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We study the Cauchy problem of the Chern-Simons-Schrédinger equations with a neutral field, under the Coulomb gauge
condition, in energy space H'(R?). We prove the uniqueness of a solution by using the Gagliardo-Nirenberg inequality with the
specific constant. To obtain a global solution, we show the conservation of total energy and find a bound for the nondefinite term.

1. Introduction

In this paper, we are interested in the Cauchy problem of the
Chern-Simons-Schrodinger equations coupled with a neutral
field (CSSn) in R'*:

iDyy + D;Djy = [y v + 2Ny, (1)
30N — AN + N = 2 |y[*, )
A, - 0,A, =2Im (yD,y), 3)
0A, —0,A, = —2Im (yD,y), (4)
3A,—0,A, = |y (5)

Here, y(t, x) : R'*? — C is the matter field, N(t, x) : R'"** —
R is the neutral field, and A ,(, x) : R™*? — R is the gauge
field. D, = 9, —iA,, is the covariant derivative, i = V-1,0, =
0, 0; = axj, and A = 0,;0;. We use notation A = (Ay, A ) =
(Ay, Ay, A,). From now on, Latin indices are used to denote
1, 2 and the summation convention will be used for summing
over repeated indices.

The CSSn system exhibits both conservation of the
charge,

Q) = |y &), = Q(0), (6)

and conservation of the total energy

E)=2Y [Dw &), + 19N @)%
j=1,2

FON @+ IN @I + [y )l O

+4J N |y|* (%) dx = E(0).
RZ

The CSSn system is invariant under the following gauge
transformations:

y — ye,
N — N, (8)

AH — AM +5HX,

where y : R — R is a smooth function. Therefore, a
solution to the CSSn system is formed by a class of gauge
equivalent pairs (y, N, A). In this paper, we fix the gauge
by adopting the Coulomb gauge condition d;A; = 0,
which provides elliptic features for gauge fields A. Under the
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Coulomb gauge condition, the Cauchy problem of the CSSn
system is reformulated as follows:

0y + Ay = —Agy + Aty + 2iA dy + |y v

9)
+ 2Ny,
3,N - AN + N = -2|y|*, (10)
AA, =21m (3,90, - 3,7d,¥)
+23, (4, [y[’) ()
- 20, (A2 |1p|2),
AAy = -0, (Jy[*), (12)
A, =0, ([yf). (13)

with the initial data y(0,x) = yu(x), N(0O,x) =
ny(x), O,N(0,x) = n;(x). Note that y, N are dynamical
variables and A are determined by y through (11)-(13).

The CSSn system is derived from the nonrelativistic
Maxwell-Chern-Simons model in [1] by regarding Maxwell
term in the Lagrangian as zero. Compared with the Chern-
Simons-Schrodinger (CSS) system which comes from the
nonrelativistic Maxwell-Chern-Simons model by taking the
Chern-Simons limit in [1], the CSSn system has the interac-
tion between the matter field y and the neutral field N. The
CSS system reads as

-lyl*v,
0A, —04¢ = 2Im (¥Dyy),

iDyy + D;D;y =

_ (14)
0pA; = 0,A¢ = -2Im (yDyy),

0,4, —0A, = |V/|2

and has conservation of the total energy

E@M)=2Y [Dw @), - lw®)li=E0). g
j=1,2

We remark that [|y/(t, -)||i4 has opposite sign in (7) compared
with (14). In fact, this difference causes different global
behavior of solution. The local well-posedness of the CSS
system in H”, H' was shown in [2, 3], respectively. We can
prove the existence of a local solution of the CSSn system by
applying similar argument. On the other hands, due to the
nondefiniteness of total energy, the CSS system has a finite-
time blow-up solution constructed in [2, 4]. The CSSn system
also has difficulty with nondefiniteness of N|y/|* in the total
energy, but we could obtain a global solution by controlling it
with H'-norm.

Considering conservation of the energy (7), it is natural
to study the Cauchy problem with the initial data v, 1y, n; €
H'xH"'xL*. Our first result is concerned with a local solution
in energy space.
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Theorem 1. For the initial data (y,,ng,n,) € H'(R®) x
HY(R?) x L*(R?), there are T > 0 and a unique local-in-time
solution (y, N, A) to (9)-(13) such that
(o, 1; H' (R*)) n C ([0, 1); 1 (R*)).
(o, 1y; H' (R*)) n C ([0, 1); 1 (R*)).
o,.N € L ([0,T);L* (R?)), (15)
(
(

where 2 < q < ©00. Moreover, the solution has continuous
dependence on initial data.

Our second result is concerned with a global solution in
energy space.

Theorem 2. For the initial data (yy,ng,n,) € H'(R?) x

HY(R?) x L*(R®), there exists a unique global solution
(y, N, A) to (9)-(13) such that

veL

Z

m

~
8

where 2 < q < ©00. Moreover, the solution has continuous
dependence on initial data.

Note that, considering (11)-(13), A jcan be determined by
Y as

] 2

-1 j+l X

and then A can be determined as

2 (-1)*! <_ « Im (0, ,1,,)>
Py EUE (2 ().

T

(18)

where j' = 2if j = 1,and j' = 1if j = 2. We present estimates
for A and refer to [3, 5] for proof.
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Proposition 3. Let v € H'(R*) and let A be the solution of
(11)-(13). Then, we have, for 2 < q < 0,

430 < Bl Iyl

[v4;

<l 19wl
lAole < (1+ [wllz:) Il vyl 272,
[l + 1V AGl < (1+ wl:) vyl

We will prove Theorems 1 and 2 in Sections 2 and
3, respectively. We conclude this section by giving a few
notations. We use the standard Sobolev spaces H*(R?) with
the norm || fll ;= = (1 - A)S/ZfIILz. We will use ¢, C to denote
various constants. When we are interested in local solutions,
we may assume that T < 1. Thus we shall replace smooth
function of T, C(T') by C. We use A < B to denote an estimate
of the form A < CB.

2. Proof of Theorem 1

In this section we address the local well-posedness of solution
to (9)-(13). We note that if we remove the gauge fields and the
term |y|*y from the CSSn system, it is the same as the Klein-
Gordon-Schodinger system with Yukawa coupling (KGS).
There are many studies on the Cauchy problem of the KGS
system in the Sobolev spaces H* [6-9]. Moreover, if we ignore
the interaction with the neutral field N which does not cause
any difficulty in obtaining a local solution, a local solution
for the CSSn system can be obtained in a similar way to
the CSS system. We could obtain a local regular solution by
referring to [2, 8] and then construct a local energy solution
by using the compactness argument introduced in [2, 3, 5, 6].
In other words, a local H' -solution is constructed by the limit
of a sequence of more smooth solutions and it satisfies CSSn
system in the distribution sense. For the proof, we follow the
same argument as in [2]. So we omit the detail of the local
existence here. Since the compactness argument does not
guarantee the uniqueness and the continuous dependence on
initial data of a local solution, we would rather contribute
this section to show the uniqueness and the continuous
dependence on initial data of a local solution.

Theorem 4. Let (v,N,A) and (y, N,A) be solutions to
(9)-(13) on (0, T) x R? in the distribution sense with the same
initial data (y,, ny, n,) € HY(R?*)x H{(R*)x L*(R?) satisfying

v, % N,N e L* ([0,T); H' (R?))
nc([o,1);L* (R?)),

N, 3,N € L ([0,7); 12 (R?)), (20)

[logrr s Wlisors > INTosgrs [N g > 10N T2

o < M

LRI~

for some M > 0. Then, we have
Ity -9) &2 =0,
[(v-N) @], =,

for 0 <t < T. Moreover, the solution depends on initial data
continuously.

(21)

Before beginning the proof, we gather lemmas used for
the proof of Theorem 4. We use the following LP~L” estimate
proved in [10] which plays an important role to control the
difference of solutions. It was used in [6] for the uniqueness
of the KGS system.

Lemma5. Let f(t,x) : R? - R be a solution to

0. f-Af+ f=F, (tx)eR'"™
(22)
f(0,x)=0,
0,f(0,x) =0, (23)
and T(t) be the Klein-Gordon propagator. Then, we have
t
ftx)= J T (t—s)F(s)ds, (24)
0
and
IT () Fllgsey < 1017 1F N oz - (25)

The Hardy-Littlewood-Sobolev inequality is also used to
control the difference of solutions. For the proof, we refer to
Theorem 6.1.3 in [11].

Lemma 6. Let I, be the operator defined by

i@ = | SO g, (26)
R |x -y
If1/q=1/p—-1/2,1 < p < 2, then we have
||Ilf||Lq([R2) < \/zﬂql/z "f“LP([RZ)' (27)

The following Gagliardo-Nirenberg inequality with the
explicit constant depending on g is used to show the unique-
ness. It was proved in [12, 13] and used in [3, 5, 12, 13] to show
the uniqueness of the nonlinear Schrédinger equations.

Lemma 7. For2 < g < 0o, we have

1/2 ~
Aoy = @ (1) T e Ioslicle . @9

We need the following Gronwall type inequality.

Lemma 8. Let f(t) be a continuous nonnegative function
defined on I = [0,a) and has zero only at 0. Suppose that f
satisfies

fsa (L £ ds)H/q +B L fls)ds (29)

fort el,



where o, B > 0 and q > 2. Then we have

2pt/q _ \9/?
th(s)d.sS(%) fortel.  (30)
0

Proof. Define

[N

h(t) = (Ltf (s) ds>2/q + (31)

26

—~ N

Then, the assumption (29) implies

o= ([ so ds)yq_l 10

(32)
t 2/q 2[;
< oc+/3(J f(s)ds> - Ph,
0 q
and the standard Gronwall’ inequality gives
h(t) < h(0) /1 = L 2ila, (33)

2
Considering the definition of /() in the above inequality, we
have (30).

We also need the following inequality to show that the
solution is continuously dependent on initial data. We refer
to [14].

Lemma9. Letq > 1 and a,b > 0. Let f : [0,00) — [0, 00)
satisfy

fty<a+b r Y4 (s) ds (34)
0

orallt > 0. Then, f(t) < (a’?+bg t)? forallt > 0.
Il Then, f(t) < (a"+bq't)1 for all

Now we are ready to prove Theorem 4. The basic rationale
is borrowed from [3, 5, 15]. Let (w, N, A) and (i, N, A) be
solutions of (9)-(13) with the same initial data. If we set

u=y-yand v=N-N, (35)
then the equations for u and v satisfy
iou+ Au = (ZO - AO) v - Agu
+2i(A; - A;) 0y + 2iA Du

+(A2j—

A)y+ A (36)
[yl = 11°) v+ [91 e+ 20y
+2Nu,
v —av+v==2(ly| - 7). (37)
where

u,ve L% ([0,1);H' (R*)) nC([0,T);L* (R?)),
(38)
dv e L% ([0,T);L* (R?)).
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First of all, we will derive, for g > 2,

¢ 1-2/q
sup ulls < a (j sup Jull ds)

[0,] 0 [0,s]
’ (39)

t
+p I sup ||u||i2 ds,
0 [0,s]

where
a=TgM* (1+ M9+ M*¥7) and B= M. (40)

Once we obtain (39), considering [|u4(0,-)[|;2 = 0, Lemma 8
gives

t
J sup ”l/l"iz ds

0 [0s] (41)
2 q/2
< T (1+ MY 4 p2+a)? [a(e 1 -1)]",
for 0 < t < T. We note that
bt
-1

lim&—" =, (42)
t—0* t

Let us take the time interval T' < T satisfying (2 +
MAHM*T) < 1/2. Letting g — oo we have that [lu(z, -)||;2 =
0 for 0 < t < T'. Using this argument repeatedly, we conclude
that [lu(t, )|z =0for0 <t < T.

To derive the estimate (39), multiplying (36) by u and
integrating the imaginary part on [0, ] x R, we have

t e p—
o = [ [ 2(- A(f)) Im (y)

+4(A; - A;)Re(0;y1) + 24 9, |ul’
(11) (111)

+2(4; - A7) Im (y@) (43)
Iv)

+2([v” - [9]°) Im (i)

V)

+4vIm (yu) dxds.
(VD)

Considering BJK j = 0, we have (III) = 0. Except for the
integral (VI), the right-hand side of (43) is bounded, by
adopting the same manner described in [3, 5], as follows.

@O+ JD) + (IV) + (V)

< T*igM? (1 + MY 4 M2+4/‘7)

¢ 1-2/q
. (J sup ||u||iz ds) .
0 [0,s]

(44)
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We will provide, for instance, the bound for (II) and (IV). The
rest can be proved in a similar way. Due to (17), Lemma 6 and
Lemma 7 lead to

450 = 11 (")

e < vl (45)

and

"AJ' - KJ'"Iﬁ S “Il (W/lz - llT/lz)"Lq

< ql/z

Iyl + 1) uall»

(46)
1/2

(wll o + 190 a) el 2

< qM llullz < gM" u) 32,
where pis determinedby1/q = 1/p-1/2.For 1/r+1/q = 1/2,

the Holder’s inequality and Gagliardo-Nirenberg inequality
yield

J.

<A - &L, 19l il (47)

4(A; -Kj)Re(ajW)|dx

2-2, 2 2+4, 2-4/
< M )2l < gM>H )3

J'"Lq ~

Aj-A

Thus, the Holder’s inequality gives

L),

< qMM/qJ s ()17 ds (48)

4(Aj - Zj)Re (ajy/a)| dx

t 1 Z/q
< THagM**/ <J e ()13 ds) .
0

For the integral (IV), similar estimate shows

J.

<[l = Al (sl + 12 oo s

2(A) -

21'2]) Im (yfﬁ)| dx

(49)
< " 1l (s + 1) ol et
< qM* ),
which implies
t
| ] l2(a - 2) m (v ax
0 JR?
(50)

t 1-2/q
< Tz/qu4+4/‘1 <j llu (s)”i2 ds) )
0

For the integral (VI), we first apply Lemma 5 to (37) which
leads to

&l < [ |res-0 (lv @ -7 @)
0

1 dr

< [l O (y @l + 7@l 6

< Msz/3sup luall ;2 -
[0,5]

Then, we have

H 4 Im (y0)| dxdls
0 JR2
t
< jo Ol [y Ollp le@lzds — (52)

t
< M? J sup ||M"iz ds.
0 [0,s]

Collecting these bounds (44), (52), we obtain (39) which
implies
lu(t,)=0 forO<t<T. (53)
On the other hand, multiplying (37) by 0,v and integrating
over [0, 1] x R?, we have
[0 O + IVv O + Iy )17
(54)
=t [ [ Q1= 19D vl + 17D orvetuas,

for 0 < t < T. The Hoélder’s inequality and Gagliardo-
Nirenberg inequality give us

0.y O + 19y @)1 + v ()2
t
< | W@l (v @l + 17 O oy Ol ds - ss)

j I Ve (5)]22 ds = .

Finally, continuous dependence on initial data follows
from the same estimates above and the same argument in [14].
Let (v, N, A) and (, N, A) be solutions of (9)-(13) with the
initial data (v, 1y, 1) and (¥, 7, 7, ), respectively. If we set
u =1y —yandu, = ¥, — ¥, the above estimates show

sup lull} < Juolls: + M (1 + MY9 + M>*7)
0,t

t (56)
2(1-2
[ swp o d
0 10,]
Applying Lemma 9 to (56), we have
2
sup [lull;-
[0,£]
(57)

< ("u()“iéq + M2 (1 . M4/q " M2+4/q) T)q/Z ,

and this implies that the solution depends on initial data
continuously in L* locally uniformly in time.



3. Proof of Theorem 2

In this section we study the existence of a global solution to
(9)-(13). Firstly, we derive the conservation laws (6) and (7).
Multiplying (1) by y and taking its conjugate, we have

0y + Ay = Ao [y[* + A% |y[ + 24 2,97 -
58

+id Ayl + [yl + 2Nyl

—i0gy + Ay = ~Ag [y[* + A? ll” - 2iA 0;yy (59)
59
—i0;A; ly” + [wl" + 2N Jy|.

Subtracting (59) from (58), we obtain
0, [y + Ay - Mgy = 2i0; (A [y[*). (60)

Then, integration by parts on R? gives

d
ol =0 gl

which implies (6).
Multiplying (1) by 9, and taking its conjugate, we have
i0,y0,y + AYd,y = Ao,y + Ay,
+2iA 0,0,y +i0;A ;yo,y
+ |yl yog + 2Ny,
— i0,y0,y + Ayo,y (62)
= APy + Ay,
—2iA;0;yo,y —i0;A jyo,y
+ |y wo,u + 2Ny, .

Summing the both sides and integrating by parts on R?, we
obtain

_ J 0 [Vy|* dx - J ) Ai.at ly|* dx
R R
®

+ [ 44, 1m (3,90,7) + 20,4, Im (y07) dx
) (63)

:_J 2A08t|1//|2dx+%128t|w|4dx
R R

+2 J NO, | dx.
RZ

Advances in Mathematical Physics
Considering
. 2 2 2 2
0= |3, (4 1vP] - 0,43 [yl ax.

(if) = JRZ 24,Tm (3,903 + 24, Im (y0,0,9) dx

(64)
= JRZ 20, [A;1m (yoy)]
- 20,A;Im (y0;y) dx,
and
ool -alsel - o))
+0,[A%|y[],
the left side of (63) becomes
- % JRZ Dyl dx
(66)

+ JRZ atAi. |’ - 20,A;Im (vo;v) dx.
(ifd)

On the other hands, multiplying (3), (4) by 0,A,, 9,A,,
respectively, we have

0,A, (0yA, —0,4A,)
= 20,4, Tm (y0,y) - 24,3, A, |y|*, .
—0,A, (0)A, - 0,A,)
= 20,A, Im (y0,v) - 24,9,A, |y|".
Adding the both sides, we have

3,A% |y|* - 20,A ,1m (yd,y
) £ ( ] ) (68)
=0,A,0,A) - 0,A0,A,.
Replacing (iii) with this, integration by parts gives
(i) = — J Ay, (3,4, - 0,A,) dx
’ (69)
S J A, |v] dx,
RZ

where (5) is used. Inserting (66) and (69) into (63), we have
d 2 4 2
— J 2|Djyl +|w|*dx = —4J No, |y[*dx.  (70)
dt R2 ] R2

Now, multiplying (2) by 9,N and integrating on R* provide

di J IVNP? +|0,N|* + N?dx = —4J O,N ||’ dx. (71)
t Jr2 R?
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Adding (70) and (71), we finally obtain

d
EE () =0, (72)

which leads to (7).
Now we are ready to prove the existence of global
solution. By the conservation laws (6) and (7), we have

QW) =y ®)],: =Q(0), (73)

and

EM =2 Dy @ +1VN O +[o.N O]
j=1,2

+IN O + v @] (74)

+ 4] N |y|* (t,x)dx = E(0).
RZ
Because we do not know the sign of the last term N]|y/|?,
the energy conservation (74) does not imply a global energy
solution directly. Therefore we would find a bound for the
last term and then a uniform bound for H'-norm of solution
which leads to global existence. We refer to [8].

Using the Holder’s inequality, Lemma 7, and Young’s
inequality, we have

-4 J N |1;/|2 (t,x)dx
RZ

SAIN Ollgs v @4 lw @) 2

<4INOIZIVNOLE vy Ol lv Ol 75
1 1 1

< L IONOIE + L INOIL + 4 v O]
+ 2y O

From (75) and (74), it follows that

2Dy O, + IVN OI% + [N ([ + IN (1)1

+ v Ol

6 vt L L : 1 , (70
<E(0)+2°Q(0)* + L IVN 9l +  IN ()12

1 4
Lol
which implies

L+ IIN O + AN O + IN 1%

|p @)

+v ol <e

Referring to Proposition 3, the Holder’s inequality and
Young’s inequality give

2

e +2)40

2
[vy O <2 v @ Ly @1

<2 [y @],
+20[Vy Ol v Oz [y Ol 78)

<2 “Djlp ®)

2 1
PR G

+2C° Jy @ v Ol

which yields
IVy @®)];: < 4c (1 +C°Q(0)°). (79)
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