Hindawi

Advances in Mathematical Physics
Volume 2017, Article ID 9385040, 8 pages
https://doi.org/10.1155/2017/9385040

Research Article

Hindawi

An Accelerated Homotopy Perturbation Method for
Solving Nonlinear Two-Dimensional Volterra-Fredholm

Integrodifferential Equations

F. A. Hendi' and M. M. Al-Qarni’

lDepartment of Mathematics, Faculty of Science, King Abdulaziz University, Jeddah, Saudi Arabia
Department of Mathematics, Faculty of Science, King Khalid University, Abha, Saudi Arabia

Correspondence should be addressed to F. A. Hendi; falhendi@kau.edu.sa

Received 7 January 2017; Revised 19 April 2017; Accepted 30 April 2017; Published 30 July 2017

Academic Editor: Xiao-Jun Yang

Copyright © 2017 F. A. Hendi and M. M. Al-Qarni. This is an open access article distributed under the Creative Commons
Attribution License, which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is

properly cited.

We propose and apply coupling of the variational iteration method (VIM) and homotopy perturbation method (HPM) to
solve nonlinear mixed Volterra-Fredholm integrodifferential equations (VFIDE). In this approach, we use a new formula called
variational homotopy perturbation method (VHPM) and variational accelerated homotopy perturbation method (VAHPM). This
approach is based on the form of He’s polynomials and on a new form of He’s polynomials. We discuss the convergence of the
technique. Some numerical examples are introduced to verify the efficiency of this technique.

1. Introduction

In recent years, there has been a clear interest in integrod-
ifferential equations which are a combination of differential
and Volterra-Fredholm integral equations. Integrodifferen-
tial equations play an important role in many branches of
linear and nonlinear functional analyses and their applica-
tions. The mentioned integrodifferential equations are usually
difficult to solve analytically, so approximation strategies are
required to obtain the solution of the linear and nonlinear
integrodifferential equations [1].

Many researchers studied and discussed the linear VFIDE
[2]. Al-Jubory [3] introduced some approximation methods
to solve Volterra-Fredholm integral and integrodifferential
equations. Dadkhah et al. in [4] used a numerical solution of
nonlinear VFIDE by using Legendre wavelets. Rabbani and
Kiasoltani [5] studied the solving of a nonlinear system of
VFIDE by using the discrete collocation method. Gherjalar
and Mohammadikia [6] solved integral and integrodifferen-
tial equations by using the B-splines function. In this work,

we used the HPM and VIM to solve the two-dimensional
nonlinear VFIDE as follows:

k

ij (xl:h)”j (x1,11)

=0
= f(xl’]l) 1)

- J JQF(prpy, )y ( (y,7))dydr,

a
(x101) €] = [a,x ] xQ,
with initial conditions

u(ag)=9, r=01,...,k-1, Q=[ab], (2)

where uj(xl,]l) = dju/dx{. The functions f(xl,]l),
F(xy, 7, y,7) and y(ul(y, 7)), | > 0, are analytic functions
on J', and functions Pi(x1,71), j=0, L...,k, P(x;,7;) #0
are given.
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For VIM and HPM, which were proposed by He in
[7, 8], the solution is considered as the summation of an
infinite series which is assumed to be convergent to the exact
solution. In recent years, HPM has been applied with great
success, so relations and algorithms have been deduced and
continuously improved to obtain an accurate solution for a
large variety of linear and nonlinear problems. For instance,
He in [7] used a strategy to solve some integrodifferential
equations where he chose an initial approximate solution in
the form of an exact solution with unknown constants.

In this paper, a new approach based on VIM with HPM is
introduced to solve the two-dimensional nonlinear VFIDE.

2. The HPM

In this section, we will present the HPM. We consider a
general integral equation

Lu=0, (3)

where L is an integral operator. Define a convex homotopy
H(9, p) by

H(9,p) = (1-p) F9) +pL(3) =0,
where £(9) is a functional operator with solution 9,. Then,
=L@ =0,

pelol], (4)

H (9,0)
5 (5)
H(9,1)

and the process of changing g from 0 to 1 is just that of
changing 9 from 9, to u. In topology, this is called deforma-
tion, and f(9) and L(9) are called homotopies.

According to the HPM, we can use the embedding
parameter @ as a “small parameter” and assume that the
solution of (4) can be written as a power series in (:

[ee]

=Ypu=u_ (6

i=0

9 = uy + pu, + g u, +
When g — 1, the approximate solution of (3) is obtained with
u= hm9 Uy + Uy + Uy + Zu (7)

Series (7) is convergent for most cases; however, the rate of
convergence depends upon the nonlinear operator L [9].

3. The HPM for Solving Nonlinear
Mixed VFIDE

In what follows, we display an outline for utilizing the HPM
for solving the nonlinear VFIDE. Equation (1) can be written
as follows:

”(xvh)

() S
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a P (x157y)

_! <’§ P; (xph)uj (x1’]1)> ’

i=0 Pk (x111)

L (J’C L} F(x, 70, 37)y (4 (1,7)) dydr>

(8)

where L' is the multiple integration operator given as

follows:
J- ()dx,dxy -+~ dxy,

)
(n times) .
So, (8) takes the form
-l f(xvh) 2
u(xph)—L <—Pk(x1’]1)) rzo(r')(l ) 9r
w0 (g - 1) F s 0y (4 (007))
+L L ! XCEN) dydr (10)
o )P (x1gy)
Jj 1> J1
jZO‘L (k—l)' Pk(xl,]l)u](xl’]l)d]1
since
c Xl’]l) j
20 (i o)
(11)

! P; (x1.71)
By (x1>J1)

To illustrate the HPM, for nonlinear mixed VFIDE, let us
consider (8):

; X1, k-1
H(9.0) = 9y, 1)~ L (M) I,

P (x17;) =)
dT) (12)

W (xy,7,) dy,-

D=

j=0 -4

-1) 9
F(xp, 15 :7) p (9 (y)f))d

P lL_l (J:l L P (x1,7,)

B <§—§i Eii:i;y (M)]l))] =0.

By the HPM, we can expand 9(x,, 7,) into the form

9 (x1, 7,) = thg (15 1) + gouy (15 1) + 005 (1 7,)

5.8 .
=Y 'u; (x5 1y) =u(xp, 7).

i=0

(13)

When g — 1, the approximate solution is obtained with
u(xy, ;) = gl]li)l}s (x171)
(14)

=ty (), 1) + 1y (1, gy) + 14y (x5 7)) + -
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and in sum, according to [10], He's HPM considers the
nonlinear term y(u) as

y(W) =Y 'H, = Hy+pH, +@’H, +---, (15
i=0

where H,s are the so-called He’s polynomials [10], which can
be calculated by using the formula

anlan[y< piui>:| , n=0,1,2,.... (16
n op i=0 ©=0

Substituting (13) and (15) into (12) and equating the terms
with identical powers of g, we have

0" uy (%1, 7,)

=L (M> +kii(x1 - 11) 9

P (x157,) =Y

i+1

© Uiy (xl’]l)

XI F bl bl bl ~
— L71 (J J (xl ]1 Y T)Hldyd'[>
Q

a Py (xl’]l)

k=1p. (x,,
—1! ML:‘- L i>0.
i=0 P (x11) 7

The nonlineartermsy(ul(xl,]1))andDj(u(xl,]l)) (D =

17)

u(x,, h)/E)x{ is a derivative operator) are usually repre-
sented by an infinite series of the so-called He’s polynomials
as follows:

y(ul (xl’]l)) = il:[,

11
(=]

(18)
i o0
D/ (10 1) = Y,
iz
The components u;(x;, 7;), i = 0, can be computed by
using the recursive relations (17).

4. A New Formula to He’s Polynomials

He’s polynomials are not unique; another formula of He’s
polynomials (F,), called accelerated He’s polynomials, is
represented by (ﬁn); in [11], the author proved that

y@w) =Y H,= ) H, (19)
n=0 n=0

in which H,, can be written in the new mathematical form

n—-1

H,=y(8,) - Zﬁi’ (20)

i=0

where the partial sum 8, = Y., u;(x;,7,) and Hy =
y(u,). Substituting (13) and y(u) = Z;Zo (Q"ﬁn into (12) and
equating the terms with identical powers of @, we obtain the
following accelerated recursive formula:

pol Uy (Xl’]l)
i k-1
=1 M) oy
<pk(X1’J1) +;)(r!) (x1-11) 9

i+1

QUi (xl’]l)

*1 F > > ) -
=1! (J J —(xl Jo T)Hidyd'r)
Q

a By (xl’]l)

k-1p. X1,
_L1< MLI,]), i>0.

i=0 Px (x1571)
For example, if p(u) = u°, the first four polynomials using
formulas (16) and (20) are computed to be as follows.
Using formula (16),

(1)

=il

- 2

H; = 3uju,.

H, = 3ugu; + 3ugu,. (22)

3 2
H; = uj + 6ugu u, + 3uyus.
H, = 3utu, + 3ugus + 6 +3u;

4 = 3ujuy + 3uguy + 6ugl Uy + 3uguy.

Using formula (20),

T

3
0 = Up.
I 2 2
H, = 3uyu, + 3uyu; + uf.
i 2 2 2 2
H, = 3ugyu, + 3uyu;, + 3uju, + 3uu; + 6uyu,u,
rid.
H; = 3upus + 3ugs + 3t us + 3uyuds + 31,
+ 3Uy1] + 6Ll Uy + 6Lyl + 614, Uyl (23)
il
H, = 3ugu4 + 3u0ui + 3ufu4 + 3u1ui + 3u§u4
+ 3wyl + 3ubu, + Ul + 6
Uy + 3Uzly + 3ustly + OUgU, Uy
+ 6ugU, Uy + OUGUs U, + 6L ULy + 6L U3 U,
6 3
+ 6Uy Uzl + U
Clearly, the first four polynomials computed using the
suggested formula (20) include the first four polynomials

computed using formula (16) in addition to other terms that

should appear in Hg, Hy, H,... using formula (16). Thus,



the solution that was obtained using formula (20) enforces
many terms to the calculation processes earlier, yielding faster
convergence.

5. The VIM
Consider the differential equation
w+ Nu = f(x;), (24)

where 1 is a linear operator, X is a nonlinear operator, and
f(x;) is a given continuous function. The VIM presents a
correction functional for (24) in the form

Uisy (xl) =U; (xl)
x, ) (25)
w20 (0 + 35,0 - F0) de,

where A is a Lagrange multiplier [8, 9] which can be identified
optimally via variational theory, u; is the nth approximate
solution, and #; denotes a restricted variation (i.e., ou; = 0).

6. Adapting VIM with HPM for Solving
(1) and (2)

This modified version of VHPM is obtained by the coupling
of VIM with HPM. First, by using formula (16), we obtain

Z@ Uiy (%15 77) = 1 (%5 1) + @J A ()

il (x1,6) - L5229
i=0 ! Pk(xl’c)

_JXIJ F(pry, i i
a Ja Pk(xI’

[m £ (x006)

(26)
Hdydr

k- 1P xl’
+ o' (x1,6 >
j= oPk (xl’c) (Z ' ]

which is called VHPM.
Second, by using formula (20),

S s (i) = () 40 210

i=0

. |:ozo‘lp (xp )_ f(xl’q)

Py (xpC)
(27)

Y L
a Jo P(x1,6) S

klP xl’
ij
+ ©'u] (x1,6
Pk(xl’ (;) ' >]

which is called VAHPM.
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The following is the algorithm for calculating u, u;,
Upy .oy Upy_15 Uy

Step 1: input nonlinear term y(ul) and » that is
the order of He’s polynomials, endpoint a, b, initial
conditions g, g, . . . » g, free term, and F(xy, 7;, ¥, 7).

Step 2:set u = uy + Uy + Uy + -+ + ",

Step 3:let Y, pka = p(ug+gou, +@ Uy +- - +"u,).

Step 4: Fori=0,1,...,n,do

(a) ith-order derivative of both sides of the equality
with respect to :

o (ZZ:O Pka)

R
: (28)

~ ay(u0+pul+pzu2+ et un)

o'

>

(b) let g = 0 of the above equality and determine H,
by solving the equation with respect to H,.

End do.

Step 5: put u, = initial conditions.
Step 6:fori=1,...,n,do

Step 7: calculate u; by applying (26),
end do.

Step 8: set u = lim;
exact solution.

as the approximate of the

1—00 1

7. Convergence Analysis

In this section, the sufficient condition that guarantees the

existence of a unique solution is introduced in Theorem 1,

convergence of the methods is proved in Theorems 2 and

3, and finally the maximum absolute error of the truncated

series (u;(x, 7,) = Z?:OO u;(x;, 7,)) is estimated in Theorem 4.
Considering (10), we set

(i) e

r=l O
= fi (xl’.]l)’

-1) 9

k 29
W EGL ), )

[ -
kl(prl)—L &' Pe(xp )

- Pp; (x1,11)
By (xl’]l).

dy

(%, _]1)k
(k—=1)!

k, (x1>J1) =
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We can write (10) as
= fi (x1>J1)

RO G L,

k-1

: z J k, (xl)h)”j (x1,1,)dj;-

j=0 e

u(xl’]l)

We assume f;(x,, 7,) is bounded for all x,, 7, in f and

|k1 ('xl’]l)l <N,
(31)

|k, (x1 )] < Ny, j=01....k=1,Vx, ], € J.

Also, we suppose the nonlinear terms y(ul(xl,]l)) and
D’ (u(x,, 7,)) are Lipschitz continuous with

[y (u® (e 10)) = v (6 (21 1))|
<du(xy, ) —u" (xp 1)
D7 (u (%1 11)) = DY (u” (31 1) (32)

< Zjlu(x0) = Gep )l

j=0,1,...,k-1
Hence, we set
=b-a) (le +kZN),
Z=max'Zj',
(33)
N:max|N1j|,
j=0,1,...,k-1

Theorem 1. Two-dimensional nonlinear VFIDE has a unique
solution whenever 0 < T < 1.

Proof. Let u and u” be two different solutions of (30). Then,

|t (eys 1y) = 0" (x07,)] = ‘le ki (15 7,)
[y @ G ) =y (1 o) e
_ ZJ

j=0 -4

ky (xI’JI

D7 (u (10 0)) = DY (" (1o 1)) gy

5
< J e G 1)y (4 (x101))
n* L
_Y(“() (x1’11)>|d7+ ZJ |k2 (x1’11)|
j=0a

D7 (u (21 1y)) - D (" (1 )| iy
< (b-a)(dN, + kZN) |u (x1>]1) -u (x1>11)|
= 1"|”‘ (x5 ) —u” (xl’J1)|’

(34)

from which we get (1 = I')Ju — u"| < 0.Since 0 < ' < 1,
therefore |u — u*| = 0. Therefore, u = u* and this completes
the proof. O

Theorem 2. The series solution u(x,, j,) = Yoo ui(xy, 7,) of
(1) using HPM convergence when 0 < T' < 1 and |u(x, 7))l <
00.

Proof. Denote with (CUJL I - 1D the Banach space of all
continuous functions on J with the norm | f (xp gl =
max | f(x,, 7,)| for all x,, in j. Define the sequence of
partial sums §,,, and let §,, and J,, be arbitrary partial sums
with n > m. We are going to prove that 8, = Y\ u;(x;, 7,) is
a Cauchy sequence in this Banach space:

”‘Sn - 6m|| = max,|8n -9

Vxy,),€

ol

n

= max_ Z u; (%1, 77)
VX101 €] |izm+1
= max Z J. 1k1 (%, 7,) Hdr
Va0 €f |idmer | Ja
(35)
—ZJ ky (x17,) L; dh]
j=0"¢
n—l_
= max J- k, (xl,]l)( H-)dr
Vxp, g, €f i=m
k-1 X1 n—1
_ZJ ks (%, 1) <ZL1 )dh
j=0 -4 i=m
From (20), we have
n—l_
ZHi = y(anfl) - Y(émfl)
o (36)



So,

n6n - am”

= max
Vxy,0,€] a

|k G r 6) =7 @, )] e

k-l cx

- z J k, (xl’]l) [Dj (8,1) = D’ (6%1)] aj, )
0 a
: (37)
< max, (J |k1 (xl’]l)l h’ (8,1) = Y(Smfl)i dr
Vxy,0,€] a
k=1 X1 . .
+ z (J Ik, (%1, 7,)] |DJ (0,-1) - D’ (8m—1)| d.]l))
j=o \a
<T 8,1 = 8, -
Let n = m + 1; then,
||6m+1 - (Srrt" <T ||6m - 6m—1” < rz "‘SM—I - Sm—ZH
(38)
<o T8, -6 -
So,
”(Sn - (Sm” < "8m+1 - 8m" + "6m+2 - 8m+l” T
+ "8n - (sn—l ”
<[+t TS, -6
| llo-al

ST [14+T+T7 4+ T 6, - 8y

IN

a[1-r"
r [?] (CEN]
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Since 0 < ' < 1, we have (1 — I"™™) < 1; then,

m

T
"(Sn - am” < 1-—

pmax (o)l 40)
V.

v €

But |, (x;, 7;)| < 00 (since f1 (x1, 7,) is bounded), so, as
m — oo, then [|§,-6,,I| = 0. We conclude that §, is a Cauchy
sequence in C[ J1, and therefore the series is convergent and
the proof is complete. O

Theorem 3. When using VIM for solving two-dimensional
nonlinear VFIDE where 0 < T < 1 and P(x,, j,) = 1, then
u(xy, 7;) = lim,,_, . u,(x,, j,) converges.

Proof. One has

(510 00) = 10, (507 - [ [ (x:9)
i) - [ Gy (e (0)dr @

+zj

j=0"¢

k; (x1,6) (u ).(xl"?)dfljldc

) =ule) - [ [umc) - fi(x19)

_ JXI k, (x1,6)y (ul (x,, c)) dr (42)
k-1 -x,

ky (x1,6) W) (x1,6) djy :I ds.

By subtracting relation (41) from (42),

N
e (510 00) = (10 31) = 6 (o) = (o) - | [un(xpo—u(xl,c)

[k o) [ (o (06) ~ y (o ) s Z | e (106) [ 0, (32,90) - D (31,)) dh]] d.

Hence, we set

€nt1 (xl’]l) = Uy (xl’]l) - ”(xph) >
(44)
€ (Xl’]l) =u, (xl’.]l) - ”(xl’h)-
Then,
N1
et (o1 11) = e Cei ) = [t (206) =)

- Lxl iy (x1,6) [y (1, (x1,6)) =y (' (x1,6)) | de

(43)
k=1 qx,
+ZJ ky (x156)
j=07a
D (w4, (x1,6)) ~ DY (u (xl,c»]dh] d
<e,(x1,5,) (1= (b~-a)(dN, +kZN)) = (1-T)
'en(xl’Jl)'

(45)
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Therefore,

lep|l = max e, | < (1-T) max [e,|=|e,|- (46)
X101 € Vxi.,€]

Since 0 < I < 1, then |le,|| — 0. So, the series converges and
the proof is complete. O

Theorem 4. The maximum absolute truncation error of the
series u(xy, J;) = Z;fo u;(xy, 7,) to (1) is estimated to be

m
max_|u(xy, ;) = Y (%1, 7,)
Vxi.),€) i=0
m+1

< max uy)| -
1= Tyaycf |Y( o)l

Proof. From Theorem 2 and inequality (40), we have

m

r
18, =8, < sx max o Grs)l a9

Vx,7,€]

Asn — oo, then §, — u(x,, j;) and we have
max [ (xy, 7,)]
Vx,te]

< (b-a) (dN, + kZN) max |y (u,)|

Vxp. g, €] (49)

<T max [y (u)]-
Vxy,0, €]

So,

rm+1
o Geis 1) = 8l < T maley(uo)l- (50)

X1,J1 €

Finally, the maximum absolute truncation error in the
interval J is

m
max |u(x,7,) - Z”i (x1,11)

Vx1.0,€) i=0 51)
m+1
< max Uyl .
1= Tyx,yej |V( 0)|

8. Numerical Examples

Example 1. Consider the nonlinear integrodifferential equa-
tion

o’u (x17]1) o’u (xl’]l)

EYE + 9x,0) _’Cl”‘3 (xl’]l)
1 1

" JX1 Ll u’ (y,1)dydr = f(x1,7,),

0

x, € [0,1],

7
where
; I 35 45

f(xl,]1)=2]1+1—5x1]1—x1]1+2x1, (53)

with the initial conditions

u(x,,0) =0,
1.Cs: ou (xl’ 0) ~ (54)
97, ’

which has exact solution u(x;,t;) = x,j;. This example

is solved by using the variational iteration method with
He’s polynomials VHPM (see (26)) and VAHPM (see (27))

expressing the nonlinear terms of H and H, respectively, in
Table 1.

Example 2. Consider the nonlinear integrodifferential equa-
tion

*u(xy,7,) *u(xy,7,)
) P () L)
x ol . (55)
+4 L L W (yr)dydr = f(x1,1,),
x; € [0,1],
where
f(xl’]l)
1 1 (56)
= <x1 - 5 sin (2ﬂx1)> (]1 ~ o sin (471]1)) ,
with the boundary conditions
B.Cs:u(0,7,)=u(l,7,)=0 (57)
and the initial conditions
u(x;,0) =sin(nx,), 0<x, <1
I.Cs: ou (xl, 0) (58)
—r oy, 0<x <1,
97,

which has exact solution u(x,, ;) = sin(rx;) cos(27,). This
example is solved by using VHPM (see (26)) and VAHPM
(see (27)) expressing the nonlinear terms of H and H,
respectively, in Table 2.

9. Conclusion

In this paper, we applied VHPM and VAHPM to solve non-
linear mixed VFIDE. The proposed VAHPM converges faster
than the VHPM. Based on the proposed formula (27) with
accelerated He’s polynomials formula (20), the convergence
of the technique is proved. The presented technique is very
easy to implement and it reduces the computation size.
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TaBLE 1: Exact solution, approximate solution, and error by using VHPM and VAHPM.
X1 )1 Exact Appr'(VHPM) Err. vupm Appr'(VAHPM) Err. yanem
0.00E + 00 0.00E + 00 0.00000E + 00 0.00000E + 00 0.00000E + 00 0.00000E + 00 0.00000E + 00
3.00E - 03 3.00E - 03 2.70000E — 08 9.90000E - 08 2.70000E — 08 3.60000E — 08 9.00000E — 09
5.00E - 03 5.00E - 03 1.25000E - 07 4.58330E - 07 3.33333E - 07 1.66667E — 07 4.16670E — 08
7.00E - 03 7.00E - 03 3.43000E - 07 1.25767E - 06 9.14670E - 07 4.57333E - 07 1.14333E - 07
9.00E - 03 9.00E - 02 7.290000E - 07 2.67300E - 06 1.94400E - 06 9.72000E - 07 2.43000E - 07
TaBLE 2: Exact solution, approximate solution, and error by using VHPM and VAHPM.
Xy J1 Exact APPI-(vipm) Ert. vipm APPT-(varpM) Ert. wanpm
0.00E + 00 0.00E + 00 0.00000E + 00 0.00000E + 00 0.00000E + 00 0.00000E + 00 0.00000E + 00
3.00E - 03 3.00E - 03 9.42295E - 03 9.41128E - 03 1.16700E - 05 9.42443E - 03 1.48000E — 06
5.00E - 03 5.00E - 03 1.56997E — 02 1.56384E — 02 6.13000E - 05 1.57054E - 02 5.70000E - 06
7.00E - 03 7.00E - 03 2.19680E - 02 2.17975E - 02 1.70500E — 04 2.19817E - 02 1.37000E - 05
9.00E - 03 9.00E - 02 2.82253E - 02 2.78610E — 02 3.64300E — 04 2.82534E - 02 2.81000E - 05
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