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For n > 3 point charges n — 1 of which are negative and equal quasi-exact periodic solutions of their Coulomb equation of motion
are found. These solutions describe a motion of the negative charges around a coordinate axis in such a way that their coordinates
coincide with vertices of a regular polygon in planes perpendicular to the axis along which the positive charge moves. The Weinstein

and center Lyapunov theorems are utilized.

1. Introduction

In this paper we consider the Coulomb nonplanar dynamics
of n — 1 > 2 negative identical charges —e, and a positive
charge e,. In our paper [1] we found planar exact solutions
of the Coulomb equation of motion for these charges such
that the immobile positive charge and the equal negative
charges occupy the origin and all vertices of a regular polygon
centered at the origin, respectively. The charges coordinates in
the complex representation were written as

xX; = (x; + ix?;O) = (zjq (t);O) € R’

¢y
r), j=1,...,n-1, x, =0,

n

iu(t)

q(t)=e

where z; is one of the n — 1 vertices of a regular polygon in
the complex plane. As a result the 2n-dimensional Coulomb
equation of motion is reduced to equations for the radial and
angular variables which determine a Keplerian orbit.

In our paper [2] we generalized this result for the system
with two additional nonplanar equal charges located at the
same distance from the origin where the positive charge e,, is

immobile. The charges coordinates were written as

x; = (x; + ix?;O) = (zjq (t);O) e R’

iu(t)

qit)y=€e""r (t), j=1,....n-1, x,=0,

, (2)
“Xpp2 T Xpy1 T (0’ 0, T, (t)) e R,

|Zf| =a

where x,,, x,,,1, X,,,, are the coordinates of the positive charge
e, and the two additional nonplanar charges, the coordinates
xj, j < n of the negative planar charges have the complex
representation, and z; is one of the n — 1 vertices of a regular
polygon in the complex plane. As a result the Coulomb
equation of motion for n + 2 charges is reduced to equations
for two radial r; and r, and angular variables. The equations
for r,,r, determine a two-dimensional mechanical system,
that is, a four-dimensional Hamiltonian one, and have an
equilibrium which generates the time-dependent quasi-exact
solutions of the Coulomb equation of motion for n+2 charges.

In this paper we find quasi-exact nonplanar solutions
of the Coulomb equation of motion for the n mentioned
charges such that the positive charge moves along the vertical
coordinate axis and the equal #n—1 negative charges occupy all
the vertices of regular polygons centered at the origin located
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at different horizontal planes. The charges coordinates in the
complex representation are written in this case as

x; = (x +ixjq, )) = (214039, () € R, o
3

iu(t)

qt)=e""q, (1), j=1,...,n-1, x,=(0,0,g5 (),

where z; is one of the n — 1 vertices of a regular polygon in
the complex plane. We derive the equation of motion for the
vector g;, j = 1,2,3, which determines a three-dimensional
mechanical system with an equilibrium. This equation is
translation invariant in ¢,, q; and this allows us to derive an
equation of motion for gq; and g, — g5, which determines
a two-dimensional mechanical system with an equilibrium,
and establish the existence of its periodic solutions with the
help of the Lyapunov center theorem [3-7] and Weinstein
theorem [8, 9]. The existence of periodic orbits for the
Coulomb equation of motion in systems of charges other than
considered by us was announced in [10].

Our main result relies on the following theorem and prop-
osition proved in [1, 2].

Theorem 1. Let the positive chargee, = e\ > 0 have the coordi-
nate z,, = 0 and the negative planar charges e; = e? =-e, <0,
j=1,...,n—1 2 2, have the coordinates z, which determine
all vertices of a regular polygon centered at the origin forn > 3
and z; + z, = 0 forn = 3. Let also |z,, — z;| = a. Then such the
configuration is an equilibrium of the Coulomb system of these
charges if

- 2k \ 2
82:23/2 Z(l—cos 1)

(4)
rrk
=2 eOZsm ! .
Proposition 2. Letz; and chargese;, j = 1,...,n—1, with the
equal mass m be the same as in Theorem 1. Then
~w’ m;z; Z ejeg—— (5)
k=1,k#j |z - zk|
where
2 3m 0
wa —=e,—e,. (6)
€o

A crucial role in the proofs is played by the equality for
the coordinates of the regular polygon vertices

n
sz =0, z =2 z=®"D (7)
which in its turn is a consequence of the equality
z sz = sz (8)
k=1

In the formula for e) we used the equality

1
cos’x = 3 (1 + cos2x). 9)
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We believe that classical Coulomb dynamics and our results
may help to understand better quantum systems [11]. The
results of this paper and [1, 2] show the existence of the
Coulomb classical models of atoms and molecules with three
nuclei if a number of equal negative charges (electrons)
are not large. A comment concerning classical models of
molecules can be found in [2].

Our paper is organized as follows. In the second section
the equation of motion is derived for q;, j = 1,2,3, and
eigenvalues of its linear vector field at an equilibrium are
found. In the third section the equation of motion is derived
for q,,4, — q; and our main result is formulated in two
theorems which follows from the Weinstein and center
Lyapunov theorems.

2. Reduced Equation of Motion

The Coulomb potential energy of our system is given by

ee
%k
U(x(n)) = Z IR (10)
1sk<jsn|xj - xk'
The equation of motion is given by
d’x; aU (x Xj— X
J _ (n k
m] dt2 - Z eek
Xp kke |y —xk| (1)
j=1L...,n,

where |x| is the Euclidean norm,

ej=-¢ <0
mj=m,
j=L...,n-1, ¢,>0, mn:m', (12)
3
Xy = (%1505 x,) € R™,

3
Xj= (xj,xj,xj) e R”.

If (3) is true and Iz]-I = a then

=dq, (1) 'Zj'z +(g - )’

[x;
(13)
—51‘11(t)+( 2_613)2’ j<n

This equality and (7) imply that both sides of (11) for the first

two components of x,, contain zero. For x} + ix?, j < n,we
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derive from the equation of motion and Proposition 2 putting it follows that

z,=0
dz‘lz D93
dz m dtz = —e()en 2 2 ( )2)3/2) (19)
mz]ﬁ—q |q| Z eek (a q1+ 94>~ 43
k=1,k#j |Z] - Zk' 5
d'qs B~ 9
m' > = —¢pe, (n—1) , (20)
z: z.: dt (az 2 + ( _ )2)3/2
tege, i j 4 942~ 9q;
7 |zj'3 [x; - %, 3
where 0 is the partial derivative in g.
., Equations (17), (19), and (20) determine the equation of
=z,q [_wz + (ma3) eOen] m |q|’3 (14)  motion for the three-dimensional mechanical system
d*q;
N - i — 21
€€, 21 -3 mj ar? a]U’ j=123 @D
(a2 o [T EM| Mo gl
+ —
(a3 + (0. 45)") where
€0€; 1 2 2
T B 3/2>’ U(qa) = Em(‘m) q12+m(awo) q
(2q} + (0.~ 45)")
€on
where - 2\1/2°
(a2q} + (0, 45)") (22)
2 3M 0
wya a =e,. (15) a_zm; _ m; —m,
! !
From the equalities (n—1)my =m.
e*iu(t)@ _d’q, i qul du dzu The simplest equilibrium qJ = ¢ = 0,¢° = a, = 7w > 0,
de2  de? dt dt dt2 ar of (21) is easily found fore,, > eg since (17) yields the following
equilibrium relation:
du
( dt ) e 19 €0
na’ +wyg,’ _W =0,
1
Jda du _du Y ( du) o 2 (23)
dt dr ae TN g\ gy D T na,’ - w'q’ =0.
one derives forn € R In order to solve (21) we have to find the matrix of the linear
part of its right-hand side at the equilibrium and determine
du =gy its eigenvalues. It coincides with —M~'U°, where
a v
!
dz% 2 3 2 m 0 0
m =y'mq,” +wym 17
P 0Mq; 17) M= 0o m o | (24)
€01 0 0 m;

(e + (g - a)) "
The matrix elements of U° are given by
From (3) and (11) for x? and
Ui = U (439)
X = Xps
azlj(qﬁ)) (25)

U. = >
(18) ik (46)) 3q;0q,

|xj - xk|2 = qf ) |zj - zk'2 >0,

jtk<n k,j=1,23.



It is not difficult to calculate them:

2 N loo 42 -4 2 -3 €06y
(a m) Uy,=31a, +2wya,” -2

maa;
2 -4 2 -3 2 -3 8 6
=34"a, —2wa =wa =wny,

Ul =Up, =0, k=23

(26)
N
Ul =0, = S8
3,3 22 Pa 9
[ 0
Ug3 =-3%= Us,-
. Pa? .
That is,
M'U°
8 —6
w 0 0
1 (27)
= 0 m_lg -m!
0 —(n—l)m'_lg (n—l)m'_lg
The eigenvalues 0, j = 1,2, 3 of this matrix look like
03 =0,
o, =w'y®, (28)

0, = g(m_l +(n-— 1)m’_1).

It is well-known that the linear part of the first-order ordinary
form of (21)

dxj

_—= ‘V,’

dt J

av; (29)
i -1

E = —mj a]U;

i=1,23

is determined by the six-dimensional matrix with imaginary
eigenvalues +,/=0; [12]. Its zero eigenvalue does not allow
finding periodic solutions of (21) with the help of the

Weinstein and center Lyapunov theorems. An introduction of
the difference variable g, — g5 permits applying the theorems.

3. Main Result

Let us introduce the new variables q}:
! !
g3 =m(n-1)q, +maqs,

4s =, - qs» (30)

!
9 =91
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Then equations (17), (19), and (20) are transformed into

2 ! !
D2 13 2 -2 €0éndi
m a2 mi g, -+ mwyq, (@2 + 47 520 (D
1 2
d’q, a0,
s = _eOenW’ (32)
d2 !
dtq23 =0, q;=¢ +tc, (33)
where
pt;l =m'™! n-1)+ mL. (34)

The second equation is derived by subtracting (20) from (19)
after multiplying the former and latter by m'™' and m™,
respectively. The third equation is derived by adding (19) and
(20) after multiplying the former by n — 1.

Equations (31)-(32) are rewritten as

&g
. 50,

Hitar j j=12 (35)

2
where y; = ma”,

—~ 1 2 - 2 -
U () = 5m(an)” qy* +m(awp) g,

e (36)

(@qpra)”
The equilibrium of (31)-(32) is given by g}’ = 0, )" = a; =
172w_2 > 0. The linear part of the vector field of (31)-(32) is
determined by the matrix —M 'U°, where

_ 0
M= (”1 > (37)
0 u
U;‘),k = ﬁj,k (‘18))’
o*U (q' )
T (g = — 1@/ (38)
ik (q(l)) aq;aqllC
k,j=1,2.

These matrix elements are easily calculated as

70 =0
Uz,l = U1,2 =0,
—, eye
UO _ 0%n =g,
227 G2 g (39)

S0 _r0 2.8 -6
Uy, =U, =maw’n .

o Wt 0
Mo’ =( : . ) (40)
Hy g

That is,
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Eigenvalues 0}, j = 1,2, of this matrix are obvious:

8 —6
o=wn,

(41)
0, = g(m_1 +(n-— 1)m’_1).

In order to obtain periodic solutions of (17), (19), and (20) we
have to put¢; = 0 and g = ¢,. Asaresult g j = 1,2,3, willbe
periodic in time if q}, j = 1,2, are periodic in time and

q, () = (Co +m'q, (t)) (m (n-1)+ m')71 ,
3=(q-mn-1g,®)(m +mn-1) 42
q=m(n-1)q,(0)+m'q;(0).

If a coordinate g/ is translated by a, then (35) determines the
four-dimensional Hamiltonian system with the Hamiltonian
H' as follows:

)- B, B

= =240 ,d,) . 43
2 2.”2+ (91 +a1,9,) (43)

H' (peyde
The origin is its equilibrium and its Hessian; that is, the matrix
of second partial derivatives is positive definite at the origin.
Moreover the Hamiltonian is a holomorphic function at a
neighborhood of the origin(equilibrium); the linear part of
the first-order ordinary form of (35) coincides with

(o))

and its eigenvalues look like A; = +i,/07, j = 1,2. Hence the
Weinstein theorem implies validity of the following theorem.

(44)

Theorem 3. Ife, > e\ then equation of motion (35) possesses
2 periodic solutions whose periods are close to those of the line-
arized at the origin equation of motion, that is, 2rt/\[7;, j =

1, 2. These periodic solutions q;.(t) of (35) generate the periodic
solutions qj(t) of (21) through (42).

The center Lyapunov theorem implies the following theo-
rem.

Theorem 4. Lete, > efl, o, + 0, and 0, = k’0,, or 0, =
K*,, where k # 1 is an integer; then equation of motion (35)
possesses a periodic solution such that it depends on a real
parameter c. This solution and its period T(c) are real analytical
functions in ¢ at the origin and 1(0) = 2m/+/o; or T(0) =
21/ /0. If neither of the two resonance conditions hold then
(35) possesses two periodic solutions such that each of them
depends on one of the real parameters c,, c,. These solutions and
their periods 1,(c,), 7,(c,) are real analytical functions at the
origin in the parameters and 7;(0) = 2m/[0}, j = 1,2. These

periodic solutions q}(t) of (35) generate the periodic solutions
qj(t) of (21) through (42).

4. Conclusion

The Coulomb equation of motion of n — 1 equal negative
charges with the same mass and a positive charge is reduced
by us to an equation of motion of a two-dimensional mechan-
ical system with an equilibrium assuming that coordinates
of the negative charges coincide with vertices of a regular
polygon in planes perpendicular to a coordinate axis along
which the positive charge moves. We found the periodic
solutions of this equation with the help of the Weinstein and
center Lyapunov theorems. This result poses the following
question: what is the quantum analog of such a highly
synchronized motion of point charges?
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