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A flat Friedmann-Robertson-Walker (FRW) multiscalar field cosmology is studied with a particular potential of the form V(¢, o) =
Voe 197427 which emerges as a relation between the time derivatives of the scalars field momenta. Classically, by employing the
Hamiltonian formalism of two scalar fields (¢, o) with standard kinetic energy, exact solutions are found for the Einstein-Klein-
Gordon (EKG) system for different scenarios specified by the parameter A> = A% + A2, as well as the e-folding function N, which is
also computed. For the quantum scheme of this model, the corresponding Wheeler-DeWitt (WDW) equation is solved by applying

an appropriate change of variables.

1. Introduction

The inflation paradigm is considered the most accepted
mechanism to explain many of the fundamental problems of
the early stages in the evolution of our universe [1-4], such
as the flatness, homogeneity, and isotropy observed in the
present universe. Another important aspect of inflation is its
ability to correlate cosmological scales that would otherwise
be disconnected. Fluctuations generated during this early
phase of inflation yield a primordial spectrum of density
perturbation [5-8], which is nearly scale invariant, adiabatic,
and Gaussian, which is in agreement with cosmological
observations [9].

The single-field scalar models have been broadly used to
describe the primordial expansion, the most phenomenolog-
ical successful are those with a quintessence scalar field and
slow-roll inflation [10-19]. However, if another component is
included, i.e., a multiscalar field theory, it is also possible to
produce an inflationary scenario [20, 21], even if the fields are
noninteracting [16]. Even more the dynamical possibilities
in multifield inflationary scenarios are considerably richer
than in single-field models, such as in the primordial inflation

perturbations analysis [22, 23] or the assisted inflation as
discussed in [24], furthermore, the general assisted inflation
as in [21]. In this sense the multiscalar fields’ cosmology is an
attractive candidate to explain such phenomenon.

Recent works have shown that multiscalar field models
are very fruitful when studying the early stages of the
universe, such as the case in [25], where the authors perform
a semianalytic study of preheating in inflationary models
comprised of multiple scalar fields coupled nonminimally
to gravity. In [26] the authors show the sensitivity of the
cosmological observables to the reheating phase following
inflation driven by many scalar fields, where they find that, for
certain decay rate, reheating following multifield inflation can
have a significant impact on the prediction of cosmological
observables.

Indeed the multiscalar field models for inflation are of
interest even on most recent studies, such as the above-
mentioned cases; however, one of the most important fea-
tures in such models is the potential associated with the
scalar fields, and in many cases, the employed potentials are
simple polynomial powers of the scalar fields or in other
cases the employed potential is a series of lineally summed
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exponentials; however, it has been shown that a potential
of the form V(¢,0) = Ve %™ is a good candidate to
model the inflation phenomenon for multiscalar field theory,
asdiscussed in previous work [27], and might provide a richer
postinflation scenario.

Generally, in the studies of inflationary cosmology one
employs the usual slow-roll approximation with the objective
to extract simple expression for basics observable, such as the
scalar and tensor spectral indices, the running of the scalar
spectral index, and the tensor-to-scalar ratio. Moreover, in
the slow-roll regime the set of EKG equations reduces in
such a way that one can quickly obtain the solution of the
scale factor. Nevertheless, there is an alternative approach
which allows for an easy derivation of many inflation results.
It is called Hamilton’s formulation, widely used in analytical
mechanics. Using this method we obtain the exact solutions
of the complete set of EKG equations without using the
aforementioned approximation.

On the other hand, we implement a basic formulation
in quantum cosmology by means of the Wheeler-DeWitt
(WDW) equation. The WDW equation has been analyzed
with different approaches in order to solve it, and there are
several papers on the subject, such is the case in [28], where
they debate what a typical wave function for the universe is.
Reference [29] has a review on quantum cosmology where
the problem of how the universe emerged from big bang
singularity can no longer be neglected in the GUT epoch.
Moreover, the best candidates for quantum solutions are
those that have a damping behavior with respect to the
scale factor, since only such wave functions allow for good
classical solutions when using a Wentzel-Kramers-Brillouin
(WKB) approximation for any scenario in the evolution of
our universe [30, 31]. Furthermore, in the context of a single
scalar field a family of scalar potentials is obtained in the
Bohmian formalism [27, 32], where among others a general
potential of the form V(¢) = Ve ™ is examined. Given this
insight, for a two scalar field scenario we consider a potential
of the form V(¢, o) = Vye 197 in order to solve the WDW
equation.

This work is arranged as follows. In Section 2 we present
the model with the action and the corresponding EKG
equations for our cosmological model and the associated
Hamiltonian density. In Section 3 general equations for the
classical solutions of scale factor, scalar fields, and their asso-
ciated momenta are derived in terms of the free parameters
of the model. In Sections 3.1, 3.2, 3.3, and 3.4 the particular
solutions and their number of e-folds are computed for
different cases of the A parameter. in Section 4 we use the
Hamiltonian density to compute the corresponding WDW
equation, which is solved by using a change of variables;
an ansatz for the wave function is employed in terms of a
generic function and parameters which are to be determined.
In Sections 4.1 and 4.2 the corresponding wave function and
their constants relations are presented for different cases of
the & parameter, which in turn is related to the A parameter
of the classical solutions. Finally, in Section 5 we present our
conclusions for this work.
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2. The Model

We begin with the construction of two scalar fields cosmo-
logical paradigm, which requires canonical scalar fields ¢, 0.
The action of a universe with the constitution of such fields is

<

@
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where R is the Ricci scalar, V(¢, o) is the corresponding scalar
field potential, and the reduced Planck mass Mf, =1/8nG =
1. The corresponding variations of (1), with respect to the
metric and the scalar fields give the Einstein-Klein-Gordon
field equations
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The line element to be considered in this work is the flat FRW
ds* = -N (1) dt* + &%V [dr + 1 (d6° + sin’0dg’)], (5)
where N is the lapse function, which in a special gauge one

can directly recover the cosmic time ty, o (Ndt = dt;), the

scale factor A(t) = e®V is in the Misner’s parametrization,
and the scalar function has an interval, Q € (-c0,00).
Consequently the field equations are
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By building the corresponding Lagrangian and Hamilto-
nian densities for this cosmological model, classical solutions
to Einstein-Klein-Gordon equations ((2)-(4)) can be found
using the Hamilton’s approach, and the quantum formalism
can be determined and solved. In that sense, we use the metric
equation (5) into (1) having

6 §
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where upper “s” represents the first time derivative and the
corresponding momenta are defined in the usual way I1; =
0Z[04. We obtain

e3Q .
O, = 12—0,
Q N
) Ne—3Q
Q= I,
2 @
30
e .
To=-3¢ (1)
{ -3Q0
(/) = _Ne H¢,
30
m,=-,
N
¢ = —Ne 11

o

By performing the variation of the canonical Lagrangian with
respect to N, i.e., 6L nonical/ON = 0, where L, onical =
II,q - NZ, it implies the constraint # = 0. Hence the
Hamiltonian density is

-3Q
€ 2 2 2 6Q
== (115, — 12105 — 1211, - 24V ($,0) €] (12)

In the gauge N = 24¢*? and using the Hamilton equations
q = 07[dl], and Hq = —0% |0q, we have the following set
of equations:

Q = ZHQ,
¢ = —2411,,
0 = —24I1,,
1, = 6U, (13)
. oUu
I, = —,
¢ ¢
. oUu
I =—,
7 oo

where U = 24V(¢, 0)e®?. Given a particular form of the
potential V(¢, o) one can derive a relation between the time
derivative of the momenta such as f[¢ o T1,, provided that
0V /o¢p = adV /0o, where « is a constant. Such connection
can be obtained considering two different configurations of
the potential: V(¢,0) = f[t(x;¢ + a,0)] or V(¢,0) =
Vifl£(e )] + V,f[+(er;0)], where V, and V, are constants,
and f(¢,0) is an arbitrary function. We select the simplest
form of the potential V(¢, o) = A(¢)B(0):

V = Ve hthe (14)
where V is a constants and A, and A, are distinguishing

parameters. This class of potential has been obtained by other
methods; see, for instance, [27, 32-35]. Therefore the time

derivative of the momenta is simply H¢ = -1, Uand 11, =
-A,U, of which solutions are

A
(15)
Ay
Ho = _?HQ + Po>
where py and p, are integration constants. Henceforth we

will employ this scheme in order to find analytic classic and
quantum solutions.

3. Classical Solutions

We start from the Hamilton equations (13) in order to find
relations between the scale factor and the scalar fields, such
as

¢ = —2411; = 40T, - 24p, = 20, Q- 24py,  (16)
0 = —24T1, = 4A,11, - 24p, = 21,Q - 24p,,  (17)
of which solutions are
¢ = ¢y +21,Q - 24pyt, 18)
0 =0, +21,Q-24p,t, (19)

where ¢, and o, are integration constants, and they can
be determined by suitable conditions. These expressions are
indeed general relations, since they satisfy the Einstein-Klein-
Gordon equations ((6)-(9)). Then by taking into account the
constraint # = 0, we obtain the temporal dependence for
I1, (t) which allows us to construct a master equation:

dri,,
m, I + m,I1, — m;

= dt, (20)

where the parameters m;, i = 1,2, 3, are
m, =2(3-1}-13)=2(3-1%),
m, = 24 [)‘1P¢ + Azpo] > (21)

my; =72 [pi+pi].

Subsequently by analyzing the parameter A* = A2 + 13 we will
obtain three different solutions.

3.1 Solution for A* = 3. Having A* = 3 implies that m, = 0,
so the integral to solve becomes

m, [T, —m;

= j dt, (22)

then we parameterize A; such as A, = +/3(1-¢), A, =
V3¢, A2 = 3, where € € (0,1) measures the corresponding
weight for each scalar field during inflation; so the constants
(21) become

€
m, = 24\3(1-¢) [P¢ + \/mpo] >

(23)
m; =72 [pi +p§] .



Thus I, (t) becomes

bt
— + c,e ,
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g (t) =

where ¢, is an integration constant. Using the relations from
(13) and after some algebra, the solutions of the set of variables
(Q,¢,0) and (H¢, I1,) are

2m;
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m
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where (€, ¢y, 0,) are all integration constants. In order to
make the above results fulfill the EKG equations ((6)-(9)),
all constants must satisfy that 144V, = m,c,e *% o120,
Finally the scale factor A(t) for this case is

2
A = Age?™/m)exp [ 1 mat ] , (30)
m,

where A, = e™. Given that the scale factor is an exponential
of an exponential function, it might exhibit a highly substan-
tial growth.

3.2. Solution for A* > 3. For this case m; = 2(3 — A%) < 0, so
the integral to solve becomes

dri,,
—m, 112 + m,I1, — m;

= dt, (31)

where we include the minus sign in this equation, such the
constant m; = 2(0% = 3) = 23 > 0. Then we define W =
m; — 88m;, so we change variable as z = 41, —m, in order
to integrate (31). Thus the solution to the momenta IT(t)
becomes

I, = i} + @ tanh (%t) . (32)

4 4p

Advances in Mathematical Physics

Using the relations from (13) and after some algebra, the
solutions of the set of variables (Q,¢,0) and (H¢, I1,)
are

Q=Qo+r2n—/§t+%ln[cosh(§t>], (33)

¢ =y + </\1% —24p¢)t

n | cosh <Qt>] ,
2

(34)

2

B

o=0y+ <)L2 2 )t— ~21n|cosh (%t)] ,» (35)
= —% ( * 15 tanh (gt» + Py (36)
U:—%( +—tanh(% >>+po, (37)

where (€, ¢y, 0,) are all integration constants. In order to
make the above results fulfill the EKG equations ((6)-(9)),
all constants must satisfy that 11528V, = w?e1#t4200728%
Finally the scale factor becomes

1/p
A = Ayel™/PN [cosh (%t)] , (38)

where A, = e™. For this case, given that § > 0, one would
expect that the scale factor grows slower than the previous
case \> = 3.

3.3. Solution When \* < 3. For this case we modify the
relation between the momenta equation (15), by changing the
sign in the constants, (py, ps> m;) — (=pg» —P,> —My,), and
m, = 23 - A% =
becomes

21 > 0; therefore the integral to solve

dIt
- Q = dt. (39)
21T, — myIly —my
Thus I, (t) is
11 —i[m —occoth(ﬁt” 40
0 =g, [m DI (40)

where o’ = m’ +8#xm,. Using the relations from (13) and after
some algebra, the solutions of the set of variables (), ¢, ) and
(H¢, I1,) are
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where (€, ¢, 0,) are integration constants. In order to fulfill
the EKG equations ((6)-(9)), all constants must satisfy that
11527V, = a’et1%120021% Einally the scale factor A = e
becomes

A = Aye™ /M esch <%t> , (46)

where A = e For this case, given that # > 0, one would
expect the scale factor to grow in a similar way as the previous
case A* > 3.

3.4. Number of e-Folds. Inflation is characterised by the num-
ber of e-folds it expands during such period that corresponds
to APhys > 0, where the primes represent the derivatives with
respect to the cosmic time t,. The e-folding function N, =
I dtypyH(typys) is described by typ, - computing the 1ntegral
from typye* 10 typ g eng> Where tp . * represents the time when
the relevant cosmic microwave background (CMB) modes
become superhorizon at 50-60 e-folds before inflation ends
at tohys enas and Htypy,) Hppys = phys/Aphys is the
Hubble parameter. Although, in our prescription we use a
proper time t, we can evaluate the Hubble function in the
corresponding gauge as H,p, s = Q/N.

At the end of inflation the expansion rate of the scale

factor must be null which translates to thyS = H;hys
or O = 20 From here we can compute the time when

inflation ends (t.,4) given each particular case. Table 1 shows
the computation of the e-folding function N, and t,, 4 for each
case given by the A parameter.

4. Quantum Solutions

The Wheeler-DeWitt equation for this model is acquired by
replacing Iy = —ihdy. in (12). The factor e may be factor
ordered with ﬁQ in several forms. Hartle and Hawking [30]
have suggested what might be called a semigeneral factor

ordering, which in this case would order e_mﬁé as

—e O e, =~ + pe %0, (47)
where p is any real constant that measures the ambiguity
in the factor ordering for the variable ; in the following

we will assume such factor ordering for the Wheeler-DeWitt
equation, which becomes

Rov¥ + thg—g ~U(Q,¢,0)¥ =0, (48)

where 0 = -9%/0Q? + (1/12)(a2/a¢2) + (1/12)(0%*/90?) is
the d’Alambertian in the coordinates q" = (Q,¢,0) and the
potential is U = +24V,e*>™ %747 Then we transform the

coordinates to obtain a potential that only depends on a single
variable, employing the following transformation:
{=6Q-A,¢p— 1,0,
k=¢+0, (49)
n=¢-o.

Now we find the partial derivatives of y with respect to the
old coordinates (a, ¢, o) but in terms of the new variables ({,

K, 1),
o _ov oy o¥ox o¥oy _ oY
Q BC BQ K 0Q on o ol

ov _oval vk ¥y
9% 3 op  oxdp  onop

B\I’ 8‘1’ oY
= A’ —_—,
oY oY BC oY ok LY ¥ on
o0 o 30 ' ox o0 on do
_ a\y a‘{’ oY
ST Yk oy

from here we use these new relations in the quantum
Hamiltonian density, obtaining

o’v o’Y
292 2 2
1217 (A + A3 - )a—cz+24h (At A) = e

2 2
24hzg\y 24 (A, + A )a?ac 24h23 - (5D
U

- 6h2paa—\§ — 24Vt = 0,

At this point, we propose the following ansatz, ¥ =
eI/Miextes G(7), where the parameters c; are constants and
G(() is a function to be determined. By introducing the
aforementioned into (51) we obtain the following differential

equation of the function G:

d’G

dG
S gy

(ﬁoe( + po) G=0, (52)
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where the constants are

8 = 1207 (A1 + 13- 3),
oy = —6h[41, (c; + c3) +4A, (¢, — ¢;) + Ap],

(53)
/30 = 24V,

Po = 24 (cé + ci)

The solution of (52) is dependant on the value of constant
0y, which turns in three different cases, (I) § = 0 implying
that A3 + A3 = 3, (II) § < 0 implying that A3 + A3 < 3, and
(IlI) § > 0 implying that A> + A3 > 3, which can be analyzed
in two different cases.

4.1. Case 6 = 0. For this case, (52) becomes
dG
%d_C + (ﬁoez + po) G=0, (54)

of which solution is

G()=et

) ng P
h[4A, (¢, +¢3) +4A, (c; — ¢3) + ip] " (55)

- exp

2, 2
4(c2 +c3)
¢ =

h [41, (c; + ¢3) +4A, (¢, — ¢;) + Ap]’

and therefore, the corresponding wave function for this case
becomes

v = woe(l/h)(chCzKﬂsn) exp [—c4e(] ,
W, (56)

T H[4A, (¢, + C3) +4A, (¢, —c5) + i

Cq

Note that wave function has a damping behavior with respect
to the scale factor, which is a required feature.

4.2. Case § # 0. For this case, (52) becomes, which is similar
to that in [36],

y" +ay +(be™ +¢)y =0,

(57)
y= e—ax/ZZV (&exxﬂ) ,
K

where Z, is the Bessel function and v = Va? — 4c/x is the
corresponding order, and its relations are

7
a_%__4/\1(c2+c3)+4/\2(c2—c3)+hp
8, (A2 +23-3) '
b=bo
%o
2V,
———0 — whenA}+1}>3
_ h2</\21+/\§—3) (58)
2V, 2,92
- when A + 145 <3
h? (A3 + A% - 3) b
c=&= 2(c§+c§)
o h(A2+2A2-3)
k=1,

of which, according to the constant b, the solution to the
function G becomes

G () = el@herrerih(Ge) ) 2hOT - 2

"\ h
(59)
2V, (/2) 2 52
cA|=>———¢ , AJ+A; >3
\]Aﬁ +A3-3
G() = e—((4/\1(cz+c3)+4A2(c2—c3)+hp)/zh(3—/\§+/\§))(]v %
(60)
2V, C/z) 2 42
A T——=—=¢ , A +A; <3
\/3 -A+ A3
and the resulting wave functions are
v - ec5(+c2K+c3r]KV g 2\/0 e(/Z ;
242
A +A; >3
v - e—c66+c21<+c377]v g 2V, e(/z ,
A+ Al<s.
where the constants are
o 40, (cy +¢5) +4A, (¢, — ¢5) + hp

° 20 (A2 + 22 -3) ’

(63)
o 40, (cy +¢5) +4A, (¢, —c3) + hp
6 = .

2h(3-A2+13)

Whilst ¢; < 0 and ¢ > 0, the wave functions ((61),
(62)) will remain suppressed by the growth of the scale factor,
yielding an expected damped wave function.



5. Conclusions

We studied a flat Friedmann-Robertson-Walker (FRW) mul-
tiscalar field cosmological model. We introduce the corre-
sponding Einstein-Klein-Gordon (EKG) system of equations
and the associated Hamiltonian density. Exact solutions
to the EKG system are derived by means of Hamilton’s
approach where a particular scalar potential of the form
vV = Voe_ll‘/’_’\ﬂ was utilized, which gave rise to different
cases dependant of the free parameter A, for which the scalar
fields, the scale factor, and the e-folding function were found.
The Hamiltonian density was employed in order to compute
the Wheeler-DeWitt (WDW) equation, which was solved
by means of a change of variables. An ansatz for the wave
function was proposed which in turn allowed us to find the
exact form of the generic function and its constants which
was composed by the aforementioned in terms of the free
parameter A. We found the model to be rather simple and
its solutions to be quite interesting for a model building
inflation.
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