 + cos 2𝑥) . (9)

We believe that classical Coulomb dynamics and our results
may help to understand better quantum systems [11]. The
results of this paper and [1, 2] show the existence of the
Coulomb classical models of atoms and molecules with three
nuclei if a number of equal negative charges (electrons)
are not large. A comment concerning classical models of
molecules can be found in [2].

Our paper is organized as follows. In the second section
the equation of motion is derived for 𝑞𝑗, 𝑗 = 1, 2, 3, and
eigenvalues of its linear vector field at an equilibrium are
found. In the third section the equation of motion is derived
for 𝑞1, 𝑞2 − 𝑞3 and our main result is formulated in two
theorems which follows from the Weinstein and center
Lyapunov theorems.

2. Reduced Equation of Motion

The Coulomb potential energy of our system is given by

𝑈(𝑥(𝑛)) = ∑
1≤𝑘<𝑗≤𝑛

𝑒𝑗𝑒𝑘𝑥𝑗 − 𝑥𝑘 . (10)

The equation of motion is given by

𝑚𝑗 𝑑2𝑥𝑗𝑑𝑡2 = −𝜕𝑈 (𝑥(𝑛))𝜕𝑥𝑗 = 𝑛∑
𝑘=1, 𝑘 ̸=𝑗

𝑒𝑗𝑒𝑘 𝑥𝑗 − 𝑥𝑘𝑥𝑗 − 𝑥𝑘3 ,𝑗 = 1, . . . , 𝑛, (11)

where |𝑥| is the Euclidean norm,

𝑒𝑗 = −𝑒0 < 0,𝑚𝑗 = 𝑚, 𝑗 = 1, . . . , 𝑛 − 1, 𝑒𝑛 > 0, 𝑚𝑛 = 𝑚,𝑥(𝑛) = (𝑥1, . . . , 𝑥𝑛) ∈ R3𝑛,𝑥𝑗 = (𝑥1𝑗 , 𝑥2𝑗 , 𝑥3𝑗) ∈ R3.
(12)

If (3) is true and |𝑧𝑗| = 𝑎 then
𝑥𝑗 − 𝑥𝑛2 = 𝑞21 (𝑡) 𝑧𝑗2 + (𝑞2 − 𝑞3)2= 𝑎2𝑞21 (𝑡) + (𝑞2 − 𝑞3)2 , 𝑗 < 𝑛. (13)

This equality and (7) imply that both sides of (11) for the first
two components of 𝑥𝑛 contain zero. For 𝑥1𝑗 + 𝑖𝑥2𝑗 , 𝑗 < 𝑛, we
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derive from the equation ofmotion and Proposition 2 putting𝑧𝑛 = 0
𝑚𝑧𝑗 𝑑2𝑞𝑑𝑡2 = 𝑞(𝑞−3 𝑛∑

𝑘=1, 𝑘 ̸=𝑗

𝑒𝑗𝑒𝑘 𝑧𝑗 − 𝑧𝑘𝑧𝑗 − 𝑧𝑘3
+ 𝑒0𝑒𝑛( 𝑧𝑗𝑞3 𝑧𝑗3 −

𝑧𝑗𝑥𝑗 − 𝑥𝑛3))
= 𝑧𝑗𝑞{{{[−𝑤2 + (𝑚𝑎3)−1 𝑒0𝑒𝑛]𝑚 𝑞−3
− 𝑒0𝑒𝑛(𝑎2𝑞21 + (𝑞2 − 𝑞3)2)3/2

}}} = 𝑧𝑗𝑞(𝑚𝑤20 𝑞−3
− 𝑒0𝑒𝑛(𝑎2𝑞21 + (𝑞2 − 𝑞3)2)3/2) ,

(14)

where

𝑤20𝑎3𝑚𝑒0 = 𝑒0𝑛. (15)

From the equalities

𝑒−𝑖𝑢(𝑡) 𝑑2𝑞𝑑𝑡2 = 𝑑2𝑞1𝑑𝑡2 + 𝑖 (2𝑑𝑞1𝑑𝑡 𝑑𝑢𝑑𝑡 + 𝑑2𝑢𝑑𝑡2 𝑞1)
− (𝑑𝑢𝑑𝑡 )2 𝑞1,

2𝑑𝑞1𝑑𝑡 𝑑𝑢𝑑𝑡 + 𝑑2𝑢𝑑𝑡2 𝑞1 = 𝑞−11 𝑑𝑑𝑡 (𝑞21 𝑑𝑢𝑑𝑡 ) = 0, 𝑞21 𝑑𝑢𝑑𝑡 = 𝜂
(16)

one derives for 𝜂 ∈ R
𝑑𝑢𝑑𝑡 = 𝑞−21 𝜂,

𝑚𝑑2𝑞1𝑑𝑡2 = 𝜂2𝑚𝑞−31 + 𝑤20𝑚𝑞−21− 𝑒0𝑒𝑛𝑞1(𝑎2𝑞21 + (𝑞2 − 𝑞3)2)3/2 .
(17)

From (3) and (11) for 𝑥3𝑗 and
𝑥3𝑗 = 𝑥3𝑘,𝑥𝑗 − 𝑥𝑘2 = 𝑞21 (𝑡) 𝑧𝑗 − 𝑧𝑘2 > 0,𝑗 ̸= 𝑘 < 𝑛

(18)

it follows that

𝑚𝑑2𝑞2𝑑𝑡2 = −𝑒0𝑒𝑛 𝑞2 − 𝑞3(𝑎2𝑞21 + (𝑞2 − 𝑞3)2)3/2 , (19)

𝑚 𝑑2𝑞3𝑑𝑡2 = −𝑒0𝑒𝑛 (𝑛 − 1) 𝑞3 − 𝑞2(𝑎2𝑞21 + (𝑞2 − 𝑞3)2)3/2 , (20)

where 𝜕𝑗 is the partial derivative in 𝑞𝑗.
Equations (17), (19), and (20) determine the equation of

motion for the three-dimensional mechanical system

𝑚𝑗 𝑑2𝑞𝑗𝑑𝑡2 = −𝜕𝑗𝑈, 𝑗 = 1, 2, 3, (21)

where

𝑈 (𝑞(3)) = 12𝑚 (𝑎𝜂)2 𝑞−21 + 𝑚 (𝑎𝑤0)2 𝑞−11− 𝑒0𝑒𝑛(𝑎2𝑞21 + (𝑞2 − 𝑞3)2)1/2 ,𝑎−2𝑚1 = 𝑚2 = 𝑚,(𝑛 − 1)𝑚3 = 𝑚.
(22)

The simplest equilibrium 𝑞02 = 𝑞03 = 0, 𝑞01 = 𝑎1 = 𝜂2𝑤−2 > 0,
of (21) is easily found for 𝑒𝑛 > 𝑒0𝑛 since (17) yields the following
equilibrium relation:

𝜂2𝑞−31 + 𝑤20𝑞−21 − 𝑒0𝑒𝑛𝑚𝑎3𝑞21 = 0,𝜂2𝑞−31 − 𝑤2𝑞−21 = 0. (23)

In order to solve (21) we have to find the matrix of the linear
part of its right-hand side at the equilibrium and determine
its eigenvalues. It coincides with −𝑀−1𝑈0, where

𝑀 =(𝑚1 0 00 𝑚2 00 0 𝑚3). (24)

The matrix elements of 𝑈0 are given by

𝑈0𝑗,𝑘 = 𝑈𝑗,𝑘 (𝑞0(3)) ,
𝑈𝑗,𝑘 (𝑞(3)) = 𝜕2𝑈 (𝑞(3))𝜕𝑞𝑗𝜕𝑞𝑘 ,𝑘, 𝑗 = 1, 2, 3.

(25)
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It is not difficult to calculate them:

(𝑎2𝑚)−1𝑈01,1 = 3𝜂2𝑎−41 + 2𝑤20𝑎−31 − 2 𝑒0𝑒𝑛𝑚𝑎3𝑎31= 3𝜂2𝑎−41 − 2𝑤2𝑎−31 = 𝑤2𝑎−31 = 𝑤8𝜂−6,𝑈01,𝑘 = 𝑈0𝑘,1 = 0, 𝑘 = 2, 3;𝑈03,3 = 𝑈02,2 = 𝑒0𝑒𝑛𝑎3𝑎21 = 𝑔,𝑈02,3 = − 𝑒0𝑒𝑛𝑎3𝑎21 = 𝑈03,2.
(26)

That is,

𝑀−1𝑈0
= (𝑤8𝜂−6 0 00 𝑚−1𝑔 −𝑚−1𝑔0 − (𝑛 − 1)𝑚−1𝑔 (𝑛 − 1)𝑚−1𝑔) . (27)

The eigenvalues 𝜎𝑗, 𝑗 = 1, 2, 3 of this matrix look like

𝜎3 = 0,𝜎1 = 𝑤8𝜂−6,𝜎2 = 𝑔 (𝑚−1 + (𝑛 − 1)𝑚−1) .
(28)

It is well-known that the linear part of the first-order ordinary
form of (21) 𝑑𝑥𝑗𝑑𝑡 = V𝑗,𝑑V𝑗𝑑𝑡 = −𝑚−1𝑗 𝜕𝑗𝑈,𝑗 = 1, 2, 3

(29)

is determined by the six-dimensional matrix with imaginary
eigenvalues ±√−𝜎𝑗 [12]. Its zero eigenvalue does not allow
finding periodic solutions of (21) with the help of the
Weinstein and center Lyapunov theorems. An introduction of
the difference variable 𝑞2 −𝑞3 permits applying the theorems.

3. Main Result

Let us introduce the new variables 𝑞𝑗:
𝑞3 = 𝑚 (𝑛 − 1) 𝑞2 + 𝑚𝑞3,𝑞2 = 𝑞2 − 𝑞3,𝑞1 = 𝑞1.

(30)

Then equations (17), (19), and (20) are transformed into

𝑚𝑑2𝑞1𝑑𝑡2 = 𝑚𝜂2𝑞−31 + 𝑚𝑤20𝑞−21 − 𝑒0𝑒𝑛𝑞1(𝑎2𝑞21 + 𝑞22 )3/2 , (31)

𝜇2 𝑑2𝑞2𝑑𝑡2 = −𝑒0𝑒𝑛 𝑞2(𝑎2𝑞21 + 𝑞22 )3/2 , (32)

𝑑2𝑞3𝑑𝑡2 = 0, 𝑞3 = 𝑐0 + 𝑡𝑐1, (33)

where 𝜇−12 = 𝑚−1 (𝑛 − 1) + 𝑚−1. (34)

The second equation is derived by subtracting (20) from (19)
after multiplying the former and latter by 𝑚−1 and 𝑚−1,
respectively. The third equation is derived by adding (19) and
(20) after multiplying the former by 𝑛 − 1.

Equations (31)-(32) are rewritten as

𝜇𝑗 𝑑2𝑞𝑗𝑑𝑡2 = −𝜕𝑗�̃�, 𝑗 = 1, 2, (35)

where 𝜇1 = 𝑚𝑎2,�̃� (𝑞(2)) = 12𝑚 (𝑎𝜂)2 𝑞−21 + 𝑚 (𝑎𝑤0)2 𝑞−11− 𝑒0𝑒𝑛(𝑎2𝑞21 + 𝑞22 )1/2 .
(36)

The equilibrium of (31)-(32) is given by 𝑞02 = 0, 𝑞01 = 𝑎1 =𝜂2𝑤−2 > 0. The linear part of the vector field of (31)-(32) is
determined by the matrix −�̃�−1�̃�0, where

�̃� = (𝜇1 00 𝜇2) , (37)

�̃�0𝑗,𝑘 = �̃�𝑗,𝑘 (𝑞0(2)) ,
�̃�𝑗,𝑘 (𝑞(2)) = 𝜕2�̃� (𝑞(2))𝜕𝑞𝑗𝜕𝑞𝑘 ,𝑘, 𝑗 = 1, 2.

(38)

These matrix elements are easily calculated as�̃�02,1 = �̃�01,2 = 0,�̃�02,2 = 𝑒0𝑒𝑛𝑎3𝑎21 = 𝑔,�̃�01,1 = 𝑈01,1 = 𝑚𝑎2𝑤8𝜂−6.
(39)

That is,

�̃�−1�̃�0 = (𝑤8𝜂−6 00 𝜇−12 𝑔) . (40)
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Eigenvalues 𝜎𝑗, 𝑗 = 1, 2, of this matrix are obvious:

𝜎1 = 𝑤8𝜂−6,𝜎2 = 𝑔 (𝑚−1 + (𝑛 − 1)𝑚−1) . (41)

In order to obtain periodic solutions of (17), (19), and (20) we
have to put 𝑐1 = 0 and 𝑞3 = 𝑐0. As a result 𝑞𝑗, 𝑗 = 1, 2, 3, will be
periodic in time if 𝑞𝑗, 𝑗 = 1, 2, are periodic in time and

𝑞2 (𝑡) = (𝑐0 + 𝑚𝑞2 (𝑡)) (𝑚 (𝑛 − 1) + 𝑚)−1 ,
𝑞3 = (𝑐0 − 𝑚 (𝑛 − 1) 𝑞2 (𝑡)) (𝑚 + 𝑚 (𝑛 − 1))−1𝑐0 = 𝑚 (𝑛 − 1) 𝑞2 (0) + 𝑚𝑞3 (0) .

(42)

If a coordinate 𝑞1 is translated by 𝑎1 then (35) determines the
four-dimensional Hamiltonian system with the Hamiltonian𝐻 as follows:

𝐻 (𝑝(2), 𝑞(2)) = 𝑝212𝜇1 + 𝑝222𝜇2 + �̃� (𝑞1 + 𝑎1, 𝑞2) . (43)

Theorigin is its equilibriumand itsHessian; that is, thematrix
of second partial derivatives is positive definite at the origin.
Moreover the Hamiltonian is a holomorphic function at a
neighborhood of the origin(equilibrium); the linear part of
the first-order ordinary form of (35) coincides with

( 0 1−𝜎1 0) ⊕ ( 0 1−𝜎2 0) (44)

and its eigenvalues look like 𝜆𝑗 = ±𝑖√𝜎𝑗, 𝑗 = 1, 2. Hence the
Weinstein theorem implies validity of the following theorem.

Theorem 3. If 𝑒𝑛 > 𝑒0𝑛 then equation of motion (35) possesses2 periodic solutions whose periods are close to those of the line-
arized at the origin equation of motion, that is, 2𝜋/√𝜎𝑗, 𝑗 =1, 2. These periodic solutions 𝑞𝑗(𝑡) of (35) generate the periodic
solutions 𝑞𝑗(𝑡) of (21) through (42).

The center Lyapunov theorem implies the following theo-
rem.

Theorem 4. Let 𝑒𝑛 > 𝑒0𝑛, 𝜎1 ̸= 𝜎2 and 𝜎1 = 𝑘2𝜎2, or 𝜎2 =𝑘2𝜎1, where 𝑘 ̸= 1 is an integer; then equation of motion (35)
possesses a periodic solution such that it depends on a real
parameter 𝑐.This solution and its period 𝜏(𝑐) are real analytical
functions in 𝑐 at the origin and 𝜏(0) = 2𝜋/√𝜎1 or 𝜏(0) =2𝜋/√𝜎2. If neither of the two resonance conditions hold then
(35) possesses two periodic solutions such that each of them
depends on one of the real parameters 𝑐1, 𝑐2.These solutions and
their periods 𝜏1(𝑐1), 𝜏2(𝑐2) are real analytical functions at the
origin in the parameters and 𝜏𝑗(0) = 2𝜋/√𝜎𝑗, 𝑗 = 1, 2. These
periodic solutions 𝑞𝑗(𝑡) of (35) generate the periodic solutions𝑞𝑗(𝑡) of (21) through (42).

4. Conclusion

The Coulomb equation of motion of 𝑛 − 1 equal negative
charges with the same mass and a positive charge is reduced
by us to an equation ofmotion of a two-dimensionalmechan-
ical system with an equilibrium assuming that coordinates
of the negative charges coincide with vertices of a regular
polygon in planes perpendicular to a coordinate axis along
which the positive charge moves. We found the periodic
solutions of this equation with the help of the Weinstein and
center Lyapunov theorems. This result poses the following
question: what is the quantum analog of such a highly
synchronized motion of point charges?
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