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This paper is devoted to the study of lump solutions to the (3+1)-dimensional generalized B-type Kadomtsev-Petviashvili equation.
First we use a direct method to construct a class of exact solutions which contain six arbitrary real constants. Then we use these
solutions to generate lump solutions with four real parameters. We also determine the amplitude and velocity of these lumps.

1. Introduction

Lump is a type of localized rational solutions. Lump solutions
for the (2+1)-dimensional Kadomtsev-Petviashvili I equation

(𝑢�푡 + 6𝑢𝑢�푥 + 𝑢�푥�푥�푥)�푥 − 𝑢�푦�푦 = 0 (1)

were first obtained by Manakov et al. [1]. Then Satsuma and
Ablowitz [2] constructed more lump solutions by taking a
long wave limit of the corresponding soliton solutions. More
recently, by use of the bilinear form, Ma [3] generalized the
results of [1, 2] and got a larger class of lump solutions. Over
the past fewdecades, lumphas been an active area in the study
of nonlinear evolution equations. They can be used to de-
scribe nonlinear patterns in plasma [4], in optical media [5],
in the Bose-Einstein condensate [6], and so forth. Lump solu-
tions have been obtained for some other equations, such as
the Ishimori equation [7], the Jimbo-Miwa equation [8], and
the Sawada-Kotera equation [9].

Recently much literature is devoted to the study of (3+1)-
dimensional B-type Kadomtsev-Petviashvili (BKP) equation

𝑢�푦�푡 + 3𝑢�푥�푧 − 3𝑢�푥𝑢�푥�푦 − 3𝑢�푥�푥𝑢�푦 − 𝑢�푥�푥�푥�푦 = 0, (2)

which can be used to model fluid dynamics, plasma physics,
and weakly dispersive media [10, 11]. Various methods have
been applied to (2) to construct its soliton and multiple
wave solutions [12–14]. In this paper, we develop another

method to construct its lump solutions. We first use a direct
method to obtain a class of exact solutions which contain six
arbitrary real constants (see Theorem 1). Then we show that
the limits of these solutions can generate lump solutions (see
Theorem 4).We also determine the amplitude and velocity of
these lumps.

2. Exact Solutions

In this section, we seek exact solutions to the (3+1)-dimen-
sional BKP equation (2) in the following form:𝑢 (𝑥, 𝑦, 𝑧, 𝑡) = 2 (ln𝑓)

�푥
, (3)

where 𝑓 (𝑥, 𝑦, 𝑧, 𝑡) = exp (−𝜂) + 𝑚 cos 𝜉 + 𝑛 exp 𝜂, (4)𝜂 = 𝑝(𝑥+𝑞𝑦+𝑟𝑧), 𝜉 = 𝑝(𝑎𝑥+𝑏𝑦+𝑐𝑧+𝑑𝑡), and𝑚,𝑛, 𝑝, 𝑞, 𝑟, 𝑎, 𝑏,𝑐, 𝑑 are real constants to be determined. Substituting (3)
into the left hand side of (2) and then factoring we get the
following three determining equations:

6𝑎𝑐 − 3𝑟 + 𝑏𝑑 + 3𝑎2𝑟 + 𝑝2𝑞 + 4𝑎3𝑏𝑝2 − 6𝑎2𝑝2𝑞
+ 𝑎4𝑝2𝑞 + 𝑎𝑑𝑞 − 4𝑎𝑏𝑝2 = 0, (5)

3𝑐 + 6𝑎𝑟 + 𝑑𝑞 − 3𝑎2𝑐 − 𝑏𝑝2 − 4𝑎𝑝2𝑞 + 6𝑎2𝑏𝑝2 − 𝑎4𝑏𝑝2
+ 4𝑎3𝑝2𝑞 − 𝑎𝑏𝑑 = 0, (6)
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𝑚2 (3𝑟 + 18𝑎𝑐 + 3𝑏𝑑 + 9𝑎2𝑟 − 𝑝2𝑞 + 24𝑎3𝑏𝑝2
− 6𝑎2𝑝2𝑞 + 3𝑎4𝑝2𝑞 + 3𝑎𝑑𝑞) + 16𝑛 (4𝑝2𝑞 − 3𝑟)
= 0.

(7)

Solving for 𝑟, 𝑐 from (5) and (6) gives

𝑟 = 𝑝2𝑞 + 𝑏𝑑 − 𝑎4𝑝2𝑞 − 2𝑎3𝑏𝑝2 − 2𝑎𝑏𝑝2 − 𝑎𝑑𝑞3 (𝑎2 + 1) , (8)

and

𝑐 = 𝑏𝑝2 + 2𝑎3𝑝2𝑞 + 2𝑎𝑝2𝑞 − 𝑎4𝑏𝑝2 − 𝑎𝑏𝑑 − 𝑑𝑞3 (𝑎2 + 1) . (9)

Substituting (8) and (9) into (7) yields

𝑛 = − 3𝑏𝑎5𝑝2 + 2𝑞𝑎4𝑝2 + 4𝑏𝑎3𝑝2 + 2𝑞𝑎2𝑝2 + 𝑏𝑎𝑝2 − 𝑑𝑞𝑎 + 𝑏𝑑4 (𝑞𝑎4𝑝2 + 2𝑏𝑎3𝑝2 + 4𝑞𝑎2𝑝2 + 2𝑏𝑎𝑝2 + 3𝑞𝑝2 + 𝑑𝑞𝑎 − 𝑏𝑑)
⋅ 𝑚2.

(10)

Therefore, we have the following.

Theorem 1. �e (3+1)-dimensional BKP equation (2) admits
the following exact solutions:

𝑢 (𝑥, 𝑦, 𝑧, 𝑡) = 2 (ln𝑓)
�푥
,

𝑓 (𝑥, 𝑦, 𝑧, 𝑡) = exp (−𝜂) + 𝑚 cos 𝜉 + 𝑛 exp 𝜂, (11)

where 𝜂 = 𝑝(𝑥+𝑞𝑦+𝑟𝑧), 𝜉 = 𝑝(𝑎𝑥+𝑏𝑦+𝑐𝑧+𝑑𝑡),𝑚,𝑝, 𝑞, 𝑎, 𝑏, 𝑑
are arbitrary real constants, and 𝑟, 𝑐, 𝑛 are given by (8), (9), and
(10), respectively.

3. Lump Solutions

In this section, we use (11) to construct lump solutions to
the (3+1)-dimensional BKP equation (2). We first give some
examples and then give a general result.

Example 1. Let 𝑚 = −2, 𝑞 = 1, 𝑎 = 0, 𝑏 = 1, 𝑑 = 1. Then (11)
becomes

𝑢 (𝑥, 𝑦, 𝑧, 𝑡) = 2 (ln𝑓)
�푥
,

𝑓 (𝑥, 𝑦, 𝑧, 𝑡) = exp (−𝜂) − 2 cos 𝜉 + 11 − 3𝑝2 exp 𝜂, (12)

where 𝜂 = 𝑝(𝑥+𝑦+((1+𝑝2)/3)𝑧), 𝜉 = 𝑝(𝑦+((𝑝2−1)/3)𝑧+𝑡).
As 𝑝 → 0, the limit of (12) gives a lump solution to (2):

𝑈(𝑥, 𝑦, 𝑧, 𝑡) = lim
�푝�㨀→0

𝑢 (𝑥, 𝑦, 𝑧, 𝑡) = 4𝑋3 + 𝑋2 + 𝑌2 , (13)

where

𝑋 = 𝑥 + 𝑦 + 𝑧3 ,
𝑌 = 𝑦 − 𝑧3 + 𝑡.

(14)

The lump (13) attains its maximum value 2/√3 at (𝑋, 𝑌) =(√3, 0) and minimum value −2/√3 at (𝑋, 𝑌) = (−√3, 0). So
its amplitude is 2/√3. The profiles of the lump (13) in the(𝑋,𝑌)-space are given in Figure 1.

From the point of view of the (𝑥, 𝑦, 𝑧)-space, at each time𝑡, the lump (13) attains its extreme values at the lines

𝑥 + 𝑦 + 𝑧3 = ±√3,−3𝑦 + 𝑧 = 3𝑡. (15)

Note that the planes 𝑥 + 𝑦 + 𝑧/3 = ±√3 are fixed (do not
depend on 𝑡), while the plane −3𝑦 + 𝑧 = 3𝑡 moves along its
normal vector N = (1/√10)(0, −3, 1) with the speed 3/√10.
Therefore the velocity of the moving lines (15) is

V = (𝑉�푥, 𝑉�푦, 𝑉�푧) = 635√266 (8, −11, 9) . (16)

Example 2. Let 𝑚 = −2, 𝑞 = 0, 𝑎 = 1, 𝑏 = 1, 𝑑 = 1. Then (11)
becomes𝑢 (𝑥, 𝑦, 𝑧, 𝑡) = 2 (ln𝑓)

�푥
,

𝑓 (𝑥, 𝑦, 𝑧, 𝑡) = exp (−𝜂) − 2 cos 𝜉 + 1 + 8𝑝21 − 4𝑝2 exp 𝜂,
(17)

where 𝜂 = 𝑝(𝑥 + ((1 − 4𝑝2)/6)𝑧), 𝜉 = 𝑝(𝑥 + 𝑦 − (1/6)𝑧 + 𝑡).
As 𝑝 → 0, the limit of (17) gives a lump solution to (2):

𝑈(𝑥, 𝑦, 𝑧, 𝑡) = lim
�푝�㨀→0

𝑢 (𝑥, 𝑦, 𝑧, 𝑡) = 4 (𝑋 + 𝑌)12 + 𝑋2 + 𝑌2 , (18)

where

𝑋 = 𝑥 + 𝑧6 ,
𝑌 = 𝑥 + 𝑦 − 𝑧6 + 𝑡.

(19)

The lump (18) attains its maximum value√6/3 at (𝑋, 𝑌) =(√6,√6) and minimum value −√6/3 at (𝑋, 𝑌) = (−√6,−√6). So the amplitude of the lump (18) is√6/3. The profiles
of the lump (18) in the (𝑋, 𝑌)-space are given in Figure 2.

From the point of view of the (𝑥, 𝑦, 𝑧)-space, at each time𝑡, the lump (18) attains its extreme values at the lines

𝑥 + 𝑧6 = ±√6,
𝑥 + 𝑦 − 𝑧6 + 𝑡 = ±√6,

(20)

which move with the velocity

V = (𝑉�푥, 𝑉�푦, 𝑉�푧) = 147673√1517 (−2, −37, 12) . (21)

Example 3. Let𝑚 = −2, 𝑞 = 1, 𝑎 = −1, 𝑏 = 0, 𝑑 = 1.Then (11)
becomes𝑢 (𝑥, 𝑦, 𝑧, 𝑡) = 2 (ln𝑓)

�푥
,

𝑓 (𝑥, 𝑦, 𝑧, 𝑡) = exp (−𝜂) − 2 cos 𝜉 + 1 + 4𝑝21 − 8𝑝2 exp 𝜂,
(22)
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Figure 1: The 3D plot of lump (13) and the corresponding contour plot.
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Figure 2:The 3D plot of lump (18) and the corresponding contour plot.

where 𝜂 = 𝑝(𝑥+𝑦+(1/6)𝑧), 𝜉 = 𝑝(−𝑥+((4𝑝2−1)/6)𝑧+𝑡). As𝑝 → 0, the limit of (22) gives a lump solution to (2):

𝑈(𝑥, 𝑦, 𝑧, 𝑡) = lim
�푝�㨀→0

𝑢 (𝑥, 𝑦, 𝑧, 𝑡) = 4 (𝑋 − 𝑌)12 + 𝑋2 + 𝑌2 , (23)

where

𝑋 = 𝑥 + 𝑦 + 𝑧6 ,
𝑌 = −𝑥 − 𝑧6 + 𝑡.

(24)

The lump (23) attains its maximum value √6/3 at(𝑋,𝑌) = (√6, −√6) and minimum value −√6/3 at (𝑋,𝑌) =(−√6,√6). So the amplitude of the lump (23) is √6/3. The
profiles of the lump (23) in the (𝑋, 𝑌)-space are given in
Figure 3.

From the point of view of the (𝑥, 𝑦, 𝑧)-space, at each time𝑡, the lump (23) attains its extreme values at the lines

𝑥 + 𝑦 + 𝑧6 = ±√6,
−𝑥 − 𝑧6 + 𝑡 = ∓√6,

(25)

which move with the velocity

V = (𝑉�푥, 𝑉�푦, 𝑉�푧) = 133237√2701 (36, −37, 6) . (26)

In general, for arbitrary real constants 𝑞, 𝑎, 𝑏, 𝑑, let 𝑚 =−2. Then as 𝑝 → 0, the limit of (11) yields the following
result.

Theorem 4. �e (3+1)-dimensional BKP equation (2) admits
the following rational solutions:

𝑈(𝑥, 𝑦, 𝑡) = 4 𝑋 + 𝑎𝑌𝐴 + 𝑋2 + 𝑌2 , (27)
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Figure 3: The 3D plot of lump (23) and the corresponding contour plot.

where

𝐴 = 3 (𝑎2 + 1)2 (𝑞 + 𝑎𝑏)𝑑 (𝑏 − 𝑎𝑞) , (28)

𝑋 = 𝑥 + 𝑞𝑦 − 𝑑 (𝑎𝑞 − 𝑏)3 (𝑎2 + 1) 𝑧, (29)

𝑌 = 𝑎𝑥 + 𝑏𝑦 − 𝑑 (𝑞 + 𝑎𝑏)3 (𝑎2 + 1) 𝑧 + 𝑑𝑡, (30)

and 𝑞, 𝑎, 𝑏, 𝑑 are arbitrary real constants.
Remark 5. If the parameters 𝑞, 𝑎, 𝑏, 𝑑 satisfy the following
condition, 𝑞 + 𝑎𝑏𝑑 (𝑏 − 𝑎𝑞) > 0, (31)

then (27) are lump solutions.

For given parameters 𝑞, 𝑎, 𝑏, 𝑑 satisfying condition
(31), the lump (27) attains its extreme values±2√𝑑(𝑏 − 𝑎𝑞)/3(𝑎2 + 1)(𝑞 + 𝑎𝑏) at the lines

𝑥 + 𝑞𝑦 − 𝑑 (𝑎𝑞 − 𝑏)3 (𝑎2 + 1) 𝑧 = ±√ 3 (𝑎
2 + 1) (𝑞 + 𝑎𝑏)𝑑 (𝑏 − 𝑎𝑞) ,

𝑎𝑥 + 𝑏𝑦 − 𝑑 (𝑞 + 𝑎𝑏)3 (𝑎2 + 1) 𝑧 + 𝑑𝑡
= ±𝑎√ 3 (𝑎2 + 1) (𝑞 + 𝑎𝑏)𝑑 (𝑏 − 𝑎𝑞)

(32)

in the (𝑥, 𝑦, 𝑧)-space. Therefore the amplitude of the lump
(27) is

𝑈amplitude = 2√ 𝑑 (𝑏 − 𝑎𝑞)3 (𝑎2 + 1) (𝑞 + 𝑎𝑏) . (33)

The velocity V = (𝑉�푥, 𝑉�푦, 𝑉�푧) of the lump (27) in the (𝑥, 𝑦, 𝑧)-
space can also be determined. Here we omit the details.

4. Discussion

The (3+1)-dimensional generalized B-type Kadomtsev-Petvi-
ashvili equation is the Jimbo-Miwa equation. If we replace 𝑡
with −𝑡/2, then (2) becomes

𝑢�푥�푥�푥�푦 + 3𝑢�푦𝑢�푥�푥 + 3𝑢�푥𝑢�푥�푦 + 2𝑢�푦�푡 − 3𝑢�푥�푧 = 0. (34)

Based on the bilinear form of (34), Yang andMa [8] construct
ten classes of its lump solutions in the form

𝑢 = 2 (ln𝑓)
�푥
, 𝑓 = 𝑔2 + ℎ2 + 𝑎11, (35)

where 𝑔 = 𝑎1𝑥 + 𝑎2𝑦 + 𝑎3𝑧 + 𝑎4𝑡 + 𝑎5, ℎ = 𝑎6𝑥 + 𝑎7𝑦 + 𝑎8𝑧 +𝑎9𝑡 + 𝑎10, and 𝑎�푖 (𝑖 = 1, . . . , 11) are some constants.
In this section, we point out that up to the invariance after

a translation and a Galilean transformation, all the solutions
obtained in [8] can be simplified and be rewritten in a unified
form of (27).This is because, firstly, the parameters 𝑎5 and 𝑎10
can be set zero by the translation (𝑥, 𝑦, 𝑧, 𝑡) → (𝑥�耠, 𝑦�耠, 𝑧�耠, 𝑡�耠)
defined by

𝑥�耠 = 𝑥 + 𝑥0,
𝑦�耠 = 𝑦 + 𝑦0,
𝑧�耠 = 𝑧 + 𝑧0,
𝑡�耠 = 𝑡 + 𝑡0,

(36)

where 𝑥0, 𝑦0, 𝑧0, 𝑡0 are some constants; secondly, since the
parameters 𝑎1 and 𝑎6 can not be zero simultaneously, without
loss of generality, we may assume 𝑎1 ̸= 0, and then from
the form of (35), we can set 𝑎1 = 1; thirdly, since (34) is
invariant under the Galilean transformation (𝑥, 𝑦, 𝑧, 𝑡) →(𝑥�耠, 𝑦�耠, 𝑧�耠, 𝑡�耠) given by
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𝑥�耠 = 𝑥 + 3𝜆𝑡,
𝑦�耠 = 𝑦 + 2𝜆𝑧,
𝑧�耠 = 𝑧,
𝑡�耠 = 𝑡,

(37)

where 𝜆 is an arbitrary real number, we can set 𝑎4 = 0. Then
under the condition

𝑎1 = 1,𝑎4 = 0,𝑎5 = 0,𝑎10 = 0,
(38)

𝑔 and ℎ are of the forms of (29) and (30), and a direct calcu-
lation shows that each class of solutions in [8] can be rewritten
in the unified form of (27).

From the mathematical point of view, the lump solutions
(27) are limits of the exact solutions (11) as the parameter 𝑝
approaches zero. It is worth studying the physical meaning of
this limit.

Data Availability

No data were used to support this study.

Conflicts of Interest

The author declares that there are no conflicts of interest.

Acknowledgments

This work is supported by the Natural Science Foundation of
Jiangsu Province through BK20151304.

References

[1] S. V. Manakov, V. E. Zakharov, L. A. Bordag, A. R. Its, and V. B.
Matveev, “Two-dimensional solitons of the Kadomtsev-Petvi-
ashvili equation and their interaction,”Physics Letters A, vol. 63,
no. 3, pp. 205-206, 1977.

[2] J. Satsuma andM. J. Ablowitz, “Two-dimensional lumps in non-
linear dispersive systems,” Journal of Mathematical Physics, vol.
20, no. 7, pp. 1496–1503, 1979.

[3] W. X.Ma, “Lump solutions to theKadomtsev-Petviashvili equa-
tion,” Physics Letters A, vol. 379, no. 36, pp. 1975–1978, 2015.

[4] M. J. Ablowitz and H. Segur, Solitons and the Inverse Scattering
Transform, SIAM, Philadelphia, PA, USA, 1981.

[5] D. E. Pelinovsky, Y. A. Stepanyants, and Y. S. Kivshar, “Self-
focusing of plane dark solitons in nonlinear defocusing media,”
Physical Review E: Statistical, Nonlinear, and So
Matter Physics,
vol. 51, no. 5, pp. 5016–5026, 1995.

[6] V. A. Mironov, A. I. Smirnov, and L. A. Smirnov, “Structure of
vortex shedding past potential barriers moving in a Bose-
Einstein condensate,” Journal of Experimental and �eoretical
Physics, vol. 110, no. 5, pp. 877–889, 2010.

[7] K. Imai, “Dromion and lump solutions of the Ishimori-I equa-
tion,” Progress of�eoretical Physics, vol. 98, no. 5, pp. 1013–1023,
1997.

[8] J. Y. Yang and W. X. Ma, “Abundant lump-type solutions of
the Jimbo-Miwa equation in (3+1)-dimensions,” Computers and
Mathematics with Applications, vol. 73, no. 2, pp. 220–225, 2017.

[9] L. L. Huang and Y. Chen, “Lump solutions and interaction
phenomenon for (2 + 1)-dimensional Sawada-Kotera equation,”
Communications in �eoretical Physics, vol. 67, no. 5, pp. 473–
478, 2017.

[10] E.Date,M. Jimbo,M.Kashiwara, andT.Miwa, “Transformation
groups for soliton equations VI-KP hierarchies of orthogonal
and symplectic type,” Journal of the Physical Society of Japan,
vol. 50, no. 11, pp. 3813–3818, 1981.

[11] E.Date,M. Jimbo,M.Kashiwara, andT.Miwa, “Transformation
groups for soliton equations: IV. A new hierarchy of soliton eq-
uations of KP-type,”PhysicaD: Nonlinear Phenomena, vol. 4, no.
3, pp. 343–365, 1982.

[12] W. X. Ma and E. G. Fan, “Linear superposition principle apply-
ing to Hirota bilinear equations,” Computers and Mathematics
with Applications, vol. 61, pp. 950–959, 2011.

[13] W. X. Ma and Z. Zhu, “Solving the (3 + 1)-dimensional general-
ized KP and BKP equations by the multiple exp-function algo-
rithm,” Applied Mathematics and Computation, vol. 218, no. 24,
pp. 11871–11879, 2012.

[14] S. Liu, Y. Ding, and J. G. Liu, “A class of exact solutions of (3+1)-
dimensional generalized B-type Kadomtsev–Petviashvili equa-
tion,” International Journal of Nonlinear Sciences and Numerical
Simulation, vol. 18, no. 2, pp. 137–144, 2017.



Hindawi
www.hindawi.com Volume 2018

Mathematics
Journal of

Hindawi
www.hindawi.com Volume 2018

Mathematical Problems 
in Engineering

Applied Mathematics
Journal of

Hindawi
www.hindawi.com Volume 2018

Probability and Statistics
Hindawi
www.hindawi.com Volume 2018

Journal of

Hindawi
www.hindawi.com Volume 2018

Mathematical Physics
Advances in

Complex Analysis
Journal of

Hindawi
www.hindawi.com Volume 2018

Optimization
Journal of

Hindawi
www.hindawi.com Volume 2018

Hindawi
www.hindawi.com Volume 2018

Engineering  
 Mathematics

International Journal of

Hindawi
www.hindawi.com Volume 2018

Operations Research
Advances in

Journal of

Hindawi
www.hindawi.com Volume 2018

Function Spaces
Abstract and 
Applied Analysis
Hindawi
www.hindawi.com Volume 2018

International 
Journal of 
Mathematics and 
Mathematical 
Sciences

Hindawi
www.hindawi.com Volume 2018

Hindawi Publishing Corporation 
http://www.hindawi.com Volume 2013
Hindawi
www.hindawi.com

The Scientific 
World Journal

Volume 2018

Hindawi
www.hindawi.com Volume 2018Volume 2018

Numerical AnalysisNumerical AnalysisNumerical AnalysisNumerical AnalysisNumerical AnalysisNumerical AnalysisNumerical AnalysisNumerical AnalysisNumerical AnalysisNumerical AnalysisNumerical AnalysisNumerical Analysis
Advances inAdvances in Discrete Dynamics in 

Nature and Society
Hindawi
www.hindawi.com Volume 2018

Hindawi
www.hindawi.com

Di�erential Equations
International Journal of

Volume 2018

Hindawi
www.hindawi.com Volume 2018

Decision Sciences
Advances in

Hindawi
www.hindawi.com Volume 2018

Analysis
International Journal of

Hindawi
www.hindawi.com Volume 2018

Stochastic Analysis
International Journal of

Submit your manuscripts at
www.hindawi.com

https://www.hindawi.com/journals/jmath/
https://www.hindawi.com/journals/mpe/
https://www.hindawi.com/journals/jam/
https://www.hindawi.com/journals/jps/
https://www.hindawi.com/journals/amp/
https://www.hindawi.com/journals/jca/
https://www.hindawi.com/journals/jopti/
https://www.hindawi.com/journals/ijem/
https://www.hindawi.com/journals/aor/
https://www.hindawi.com/journals/jfs/
https://www.hindawi.com/journals/aaa/
https://www.hindawi.com/journals/ijmms/
https://www.hindawi.com/journals/tswj/
https://www.hindawi.com/journals/ana/
https://www.hindawi.com/journals/ddns/
https://www.hindawi.com/journals/ijde/
https://www.hindawi.com/journals/ads/
https://www.hindawi.com/journals/ijanal/
https://www.hindawi.com/journals/ijsa/
https://www.hindawi.com/
https://www.hindawi.com/

