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We consider the motion of a spot under the influence of chemotaxis. We propose a two-component reaction diffusion system with
a global coupling term and a Keller-Segel type chemotaxis term. For the system, we derive the equation of motion of the spot and
the time evolution equation of the tensors. We show the existence of an upper limit for the velocity and a critical intensity for the
chemotaxis, over which there is no circular motion. The chemotaxis suppresses the range of velocity for the circular motion. This
braking effect on velocity originates from the refractory period behind the rear interface of the spot and the negative chemotactic

velocity. The physical interpretation of the results and its plausibility are discussed.

1. Introduction

The behaviors of artificial and biological microswimmers
such as oil droplets, bimetallic nanorods, catalytic Janus
colloids, liposomes, flagellated bacteria, and Volvox have
attracted widespread attention [1]. Under certain circum-
stances, some of these microswimmers are self-propelled
particles, the mobility mechanism of which has been inten-
sively studied [2, 3]. The motion of oil droplets, espe-
cially, has been studied in well-controlled experimental
facilities with sufficient reproducibility. Although symmetric
droplets cannot move in the absence of external force, the
Marangoni effect can cause motion in the presence of an
inhomogeneous chemical substance outside the droplet or
a temperature gradient along the surface [4-6]. Numerical
simulations and theoretical results support this mechanism
and the existence of straight, circular, and complicated
motions of droplets [7, 8], and experimental results qual-
itatively agree with the numerical results [9-12]. Droplet
motion has also been the subject of a review article [13,
14].

In a two-dimensional reaction diffusion (RD) system, the
droplet is often referred to as a spot solution. In order to

systematically describe the motion of spots in an RD system,
the time evolution equation of the spot was derived and the
mechanism of elastic collision of moving spots was clarified
in a previous study [15]. This study was extended by studies
on the drift and rotation bifurcations of spot solutions in RD
systems [16, 17]. In order to describe the deformations of the
spot, tensors were introduced. The bifurcation diagram of
the spot suggested that, with increasing velocity of the spot,
rotation bifurcation occurred causing the straight motion to
become destabilized into circular motion.

In addition to the Marangoni effect, which plays an
important role in the motion of oil droplets, chemotaxis is
an important property of cell migration; it is important in
mass transfer and immunological response in biology. In
inflammatory response, the neutrophils among blood cells
have a remarkable migration potency (chemotaxis) and can
change their form by generating pseudopods toward the
antigen. In biophylaxis, several chemokines (chemoattrac-
tants) are released from the macrophages and mast cells.
Then other immunocompetent cells (neutrophils) respond
to the gradient of the chemoattractant. Consequently, the
immunocompetent cells move unidirectionally to the source
point of the antigen [18].
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The mathematical model for chemotaxis was first pro-
posed by Keller and Segel [19], wherein the gradient of
the chemoattractant was taken into consideration for the
flow of amoeba. Neutrophil migration was considered with
a Keller-Segel type chemotaxis term in [20, 21]. In these
studies, the Cahn-Hilliard (CH) equation was employed,
and the kinematic properties and morphological changes
of the crawling cell distribution were shown. In addition
to the chemotaxis of the neutrophil, cancer cell invasion
under haptotaxis was modeled by the CH equation [22, 23].
The haptotactic response of cancer cells is described by
the gradient of the haptoattractant. However, in the above
studies, the gradients of chemoattractant and haptoattractant
are assumed to be constant; there is no feedback between the
cells and these chemical substances.

As described above, with the recent increase in impor-
tance of chemotaxis in biology, medicine, and cytoengineer-
ing [24-27], many experimental and theoretical studies have
been performed. Although there are model systems for the
cell density and concentration of chemotactic substances, no
mathematical analysis has been reported on the motion of
the cell. Inspired by these points, we first propose an RD
system including a naive Keller-Segel type chemotaxis term.
The system is autonomous, the spot secretes a chemotactic
substance, and the motion of the spot is influenced by it. For
the proposed RD system, we apply the method reported in
[16] to derive the equation of motion of the spot and time
evolution equation of the tensors. Based on these equations,
we study the bifurcation from straight motion to circular
motion as well as the upper limit of the velocity of circular
motion. In order to verify the theoretical result, we perform
numerical simulations for the tensor model. The physical
meaning and validity of the results are discussed.

2. Model Equation

We first consider the following three-component RD system
with an activator u, a chemotactic substance v, and an
inhibitor w:

ou 22
te— =€ Vu-eV-(uVy )
ot (uvx 1

+H (u—p(w) —u-v,

g—::VZV+u—‘m/, (2)
ow 2
TazDVw+u+v—w—VV, (3)

where p(w) = py+aw, py, &, 7,€, u, T, D,and W are positive
constants, and H(z) is a step function satisfying H = 0 for
z < 0and H = 1forz > 0. Throughout this study, we consider
the system in a two-dimensional space, with V = (0, d,) and
€ < 1. We choose y such that the system is monostable.
Here, we fix ¢ = 0.3. In the above excitable system, there
are two stationary states: a rest state and an excited state.
The rest state is (1, v, w) = (0,0,-W), and the excited state
has spatially nonuniform values of u, v, and w. Between the
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rest and excited states, there appear boundary layers with
thickness O(e), connecting the two different states.

When the second term on the right hand side of (1) is
absent, (1)-(3) describe an RD system with one activator and
two inhibitors, which was studied in [28]. In that system,
when 7 is large, the localized domain (motionless spot
solution) of an activator appears. With decreasing 7, the
motionless spot is destabilized through static bifurcation or
oscillatory bifurcation; however, when T' is small and D and
« are large, these bifurcations are suppressed by w. When 7 is
small, the motionless spot is primarily destabilized through
translational bifurcation, causing the spot to move.

In the presence of the second term on the right hand
side of (1), the moving spot is influenced by the chemotaxis.
A system similar to that described by (1)-(3), but with
bistability, was studied in [29]. In that system, the nonlinear
term in (1) was replaced by H(u — p(w)) — u, and a
front solution was obtained. Furthermore, maze patterns and
branching from a front solution were observed. The stability
analyses of the spot and front solutions were conducted by
applying the singular perturbation method [30].

The time evolution equation for u is obtained using the
conservation equation. The diffusion term is derived from
-V - J, where the flux J is the sum of the normal diffusion
(random motility) term J; and the chemotaxis term J_. That
is,J =7J4+J., whereJ; = —€’Vu and J. = euVy(v). It should
be noted that the signs of these fluxes are different. The sign
of J. suggests that the chemotaxis term provides a negative
diffusion effect, which suppresses the expansion of u. The
second term on the right hand side of (1) is the Keller-Segel
type chemotaxis term; we express the chemotactic sensitivity
function y as y(v) = k.y,(v), where y,(v) = f09v2/(v2 +6%)
with 6 = 1.0. In order to satisfy the condition max |dy,/dv| =
1, we choose f, = 8v3/9. We call k, the intensity of
chemotaxis [31].

In (3), T'and D represent the relaxation time and diffusion
constant of w, respectively. Let us consider a situation in
which w plays the role of feedback to suppress the static
bifurcation and oscillatory bifurcation. For the rapid feedback
mechanism, T'and D must be small and large, respectively. In
the limits T'— 0 and D — 00, w becomes a time-dependent
but spatially independent variable, which is denoted by
(w(t)):

(w(t))=Qijdrw=QLJdr(u+v)—W, (4)
0 0

where Q) is the area of the entire system. Replacing w in p(w)
by (w(t)), p(w) becomes a global coupling term. In the case
where T is very small and D is very large, we reduce the three-
component RD system to the following two-component RD
system with a global coupling term:

Te— = Vu—evV-(uVy () + f {uv} - v, (5)

ou
“or
ov
ot

=V +u— v, (6)
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where
fluvi=-u+Hu-plu}). (7)

The functional p{u, v} represents a global coupling term given
by

p{u,v}=p0+ocH.dr(u+v)—W , (8)

where the integral is over the entire domain, and & and W
are rescaled to absorb Q: &' = a/Qy and W' = WQ,, and
the primes are dropped. « corresponds to the intensity of
the global coupling, and the value of p, is chosen as p, =
0.275. Hereinafter, we consider the above two-component RD
system to be described by (5) and (6).

In the absence of chemotaxis, (5) and (6) describe the
same system proposed by Krischer and Mikhailov [32]. This
system had an activator and an inhibitor, and, for large T,
the motionless spot (localized particle-like structure) in two
dimensions was stable. With decreasing 7 under a large «, it
was shown that the system had a stable moving spot. In order
to understand intuitively the bifurcation from the motionless
spot to the moving spot, we consider the limit e — 0. In the
limit e — 0, the boundary layer of u becomes an interface,
as shown in Figure 1. The location of the interface is defined
by the condition u(r,t) = p. In this limit, u and v satisfy the
relation (u + v) = 1 (inside the domain) and 0 (outside the
domain), which is obtained from (5). In the limits of « — oo
and € — 0, the area of the spot is conserved; using (8), we
obtain

Jdr(u+v)=W'. 9)

This restriction prohibits the expansion and oscillation of
the spot; the translational bifurcation firstly occurs with
decreasing 7. Even for finite values of a large o and small
€, the area of the spot is approximately conserved by the
feedback mechanism. This supports the existence of a moving
spot for small T with large «. In contrast, for small «, the
static bifurcation or oscillatory bifurcation firstly occurs with
decreasing 7, and the motionless spot is destabilized to form
an expanding wave or is disintegrated by unstable oscillation.

Although the bifurcation from a motionless spot to a
straight moving spot and the collision of two moving spots
were studied in [32], other types of moving spot were not
studied. Recently, the bifurcation of the spot from straight
motion to circular motion was theoretically analyzed for the
system described by (5) and (6) without the chemotaxis term
[16]. The result suggested that there was a critical value 7, for
the bifurcation of stationary straight motion. Although the
straight motion was stable for 7 > 7, it was destabilized by
rotation (straight-circular-motion) bifurcation for 7 < ..
In other words, the straight motion was destabilized into
circular motion with increasing velocity.

In this study, we assume that the localized domain (spot)
of an activator exists under global feedback in the system
described by (5) and (6). In the system, the chemotactic
substance is secreted from inside the spot, and the motion of
the spot is influenced by the chemotaxis. In order to study the

FIGURE 1: Boundary layer and interface. The solid and dotted curves
correspond to u(r,t) and uy(r,t) = lim,_u(r,t) along a radial
direction, respectively, that is, u(|r|,¢) and uy(|r|,t). In the finite
€, u(|r|,t) hasaboundary layer around |r| ~ R, with the thickness of
€, where R, is determined by the condition u(|r| = R;)) = p. uy(|xl, )
does not have a boundary layer but has a sharp interface at |r| = R,

influence of chemotaxis on the motion of a spot, we apply the
technique reported in [16] to the system described by (5) and
(6). For this purpose, we first derive the radially symmetric
equilibrium solution of (5) and (6) in the limit € — 0. In this
limit, (6) becomes

g—: = Vv +H (u-p)-pv, (10)

where 8 =1 + p. Setting 0v/0t = 0 in (10), (10) becomes

& 1d
<ﬁ+;;>v—[3v+H(Ro—r)=0, (11)
where » = [r| and R, is the equilibrium radius of the
symmetric spot. We impose the boundary conditions on v(r)
as

dv(0)
dr
v(Ry+) = v(Ry-),
(12)
dv(Ry+) dv(Ry-)
dr B dr ~
v(00) =0

The radially symmetric equilibrium solution of (10) in two
dimensions is given by

v(r)

1

e 75 (B ) 1 (VB),
Tt (VBR) K (VBr),

0<r< R0> (13)

Ry <1 < 00,

where I, and K,, are the modified Bessel functions of the first
and second kinds of order n, respectively. The corresponding



solution of u(r) is given by 1(r) = H(R, —r) —v(r). The above
equilibrium solution is employed to study the motion of the
spot in the following sections.

3. Equation of Motion of the Interface

As e is small, the width of the boundary layer is small, and,
therefore, the value of u changes sharply while that of v
changes smoothly around the boundary layer. The velocity of
the flat interface is a function of the value of v on the interface.
In order to consider the dynamics of the spot in the system,
we derive the equation of motion of the interface. The time
evolution equation of the interface is described [16, 30, 33] by

V=1Ch)+ex+1L, (14)

where C(h) is the velocity of a flat interface; « is the curvature
of the interface, the sign of which is chosen such that it is
positive when the center of the curvature is outside of the
excited domain; and 4 is the value of v on the interface. V is
the normal component of the velocity, and L is the Lagrange
multiplier for the constraint of domain area conservation (9).
For the moving spot, this condition corresponds to

j doV (@) = 0, (15)

where dw is the infinitesimal length of the interface and the
integral is carried over the entire interface.

We first consider the velocity of the interface in one
dimension in (5) and (6). With the detailed derivations given
in Appendix A, the velocity 7C(h) is obtained as

2(1/2-h-p)
1/2

[(h+p)(1=h=p)]

dy dv
(@) (&)
where p is a global coupling term (8). 7C(h) consists of two
components: the velocity of the traveling front solution in one
dimension and the chemotactic velocity.

In two dimensions, the velocity of a flat interface directed
along n is given by

TC(h) =
(16)

>
i

~ 2(1/2-h-p) k(o dv
e p ! (i)

=P(h)+ Q(h)(n-V)vl,,

1

17)

where X(')(v) = dy,(v)/dv and A|; represents the value of
function A evaluated on the interface. n is a unit normal
vector on the interface, and (dv/dn) is a normal derivative.
When the motion of the interface of the spot is slow com-
pared with the relaxation rate of the chemotactic substance,
the left hand side of (10), (0v/0t), is small. In this case, we
deal with the time derivative of v in (10) as a perturbation.
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The asymptotic solution of (10) is written by perturbation
expansion using the Green function G as

2 3
v(r,t) = GH - GGa—H + GGGa—H - GGGGa—H
ot ot? o (18)

+ ... 5
where G is Green’s function satisfying the equation
(Vz—ﬂ)G(r—r') = —5(r—r'). (19)

In (18), GH represents the integral
GH = J dr,G(r—-1,) H (r},t),

GGaa—I;I = I dr,dr,G(r—1;)G(r; - 1y)

OH (ry,t)  (20)
ot

for brevity. In this study, we consider the situation in which
the motionless spot is destabilized supercritically and the spot
moves with an arbitrarily small velocity. Then, we can safely
apply the perturbative expansion of v in terms of G as in (18).

4. Deformed Spot Dynamics

In this section, we derive the equation of motion of the spot.
In order to describe the deformations of the spot, tensors
are introduced. The tensors depend on time, and the time
evolution equation of the tensors are derived following [16].

4.1. Description of Deformed Spot. We firstly describe the
position and velocity of a deformed spot. The motion of the
spot consists of two components: the motion of the center of
gravity and the motion of the interface relative to the center of
gravity. The center of gravity is denoted by p, and the velocity
of the center of gravity is given by

d 1

L5 v @r@=v, @
where () is the area of the spot and R(w) is a position vector
measured from the center of gravity. We consider the case that
R(w) is a single valued function of ¢,, which is given as

R(w) =R(¢)e, (22)

where e, is a radial unit vector and R(¢,) is the distance
between the center of gravity and a point on the interface,
which is directed to an angle ¢, with respect to the x axis.
Using the definition of R(w), dw is given by

dg, = VR* + R2d¢,, (23)

dR
d =
w=|%

r

where R' = dR(¢,)/d¢,. For the deformed spot, the radius is
given by

R(¢,) = Ry + 0R(¢,.t) (24)
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with

(o)

OR(¢t) = Y ¢, ()™, (25)

n=—00

where i = V=1, R, is the equilibrium radius of the symmetric
spot, and OR corresponds to the deviation. In the expansion
of 8R, ¢, corresponds to a (27/n)-periodic deformation.
According to the area conservation equation (9), ¢, = 0.
In addition, we exclude the terms of n = +1 because the
translational motion of the spot is incorporated in p. Thus,
we set ¢,; = 0. Using (24), the curvature x and the normal
component of the velocity V are given up to the first order of
the deviations as

1 1 &, ind
r’t =75 T 72 _1 nt Y, 26
4ot =-g g 2 (F-1)a e (26)
V(¢r’t)=v'n+ OZO: én (t)eingbr’ (27)

respectively, where the overdot denotes the time derivative.

For a general function A(r, t), the Fourier transformation
and its reverse transformation in two dimensions are defined
as

Ag(t) = JdrA (r,t)e 97, (28)
_ ; iq-r — iq-r
A(rt) = 2y quAq ) e’ = L Aq ) e, (29)

respectively, where _[q = j dq/(2m)* for brevity. For an
isolated domain that forms a single loop without crossing, the
step function H(u — p) = H(R - |r— p|) is transformed by the
Fourier transformation as

Hy = JdrH (u—p)e ™ = J

[r—pl<R

dre 97, (30)

Substituting (24) into (30), we obtain the expansion of Hg up
to the first order of 6R as

_ 70 (1)
Hq—Hq +H(1 ,

2nR,

H((lO) = J1(qR,). (31)

H((ll) = ZT[ROZCn )i"e™ T, (qR,),

where q = |q|, ¢, is the angle between q and the x-axis, and
J,, is a Bessel function of the first kind of order .

4.2. Equation of Motion of a Spot. We derive the equation
of motion of a spot from (14). 7C is given as functions
of h and h by (17), in which we used the notation h =
(dv/dn)|; = (n - V)v|;. When the velocity of the spot is small,
the deformation of the circle is small. For this situation, we
derive the deviations of 4 and & from their stationary values

as a power series of TC. Using (18), we first expand h and /2 up
to the fourth-order time derivatives as

h=hy+h, +h,+h;+h,, (32)

h=hy+h +h,+hs +hy, (33)

respectively, where
_ iq-R(w)
hy = L G, Hqe ,

hy=hy; +hy,

) OH .
=1 J- (v- q) G;qulq.R(w) - J G; (a—tq) elq.R(w);
q q

hy=hy, +hy, +hys

= —iJ (V- q) Gy Hge ¥
q

(34)
- J (v- @) G Hye' v
q
o°H, \ .
3 q iq-R(w)
+LG‘1<_at2 )e ,
hy = —iJ (v- @)’ Gy H e 9™,
q
_ 457, iqgRw)
h, = L(v-q) G Hge "™,
hy =i L (n-q) Gqueiq'R(“’),
;‘1 = El,l + EI,Z
- L (n-q) (v-q) G Hye ™™
0H.\ .
. . G2 -9 1q-R(w)’
1L(n q) q< 3 )e
Ez = 712,1 + Ez,z + ;12,3
- [ 0@ @ GHe (35)

“i] (9 (v @) G
q

OH,\ .
+i . G3 q 1q-R(w)’
lL(n v q< or? >e

[ @ - @) G,
q

>
™)
1l

fz4 = iJ- (n-q)(v- q)4 G:quiq'R(w)
q
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FIGURE 2: Dependence of R, on k., and W in the stationary state. (a) Dependence of R, on k.. W = 1.0. The solid and dashed curves represent
the cases of @ = 0 and 5, respectively. (b) Dependence of R, on W. k, = 5.0. The solid and dashed curves represent the cases of & = 0.1 and

5.0, respectively.

with
1
G =—.
T+ p

In the above expansions, we omitted the term propor-
tional to (q - v)(0Hy/0t) in the expressions of h, and h,.

(36)

In the derivation of h; and h;, the terms proportional to
(8°H,/2r), (qv) @ H,/31%), (q-v)*(9H,/01), (q-¥)(3H, /ot),
(q-V)Hgy, and (q - v)(q - V)H, were omitted. In the derivation
of h, and F,, all the terms of the derivatives of v and Hy
with respect to time were omitted. These terms were omitted,
because they include higher order derivatives of time and are
smaller than the remaining terms, or they vanish in the later
integral (1/Q) _[ dwR(w)- due to the orthogonality relation of
trigonometric functions. We remark that we include up to the
third-order of v: k1, and h, for the derivation of the equation
of motion of the spot. The justification for considering terms
up to this order is discussed later. On the other hand, for
the derivation of equations of motion of tensors, we include
up to the fourth order of v: h, and h,. The justification for
considering terms up to this order is discussed in Section 4.4.

When the spot is in a stationary motionless state, we
assume that the spot is a circle with radius R,. The values
of v and (n - V)v at the interface are denoted as h(()o) and
Eéo), respectively. Using (34), hg)) is given by h, with the
substitutions Hy = Hflo) and R = R”, where RO = Rye,.
Similarly, E(()O) is given using (35). When e is small but finite,
substituting i = hg)) and h = fléo) into TC(h) with V = 0, (14)
becomes

+L=0,

P (k") +Q(h) Ry’ - Ri (37)

0

where k = -1/R, is used. We note that the Lagrange
multiplier L in (37) can be absorbed into the constant term
po in P(h((,o)). In the limit € — 0, we can calculate h(()o) and

Eéo) by using v(r), which is given by (13) (the validation is
given in Appendix B). Using these expressions, (37) gives
the dependence of R, on k. and W. The numerical results
obtained by using (13) and (17) are shown in Figure 2(a).
When « = 0, R, monotonically decreases with k.. However,
for large «, R, depends weakly on k. and it is almost
constant because of the global coupling; large global coupling
suppresses variations in the area of the spot resulting in
constant R;. The dependence of R, on W when k, is large is
shown in Figure 2(b). From (9), it can be seen that, for large
a, Ry approximately satisfies 7R} ~ W, and, therefore, R, is
proportional to the square root of W (see the dashed curve in
Figure 2(b)).

When the spot moves with an infinitesimal velocity, h and
h deviate from h(()o) and Ef)o), respectively. By putting small
deviations as 6h = h - héo) and 6k = h — ﬁ(()o), we iteratively
derive 8h and &% in a power series of TC up to the third
order. The procedure consists of two steps. We first expand
7C given by (17) in a power series of &k and 8h. Then, we
solve the equation in terms of 6/ and expand it by 7C. When
the stationary motionless spot is destabilized into a moving

spot, 7C is expanded up to the second-order of 8k and 6% as
7C

_ <aP . a_ng°>) Sh + (Q), Oh
0

oh ' oh (38)

1 o*P 32Q~(0) 2 0Q 7
- o= 2 = ,
+2[(ah2+ah2ho 051’1 + (ah)05h5h

where, for a function A(h), (A), implies A(h(()o)). Up to the
first order of 8k and &h, (38) results in TC = (0P/oh +
aQ/ahﬁéo))o(Sh + (Q),0h. For higher order corrections, a
supplementary relation between 8h and 8h is necessary. In

order to relate 8k with 67, we consider the profile of v(r) in
the radially symmetric function given by (13), where v(r) is
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a function of r (= [r|) denoted by v(r). For this function,
(n-V)v = dv/dr. Then, W(R, + 0r) and (n - V)¥(R, + 61)
are expanded around V(R,)) and dv(R,)/dr for small 87 as

_ d
H(Ro+or) -7k + () o 9)

dv(R,) (d2‘>
or, 40
dr dr? rR, (40)

respectively. In (39) and (40), (A(r))r:R0 implies A(R;). We
make an ansatz that 8 and 6% are not independent but have
a linear relation such that 8h = k&h with k = (7" /T/')r:RO,
where the prime corresponds to the derivative with respect to
r. This assumption enables us to calculate 64 as a function of

7C. Substituting 8h = kéh into (38), 7C becomes a quadratic
equation of 6h as

(n-V)v(Ry+0r) ~

= (a + kb) 8h + m, 017, (41)
where

_ (9P a_Q~(0)>
"(ah+ahh° :

=(Q)g> (42)

o’P 82Q oQ
— h + 2k
e [( on? " on ( oh )
As a result of numerical calculations, we remark that b > 0
and a < 0 for small h(()o), buta > 0 for large hf)o). By solving

(41) in terms of 6 for small 7C, the solution is expanded up
to the second order of 7C as

7C m, C \?
8h_<a+kb>_a+kb<a+kb> ‘ )
Here, it should be noted that although there are two solutions
for (41), we chose one solution such that 4 — 7C/(a + kb)
when the second-order term (zC)? is neglected.
In order to obtain &/ up to the third order of 7C, 7C given
by (17) is expanded up to the third order of 84 and k. Using
8h = k&h, 7C becomes a cubic equation of 6/ as

1C = (a + kb) 8h + m,8h” + m,0h’, (44)

where m, is given by

o’p 83Q =) ’Q
= h + 3k . 45
= [( aw o) o (45)
In order to obtain the third-order term of C in 6k, we add
a correction A (~ O(rC)*) to 8h given by (43) and substitute

it into (44). On solving this equation in terms of A, 8k up to
the third order of 7C is obtained as

8h—< 7C )_ m, ( 7C )2
“\a+kb) a+kb\a+kb

L1 2m < 7C )3
a+kb|atkb "2 |\avkp)

(46)

We remark that (46) is obtained by another method; by apply-
ing Cardano’s formula to (44) and expanding the solution up
to the third order of 7C, we obtain the same result as that of
46).

( )In the above process, we iteratively derived 64 up to the
third order of 7C. We replace kéh ~ 8h in (46), and finally
the power series expansion of adh + bdh in terms of 7C is
obtained as

adh +bdh = M, (1C) + M, (1C)* + M, (xC)*,  (47)
where M; (i = 1,2, 3) is defined by
M, =1,

__m™m
(a +bk)*’ (48)

o 1 [ 2m ]
=— | ———-m,|.
> (a+bk)? la+bk 7
In the absence of chemotaxis (Q = 0), (47) reproduces the
result that was obtained in [16].

Using (14) and (47), we derive the equation of motion of
the spot by operating both sides of (47) with (1/Q) J dowR(w).
For the left hand side, we put

éJ-dwR(w)éhz(Shzh1 +h, +h;,
) (49)
a J-dwR(w)éflz(Sl;:ﬁl +h, +h,,

where h, and h, are neglected because these terms are higher
than or equal to O(v*). For the calculation of the right hand
side of (47), we use (14). The magnitudes of ex and L were
discussed in [16]; L is independent of ¢,, and, owing to the
periodicity of the function, _[da)R(w)L = Jda)R(a))L3 =
jdwR(w)VzL = 0. In addition, L ~ O(v?), and, therefore,
IdcuR(w)VL3 can be neglected up to the third order of v.
As the translational motion of the spot is incorporated in p,
we chose ¢,; = 0 in the expansion of §R(¢,). This results in
€ I dwR(w)x = 0 up to the first order of the deformation. The

terms € _[ dwR(w)xVL? and € _[ dwR(w)xL?, and the higher
order terms of € were small; therefore, they were neglected.
Following the above discussion, we neglect the term (ex + L)
in (14).

By carrying the integral over ¢,, the following equation is
obtained:

adh + boh = v + 2M3T3v V2, (50)
where
6h=h, +h,, +h;
o B B (51)
6h=h,, +h,, +h;.
Here, h;; = (1/Q) I dwR(w)h, ;. The other terms on the

right hand side of (51) are defined similarly. In the expansion



03 T T T T

02 -]

m, T, g
\

FIGURE 3: Dependence of m,

(larger) than this curve. (b) Dependence of m,

(51), we neglected the terms h, , and h, 5, because these terms
yielded only the terms ¢,; and &, respectively; however,
these terms are set to zero. h,, disappeared in the integral
over ¢, owing to the orthogonality relation of trigonometric

functions [15]. Owing to the same reasons, the terms l~11,2,

l~12,3, and flu did not exist. In the integral over ¢,, there is
no contribution from the second-order term of 7C owing
to the orthogonality relation of trigonometric function. This
supports the justification to include terms up to the third
order of 7C in (47) for the minimal equation of motion of a
spot. For the balance of order, it is sufficient to include terms
up to the third order of v in §h and &h.

After practical calculations of h and Sh, we finally obtain
the equation of motion of the spot as

mv+ (t1-1,)v+gviv]’ = aéh(ﬂ + béfl(ﬂ, (52)

where Sh( f is defined as 6h(o) h - h1 | Here, h1 1 is given
by h, ; with the subst1tut1ons Hy = Hy © and R = R, 6h§?f

is similarly defined with (Sh1 1. The coeﬂiaents m, 7., and g
on the left hand side of (52) are given by
m = —-aR,F (1,3,1,1) - bR F, (2,3,1,1),  (53)
.= —aR,F(1,2,1,1) - bR,F,; (2,2,1,1),  (54)
g= ZM3T3 - ZaROF (3,4,1,1)
(55)

- ZbRoFd (4,4,1,1),
respectively, where we defined F(3, j, k,I) and F,;(i, j, k,1) as

FGijkd) = [ dad Gl (56)

)
. . _ J
Fy (1>J)k»l)—J0 dqq'G ]ka( R) (57)

7, and g on k. and W. The solid, dashed, and dotted curves represent 1,
ofm, 7, and gon k.. a = 5.0 and W = 1.0. In the calculation of g, 7 is chosen as 7 = .. As M, is positive, g for the case 7 < (>) 7, is smaller
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7., and g, respectively. (a) Dependence

7.,and gon W. & = 5.0 and k, = 5.0. In the calculation of g, 7 is chosen as 7 = 7.

respectively, where i, j, k, and [ are integers and J,(qR,) is
written as J,, for brevity.

Equation (52) has the same form as the one in the absence
of chemotaxis [16]. It is a Newtonian equation of the spot;
the effective mass m, damping coefficient 7, intensity of the
cubic nonlinear term g, and the right hand side of (52) form
the coupling term between deformation and velocity in the
following subsection. When (7 — 7.) > 0, the motionless
spot is stable; however, the motionless spot is destabilized
into a moving spot for (r — 7,) < 0. When g is positive,
the third-order nonlinear coupling term gv|v|* suppresses
the divergence for large |v|. It is necessary that m, 7., and
g are positive for the existence of a stable moving spot. The
dependence of m, 7, and g on k. and W is shown in Figure 3.
We see that these parameters are positive and monotonically
increase with k, and W.

In the derivation of (47), we made an ansatz for the
relatlon between 8h and &h such that h = kéh with k =

V'V, R,- Equation (55) suggests that g depends explicitly
on k through M;. Through preliminary research, it is found
that if k is chosen as a positive constant, the property that
g is a positive and monotonically increasing function of k,
and W holds. From the above, it is seen that m, 7, and g are
positive for any value of k, and W, and, therefore, we fix W
and examine the motion of the spot in the range k. > 0

4.3. Definitions of Tensors. In order to express the deforma-
tion of the spot, we introduce tensors. We rewrite the vector
form (52) of each component, and, by denoting v = (v, v,),
the « component (« = 1, 2) of (52) becomes

7.) vy + gv, v = adh'®  +bSh”

1,1(x) 1,1(x)’ (58)

mi, + (1

where 8h§ ) and 0R

1,1(x)
of (Sh1 ; and 8h(1 f , respectively. Using the tensors, the right
hand side of (58) is expressed in a simple form. The second
rank tensor S and the third rank tensor U represent the ellip-

tical deformation and the head-tail asymmetric deformation

correspond to the « component
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(27r/3-periodic deformation in the radial direction) of the
spot, respectively. These tensors are traceless and symmetric.
The detailed definitions are given in [16]. The deformation
OR(¢,) is expanded using the coefficients ¢, as given by (25);
¢, corresponds to a (27r/n)-periodic deformation.

We first introduce a second-rank tensor Sap (o, p=1,2)
using c,, as follows:

0
Su=-Sp=gtc,= 72 €os 2¢,,
(59)

. 5, .
Sp=Sy=ilg-cy)= ?2 sin 2¢,,

where §, is a positive constant, which represents the radial
deviation of the spot from R, and ¢, is the angle between
the long axis of the ellipse and the x-axis. The tensor
elements (59) are represented by using a normal vector N =
(cos ¢,, sin ¢,) along the long axis as

S,.=6 NN—%NZ (60)
o — Y2 a VB 2 .

The tensor § is the same as the nematic order parameter
tensor in liquid crystals [34]. For an elliptical spot, R(¢,) is
represented as

R(§) =Ry + 2 cos2 (g, ~ ¢s). (61)

Next, in order to describe the head-tail asymmetric
deformation, we first define T, and T, using c,; as

T, = ¢+ c_; = §; cos 3¢, (62)
T, =i(c; — c_3) = 85 sin 3¢, (63)

respectively, where 85 is a positive constant and ¢, is the angle
between one of the long axes of the deformed spot and the x-
axis. In order to relate T} and T, with a tensor, we introduce
the third-rank tensor U,g, (a, 8, and y = 1 or 2). The tensor

elements U,p, are represented by using vectors N™ (m =
1,2,and 3) as

405 o\ (m) x ) pg ()
Uaﬁy:T;N‘x NN, (64)

where the normal vectors N are defined by

N® = (cos ¢y, sin¢;),
N@ = <cos <</>3 + 2?”) ,sin <¢3 + 2;”)), (65)

= (- 2) (-2

The tensor U is the same as the order parameter for banana
(tetrahedral nematic) liquid crystals in two dimensions [35,
36]. We obtain the relations between the tensor elements U, g,
and T, and T, as U}y, = T}, U,,, = -T,, and

Ui = Uiz = “Uspp = Uy
(66)

Uy = =Upyp = “Uypy = -Usyps.

The spot with head-tail asymmetric deformation is repre-
sented as

R(4,) = Ry+8;5c083 (¢, — ¢5). (67)

The terms (Shi?i (@ and 8715(2(“) in (58) are expressed using

tensors. The detailed calculations are given in Appendix C.
The final form is as follows:

o __ =
Shl,l(a) =—-a Zsaﬁvﬁ’
B

. (68)
—0 .
8’«11,1(“) = —a Zsaﬂvﬁ;
B
where
a* =a +aj,
R (69)
a = _EOF(z, 2,1,2),
N 1
a; = [RF(22,1,2)-3F(L,2,1,1)],  (70)
a =a; +a,
o RO
a=-2 [-F(3,2,1,2) + 3F (3,2,1,1)] (71)
3
--F(2,2,0,1),
4 ( )

R
a =-2 ?OFd (2,2,2,1) - F;(1,2,1, 1)] . (72
Thus, (58) is written using S5 in the form

miy, + (1= 1) vy + gvg IV = —aZs“,;v,;, (73)
B

where @ = (aa” + ba"). (Sh(loi(“) and (SEQ(“) yield the Sv
term. This is due to the peric;dicity of the function in the
integral over ¢,; in the expansion of §R(¢,) and Hfll)(¢r),
only c,, terms contribute to the nonzero integral, resulting
in the Sv term. Equation (73) suggests that the motionless
spot is destabilized into a moving spot for 7. > 7, and the
velocity of the spot is approximately given by |v|* ~ (1.~7)/g.
The deformation and velocity coupling term Sv modifies the
straight motion of the spot.

4.4. Time Evolution Equations of Tensors. In the previous
subsection, we defined the tensors and described the equation
of motion of the spot by using tensors, including the time-
dependent tensor S,g. In this subsection, we derive the time

evolution equations of the tensors up to ~ O(v*). We first
discuss the order of v, Stxﬁ’ and U“ﬁy, following [16]. From
(73), the motionless spot is critical at T = 7., and the moving
spot occurs supercritically with increasing (7, — 7). We put
0 = 7, — 7 for the smallness parameter. The time is scaled
by = t8, an all the terms in (73) are of the order 0(6*?).



10

Here v ~ O(8'?) and S ~ O(9); therefore Sap ~ O(W?). In
the later calculations, we can confirm that Sap ~ O(v?) and
Uspy ~ O(¥?). In the derivation of (73), we omitted the terms
that include higher order derivatives of time. We estimate
these terms, for example, d*v/dt* ~ 0(8°%), SSv ~ 0(8°/?),
(q-V)OH, /3t ~ O(8°%),0° H,/ot* ~ O(8*), (q-v)0"H,/ot* ~
0(87"%),(q:v)*0H, /0t ~ O(5”),and (q:¥)0H, /3t ~ O(8”?) in
the expansion of & and h. From these estimates, the omission
of those terms is justified.

S and U are composed of ¢, and ¢, , respectively, so that
¢,y ~ O(?) and c,; ~ O(V’). The coupling terms such as
6,6 (Inl, Im| > 2) are much smaller. Therefore, we linearize
(14) in terms of the deformation SR. Then, the time evolution
equation of SR becomes

R _ e (R
ot R

e 6R> +adh +bdh + L. (74)
We consider terms up to the fourth order of v, where §h and
Oh are given by

8h=h—h" = 8hy + 8h, + 8h, + Shsy + Ohy, (75)
8h=h—-hY = 8hy + Oh, + 8h, + Ohy + Oh,, (76)

respectively. Here, 8h, and 8h; (I = 1,2,...,4) are defined
by (34) as 6hy, = hy — hf)o) and 8h; = hy, respectively. 8% is
similarly defined by (35). We expand 6h,, 6h,, 8h,, and 8h,
as 8hy = 8hy, + Ohy 5, 8hy = 8h,,, 8hy = Shy, + Oh,,, and
oh, = 8?12,2, respectively.

In order to derive the equation of motion of tensors,
we calculate the first-order time derivative of ¢,. The linear
combination of ¢, results in the equation of motion of tensors.
In this process, v terms in &h,; and 8%2)1 are neglected
because these terms cause small order terms; ), U, ¥, and
SapVy appear in the time evolution equation of ;3 and Ug,,,
syVy ~ O(v®) and SapVy ~
O(v’) so that they do not contribute to the equation of motion
of tensors. In addition, (aqu /0t?) terms in Oh, 5 and 6?12,3 are
neglected because these terms result in the second-order time
derivative of ¢,; these terms are ¢,, ~ O(v®) and é,; ~ O(V')
and they are small enough to be neglected.

We first derive the equation of motion of S,z Using
(74), we can obtain the time evolution equation of c,,, and
we derive the time evolution equation of S, 4. The detailed
derivation is given in Appendices D and E. The time evolution
equation of S, up to O(*) is

respectively. These terms are ), U,

ds,
r,—%

_ 6{4; 5
di = _KZS(xﬁ + b V“Vﬁ — T |V|

= 5 = 77
+ b, [vavﬁ - %ﬁ |v|2] |v|2 + bIZUaﬁyv}, 77)
Yy

— o2
+C|v|" Sep
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where I, = 7 + aE, + bE,, K, = 3¢/R + aD, + bD,, b =
aG, +bG,, b, = —aG; - bG;, b, = —aB,/2 + b(3A* - By)/2,
and ¢ = —a(2T,, - V,) - b(2T,, — V,). All the parameters in
these expressions are given in Appendix E. The second term
in (77) originates from &k, and h,, the third term from &k,
and 8h,, the fourth term from 8k, and 8k, and the fifth term
from &h, and &h,. Thus, in order to consider the terms up to
O(v*), 8h, and &h, are necessary in the expansion equations
(75) and (76). From the first and second terms in (77), we note
that S5 ~ O(v?).

Next, we consider the time evolution equation of Uyg,.
Following procedures similar to those for S,p, the time

evolution equation of Uy, up to O(*) is

U,

I o LA —K3U,p, +4d, [vavﬁvy

P 8 8
1 (Ougvy + OpyVa + Byavs)

(78)

2d
+ TZ |:S(Xﬁv]/ + Sﬁyv‘x + Sy“vﬁ

v
- Zn‘,?n (504381”1 + 8/3)/50”1 + 6)/0‘8!3’1)] >

where T; = 7 + aE; + bE; and K; = 8¢/R; + aD, + bD;. d;
and d, are defined as

d, = —% [aF (3,4,1,3) + bF,; (4,4,1,3)], (79)
RO
d, = —a— [F(2,2,2,3)+F;(2,2,1,1)]

R
- b;o F;(3,2,2,3)
X (80)
+7(FG3.21,3)-3F (2,1, 1))]

- g [F(2,2,0,1) + F(2,2,1,2)],

respectively. In the above equation, all the terms are ~ O(v*).
The terms of O(v*) disappeared because of the orthogonality
relation of trigonometric functions. The next higher order
term is O(v’), which is not included in expansions 8k and
8hin (75) and (76). The second term in (78) originates from
8h, and 8h;, and the third term from &k, and 8h,. From the
first and second terms in (78), we note that Uapy ~ o).

5. Tensor Model

Using (73), (77), and (78), we discuss the stationary solution,
the stability conditions of straight motion, and the critical
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velocity of circular motion. For the sake of convenience, we
rescale (73), (77), and (78) into

dv, _
E =YV~ Va |V|2 - a,%SaﬁV@ (81)
as _
of3 ! 1
s —KkSep + b [vavﬁ -3 v? 8“5]
- I o 2
+b, [vavﬁ -5 [v| Saﬁ] [v| (82)

—!
+ blZUaﬁva + E’ |V|2 S(xﬁ’
Y

AU,g,

ar - KU

Y
+d! e (8apvy + O Ve +8,07p)
1| YaVpYy T T (Oapy T OpyVa T Opap

(83)

!

d2
+ Y Saﬁvy + Sﬁyva + SWVI;

v
B ;?’7 (‘Saﬁsy'i + Opy Sy + 6)'06813'1)] ’

respectively. We name (81)-(83) as the full tensor model [37].
In the above full tensor model, we chose parameters such that
g/m = landputy = (1. — 7)/m and a = a/min (81). The
other rescaled parameters in (82) and (83) were x = K, /L,
b = b/, b, = b/, b, = b/Ty € = ¢/Ty, K = Ky/T,
d) =2d,/Ty,and d, = d, /T;.

We summarize the coefficients in (81)-(83) as follows.
y is a damping coeflicient in the time evolution equation
of v,; although the motionless spot is stable for y < 0,
the motionless spot is destabilized for y > 0 and there
appears a moving spot. ¥ and K are damping coefficients in
the time evolution equations of S,3 and Ugg,,, respectively.
In this study, we fix K as a positive constant and consider

—r —!
x in the range x > 0. b and b, are coefficients of the
quadratic and fourth order of v, respectively, in the time

evolution equation of S,4. The term I;: can be absorbed into
EI with the replacement EI — (E’ + E:|V|2). From the results,
it can be seen that the term b is enhanced (suppressed)
when the sign of E; is the same as (different from) that of

b. d) is the coefficient of the cubic term of v in the time
evolution equation of Uy, . These terms cause deformations
with increasing velocity. The other parameters are coupling
coefficients of deformation and velocity. @' and d are the
coupling coeflicients of S,zvg and S,4v,, respectively, and
these terms influence the time evolution of v, and U,g,,

—I
respectively. b, and ¢’ are the coupling coefficients of Uapy¥y

and |V|ZS“I;, respectively. When l;ll = 0, Uyp, is decoupled
from v, and S, c |V|ZS‘Xﬁ can be absorbed into —«S,; with the

1

replacement x — (x — ¢’ [v]?). Then, the term x is suppressed
(enhanced) when ¢ is positive (negative), with [v]? # 0.
- —r
The dependence of a.b, b, 7, b,, di, and d; on k, is
shown in Figure 4. In each figure, these parameters (shown

on the vertical axis) are scaled by RZ. We see that both @’ and
b are negative, and E;, ¢’ # 0evenatk, = 0. Although E; isa

monotonically increasing function of k., ¢ is a monotonically
decreasing function of k.. d| and dj are positive but d; is
much smaller than d},.

Henceforth, we drop the primes on the parameters in the
full tensor model (81)—-(83). In the full tensor model, when K
is large and v is small, the effect of U, g, on S, is small in (82).

In this case, we put b, = 0, and the v,, Sap> and Up,, system
described by (81)-(83) is reduced to a v, and S,z system. We
call this system the reduced tensor model.

6. Stationary Solution and Phase Diagrams

In the following subsections, we consider the stationary
solution and phase diagrams. For this, we rewrite v,, S,4, and
Uqpy by introducing the following variables:

v, = vcos¢,

v, = vsin ¢,
s
S, = = cos 20,
=3
S S sin 20
= — S1 5
1275 (84)
U =6 +cs,
Uppp = -1 (C3 - C—3) >

Fi3e,

where we choose v, s, z > 0. From (81), we obtain the time
evolution equations of v and ¢ as

d N 1
av:v(y—v)—Easvc052(6—¢), (85)
d 1

b =—Gssi - 86
0 2assm2(0 R (86)

respectively. From (82), we obtain the time evolution equa-
tions of s and 0 as

%5 = ks + by’ cos 2 (0 — ¢) + bv* cos 2 (0 — ¢)

(87)
+b,zveos (20 + ¢ — 39) + cv’s,
d b Esv4 )
EG = sin2(0 - ¢) - 2—Ssm2(9—¢>)
(88)

+blz%}sin(3(p—¢—29),
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FIGURE 4: Dependence of @, E’, E:, c, E;, d'l, and d; onk,. a =50and W = 1.0. All the parameters in the vertical axis are scaled by R(z). (a) a

!

and EI. The solid and dashed curves represent a' and 5,, respectively. (b) E: (¢o)c.(d) E’l (e) d'1 and d;. The solid and dashed curves represent

d; and d;, respectively.

respectively. From (83), we obtain the time evolution equa-
tions of z and ¢ as

d 3
—z=-Kz+d,v’ cos3(¢p—¢)
dt ! (89)

+d,svcos (3¢ —20 - @),

d _ d 5
72973, sin3 (¢ — ¢)
(90)

- j—;svsin (3p—20-¢).

Using (85)-(90), we theoretically derive the stationary
solution and phase diagrams. In order to verify the theoretical
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result, we perform simulations of the reduced tensor model.
For the numerical calculations, we employ the fourth-order
Runge-Kutta algorithm with the time increment At = 1.0 x
10™* and fix the parametersasa = b = =1, K = 0.3,d, = 0.1,
and d, = 0.5.

6.1. Stationary Solution. For the reduced and full tensor
models, we consider the stationary solution of the moving
spot, which moves straight in the x direction. This situation

corresponds to ¢ = 0. In the case of b, = b, = ¢ = 0, the
stationary solution of (85) and (86) becomes Vo = y/ (1+ B)
with B = ab/2«. In order to avoid the divergence of v;, we

assume that @b > 0. For ¢ # 0, we consider the dependence
of the stationary solution of s, z, 0, and ¢ on the signs of a

and b. In the stationary state of (86) with ¢ = 0, there are two
stationary solutions of 6 depending on the sign of @ and b: (I)

@and b are positive with 8, = Irr and (II) @ and b are negative
with 6, = (I + 1/2)m, where [ is an integer. Using (87)-(90),
the stationary solution of case (I) is

(E+ESV§)K+EId1v3 5
Cl K-y -dp2 |

d, ( - cvo) +d, (b +Esvg) 5
Zy = €08 3¢, = 0
K(k-cv})-d,bv3
where ¢, satisfies sin 3¢, = 0 and v,, is a stationary solution of
v, which is determined later. On the other hand, for case (II),
the stationary solution is

13

(E+ESVS)K+E dvg 5
. K (k —cv2) — d,b,v2 v
(92)

d, (K - Ev(z)) +d, (E + l;své) ] s
V.

Z, = C0S 3 —
' “’"[ K (k- o) — dyb, 2

From these results, it is seen that z, has the same expression

irrespective of the signs of @ and b. As z, is positive, ¢,
satisfying sin 3@, = 0 is chosen as

2m

(i) (PO = T T,

if |:cl1 ( —cvo) +d, (b +_Esv§) ] o,
K (k —cvi) - vid,b,

(93)
. 2m+1)
() g=-—5—m

if[dl( —onp) +d, (b+Ev§)] o

K (k—cv}) —vidyb

For both cases ((I) and (II)), the stationary solution of z, is
given by

d, ( - cvo) +d, (b +Esv(2))
K (k - cv2) - dyb,

0=

vg. (94)

In both cases ((I) and (II)), by substituting s, into (85) in the
stationary state, we obtain two stationary solutions v, , as

with f, =2 [KE +d,b, - %a (byd, + KES)] :

(95)

f= <%El;+ K +yE)K +yd,b,,

fu= [ - 9e) K+ yd251]2 +2ax [(b+b,y) K* + ybid,K].

In order to satisfy the condition that vg, . — y/(1 + B) in the
limits b, by, and ¢ — 0, only vgﬁ exists. In the physical images
of the moving spot in cases (I) and (II) with ¢, = 0, the long
axes of the elliptical domain are parallel and perpendicular to
the moving direction, respectively [16].

6.2. Stability of Straight Motion in the Reduced Tensor Model.
When K is large in (89), z is rapidly damped to zero. In
addition, when v is small, the influences of z on s and 6 in
(87) and (88) are small. For this case, we discuss the stability

of the straight motion of the spot by setting b, = 0in (87) and

(88). Using (86) and (88), we can derive the time evolution
equation of ¥ =0 — ¢ as

dy 1( 2 b bt

N N

dt 2

) sin 2y. (96)

For the stationary states v = v,_, s = s, we discuss
the stability condition of the straight motion. From (96), the
stationary solution v, satisfies 2y, = 2l or (2] + 1)m, and

their corresponding stability conditions are (—as, + l;vé)_ [So+

Esvg’_ /) > 0 or (—as, +Ev3,_ /o +Esvg,_ /o) < 0, respectively.

Since @ and b are negative in our RD system, as shown in
Figure 4(a), we consider the case of y, = /2 as follows.
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FIGURE 5: Phase diagram of spot motion. @ = b = —1 and b, = 0.05. Data are obtained by the analysis of (96). M, S, and C in the figure
represent regions of no motion, straight motion, and circular motion, respectively. The mark * represents the data obtained by the simulation
of the reduced tensor model. (a) Phase diagram in the x-y plane. The solid, dashed, and dotted curves correspond to the cases of ¢ = 0, 0.2,
and —0.2, respectively. The upper (lower) region of each curve corresponds to the region of circular (straight) motion, and the region y < 0
corresponds to the region of no motion. (b) Phase diagram in the c-y plane. The solid, dashed, and dotted curves correspond to cases of
x = 0.2, 0.5, and 0.8, respectively. The region across each curve is the same as in (a). (c) Phase diagram in the c-« plane. The solid, dashed,
and dotted curves correspond to the cases of y = 0.25, 0.5, and 1.0, respectively. The upper (lower) region of each curve corresponds to the

region of straight (circular) motion.

In this case, the stability condition is calculated using the
so given by (92). The bifurcation of straight-circular motion,
when b, = ¢ = 0, was already studied in [16], and the critical
value for the straight motion is expressed as

2

Ye=—=+ (97)

Sl
N_| a

The phase diagram in the x-y plane is shown by the solid
curve in Figure 5(a). When y < 0, the motionless spot is
stable. When y is in the range 0 < y < y,, the spot moves
straight. However, when y > y,, the straight motion become
unstable and changes into circular motion. On the other
hand, when b, # 0 and ¢ # 0, the stability condition for
straight motion is

T2 7.4
- [ bvo)_ + bsvo’_

_ 2
— <K-CV,_. (98)
K- cvﬁr ] 0.~

The phase diagram is a curved surface in x-y-c space; the
boundary of different motions of spot is obtained by using
(98). The phase diagram in the k-y plane is shown in
Figure 5(a) with dashed and dotted curves. Comparing the
curves with that for the case when b, = ¢ = 0 (the solid
curve), it can be seen that when ¢ > 0, the parameter region
for the circular motion is larger. However, when ¢ < 0,
the parameter region for the circular motion is smaller. We
can explain this result using (87); the term o’s essentially
reduces the parameter « of the damping term —«s such that
the damping term becomes —(x — cv*)s. When ¢ is positive
(negative), the term ov’s effectively reduces (increases) « so
that the deformation s becomes large (small). This leads to
positive (negative) ¢ results in the larger parameter region

of the circular motion. In our RD system, ¢ is negative and
[c| monotonically increases with k, (see Figure 4(c)), and
the parameter region for circular motion becomes smaller
as the intensity of chemotaxis increases. The phase diagrams
in the c-y plane and c¢-x plane are shown in Figures 5(b)
and 5(c), respectively. Figure 5(b) suggests that the parameter
region for the circular motion is smaller for a larger value
of x. Equation (87) suggests that a larger value of x damps
s strongly such that the deformation is small, resulting in a
smaller region of the circular motion. On the other hand,
Figure 5(c) suggests that the parameter region for the circular
motion is larger for a larger value of y. Equation (85) suggests
that a large positive value of y enhances v such that the
deformation becomes large, resulting in a larger region of
circular motion. In each figure, the simulation results for the
reduced tensor model are shown; they agree well with the
theoretical results.

6.3. Dependence of Critical Velocity on Parameters. In the
previous subsection, we showed that a spot appears in the
circular motion when y > .. In this parameter region, we
examine the stationary circular motion of the spot with a
constant angular frequency w and velocity v,. For this, we set
b, = 0 and substitute v = v,, s = 5,, 0 = wt + {/2, and ¢ = wt
into (85)-(88), and obtain the relations among (, s,, v,, and
w. The calculation is straightforward; the final expressions are
shown. 3

We first consider the case when b, = ¢ = 0, where up to
O(v?) terms are considered, and obtain the relations cos{ =
K/ﬁs,,sf = l;vf/ﬁ, vf = ()/—1(/2),(4)2 = (55/4)(1/3—1/?),311(11/? =
«*/ab. When the spot rotates with an angular frequency w, @
satisfies w® > 0, and this condition leads to v, > v, [16]. The
dependence of the critical velocity v, for the stable angular
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FIGURE 6: Dependence of the critical velocity v,, v, Av>, and ¢* on k and ¢. @ = b = —1. The mark * represents data obtained by the
simulation of the reduced tensor model. (a) Dependence of vf on K. Es = ¢ = 0. (b) Dependence of vi+ on K. ES = —0.2and ¢ = -0.25.
(c) Dependence of vf) L onk. ES = 0.05. The curves with filled (e) and open () circles correspond to the cases of ¢ = —0.25 and ¢ = -0.5,

respectively. The solid and dashed curves represent vzr and vi _, respectively. (d) Dependence of Av’ on ¢. b, = 0.05. The solid, dashed, and

dotted curves correspond to x = 0.1, 0.5, and 0.8, respectively. (e) Dependence of ¢* on k. b, = 0.05.

frequency on x (> 0) is shown in Figure 6(a). In this case,
there is a lower limit of velocity v, for the circular motion but
no upper limit of velocity for the same.

Next, we consider the case when Es + 0 and ¢ # 0, where
up to O(v*) terms are considered. After similar calculations
to the case of b, = ¢ = 0, we obtain the relations cos{ =
(k—cv?)/as,, s> = (bv’ +byv)/a, v} = (y—«/2)/(1-¢/2), and
w? = (ab, —Ez)vf/4+ (ab+ 2KE)V$,/4— % /4. In this case, @’ is a
quartic function of v,. For the condition w” > 0, there are two
cases depending on the sign of (ab; —¢%). When (ab, -¢%) >0,
w” exists for v2 > vi ,» where vi , are the solutions of w” = 0,
which are given by v, = [-(@b + 2«¢) = /D, ]/[2(ab, - ¢°)]
with D, = (@b + 2xc)* + 4«*(ab, — ¢*). The dependence of
vf, , on « is shown in Figure 6(b); there is only a lower limit
of velocity v, ,. This property is the same with the case when
b, = ¢ = 0. On the other hand, when (ab, — ¢*) < 0, w” exists

2

. . 2 2 2 ..
in a certain range of v; v., < v, < v__ under the condition

D, > 0.1In this case, there is a lower limit and an upper limit of

velocity, v, and v__, respectively. The gap between vfr and
vf)+ is defined by AV’ = v} — vf)+ = D,/ - ab,). Let

[

us consider two limiting cases. In the limit [c] — oo, Vi N
and Avf — 0. That is, the circular motion cannot exist. On
the other hand, for small |c| and IESI < 1, we expand vi N
in terms of ¢ and ES and obtain vf’ .~ x*/(ab + 2«¢) and

vf)_ ~ (@b + 2x¢)/(c* — @b,). Thus, in the limits b, and ¢ — 0,
vf’ , — «*/ab, vi_ — 00, and AV’ — oo. This suggests that

v., — v, and there is no upper limit of velocity, which are
the same with the case when b, = ¢ = 0. From the numerical
results shown in Figures 4(a), 4(b), and 4(c), (EES -?) <0
in our RD system; therefore, it turns out that v* exists only

2 2

. . 2
in a finite range, v_, < v; < v, _.

For larger [c|, the gap
Avf , is smaller, as shown in Figure 6(c). The dependence
of Av> on ¢ is shown in Figure 6(d), which suggests that
Avf monotonically decreases with increasing [c|. Since |c|

increases monotonically as k. increases (Figure 4(c)), Avf
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(b)

FIGURE 7: Dependence of velocity and radius on ¢ in the stationary circular motion. Data are obtained by the simulation of the reduced tensor
model. b, = 0.1. The solid, dashed, and dotted curves correspond to (y,x) = (0.25,0.1), (0.5,0.2), and (1.0, 0.3), respectively. (a) Dependence

of vonc. (b) Dependence of R, onc.

decreases as the chemotaxis increases. When the condition
D, = 0is satisfied, v._ = v., and Av> = 0, which yields the
critical value ¢* as

(@)’ + 4 (ab,) | (©9)

== =
4xab

When [c| > [¢*|, D, < 0, and, therefore, vi , does not exist.
There is no parameter region of y for a positive value of «;
the circular motion does not occur for any values of y. The
dependence of ¢ on « is shown in Figure 6(e). Equation (99)
can be positive for large x. However, when ¢ is chosen as a
positive value, the velocities v and s increase monotonically
with increasing y, and, therefore, the system diverges in the
simulation. For this reason, ¢* is shown in the range ¢ < 0.

In order to verify the above theoretical results, the
simulation results for the reduced tensor model are shown
in each figure. The results obtained via simulation agree well
with the theoretical results. In Figures 6(a) and 6(b), for given
x and ¢, there is only a lower limit of y for the circular
motion of the spot, resulting in v, and v,_,, respectively. On
the other hand, in Figure 6(c), for given x and ¢, there is
not only a lower limit of y but also an upper limit of y for
the circular motion of the spot, resulting in v., and v__,
respectively. However, in Figure 6(e), for given x and ¢*, there
is no parameter region of y for the circular motion of the
spot.

The dependence of the stationary velocity and radius of
the circular motion on ¢ are shown in Figure 7. The velocity
v increases monotonically with increasing ¢, as shown in
Figure 7(a). The corresponding radius of the spot motion R, is
shown in Figure 7(b). For fixed values of y and «, v decreases
and R, increases as |c| increases in the range ¢ < 0. The
effect of chemotaxis is incorporated in ¢, and ¢ is negative;
|c| increases as the intensity of chemotaxis k. increases in our
RD system (Figure 4(c)). Thus, it is seen that the chemotaxis
reduces v and increases R,.

From the above analyses on (85)-(88) with El = 0, we
conclude four points on the properties of stationary circular
motion. (i) There is a lower limit of velocity. (ii) Although
there is no upper limit for the velocity when up to O(v®) terms
are considered, there will be an upper limit for the velocity if
up to O(v*) terms are considered. (iii) The range of velocity
decreases as the chemotaxis increases. (iv) There is a critical
value ¢* (corresponding critical intensity of the chemotaxis
is denoted by k) such that when [c| > [c*] (k. > k), the
circular motion does not occur for any values of y.

6.4. Simulation of the Full Tensor Model. In this subsection,
we examine the effect of U,g, on v, and S,z. For this, we

consider the case of b, # 0. The data are obtained by the
simulation of the full tensor model.

The phase diagrams of the spot motion are shown in
Figure 8. The phase diagrams in the ¢-y plane and c-x plane
are shown in Figures 8(a) and 8(b), respectively. We note
that the behaviors in the full tensor model are similar to that
in the reduced model (Figures 5(b) and 5(c)). For positive
(negative) b,, the region of the circular motion is larger
(smaller). The phase diagrams in the El—y plane and b,-«
plane are shown in Figures 8(c) and 8(d), respectively. The
behaviors are similar to the phase diagrams in the c-y plane
and ¢-« plane. This result suggests that the effect of 3., Uy, v,
on the time evolution equation of S,z is similar to that of
V1S5

The phase diagram of spot motion in the ¢-b, plane is

shown in Figure 9. It can be seen that the circular motion
occurs in the parameter region of positive and large values of

cand b,. S,g and U, measure the elliptical deformation and
head-tail asymmetric deformation of the spot, respectively;
these deformations lead to the circular motion.

The effects of ¢ and b; on the stationary velocity v
and the corresponding radius of circular motion R, are
shown in Figure 10. On comparing these figures, it can



Advances in Mathematical Physics

Y
_2 1 1 1
-0.4 -0.2 0 0.2 0.4
c
(a)
2 T T T
. C
1k TTe-a - 4
S TTeeIe===
y 0
M
-1k u
_2 1 1 1
-0.4 -0.2 0 0.2 0.4
by

(c)

17

0
-0.4 -0.2 0.4

ol o
S
)

(b)

0.2 C

0
-0.4 -0.2 0 0.2 0.4

(d)

FIGURE 8: Phase diagram of spot motion. Data are obtained by the simulation of the full tensor model. b, = 0.1. M, S, and C in the figure
represent regions of no motion, straight motion, and circular motion, respectively. (a) Phase diagram in the c-y plane. ¥ = 0.8. The solid,
dashed, and dotted curves correspond to the cases of b, = 0,0.25, and —0.25, respectively. The upper (lower) region of each curve corresponds
to the region of circular (straight) motion, and the region y < 0 corresponds to the region of no motion. (b) Phase diagram in the c-x plane.
y = 0.5. The solid, dashed, and dotted curves correspond to the cases of El = 0, 0.25, and —0.25, respectively. The upper (lower) region of
each curve corresponds to the region of straight (circular) motion. (c) Phase diagram in the El -y plane. ¥ = 0.8. The solid, dashed, and dotted
curves correspond to the cases of ¢ = 0, 0.25, and —0.25, respectively. The region across each curve is the same as in (a). (d) Phase diagram in
the b, - plane. y = 0.5. The solid, dashed, and dotted curves correspond to the cases of ¢ = 0, 0.25, and —0.25, respectively. The region across

each curve is the same as in (b).

be seen that although v and R, depend on ¢ and by, the
influences of b, on v and R, are much smaller than those of

c.
The dependence of the critical velocity v, , and ¢* on « is

shown in Figure 11. There exists a critical velocity v,, for b, #
0 as shown in Figure 11(a). For larger b, , the gap Av? is larger.
This suggests that b, 2, Uag, vy enhances the circular motion,
which is consistent with the results shown in Figure 8. For
positive by, |¢*| becomes larger than that in the reduced
tensor model (solid curve) as shown in Figure 11(b). On the
other hand, for negative b,, there is no ¢*. In our system,
b, is positive and increases as the intensity of chemotaxis k,
increases as shown in Figure 4(d). Thus, ¢* still exists in the
full tensor model, and |c”| is larger than that in the reduced
model.

7. Discussions

In this section, we discuss the physical origins of the braking
effect observed in the previous section. For our RD system,
we derived the time evolution equation of S,z up to o)
(see (77)). There were three terms of O(v%): l;s(v“vﬁ -
6aﬁ|v|2/2)|v|2, El ZV Uagy ¥y and E|V|28aﬁ. The I;S term can
be absorbed into the l;(v“vﬁ - 5aﬁ|V|2 /2) term by replacing
b with (b + bg|v|*). Then, with increasing velocity, the b,
term changes the value of only b. In our theoretical analysis,
considering that the influence of U, is small, we set b, =
0 and examined the effect of EIVIZS“ﬁ on the stationary

solution in Sections 6.2 and 6.3. When up to O(V?) terms
were considered, there was no upper limit of velocity for
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FIGURE 9: Phase diagram of spot motion in the ¢-b, plane. Data are
obtained by the simulation of the full tensor model. b, = 0.1. The
marks S and C in the figure represent regions of straight motion
and circular motion, respectively. The solid, dashed, and dotted
curves correspond to the cases of (y,x) = (0.25,0.3), (0.5,0.5), and
(1.0, 0.8), respectively.

the circular motion of the spot, as shown in Figure 6(a).
However, on including the O(v*) terms, even in the absence
of chemotaxis (k. = 0), ¢ # 0. The term E|V|28aﬁ influenced
the upper limit of velocity of the circular motion, as shown
in Figure 6(c). One of the physical origins of the upper
limit of velocity is the refractory period behind the rear
interface. When k., = 0, the RD system described by (5)
and (6) is considered to have an activator and an inhibitor,
as reported by Krischer and Mikhailov [32]. When 7 is large,
the motionless pulse (localized domain) in one dimension is
stable. With decreasing 7, the motionless pulse is destabilized
into a traveling pulse in one dimension. For a traveling pulse
in one dimension, there is a refractory period behind the rear
interface. A repulsive interaction occurs between pulses in the
wave train; the repulsion results from the refractory period
imposed on the leading interface of a traveling pulse by the
tail of the preceding pulse [38]. In two dimensions, when a
spot moves along a circle, there is an upper limit of velocity
due to the refractory period behind the rear interface; the
refractory period causes a braking effect on the velocity of the
spot traveling along a circle.

In the absence of chemotaxis, that is, k. = 0, we estimate
the upper limit of velocity. Let us consider the traveling pulse
with velocity ¢ in one dimension of the system described by
(5) and (6) in the limit € — 0. The spatial dependence of the
inhibitor before the leading interface and that behind the rear
interface are given by v,.,4(2) = Cieq €xp(A_2) (z > 0) and
Veear(2) = Crear €xp(A,2) (z < 0), respectively, where z =

x—ct, Ay = [~c+ e +4B]/2, and Cy.q(reqr) is a coefficient.
Using these expressions, we estimate the relaxation length
(refractory period) of the inhibitor behind the rear interface
by the linear approximation of 1/A, ~ ¢/f3 for large c. For the
spot moving along a circle with a given radius r, the upper
limit of velocity ¢,,,, Will approximately satisfy the relation
2rry > /A, ~ Cuax/ Bt Cnax K 2717 3. This suggests that,
for large c, the refractory period is proportional to c. As the
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velocity of the spot increases, the inhibitor at the leading
interfaces becomes large due to the overlap, and, therefore,
the velocity becomes small (because of the first term in (16)).
These effects on velocity are manifested when the spot moves
rapidly along a circle with a small radius.

In the presence of chemotaxis, that is, k., > 0, we discuss
another physical origin of the braking effect. The chemotaxis
is caused by the gradient of the chemotactic substance at
the interface. In our RD system, the chemotactic substance
is autosecretion; it is produced inside the spot and diffuses
outward. The chemotactic substance is distributed around the
center of the spot and monotonically decreases away from the
center. For the traveling pulse, the chemotactic substance at
the rear interface is larger than that at the leading interface.
The gradient of the chemotactic substance at the leading
(rear) interface is negative (positive). The absolute value of the
gradient of the chemotactic substance at the leading interface
is larger than that at the rear interface. In addition, (dy/dv)
at the leading and rear interfaces are positive. Overall, the
chemotactic velocity is negative (because of the second term
in (16)). Thus, the chemotaxis in our system essentially
reduces velocity.

8. Conclusions

In this study, we considered the motion of a spot solution in
two dimensions under the influence of chemotaxis. Starting
from a three-component RD system, we proposed a two-
component (an activator and a chemotactic substance) RD
system with a global coupling term. We remark that, in our
model system, the spot secretes the chemotactic substance
from the inside and the motion of the spot is influenced by
the chemotaxis. Thus, the model is an autonomous system.
The chemotaxis term is of the Keller-Segel type, and the
chemotactic velocity is opposite to the traveling direction.
The reason for the opposite direction is that the system
involves autosecretion, and the gradient of the chemotactic
substance at the leading interface is negative. Although there
have been several studies on the motion of spots under the
influence of chemotaxis, the chemoattractant was supplied
from the outside [20-23]. The spot in these models is
driven toward the source (higher concentration) point of the
chemoattractant. These models are nonautonomous systems,
and, therefore, different from our model.

For the RD system, by employing the method proposed
in [16], we derived the equation of motion of the spot and
the time evolution equations of the tensors. Terms up to
the fourth order of v were considered, and we found that
the terms |V|23‘xﬁ and ), Uyg,v, played an important role
in the motion of the spot. Our numerical results suggested
the existence of an upper limit of velocity for the circular
motion of the spot due to the braking effect. There are
two physical origins for the braking effect: the refractory
period behind the rear interface and the chemotactic velocity
opposite to the moving direction. The former is unique
to the circular motion and is not applicable for a spot in
straight motion. On the other hand, the latter is general
in our autonomous chemotactic system and is applicable
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FIGURE 10: Dependence of velocity and radius on ¢ and b, in the stationary circular motion. Data are obtained by the simulation of the full
tensor model. b, = 0.1,y = 0.5, and x = 0.2. (a) Dependence of v on ¢. (b) Dependence of R, on ¢, where, in (a) and (b), the solid, dashed, and
dotted curves correspond to b, = 0, 0.5, and —0.5, respectively. (c) Dependence of v on b,. (d) Dependence of R, on b,, where, in (c) and (d),
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FIGURE 11: Dependence of the critical velocity v, and ¢* on «. Data are obtained by the simulation of the full tensor model. b, = 0.1. (a)
Dependence of vi , onk. ¢ = —0.5. The curves with filled (+) and open (o) circles correspond to the cases of b, = 0.25and b, = 0.5, respectively.

The solid and dashed curves represent vi_ and vi ., respectively. (b) Dependence of ¢* on «. b, = 0.1. The solid, dashed, and dotted curves

correspond to the cases of b, = 0, 0.25, and 0.5, respectively.
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for all moving directions. Owing to the former reason, an
upper limit of velocity for the spot moving in a circle exists
even in the absence of chemotaxis. Based on the results
of our chemotaxis system, we conclude three points. (i) A
spot moving on a straight line is destabilized to circular
motion with increasing velocity. (ii) The velocity of a spot
moving along a circle is restricted to a certain range, which
is narrower than that in the absence of the chemotaxis. (iii)
There is a critical intensity of chemotaxis k', and the spot does
not undergo circular motion for k, > k.

In practical experiments, the candidates of autonomous
systems including chemotaxis are E. coli and macrophage
[39, 40]. However, there is an essential difference between
these biological systems and our model system; E. coli is
a rod-shaped cell with a flagellum and macrophage has an
amoeba-like shape with pseudopods, and the shape of the
motionless state of these cells is not described by a circle. E.
coli swims by rotating the flagellum, and macrophage crawls
by changing its size and shape. In contrast, in our model
system, the spot was a solution of an RD system and the
shape of the motionless state was assumed to be a circle.
The motionless spot was primarily destabilized through drift
bifurcation, and it changed into a moving spot with straight
motion. The straight moving spot was secondly destabilized
through rotation bifurcation, and it changed into a moving
spot with circular motion. Due to these differences, the
bifurcation points of the straight and circular motions and
the critical velocity for the circular motion in these biological
systems must be different from those of our model system.
However, the collective motions of bacteria and amoebas are
modeled by RD systems, and many spatiotemporal patterns
are shown [41, 42]: the diffusion-limited aggregation, Eden-
like, uniform disk, branched, target, spiral patterns, and so
on. This suggests that the behavior of individual cell in
these biological systems can be described by RD systems.
From these considerations, the above biological systems
are promising candidates of autonomous systems including
chemotaxis, and experimental observations of moving cell
with circular motion are expected.

Appendix

A. Velocity of the Interface in One Dimension

Here, we derive the velocity of the interface in one dimension,
given by (16), by following [43]. We denote h as the value of v
at the interface x = x, at time ¢ = t,. Applying the stretching
transformations 7 = (t — t,)/e and & = (x — x;)/e to (5), we

obtain
dy dv
== ()| (&)

+H (u-p)-h,

M{ —-u
i (A1)

where (A)|; denotes the function A evaluated at x = x, and
the position of the interface in the stretching coordinate is
& = 0.In order to consider the traveling front solution of (A.1),

Advances in Mathematical Physics

we introduce the moving coordinate z = & — ¢#. Then, (A.1)

becomes
iyt (e ()] ()] )
no ez dV i d.x i z

+H(u-p)—h (A2)
!
=u,+cu,—u+H(u-p)-h,
where ¢ is the velocity of the front and ¢’ = (7c -

(dx/dv)|;(dv/dx)|;). The boundary conditions at z = +co are

u(-co,n) =1-h,
(A3)
u(+0o,7) = —h,
and the boundary conditions at z = 0 are
u(0+,1) =u(0-n) = p,
(A4)
U, (0+’ ’1) =u, (0_’ 17) .
The stationary solution of (A.2) is
Ce+(1-h) (z<0)),
u(z) = A (A.5)
C.e"*-h (z=0),

where C, is a coefficient and A, = (1/2)[-c" + Vc'? +4].
Under the boundary conditions (A.4), we get C, = A, /(A, —
A)=p+handC_=A_/(A, —A_) = p+h - 1. Using these

relations, we Obtain
( . )
i dx

I dX>
cC =1TC <d1}

2(1/2-p-h)
[(p+h)(1-p-m)]"

i

(A.6)

In the main text, 7c in (A.6) is denoted as 7C(h), which is
explicitly expressed as (16).

B. Explict Expressions of hf)o) and fzéo) in the
Limite — 0

We show that in the limite — 0, h(()o) and fl(()o) calculated using
(13) agree with the ones calculated using (34) and (35) with
the substitutions Hy = Hc(lo) and R = R, where R?) = Re,,
respectively.

hg)) and Ego) obtained directly from (13) are

KO =5 (R,) = % - %Kl (@R()) I, (\/ERO), (B)
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B = dV(RO R011<\fRO>KI(\fRO)

respectively.
We first derive h(()o) from the definition (34). Substituting
Hy = H” andR =R

(B.2)

into (34), we obtain

O = L G, H‘(lo) IR
(B.3)
o0 1
=R, JO dq (m) Jo (qRo) A (qRo)'

We apply the formulas of the integrals ([44])

LOO dx(x2 + tz)x(!:21 + )" . <a Vo + yz) Ju (&)
t”]( \/y t2>

(o)

(b=a>0, |Re(u)

(B.4)
K, (bt)

| <Re(») +2),
N % b>a>0)),
L dx]y (ax) ], (bx) = { L

2b
0 (a>b>0)

(b=a>0), (B.5)

to (B.3); we can confirm that (B.3) agrees with (B.1).
Next, we derive h(()o) from the definition (35). Substituting

Hy = H((lo) and R = R into (35), we obtain

_ ;1)
hY = ij (n-q) G,H™
q

= -R, LOO dq <ﬁ> Ji (qRy).

Applying formula (B.4) to (B.6), we can confirm that (B.6)
agrees with (B.2).

(B.6)

C. Derivation of (68)

Here, we give the detailed derivation of (68). We first

derive Sh(l?f. Up to the first order of the deviations, 8h(1(2 is
decomposed as

21

o=

J J dw(v-q) Gqueiq'RR
q

ol =
Py
—_—

27,(0) iqR
dw(v'q)GqHq eTR,

i 27 :(1) iqR, p2
~ ELJ-dqbr (v-q) G,H, e Re,

. (C1)
L L j d¢, v-9) (q- SR (¢,))

XG;HéO)eiq'R"R(Z)er
2i AR
v2 [ [ g, (v @ GHP N OR (6,) Ree,
q

=0, + O, + O,

where 6R and Hg are given in (25) and (31), respectively.
Substituting Hfll) into ®@,, the « (o« = 1,2) component
®,,) is obtained as

R 2.2 *
D) = 70 quq GqIIJZZSaﬁVﬁ =-q Zsaﬁ"ﬁ' (C.2)
B B

Substituting R(¢,) and Hy O into ®@,, ®@,(,) is obtained as

Dy

(C.3)

R R
-2 [ daa’ i - 2 [ daa’ Gl ] Fsegvs
B

Substituting 6R(¢,) and H, éo) into @;, @5, is obtained as

Dy = - J dqqG.J; Y Susvs- (C.4)
g

Using the formula for the Bessel function (J,_;(z) -
Ju+1(2)/2 = J41(2) = n],,(2) /2, (©yy) + Ps,)) becomes

(Py) + P3()
_[Ro (g 2217, - > [ daaG?r? D Supv
=15 99 Hg/1)27 5 qqqlﬁaﬁﬁ (C5)

= —Cl; %S(xﬁvﬁ

a; and a, are the same as those of the result in [16].
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Next, we derive 65(103 Up to the first order of the

deviations, 8h( 1,1 is decomposed as

8h(1())i Ql J de (n q) (V q)G H elqRR
q

1 i

t5 L J do(n-q) (v-q GH IR,
-2 iq-

-2 Ljdqbr (n-q) (v- @ GHYT™R6R (¢,)e,
-2 a0 6@ GHYE R,

! ! (C.6)
5| a0 060 Ga-or ()
xG_H e "™ Re,

1 ' .
g )[4 o @k (4)sin(4,-9)

2 17(0) ig-R,
x G H " e " Rye,

=Y, +¥,+¥;+ ¥,

Substituting H, ‘(10)
component ¥},

and 6R(¢,) into ¥,, the ¢ (@ = 1,2)
is obtained as

Yy = J dqué (]2 - ]o) ]lzs(xﬁvﬁ' (C.7)
B
Substituting H, ((11) into ¥,, ¥, is obtained as
_ R dadt G
Yo = s 94 Gq (J,=To) ]228043";3- (C.8)
B
Substituting H, ‘(10) and SR into W3, \¥; ) is obtained as
_ RO d 3,2
Vi) = 3 | 491 G, (3], - ]Z)JIZSocﬁVﬁ' (C.9)
B

Substituting H&O) and 8R'(¢,) into ¥, Wy () is obtained as

Yy = 43_1 ququ;]OII%Saﬁvﬁ' (C.10)
In the main text, (¥, + Wy(y)) is expressed as
(¥30 + Vi)
- quq G [ 9Gh - L) i+ ]‘)]l] z 66 (c)
=-a, %Saﬁvﬁ,
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and (¥}, + Wy(a)) is expressed as

(\Pl(zx) + \PZ(oc))
1 aJ
=2]d Gz[—R - ]—1 S,
J 19%q | 3 0qh = a(qRo)% BYp (C12)
= ) Suppy
B

where we used ],i(z) =], -
Bessel function.

J..+1)/2 as the formula for the

D. Expansions of 5/ and 8% in (75) and (76)

The expansions of §h and Shin (75) and (76) are

_Z D,c, e
n
Sh . = V_ i(n+1)g, V4 i(n-1)p,
L1 — _7ZAnCne - ?anCne >
n n

Shyy ==Y E,ée"™,
n

oh,, = - +
22 2 4

+ ZC emqbr [ 2 21¢,

ing, [(.2 2i¢, | 2
+ che [(v_e +v,
n

% |v|2 & (v2 29, 4 ) 21¢,) (D.D)
-2 |v|2 T, + vie_Zi‘b’Tnﬁ]
e_2i¢') Vi+ |V|2 V2] ,

>

Shy = —Zﬁncnei"¢’,
Shy, :——Z(A +nA") eI

(n=1)¢,

LY (BT,
ZEcem‘p',

8’1:12)2 = Zg* c,n (vieizkp’ - viem/") e (D.2)
n
G, G
| -2 v —1( 2 102 2’¢’)
2 4
+ Zc e [ 2T 2P T, + Ve 2“‘5’7},,3]
+ chei"¢' [( 29 v e 21‘/”)V + |v| Vz]
n
where v, = v; + iv, and all the coefficients in (D.1) and

(D.2) are given in Appendix E. In order to calculate the time
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evolution of ¢,, e ™ is multiplied to both sides of eq. (74),
and integration is performed over ¢, in therange 0 < ¢, < 27.
Using the periodicity of trigonometric functions, we obtain
the time evolution equation of ¢,. As the tensors S and U are
linear combinations of c,,,, we can derive their time evolution
equations.

E. Coefficients in (D.1) and (D.2)

We give the coefficients in (D.I) and (D.2) below. By using
F(i, j,k,1) and F4(i, j, k, 1), they are expressed as

A,=Ry[F(22,2,nn+1)+FE;(2,2,1,1)],
B,=Ry[-F(2,2,n,n—1)+ F;(2,2,1,1)],
D,=R,[F(1,1,1,1) - F (1, 1,n,n)],
E,=R,F(1,2,n,n),
G,=R,F(2,3,n,n+1),

G} =R,F(4,5,1,2),

R
T, =—F(@3,3,mn+2), (E.1)

Mg

R
T,,= ZOF(3,3,n, n),

T,

n,

R
5= ZOF(3,3,n,n—2),
R
v, = ZOFd(a,3,1,2),
R
V2=7°F(3,3,1,1),
_ 1
A, =R, [Z (F(3,2,1,3)-3F(3,2,1,1))
+F;(3,2,n,n+ 1)] R
— 1
A = 5 [F(2,2,0,1)+ F(2,2,1,2)],
- 1
B, =R, [Z (F(3,2,1,3)=3F(3,2,1,1))

-F;(3,2,n,n— 1)] R

D, =Ry[F;(2,1,1,1) - E; (2, 1,n,n)],

sl

= ROFd (2) 2) n, n) >

o)

s = RoF;(3,3,1,0),

G, = RyF;(3,3,1,2),

)

1 =RyF;(5,5,1,2),

., 1
S = —g [F(3,3,1,1)+ F(3,3,1,3)],

23
T, = %Fd (4,3, mn+2),
Tn,Z = %Fd (4,3,n,n),
T,z = %Fd (4,3,mn—-2),
V, = 1—2 [F(4,3,0,1) —2F (4,3,1,2) + F (4,3,1,4)],
V, = %Fd (4,3,1,1).
(E.2)
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