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A temperature index model with delay and stochastic perturbation is constructed in this paper. It explores the influence of
parameters and stochastic factors on the stability and complexity of the model. Based on historical temperature data of four cities
of Anhui Province in China, the temperature periodic variation trends of approximately sinusoidal curves of four cities are given,
respectively. In addition, we analyze the existence conditions of the local stability of the temperature indexmodel without stochastic
term and estimate its parameters by using the same historical data of the four cities, respectively.The numerical simulation results of
the four cities are basically consistent with the descriptions of their historical temperature data, which proves that the temperature
indexmodel constructed has good fitting degree. It also shows that unreasonable delay parameter canmake the model lose stability
and improve the complexity. Stochastic factors do not usually change the trend in temperature, but they can cause high frequency
fluctuations in the process of temperature evolution. Stability control is successfully realized for unstable systems by the variable
feedback control method. The trend of temperature changes in Anhui Province is deduced by analyzing four typical cities.

1. Introduction

Weather derivatives trading carried out in the world to
actively respond to climate change and the development and
prosperity of financial market, which has experienced great
development since its inception, has made a positive contri-
bution to the world economy to prevent the effect of climate
change and to buffer weather disaster loss. Temperature is an
important indicator of climate change but can also be used
as the underlying asset of weather derivatives. In 2007-2008,
70% of all weather derivatives contracts traded were based on
temperature as the underlying factor. According to Benth and
Saltyte-Benth [1] and Fujita and Mori [2], 98-99% of weather
derivatives traded are based on temperature. The majority of
traded weather contracts are currently being written based
on temperature. For this reason, the dynamic analysis of
temperature processes is necessary. It helps to study climate
change and the development of weather derivatives trading.

Previous studies focus on two different categories of
fitting daily temperature variation processes correctly. Cao
and Wei [3], Campbell and Diebold [4], and Jewson and
Caballero [5] rely on a time series approach. Instead, a

daily simulation approach, which we found in the scientific
literature, is explored by Dischel [6, 7] and is refined by
Dornier and Queruel [8]. Thereafter, Torró et al. [9], Alaton
et al. [10], Brody et al. [11], and Benth et al. [1, 12, 13]
extend the well-known financial diffusion processes in order
to incorporate the basic statistical features of temperature
models, combining both the time continuous approach and
the econometric approach. In addition, more research has
focused on derivatives pricing. Jewson and Brix [14] distin-
guish between three different approaches for the valuation of
weather derivatives. Schiller et al. [15] propose a temperature
model which uses splines to remove trend and seasonality
effects from the temperature time series in a flexible way.
Fortuna et al. [16] consider the solar radiation daily patterns,
divided into clear sky, intermittent clear sky, completely cloud
sky, and intermittent cloud sky, according to the original
features-based classification strategy. The results show that
features-based classification is superior to the traditional neu-
ral network classifier when operating on high-dimensional
solar radiation patterns.

However, few papers focus on the complexity and stability
of the temperature process or climate change. Balint et al. [17]
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investigate the micro- and macroeconomics of climate
change from the perspective of complexity science, and they
discuss the challenges faced by this series of studies. Jacobson
et al. [18] report that students use agent-based computer
models to learn and understand the complex system of cli-
mate change. The experimental conditions and experimental
procedures for obtaining the results are explained in detail.
Thepaper points out that the research conclusion is consistent
with theory and practice. Mihailović et al. [19] investigate the
flux aggregation effect in the subgrid scale parameterization
based on the dynamical system approach. The stability of
turbulent heat exchange over the heterogeneous environmen-
tal interface in climate models is discussed with emphasis.
Sun et al. [20] analyze the stability of annual temperature
between winter and summer in the urban functional zone.
The research conclusion of this article can be applied in urban
planning to improve climate adaptability.

Different from previous studies, this paper discusses the
stability and the complexity of temperature index model
under intervene of delay and stochastic factors based on
entropy theory and nonlinear dynamics theory. The work
mainly includes the following: (1) the historical temperature
changes trends of four cities of Anhui Province in China
are given; (2) a temperature index model with delay and
stochastic term is constructed; (3) the parameters of the
model are estimated by using the historical temperature data
of four cities; (4) the stability and the complexity of temper-
ature index model in four cities are analyzed, respectively,
under the influence of delay and stochastic term; (5) the
fitting degree of the constructed temperature index model
is explored by comparison with the temperature changes
trend obtained from the historical temperature data; (6)
the variable feedback control method is used to control the
unstable system; (7) the overall temperature evolution trend
of Anhui Province is discussed.

The present paper is organized as follows. We take a
panoramic view of the situation to generate the temperature
index model and simulate daily average temperature data
from January 1, 2010, to May 31, 2016, in Anhui Province
in Section 2. Based on the work of Alaton et al. [10],
we give a general parameter estimation of the model in
Section 3. In Section 4, the local stability condition of the
delayed temperature index model without stochastic term is
discussed. In Section 5, the temperature evolution trends of
four cities with or without delay and stochastic perturbation
are investigated through numerical simulation, respectively.
In Section 6, the stability control is realized by applying
the variable feedback control method. Brief summary and
concluding remark are given in Section 7.

2. Temperature Index Model

Since we have decided to focus only on the temperature
index as the underlying variable in the finance market, we
will try to find a model that describes the temperature in
this section. The goal is to find a dynamic process describing
the movements of temperature. The latter part of this paper
will analyze the influence of delay parameter and stochastic

perturbation on the dynamic behavior of the model and
evaluate the fitting degree of temperature index model.

Definition 1 (daily average temperature). Daily average tem-
perature is defined as the average of the maximum and
minimum temperature for that day [10]; that is, if the
maximum temperature for any day is 𝑇max and the minimum
for the same day is 𝑇min, then daily average temperature 𝑇ave
is given by

𝑇ave = (𝑇max + 𝑇min)2 . (1)

Historical temperature data usually exhibits a trend. The
reason may be attributed not only to the effects of global
warming, but also to urbanization effects that have led to local
warming. We establish three assumptions:

(i)The interference of noise and other factors is taken into
consideration, thus assuming the temperaturemodel consists
of deterministic part and stochastic part.

(ii) The period of oscillations is one year, but leap years
have 366 days. In order to allow for assumption (iii) our
model will neglect the effect of leap years.

(iii) The seasonality of the temperatures equals one year
and the temperatures are modeled on a daily basis, thus
setting 𝜔 = 2𝜋/365.

Modeling daily average temperature is a difficult task
because of the existence of multiple variables that govern
weather. Looking to the past, we will attempt to obtain
precious information about the behavior of temperature.

2.1. Data Description. The dataset investigated includes tem-
perature observations measured in centigrade degrees (±∘C)
on four measurement stations of Anhui Province: Bozhou,
Bengbu, Hefei, and Anqing. Data consist of observations on
the daily maximum and minimum temperature from China’s
meteorological data network. The sample period extends
from January 1, 2010, to May 31, 2016, with a total of 2349
observations per each measuring station.

To assist in finding a good model, we use a database with
temperatures to analyze the trend of temperature change in
the last several years from different cities in Anhui Province,
China.The temperature data consists of daily average temper-
atures, computed according to (1). In Figure 1, we have plotted
the daily average temperatures of the above-mentioned four
cities in Anhui Province for six consecutive years.

From the temperature data in Figure 1, we clearly see that
there is a strong seasonal variation in the temperature and
fitting with the sine function. We will build a temperature
model below and show the temperature trends of four cities
during the same time. The temperature index model is
evaluated by comparing it with Figure 1.

2.2. Modeling Temperature. The underlying weather indices
of the derivatives traded at the CME for US cities are
directly derived from the daily average temperature, which
is defined as the average of the minimum and the maximum
temperature at a weather station on a day 𝑡, 𝑡 ∈ 𝑁.
According to the mean reversion model by Alaton et al. [10]
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Figure 1: Daily average temperatures of four cities in Anhui Province during 2010–2016. (a) Bozhou; (b) Bengbu; (c) Hefei; (d) Anqing.

and the temperature long-term change trend, we assume the
temperature index satisfies the following equation:

𝑑𝑋𝑡 = 𝑑𝜃 (𝑡) + 𝑘 (𝜃 (𝑡) − 𝑋𝑡) 𝑑𝑡 + 𝜎𝑡𝑑𝑊𝑡, (2)

where 𝑘 determines the speed of the mean reversion, 𝜎𝑡 is
the daily volatility of temperature variation, and 𝑑𝑊𝑡 is a
Brownian increment. The daily average temperature for day𝑡 is 𝜃(𝑡) (𝑡 = 1, 2, . . . , 𝑁), which represents the changes of
seasonal.

As can be seen from Figure 1, the daily mean temperature
changes process of four cities shows an obvious seasonal
variation trend and exhibits periodicity.The seasonality of the
temperature is modeled with a sine curve; it can be expressed
as

𝜃 (𝑡) = 𝐴 + 𝐵𝑡 + 𝐶 sin (𝜔𝑡 + 𝜑) , (3)

where 𝜑 is the phase angle and the parameters A, B, C, and𝜑 need to be estimated. In addition, the oscillation period of
daily mean temperature is one year, so we ignore the effect
of the leap year (excluding the temperature data on February
29 of the leap years) and assume 𝜔 = 2𝜋/365. The unknown
parameters are estimated by using historical temperature data
measured in four cities of Anhui Province in the last few

years. The greenhouse effect brought by global warming or
city urbanization causes the temperature to show a slightly
rising trend, so 𝐵𝑡 captures the trend of temperature change.

From (2) and (3) we can definitely say that the daily
average temperature can be broken into the time term,
seasonal term, and stochastic term. The next step will be to
determine the unknown parameter of the so-specified model
through estimation based on historical temperatures.

3. Parameter Estimation

For (3), we performed the following transformation:

𝜃 (𝑡) = 𝐴 + 𝐵𝑡 + 𝐶 sin (𝜔𝑡 + 𝜑)
= 𝐴 + 𝐵𝑡 + 𝐶 (sin (𝜔𝑡) cos𝜑 + cos (𝜔𝑡) sin𝜑) . (4)

Let us consider 𝑑 = 𝐶 ⋅ cos𝜑, 𝑒 = 𝐶 ⋅ sin𝜑, 𝑡1 = sin(𝜔𝑡),
and 𝑡2 = cos(𝜔𝑡). Therefore, (4) is equivalent to the linear
regression equation:

𝜃 (𝑡) = 𝑎 + 𝑏𝑡 + 𝑑𝑡1 + 𝑒𝑡2. (5)
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Table 1: Parameters estimation.

City Arguments
𝐴 𝐵 𝑑 𝑒 𝐶 𝜑 𝑘 𝜎𝑡

Bozhou 15.3292 −1.8561𝑒 − 004 −3.629285 −12.75431 13.2606 −1.8480 0.109500 0.967525
(0.129957) (0.000096) (0.091505) (0.092323) (0.0013)

Bengbu 15.6110 −1.9633𝑒 − 005 −3.893407 −12.25677 12.8603 −1.8784 0.125200 1.000233
(0.128585) (0.000095) (0.090539) (0.09138) (0.0044)

Hefei 16.3834 2.7225𝑒 − 004 −3.908884 −11.96285 12.5853 −1.8866 0.086997 0.95595
(0.13199) (0.0000975) (0.092937) (0.093767) (0.0057)

Anqing 17.1427 −2.2414𝑒 − 004 −0.443545 −11.91876 11.9270 −1.6080 0.079950 1.02330
(0.156511) (0.000124) (0.110663) (0.110126) (0.0029)

Data sources: China Meteorological Data Service Center (CMDC) http://data.cma.cn/site/index.html.

Then we have

𝐴 = 𝑎
𝐵 = 𝑏
𝐶 = √𝑑2 + 𝑒2
𝜑 = arctan( 𝑒

𝑑) .

(6)

Wemade parameter estimation rely on the history data of
the daily average temperature in four cities of Anhui Province
with the least squares method by using Matlab software
(Matrix Laboratory, MathWorks Company, America).

The second estimator is derived by (2) and considers the
discretized equation as a regression equation, which can be
seen as a regression of today’s temperature on yesterday’s
temperature. It is natural to estimate the unknowns by
minimizing the least squares criterion∑𝑁𝑖=1(𝑋𝑖−𝑋𝑖)𝑇(𝑋𝑖−𝑋𝑖),
with 𝑋𝑖 being the estimate for 𝑋 in the 𝑖th simulation runs
with 𝑖 = 1, 2, . . . , 𝑁.

Based on above description and discussion, the param-
eters estimation results of four cities in Anhui Province are
shown in Table 1.

Table 1 presents the estimates of the unknown parameters
driving the daily average temperature of each city. The
standard errors are reported in parentheses to measure the
significance of parameters.

Thus far, substituting (3) into (2), the following equation
of temperature index model is obtained:

𝑑𝑋𝑡 = [𝐵 + 𝐶𝜔 cos (𝜔𝑡 + 𝜑)
+ 𝑘 (𝐴 + 𝐵𝑡 + 𝐶 sin (𝜔𝑡 + 𝜑) − 𝑋𝑡)] 𝑑𝑡 + 𝜎𝑡𝑑𝑊𝑡. (7)

If stochastic factors are not taken into account, the determin-
istic part of (7) is as follows:

𝑑𝑋𝑡 = [𝐵 + 𝐶𝜔 cos (𝜔𝑡 + 𝜑)
+ 𝑘 (𝐴 + 𝐵𝑡 + 𝐶 sin (𝜔𝑡 + 𝜑) − 𝑋𝑡)] 𝑑𝑡. (8)

The daily average temperature in Anhui varies greatly in
different periods, but the temperature in Anhui will have a
short relatively stable state during the periodic change. We

analyze the relative stability of the temperature change trend
by observing the state of the temperature index model. We
assume that the daily average temperature before 𝜏 (𝜏 =0, 1, 2, . . .) days can be used instead of the current daily aver-
age temperature. At this time, if the temperature indexmodel
is stable, the difference between the historical temperature
and the current temperature is small, and the temperature
change is relatively stable. Otherwise, the unstable model
means that the temperature changes greatly fluctuate, and the
relative steady change trend of temperature has changed. It
is necessary to explain that we ignore the individual daily
temperature mutation in the relative stable interval in the
process of analysis. That is to say, it is a macro discussion and
analysis. For this reason, on the basis of (7), we can get the
following model with delay parameter:

𝑑𝑋𝑡 = [𝐵 + 𝐶𝜔 cos (𝜔𝑡 + 𝜑)
+ 𝑘 (𝐴 + 𝐵𝑡 + 𝐶 sin (𝜔𝑡 + 𝜑) − 𝑋 (𝑡 − 𝜏))] 𝑑𝑡
+ 𝜎𝑡𝑑𝑊𝑡,

(9)

where 𝜏 represents the delay parameter, whichmeans that the
average temperature 𝜏 days before can be approximated as the
current average temperature.

Now, the deterministic part of (9) is as follows:

𝑑𝑋𝑡 = [𝐵 + 𝐶𝜔 cos (𝜔𝑡 + 𝜑)
+ 𝑘 (𝐴 + 𝐵𝑡 + 𝐶 sin (𝜔𝑡 + 𝜑) − 𝑋 (𝑡 − 𝜏))] 𝑑𝑡. (10)

In order to analyze the influence of delay parameter
and stochastic factors on the stability and complexity of
models, some numerical simulations are given in Section 5.
In addition, Bozhou, Bengbu, Hefei, and Anqing are located
in the northern, north central, south central, and southern
part of Anhui Province, respectively, and they are four rep-
resentative cities in the temperature changes. Thus, we adopt
the parameter estimation of these four cities for numerical
simulation, respectively. On the one hand, we find the trend
of temperature changes in Anhui Province and observe the
effects of delay parameter and stochastic factors on the trend
of temperature changes. On the other hand, the fitting degree
of the temperature index model is measured, that is, whether
it reflects the changes trend of the real temperature.

http://data.cma.cn/site/index.html
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This paper discusses four cases: the stochastic differential
equation without delay (i.e., (7)), the deterministic differen-
tial equation without delay (i.e., (8)), the stochastic differ-
ential equation with delay (i.e., (9)), and the deterministic
differential equation with delay (i.e., (10)). Next, the local
stability conditions of (10) are analyzed.

4. Local Stability Analysis of (10)

Now we investigate the stability of (10). It can be rewritten as

𝑋̇𝑡 = 𝐵 + 𝐶𝜔 cos (𝜔𝑡 + 𝜑)
+ 𝑘 (𝐴 + 𝐵𝑡 + 𝐶 sin (𝜔𝑡 + 𝜑) − 𝑋 (𝑡 − 𝜏)) . (11)

For convenience, we assume that the equilibrium point of
(11) is 𝐸(𝑋∗). Next, (11) is linearized through Jacobian matrix
as follows:

𝑋̇𝑡 = −𝑘𝑋 (𝑡 − 𝜏) . (12)

The characteristic equation of (12) is

𝜆 + 𝑘𝑒−𝜆𝜏 = 0. (13)

4.1. 𝜏 = 0. For 𝜏 = 0, (10) becomes (8). The characteristic
equation (13) can be simplified to

𝜆 + 𝑘 = 0. (14)

According to Routh-Hurwitz, we can draw the following
conclusions.

Theorem 2. If 𝑘 > 0, the root of (14) will have negative real
parts.Then, the equilibrium point𝐸(𝑋∗) of (10) is locally stable
without delay parameter.

4.2. 𝜏 > 0. In this case, the characteristic equation of (10) is
still (13). Let 𝜆 = 𝑖𝜔1 (𝜔1 > 0) be the root of (13). Then, we
can obtain

𝑖𝜔1 = −𝑘 (cos𝜔1𝜏 − 𝑖 sin𝜔1𝜏) . (15)

Separating the real and imaginary parts, we have

𝑘 sin𝜔1𝜏 = 𝜔1
𝑘 cos𝜔1𝜏 = 0. (16)

Further, we can obtain

𝜔21 = 𝑘2. (17)

Namely,

𝜔1 = √𝑘2. (18)

From (16), if 𝑘 ̸= 0, we obtain
𝜏(𝑗) = 1

𝜔1 (arccos (0) + 2𝑗𝜋) , 𝑗 = 0, 1, 2, . . . , (19)

and then ±𝑖𝜔1 is a pair of purely imaginary roots of (13)
when 𝜏 = 𝜏(𝑗).

Defining

𝜔10 = 𝜔1,
𝜏0 = min {𝜏(𝑗)} , 𝑗 = 0, 1, 2, . . . , (20)

let 𝜆(𝜏) = 𝛼(𝜏) + 𝑖𝜔1(𝜏) be the root of (13) near 𝜏 = 𝜏0
which satisfies 𝛼(𝜏0) = 0, 𝜔1(𝜏0) = 0.

Differentiating both sides of (13) with respect to 𝜏, we can
obtain

𝑑𝜆
𝑑𝜏 = 𝑘𝜆𝑒−𝜆𝜏

1 − 𝑘𝜏𝑒−𝜆𝜏 . (21)

Accordingly,

[𝑑𝜆𝑑𝜏]
−1 = 1

𝑘𝜆𝑒−𝜆𝜏 −
𝜏
𝜆 . (22)

Substituting 𝜆 = 𝑖𝜔10 (𝜔10 > 0) into (22), we have
Re[𝑑𝜆 (𝜏0)𝑑𝜏 ]

−1

= Re [ 1
𝑘𝜆𝑒−𝜆𝜏0 ]𝜆=𝑖𝜔10

= 𝑘𝜔10 sin𝜔10𝜏0𝑘2𝜔210 .
(23)

Since

sign Re[𝑑𝜆 (𝜏0)𝑑𝜏 ] = sign[𝑑 (Re 𝜆 (𝜏0))𝑑𝜏 ]
−1

, (24)

if sin𝜔10𝜏0 ̸= 0, then Re[𝑑𝜆(𝜏0)/𝑑𝜏]−1 ̸= 0. According to the
corollary in [21–24], we have the following conclusions.

Theorem 3. If 𝑘 ̸= 0 and sin𝜔10𝜏0 ̸= 0, then the equilibrium
point𝐸(𝑋∗) of (10) is asymptotically stable for 𝜏 ∈ [0, 𝜏0), and it
is unstable when 𝜏 > 𝜏0. In addition, (10) begins to lose stability
near 𝜏 = 𝜏0.
5. Simulate and Analyze

We consider the influence of delay parameter and stochastic
factors on the temperature index model. The sequence of
random numbers in (7) and (9) obeys a normal distribution
with mean being 0 and variance being 1.

5.1. The Stability of (7) and (8) when 𝜏 = 0
5.1.1. The Stability of (8). As shown in Table 1, the estimations
of parameter 𝑘 of Bozhou, Bengbu, Hefei, and Anqing are𝑘𝑏𝑧 = 0.109500, 𝑘𝑏𝑏 = 0.125200, 𝑘ℎ𝑓 = 0.086997, and𝑘𝑎𝑞 = 0.079950, respectively. The subscripts 𝑏𝑧, 𝑏𝑏, ℎ𝑓, and𝑎𝑞 are the abbreviations of the above-mentioned four cities.
Because 𝑘𝑖 > 0, 𝑖 = 𝑏𝑧, 𝑏𝑏, ℎ𝑓, 𝑎𝑞, according to Theorem 2,
the temperature index models (8) of four cities are stable.
Taking the parameters estimation values of four cities into
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Figure 2: Daily average temperatures of four cities for (8) during 2010–2016. (a) Bozhou; (b) Bengbu; (c) Hefei; (d) Anqing.

(8), respectively, then their time series diagrams are shown
in Figure 2.

We observed that the temperature changes in all four
cities show stable periodic characteristics, similar to those
of sinusoidal curves. The temperature changes trends of the
four cities vary slightly. What is most obvious is that the
minimum temperature in Anqing is greater than or equal
to 5∘C, which is higher than that of the other three cities.
This is because Anqing is located in the south of Anhui;
the daily average temperature is on the high side. Compared
with Figure 1, the temperature changes of the four cities
shown in Figure 2 are basically consistent with analysis
results of historical temperature data.Therefore, (8) has good
fitting degree without considering the delay parameter and
stochastic factors, and it can better show the temperature
changes trends of four cities in a longer period.

5.1.2. The Effect of 𝐴, 𝐵, 𝐶, 𝑘 on the Stability of (8) in Anqing.
Taking the parameter estimation ofAnqing as an example, the
influence of 𝐴, 𝐵, 𝐶, and 𝑘 on the stability of (8) is analyzed.
As can be seen from Figures 3(a)–3(c), no matter how 𝐴, 𝐵
change, 𝑋𝑡 remains at a low level when 𝑘 is very small (the
critical value is about 0.005). At this point, 𝑋𝑡 will rise with
an increase of 𝐶. However, in the remaining cases, 𝑘 has little
effect on 𝑋𝑡. Figure 3(a) shows that the increase of 𝐴 and

𝐶 will lead to the growth of 𝑋𝑡 when 𝑘 ≥ 0.005; the effect
on 𝑋𝑡 by 𝐴 is more significant. The growing process can be
divided into four stages, which are represented by the light
blue, green, yellow, and red, respectively. It is a slow process
for 𝐶 to cause a small increase in𝑋𝑡. In Figure 3(b), the value
of𝑋𝑡 is close to 20 when 𝑘 ≥ 0.005.

In Figure 3(c), 𝑋𝑡 increases gradually with the increase
of 𝐴 when 𝑘 ≥ 0.005. The change process of 𝑋𝑡 can be
divided into five stages, with denoted dark blue, light blue,
green, yellow, and red, respectively. Figure 3(d) shows the
relationships among𝐴,𝐵, and𝐶.We notice that𝐵 and𝐶 have
little effect on𝑋𝑡, and there is a gradual increase in𝑋𝑡with the
growth of 𝐴. What is interesting is that the trend is basically
the same as Figure 3(c).

From the above analysis, we can draw the following
conclusion: (1) the parameter𝐴 has a significant effect on𝑋𝑡,
whereas 𝑋𝑡 is almost unaffected by 𝐵 and 𝐶; (2) the effect of𝑘 on 𝑋𝑡 is divided into two stages: 𝑋𝑡 does not change with
the increase of 𝑘 when 𝑘 ≥ 0.005, and 𝑋𝑡 decreases with the
decrease of 𝑘when 𝑘 < 0.005.Therefore, the reasonable range
of parameters can maintain the stability of the system.

5.1.3. The Stability of (7). The parameters estimate values of
four cities are taken into (7). Their corresponding time series
diagrams are shown in Figure 4. Compared with Figure 2,
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Figure 3: The effect of 𝐴, 𝐵, 𝐶, and 𝑘 on (8) in Anqing; (a) 𝐵 = −0.00022414; (b) 𝐴 = 17.1427; (c) 𝐶 = 11.927; (d) 𝑘 = 0.07995.

the stochastic factors do not change the overall trends of
temperature evolution in the four cities, but the regularity
of periodic change is obviously affected. High frequency
fluctuations accompany the whole process of temperature
evolution, which seriously interfere with the accuracy of
temperature changes. By comparing Figures 4 with 1, we can
conclude that (7) is not ideal under stochastic factors inter-
ference, but it can reflect more realistic trends of historical
temperature changes in four cities.

5.2. The Stability and Complexity of (9) and (10) when 𝜏 > 0.
According to (18), (19), and (20), we get 𝐸𝑚, 𝜔𝑚10, and 𝜏𝑚0
(𝑚 = 𝑏𝑧, 𝑏𝑏, ℎ𝑓, 𝑎𝑞) by using the parameters estimation values
of four cities, respectively, in Table 1.The subscript 0 indicates
the critical value of system stability. By combiningTheorems
2 and 3, the stability of temperature index model of each city
can be determined. The analysis results are shown in Table 2.

As a provincial capital city, Hefei is located in the central
and southern part of Anhui Province, which is representative
of the temperature change.Therefore, we take Hefei city as an
example to explore the influence of delay parameter on the
stability and complexity of temperature index model.

5.2.1. The Effect of 𝜏ℎ𝑓 on (10) in Hefei. Figure 5 shows that
the system moves from stable to unstable state as the 𝜏ℎ𝑓
increases, which also improves the complexity of the system.
As you can see from Figure 5(a), there is a large fluctuation
when 𝜏ℎ𝑓 > 17.44; this unstable state is obviously not
conducive to our analysis of temperature. We do a further
analysis of (10) with the largest Lyapunov exponent (LLE).
LLE means that the stability of system is judged according to
the relation between the exponent value (LLE-ev) and zero.
If LLE-ev is less than zero, the system is stable. It is unstable
when LLE-ev is greater than zero. When LLE-ev is equal to
zero, it represents the system losing stability. FromFigure 5(b)
we find that the critical value is 𝜏ℎ𝑓0 = 17.44; that is to say, the
system is stable on the left of the critical value, but on the right
it is unstable. Thus, Figures 5(a) and 5(b) describe the effect
of 𝜏ℎ𝑓 on the stability of the system from different angles, but
they express the same meanings.

Complexity is another important factor to consider in
system analysis.Themore complex the system is, the harder it
is to understand, and vice versa. Entropy indicates the degree
of randomness of a system.The same applies tomeasuring the
complexity of a system. Kolmogorov entropy (K entropy) is



8 Advances in Mathematical Physics

�e trend of temperature change in Bozhou

500 1000 1500 2000 25000
t

0

5

10

15

20

25

30

35
X

t

(a)

�e trend of temperature change in Bengbu

500 1000 1500 2000 25000
t

0

5

10

15

20

25

30

35

X
t

(b)

�e trend of temperature change in Hefei

500 1000 1500 2000 25000
t

0

5

10

15

20

25

30

35

X
t

(c)

�e trend of temperature change in Anqing

500 1000 1500 2000 25000
t

0

5

10

15

20

25

30

35

40

X
t

(d)

Figure 4: Daily average temperatures of four cities for (7) during 2010–2016. (a) Bozhou; (b) Bengbu; (c) Hefei; (d) Anqing.

Table 2: Calculation results and stability conditions of (10) for each city.

Bozhou Bengbu Hefei Anqing
𝑘 0.109500 0.125200 0.086997 0.079950
sin𝜔10𝜏0 1 1 1 1
𝐸𝑚(𝑋∗) 15.3244 15.6105 16.3769 17.1420
𝜔𝑚10 0.109500 0.125200 0.086997 0.079950
𝜏𝑚0 14.3452 12.5463 17.4400 19.6472
Stable 𝜏𝑏𝑧 ∈ [0, 𝜏𝑏𝑧0) 𝜏𝑏𝑏 ∈ [0, 𝜏𝑏𝑏0) 𝜏ℎ𝑓 ∈ [0, 𝜏ℎ𝑓0) 𝜏𝑎𝑞 ∈ [0, 𝜏𝑎𝑞0)
Losing stability 𝜏𝑏𝑧 = 𝜏𝑏𝑧0 𝜏𝑏𝑏 = 𝜏𝑏𝑏0 𝜏ℎ𝑓 = 𝜏ℎ𝑓0 𝜏𝑎𝑞 = 𝜏𝑎𝑞0
Unstable 𝜏𝑏𝑧 > 𝜏𝑏𝑧0 𝜏𝑏𝑏 > 𝜏𝑏𝑏0 𝜏ℎ𝑓 > 𝜏ℎ𝑓0 𝜏𝑎𝑞 > 𝜏𝑎𝑞0

one of themost commonly used entropy.Thus, this paper uses
K entropy to measure the complexity of the system by using
Matlab software. The rules of K entropy for judging system
complexity are as follows: If the system is stable or regular
movement, the entropy value equals zero. That is to say, the
system retains the original complexity. On the other hand, if
the system is unstable, the entropy value is greater than zero,
which means the system is more complex than the original
one. Therefore, it must be clear that the complexity of the
system is positively related to the entropy value. Figure 5(c)
provides an entropy diagram to describe the impact of 𝜏ℎ𝑓 on
the complexity of the system. We noticed that the entropy
value is equal to zero when 𝜏ℎ𝑓 < 17.44, while entropy

value is greater than zero as 𝜏ℎ𝑓 > 17.44. It can be observed
intuitively that the entropy value increases continuously with
the increase of 𝜏ℎ𝑓. In other words, the excessive increase
of 𝜏ℎ𝑓 will make the system more complex. From what is
mentioned above, we may come to the conclusion that 𝜏ℎ𝑓
must be controlled within a certain range in order to keep
the system stable. Otherwise, the systemwill lose stability and
increase the complexity.

From the above analysis, it is known that the system has
different states on both sides of 𝜏ℎ𝑓0. Now, let 𝜏ℎ𝑓 = 16 <𝜏ℎ𝑓0 and 𝜏ℎ𝑓 = 19 > 𝜏ℎ𝑓0, their corresponding time series
diagrams are shown in Figures 6(a) and 6(b), respectively.
Figure 6(a) shows the historical temperature changes trend of
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Figure 5: The effect of 𝜏 on the stability and complexity of (10) in Hefei. (a) Change trend diagram; (b) LLE diagram; (c) entropy diagram.

(10) for Hefei. The temperature exhibits a periodic variation
when 𝜏ℎ𝑓 = 16. Figures 6(a) and 2(c) are basically the same,
so we can infer that as long as the delay parameter 𝜏ℎ𝑓 is
within a reasonable range, the daily average temperature of
history can replace the present daily average temperature, and
it can also show the characteristics of periodic changes in
temperature. By comparing Figures 6(a) and 1(c), we find that
the results are basically the same based on the same historical
temperature data. So (10) is an ideal model 𝜏ℎ𝑓 = 16 < 𝜏ℎ𝑓0.

However, if the system is unstable, the temperature
evolution is irregular and disorganized. The instability of the
system is described in Figure 6(b). Thus, we should carefully
select 𝜏ℎ𝑓 to avoid adverse changes in system stability and
complexity.

Through the simulation of (10) in Hefei, it is shown that
the stability analysis is correct. In other words, when 𝜏ℎ𝑓
increases tomore than 𝜏ℎ𝑓0, (10) changes froma steady state to
an unstable state, and the complexity of (10) will be improved.

In addition, the smaller the 𝜏ℎ𝑓 is, the better the fitting with
the sine curve is, and vice versa. That is, the daily average
temperature near the current date is a better choice.

5.2.2. The Effect of 𝜏ℎ𝑓 on (9) in Hefei. The parameters
estimation values of Hefei are taken into (9) and the delay
parameters are the same as those shown in Figure 6. The
dynamical characteristics are shown in Figure 7.

Comparing Figures 7(a) and 5(a), it can be found that
the stochastic factors do not change the trend of the system
evolution, but the system has smaller fluctuations in the
process of change. However, there is a larger difference in
the complexity of the system. From Figures 7(b) and 5(c) we
find that stochastic disturbance leads to premature loss of
stability and complexity of the system. Under the influence
of stochastic factors, the complexity of the system has a
reciprocating change in the process of increase, and the trend
of overall increase has not changed.
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Figure 6: Time series diagram for (10) in Hefei. (a) 𝜏ℎ𝑓 = 16; (b) 𝜏ℎ𝑓 = 19.
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Figure 7: The effect of 𝜏ℎ𝑓 on the stability and complexity of (9) in Hefei. (a) Change trend diagram; (b) entropy diagram; (c) 𝜏ℎ𝑓 = 16; (d)𝜏ℎ𝑓 = 19.
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Figure 8: Daily average temperatures of (10) during 2010–2016. (a) Bozhou, 𝜏𝑏𝑧 = 13 < 𝜏𝑏𝑧0; (b) Bengbu, 𝜏𝑏𝑏 = 11 < 𝜏𝑏𝑏0; (c) Anqing,𝜏𝑎𝑞 = 18 < 𝜏𝑎𝑞0.

Figures 7(c) and 7(d) correspond to the two states.
Relative to Figure 6, it is clear that the periodic variation of the
temperature index model is not very regular and fluctuates
greatly. It is worth noting that the random factors lead to
temperatures greater than 0 except the initial temperature in
Figure 7(d). In addition, we can deduce that the influence of
stochastic factors on the stable system is more obvious than
the unstable system. This is obviously not desirable, so we
should minimize the impact of random factors on the system
to ensure better system stability.

In a word, the effects of stochastic perturbations are more
obvious, which accelerate the instability and complexity of
the system.

In short, the delay differential equation (10) without
stochastic term is stable when 𝜏ℎ𝑓 ∈ [0, 𝜏ℎ𝑓0), and the
complexity of the system does not change. The complexity
increases and the system loses stability only when 𝜏ℎ𝑓 >𝜏ℎ𝑓0. However, the temperature variation shown by the delay
differential equations (9) with stochastic term is seriously
distorted with high frequency fluctuations. This corresponds
to the increase in complexity to a certain extent, and the com-
plexity of the system increases more clearly when 𝜏ℎ𝑓 > 𝜏ℎ𝑓0.
Therefore, the model with stochastic perturbation basically
reflects the overall trend of temperature changes but has a
negative impact on the stability and complexity of the system.

5.2.3. The Stability and Complexity of (10) in Bozhou, Bengbu,
and Anqing. The analysis processes are similar to those in

Table 3: Delay parameters selectionof (10) for three cities.

Bozhou Bengbu Anqing
Stable 𝜏𝑏𝑧 = 13 < 𝜏𝑏𝑧0 𝜏𝑏𝑏 = 11 < 𝜏𝑏𝑏0 𝜏𝑎𝑞 = 18 < 𝜏𝑎𝑞0
Unstable 𝜏𝑏𝑧 = 15 > 𝜏𝑏𝑧0 𝜏𝑏𝑏 = 13 > 𝜏𝑏𝑏0 𝜏𝑎𝑞 = 20 > 𝜏𝑎𝑞0

Sections 5.2.1 and 5.2.2, so the temperature evolution of the
other three cities is comprehensively analyzed. In order to
support the theoretical analysis of Table 2, we set the delay
parameters values for three cities as shown in Table 3.

The trends of temperature changes of three cities from
January 1, 2010, to May 31, 2016, are shown in Figures 8 and
9. The entropy diagrams corresponding to them are shown
in Figure 10. As you can see from Figure 8, the systems are
stable when 𝜏𝑚 < 𝜏𝑚0 (𝑚 = 𝑏𝑧, 𝑏𝑏, 𝑎𝑞), and the temperature
changes trends of the three cities are similar to that of the sine
curve. Figure 9 shows that the systems are unstable as 𝜏𝑚 >𝜏𝑚0 (𝑚 = 𝑏𝑧, 𝑏𝑏, 𝑎𝑞); at this time the temperature changes
show chaotic and irregular trends. Those are consistent with
the results of theoretical analysis. By comparing Figures 8 and
1, we find that (10) has a high fitting degree.

In addition, Figure 10 shows the state transition of the
system from the point of view of system complexity. The
critical points of system complexity and stability are the same.
When the system is unstable, the complexity of the system
rises with the increase of 𝜏𝑚 (𝑚 = 𝑏𝑧, 𝑏𝑏, 𝑎𝑞).
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Figure 9: Daily average temperatures of (10) during 2010–2016. (a) Bozhou, 𝜏𝑏𝑧 = 15 > 𝜏𝑏𝑧0; (b) Bengbu, 𝜏𝑏𝑏 = 13 > 𝜏𝑏𝑏0; (c) Anqing,𝜏𝑎𝑞 = 20 > 𝜏𝑎𝑞0.

Comparison between Figures 10 and 5(c) shows that𝜏𝑎𝑞0 is the largest, 𝜏𝑏𝑏0 is the smallest, 𝜏ℎ𝑓0 and 𝜏𝑏𝑧0 are in
the middle. That is to say, the daily average temperature in
Anqing is not very different over a period of time, and the
average temperature of current day can be replaced by the
daily average temperature of 𝜏𝑎𝑞0 days ago at most. However,
the daily average temperature varies greatly in Bengbu. The
daily average temperature within 𝜏𝑏𝑏0 days of the current date
will be of reference value. The similar conclusions can be
drawn from Hefei and Bozhou. The differences of 𝜏𝑚0 (𝑚 =𝑏𝑧, 𝑏𝑏, 𝑎𝑞) are closely related to the geographical position and
surrounding environment of the four cities and conform to
the actual situation.

5.2.4. The Stability and Complexity of (9) in Bozhou, Bengbu,
and Anqing. The temperature evolution trends of three cities
under stochastic perturbation are shown in Figures 11 and
12. It can be seen that the impacts of stochastic factors on
the system are very obvious whether the systems are stable
or not. The temperature changes are always accompanied
by high frequency fluctuations. Comparing Figures 11 and
8, the stochastic factors seriously destroy the accuracy of
temperature periodic variations. However, this can describe
the periodic phenomenon of temperature changes macro-
scopically. The differences between Figures 11 and 1 are large.

Equation (9) disturbed by stochastic factors cannot fit the
trends of the historical temperature changes well.

Therefore, if stochastic factors play an important role,
the trajectory of temperature changes will be unstable, which
is not conducive to the study of the historical temperature
and the future temperature. As compared with Figure 9, the
unstable equation (9) shown in Figure 12 is evenmore chaotic.
In other words, stochastic factors exacerbate the system’s
dramatic fluctuations and irregular motion.

In a word, the interference of stochastic factors enhances
the instability and complexity of the system. Whether the
system is stable or not, there is a lot of unstable factors in
it, and the system becomes complex. The entropy diagrams
describe the evolution process of the system complexity
under stochastic perturbation in Figure 13. Compared with
Figure 10, the interference of stochastic factors improves the
complexity of the stable system and changes the trajectory of
complexity in unstable system.

6. Stability Control

Based on above description and discussion, we know that
an unstable system may not function properly and cannot
achieve its intended goal. Therefore, we will take effective
measures to ensure that the system is transformed from
instability to stability. In other words, the unstable system
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Figure 10: Entropy diagrams of (10). (a) Bozhou; (b) Bengbu; (c) Anqing.

is controlled by variable feedback method stabilized by
adjusting the control parameters.

6.1. The Control of (10) in Hefei. Adding the control term in
(10) based on parameter estimation of Hefei as follows:

𝑋̇𝑡 = 2.7225𝑒 − 004 + 0.2169 cos (0.0172𝑡 − 1.8866)
+ 0.090069 (16.3834 + 2.7225𝑒 − 004𝑡
+ 12.5853 sin (0.0172𝑡 − 1.8866) − 𝑋 (𝑡 − 𝜏))
− 𝜇𝑋𝑡,

(25)

where 𝜇 is a control parameters, the purpose of the following
discussion is to achieve system control by adjusting 𝜇.

According to the analysis of Section 5.2.1, the system is
unstable when 𝜏ℎ𝑓 = 19, and the corresponding time series
diagram is shown in Figure 6(b). Now, we study the fact
that the effect of 𝜇 on the stability and complexity of (25)
under the other parameters is the same. Figure 14(a) shows
that (25) is unstable when 𝜇 < 0.01382, and it is stable
when 𝜇 > 0.01382. The critical value is 𝜇0 = 0.01382.

Figure 14(b) describes the impact of 𝜇 on the system from
a complexity perspective. Figures 14(a) and 14(b) express the
same meaning. In addition, the smaller the 𝜇 is, the stronger
the system instability is and the more complex it is, and vice
versa. Therefore, the system returns to stable state only when𝜇 > 0.01382.

Next, let 𝜇 = 0.005 < 𝜇0, according to the previous anal-
ysis, (25) is unstable. Figure 15(a) confirms this conclusion.
Then set 𝜇 = 0.02 > 𝜇0; as can be seen in Figure 15(b),
(25) is stable and the temperature varies periodically. This
is consistent with the above discussion. Therefore, it can be
concluded that the unstable systems achieve stability control
by adjusting control parameter 𝜇.
6.2.The Control of (9) in Hefei. After adding the control item,
(9) based on parameter estimation of Hefei can be changed to

𝑑𝑋𝑡 = [2.7225𝑒 − 004 + 0.2169 cos (0.0172𝑡 − 1.8866)
+ 0.090069 (16.3834 + 2.7225𝑒 − 004𝑡
+ 12.5853 sin (0.0172𝑡 − 1.8866) − 𝑋 (𝑡 − 𝜏))] 𝑑𝑡
+ 0.95595𝑑𝑊𝑡 − 𝛽𝑋𝑡𝑑𝑡,

(26)
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Figure 11: Daily average temperatures of (9) during 2010–2016. (a) Bozhou, 𝜏𝑏𝑧 = 13 < 𝜏𝑏𝑧0; (b) Bengbu, 𝜏𝑏𝑏 = 11 < 𝜏𝑏𝑏0; (c) Anqing,𝜏𝑎𝑞 = 18 < 𝜏𝑎𝑞0.
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Figure 12: Daily average temperatures of (9) during 2010–2016. (a) Bozhou, 𝜏𝑏𝑧 = 15 > 𝜏𝑏𝑧0; (b) Bengbu, 𝜏𝑏𝑏 = 13 > 𝜏𝑏𝑏0; (c) Anqing,𝜏𝑎𝑞 = 20 > 𝜏𝑎𝑞0.



Advances in Mathematical Physics 15

Entropy diagram of Bozhou

10 15 205


0
0.5

1
1.5

2
2.5

3
3.5

4
En

tro
pi

c

(a)

Entropy diagram of Bengbu

6 7 8 9 10 11 12 13 14 155


0

0.5

1

1.5

2

2.5

3

En
tro

pi
c

(b)

Entropy diagram of Anqing

10 15 20 255


0

0.5

1

1.5

2

2.5

3

3.5

En
tro

pi
c

(c)

Figure 13: Entropy diagrams of (9) during 2010–2016. (a) Bozhou; (b) Bengbu; (c) Anqing.
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Figure 14: The effect of 𝜇 on the stability and complexity of (25) in Hefei when 𝜏ℎ𝑓 = 19. (a) Change trend diagram; (b) entropy diagram.

where 𝛽 is a control parameter. The instability of (9) is
described in Figure 7(d) when 𝜏ℎ𝑓 = 19. The analysis process
is similar to that in Section 6.1. Next we analyze the effect
of the control parameter 𝛽 on (26) under other unchanged
parameters.

Compared to Figures 14 and 16, the evolution trends of the
control parameters 𝜇 and 𝛽 are basically the same, but only a
slight fluctuation occurs during the 𝛽 change. That is to say,
the influence of stochastic factors on the control parameter is
limited. Further, the system is stable when 𝛽 > 0.01382, and
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Figure 15: Time series diagrams of (25) in Hefei when 𝜏ℎ𝑓 = 19. (a) 𝜇 = 0.005; (b) 𝜇 = 0.02.
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Figure 16: The effect of 𝛽 on the stability and complexity of (26) in Hefei when 𝜏ℎ𝑓 = 19. (a) Change trend diagram; (b) entropy diagram.

it is unstable when 𝛽 < 0.01382. The bigger the 𝛽 is, the more
stable the system is, so the unstable system can be returned to
stable state by setting 𝛽 > 0.01382.

Figures 17(a) and 17(b) show the control effect of (26)
when 𝛽 = 0.005 and 𝛽 = 0.03, respectively. According
to the analysis above, (26) is unstable when 𝛽 = 0.005. In
comparison with Figures 17(b) and 7(d), we find that the
controlled system exhibits the trend of periodic variation
when 𝛽 = 0.03 > 0.01382. Because (26) is affected by random
factors, compared with Figure 15(b), the periodic variation in
Figure 17(b) is not very regular, but obvious control action has
been shown with respect to Figure 7(d).

In brief, the unstable system is extremely likely to cause
temperature oscillations and cannot obtain accurate results.
However, adding control parameters in the original system

can effectively avoid instability through the variable feed-
back control method. The adjustment range of the control
parameters directly affects the stability and complexity of
the system. Moreover, the variable feedback control method
can control the deterministic differential equation and the
stochastic differential equation well. However, the control
effect of the deterministic differential equation is better than
that of the stochastic differential equation.

7. Conclusion

In this paper, a temperature index model with delay and
stochastic term is established. The temperature variation
trends of four cities in Anhui Province are analyzed by
using historical temperature data. The results show that the
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Figure 17: Time series diagram of (9) in Hefei when 𝜏ℎ𝑓 = 19. (a) 𝛽 = 0.005; (b) 𝛽 = 0.03.

historical temperatures of all the four cities exhibit periodic
variation trends similar to that of sinusoidal curve. The
local stability conditions of delay differential equation are
explored. We analyze the effects of delay parameter and
stochastic factors on the stability and complexity of themodel
through temperature change trend diagram, the largest Lya-
punov exponent diagrams, time series diagrams, entropy
diagrams, and 4D diagrams. We carried out numerical
simulation on the following models: the temperature index
model without delay and stochastic term, the temperature
index model without delay under stochastic perturbation,
delay temperature index model without stochastic term, and
delay temperature index model with stochastic term. The
simulation results are compared with historical temperature
data to measure the fitting degree of the models. The variable
feedback control method is adopted to return the unstable
system to the stable state.

The conclusions of this paper are as follows: (1) the
historical temperature evolution trends of four cities inAnhui
Province periodically change; (2) the temperature index
model without delay and stochastic term can better fit the
temperature evolution process of four cities, similar to the
sine curve; (3) the temperature index model without delay
under stochastic perturbation can show the trend of temper-
ature changes in four cities macroscopically, but the distur-
bance of stochastic factors makes the temperature changes
always accompanied by the high frequency fluctuations; (4)
delay temperature index model without stochastic term tells
us that if the delay parameter is within a reasonable range,
themodel can reflect the trend of temperature changes better;
otherwise, the system will lose stability and increase the
complexity; (5) because of the influence of stochastic factors,
even if the delay parameter is within a reasonable range,
delay temperature index model with stochastic term cannot
accurately describe the changes of temperature, and it shows
the trend of periodic variation only macroscopically; (6) by

comparing and analyzing simulation results, the model with-
out stochastic term (delay parameter in reasonable range)
can better fit the trend of actual historical temperature; (7)
by analyzing the temperature evolution of four representative
cities, it can be inferred that the overall temperature in Anhui
is also periodically changed; (8) parameters 𝑘 and 𝐴 have
more obvious effect on the stability and complexity of the
system than parameters 𝐵 and 𝐶; (9) the variable feedback
control method successfully achieves the stability control of
the deterministic differential equation and stochastic differ-
ential equation. Thus, the unstable systems can be stabilized
by adjusting the control parameters. However, the control
effect of deterministic differential equations is better than that
of stochastic differential equations.
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