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In this paper, we introduce the concept of Rota-Baxter Leibniz algebras and explore two characterizations of Rota-Baxter Leibniz
algebras. And we construct a number of Rota-Baxter Leibniz algebras from Leibniz algebras and associative algebras and discover
some Rota-Baxter Leibniz algebras from augmented algebra, bialgebra, and weak Hopf algebra. In the end, we give all Rota-Baxter

operators of weight 0 and —1 on solvable and nilpotent Leibniz algebras of dimension <3, respectively.

1. Introduction

The Leibniz algebra [1] was mentioned by Bloh at the first
time, which was called a D-algebra in 1965. Later, Loday
improved and named it as Leibniz algebra. In Loday’s work,
he was mainly interested in the properties of the correspond-
ing homology theory on “group level” (“Leibniz K-Theory”).

Leibniz algebras are a well-established algebraic structure
generalizing Lie algebras with their own structure and homol-
ogy theory. Moreover, they have much more applications
in homological algebra, noncommutative geometry, physics,
and so on (see [1-9]).

The Baxter algebra was firstly found in the work [3] of
Baxter in 1960, which was used to solve the problem of
probability [10]. A Baxter algebra is an associative algebra A
with a linear operator P on A that satisfies the Baxter identity

P(x)P(y) =P(P(x)y+xP(y)) )

forall x, y € A.

In the 1960s, Rota began a study of Rota-Baxter algebras
from an algebraic and combinatorial perspective in connec-
tion with hypergeometric functions, incidence algebras, and
symmetric functions and obtained some interesting results
(see [11-13]). A Rota-Baxter algebra is an associative algebra
A with a linear operator P on A that satisfies the Rota-Baxter
identity

P(x)P(y) = P(P(x) y +xP(y) + Axy) )

forall x, y € A, where A (called the weight) is a fixed element
in the base ring of the algebra A.

In recent years, many scholars such as Andrews, Guo,
and Bai et al. found and established the relations between
Rota-Baxter algebras and Hopf algebras, Lie algebras, shuftle
products, and dendriform algebras. Rota-Baxter algebras
have been more and more important and have attracted much
attention nowadays (see [11, 14-22]).

In this paper, our main aims are to introduce the concept
of Rota-Baxter Leibniz algebras and to obtain a large number
of Rota-Baxter Leibniz algebras from augmented algebra,
bialgebra, and weak Hopf algebra, as well as construct all
Rota-Baxter operators of weight 0 and —1 on solvable and
nilpotent non-Lie Leibniz algebras of dimension <3.

The paper is organized as follows. In the second section,
we introduce the concept of Rota-Baxter Leibniz algebras
and explore two characterizations of Rota-Baxter Leibniz
algebras. One is a generalization of the Atkinson factorization
[23, 24]. One is new for a Rota-Baxter Leibniz algebra under
the assumption of quasi-idempotency. And we construct a
large number of Rota-Baxter Leibniz algebras from Leibniz
algebras and associative algebras, respectively, and discover
some Rota-Baxter Leibniz algebras from augmented algebra,
bialgebra, and weak Hopf algebra. In the third section, we
construct all Rota-Baxter operators of weight 0 and -1 on
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solvable and nilpotent non-Lie Leibniz algebras of dimension
<3.

Throughout the paper, all algebras, linear maps, and
tensor products are taken over the complex field € unless
otherwise specified.

2. Rota-Baxter Leibniz Algebras

In this section, we mainly give some characterizations of
Rota-Baxter Leibniz algebras and construct a large number
of Rota-Baxter Leibniz algebras from Leibniz algebras, aug-
mented algebra, and weak Hopf algebra, respectively.

Definition I. Let Abeavector space. Then, (A, [, —]) is called
a (left) Leibniz algebra defined as in [5] if there is a bilinear
map [-,-] : A® A — A,a®b+— [a,b] satisfying

[a, [b,¢]] = [[a,b] ,c] + [b, [a,c]] ©)
foranya,b,c € A.

In the following, our considered Leibniz algebras are left
Leibniz algebras unless otherwise specified.

Let (A, [-, —]) be a Leibniz algebra. Write Al = A A =
[A,A"] and A = [A, AL, A®D = [A® AW for any
integer ¥ > 1. In another, we denote a' by a and [a,a*] by
a**! forany a € A.

Let (A, [-,—]4), (B, [-, —]5) be Leibniz algebras. A linear
map f: A — Bis called a Leibniz algebra homomorphism
from A to B, if f([a,b],) = [f(a), f(b)]p, foranya,b € A.

Definition 2. Let (A,[—,—]) be a Leibniz algebra. If there
exists a linear map P : A — A and an element A ¢ €
satisfying

[P(a),P(b)] = P([a,P(b)] +[P(a),b] + A[a,b])  (4)

for any a,b € A, then, (A, [-,-]) is called a Rota-Baxter
Leibniz algebra of weight A, and P is called a Rota-Baxter
operator on A. In what follows, we simply denote it by
(As [_r _]’ P)

Let (A,[-,—],P) be a Rota-Baxter Leibniz algebra of
weight A. The subspace M of A is called a subalgebra, it M
is a Leibniz algebra under the multiplication of A, and P is
still a Rota-Baxter operator of weight A on M.

Example 3. (1) Let A be a 2-dimensional vector space with
basis {x, y}. Define a multiplication on A:

[x,x] =0 =[x, y],

)
[y x] =x=[yy],
and a linear map P : A — A given by
P(x) = x,
(6)
P(y)=2x-y.

Then, (A,[-, -], P) is a Rota-Baxter Leibniz algebra of
weight —1.
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(2) Let (A, [-, -], P) be a Rota-Baxter Leibniz algebra of
weight 0. Then, (A, [-, ], £P) is also a Rota-Baxter Leibniz
algebra of weight 0, for any given element £ € G.

(3) Let (A, [-,—1,P,),i € I, be a family of Rota-Baxter
Leibniz algebras of weight A. Denote €P;.;A; by A. Now
define a linear map P : A — A, such that P((g;)) = (P(a;)),
for all (g;) € A. Then (A,[—,—],P) is also a Rota-Baxter
Leibniz algebra of weight A by defining [(a;), ()] = ([a;, b]),
for all (a;), (b)) € A.

Proof. (1) According to Example 2.1 in [5], we know that
(A,[-,-]) is a (left) Leibniz algebra, but it is not a (right)
Leibniz algebra since [[y, ¥], y] # [y, [y, y11 + [y, ¥], ¥].

It is easy to check that P is a Rota-Baxter operator of
weight —1 on A.

(2) For any a,b € A, we have

[€P (a),€P (b)]) = €P ([¢P (a),b] + [a,£P (b)]). (7)

(3) It is straightforward to check that (A, [-,-],P) is a
Rota-Baxter Leibniz algebra of weight A. O

In what follows, we will give some constructions of Rota-
Baxter Leibniz algebras.

Proposition 4. Let A be an algebra and P an algebra map
from A to A with P* = P. Then the following conclusions hold.
(1) Define a linear map [-,—]p: A® A — Aby

[a,b]p = P(a)b—bP(a). (8)
Then (A, [—,—1p,P) is a Rota-Baxter Leibniz algebra of
weight —1.
(2) Define a linear map [—,—]p: A® A — A by
[a,b]p = P (ab) — bP (a). 9)

Then, (A, [—,—]p,P) is a Rota-Baxter Leibniz algebra of
weight —1.

(3) Suppose that A is a commutative algebra. Define a
linear map [-,—]p: A® A — Aby

[a,b]p = P (ab) - P (a)b. (10)

Then, (A, [—,—]p,P) is a Rota-Baxter Leibniz algebra of
any weight £ € 6.

Proof. (1) According to Example 2.2 in [5], we know that the
conclusion (1) holds.
(2) For any a, b, c € A, we can prove that

[a, [b,clp]p = [[a,b]p,c]p + [b [a,c]p] .-
P([a,P(b)]p) + P([P(a),blp) - P(lablp) (1)
=[P(a),P(b)]p.
(3) Itis obvious that (A, [-, —]) isa Leibniz algebraby (2). [

Remark 5. (1) Let A be an algebra. If A is a augmented
algebra as in [25] in the sense that there exists an algebra
homomorphism f : A — @, then, by Proposition 4 (2),
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(A, [- -] Py Pf) is a Rota-Baxter Leibniz algebra of weight -1,
where the operator P, on A is defined by P¢(a) = f(a)l, for
any a € A, and the operator [, -] p, ON A® Als given by

[a,b]p, = f(ab)1,— f(a)b (12)

foranya,b € A.

(2) Let A be a bialgebra or a Hopf algebra as in [26]. Then,
the counit map ¢ : A — € is an algebra map. So, by (1),
(A, [- -] P> P,) is a Rota-Baxter Leibniz algebra of weight —1.

(3) Let A be a weak Hopf algebra with an antipode S given
in [27]. Define a linear map It : A — A (called the target
map) by [T*(a) = &(1,a)1,, where A(1,) is denoted by 1, ®
1, e A® A

Then, according to Corollary 2.2 (1) in [28], we know that
11" is idempotent. Furthermore, if A is commutative, then, by
Corollary 2.2 (4) in [28], IT* is also an algebra map. So, by
Proposition 4 (3), (A, [-, —]iz» I1%) is a Rota-Baxter Leibniz
algebra of any weight ¢, with the product [a, b] iz = 11 (ab) -
1" (a)b.

Proposition 6. Let (A,[—,—],P) be a Rota-Baxter Leibniz
algebra of nonzero weight A. Then, (A, [—,—],Qp) is a Rota-
Baxter Leibniz algebra of weight —€, where Qp = (€/A)P + ¢id,
for any given element £ € 6.

Proof. 1t is straightforward to check that (A, [-,-],Qp) is a
Rota-Baxter Leibniz algebra of weight —¢. O

Example 7. Let A be an algebra and P an algebra map from
A to A with P> = P. Then, according to Proposition 4 (1)
and Proposition 6, we know that (A, [-, —]p, Qp = —€P + id)
is a Rota-Baxter Leibniz algebra of weight —¢, for any given
element £ € 6.

Proposition 8. Let (A, [—, -], P) be a Rota-Baxter Leibniz
algebra of weight A. Define a new binary product [—,—]p :
A®A — A with

[a,b]p = [a,P(b)] + [P (a),b] + A[a,b]. 13)

Then we have the following conclusions.

(1) [P(a), P(b)] = P([a,b]p).

(2) (A,[-,~=1p,P) is a Rota-Baxter Leibniz algebra of
weight A. So P is a Leibniz algebra map from (A, [-,—]p) to
(A) [_) _])

Proof. (1) It is just the Rota-Baxter Leibniz algebra equation.
(2) By the definition of [—, -] and the equality of Rota-
Baxter Leibniz algebra, we easily prove

[a,[b,clp]p = [[a,b]p,c]p + [bs [a.clp]p (14)

80 (A, [-, —]p) is a Leibniz algebra. It is easy to see that P is a
Rota-Baxter operator of weight A. O

In the following, we give two differentiated conditions for
a Leibniz algebra to be a Rota-Baxter Leibniz algebra.

Theorem 9. Let (A, [—, —]) be a nondegenerate Leibniz algebra
and P : A — A be a linear map.

(1) Suppose that P satisfies P([a,b]) = [a, P(b)], for any
a,b € A. Then, (A, [, -], P) is a Rota-Baxter Leibniz algebra
of weight A, if and only if P is quasi-idempotent of weight A.

(2) Denote

Cy={aeA|P(a,b])=[a,P((b)], Vbe A} 15)

Then, C, is a subalgebra of A such that P([a,b]) =
[a,P(b)], foralla € C,,b € A.

(3) Suppose that P\, is a Rota-Baxter operator of weight
A on C, and Cy is idempotent (i.e., [C4,Cy]l = Cy). Then,
Pl is quasi-idempotent of weight A. Conversely, if P is quasi-
idempotent of weight A, then (C 4, [—, -], PICA) is a Rota-Baxter
Leibniz algebra of weight A.

Proof. (1) For any a,b € A, if (A, [-, -], P) is a Rota-Baxter
algebra of weight A, then, we easily prove that

[P(a),P (b)) = [a,P* (b)] + [P (a), P (b)] )
+Aa,P()].

So we know that [a, P2(b)] + Ala, P(b)] = [a, P*(b) +
AP(b)] = 0. This implies that P* + AP = 0.
Conversely, if P* + AP = 0, then, for any a,b € A, we have

P([a,P(b)] +[P(a),b]) + A[a,b]) = [P(a),P(b)] (17)

as desired.

(2) In order to prove that C, is a subalgebra of A, we only
need to prove that [a,b] € Cy, foralla,b € C,.

In fact, we have

[[a,b], P (c)] = [a, [b, P (c)]] - [b, [a, P (c)]]
= [a, P([b,c])] - [b, P ([a,¢])]
(18)
= P([a,[b,c]]) - P([b; [a,c]])
= P([[a,b],c]),

so P([[a,b], c]) = [[a, b], P(c)], that is, [a,b] € C,. Hence C,
is a subalgebra of A.

(3) Suppose that P|;, is a Rota-Baxter operator of
weight A on C,. Then, for any a,b € C,, P(a) ¢
Cy, that is, [Plc, (a), Plc,(B)] = Pl ([Plc,(a),b]), and
[Plc, (@), Plc, (B)] - Plc, ([a, Plc, (b)]) — Plc, ([Plc, (@), b]) -
/\PICA([a, b]) = 0. So we get

0=[Plc, @, Ple, ®)] - Plc, ([a Plc, ®)])

= Ple, ([ Plc, @),b]) - APlc, ([a, b))

[Ple, @), Ple, ®)] - PIE, (1a,b]) (19)
= Ple, ([ Plc, @),b]) - APlc, ([a,b])

~PI¢, (la,b]) = AP|c, ([a,b]),

that is, =PI, ([a,b]) = AP|c,([a,b]) = 0. Hence PIg, =
—AP|¢, by [C4,C4l = Cy.



Conversely, if P is quasi-idempotent of weight A, then, for
anya € Cy,b € A, we have

0=[P(a),P(b)] - P([a,P(b)]) - P([P(a),b])

— AP ([a,b])
(20)
= [P(a),P (b)] - P* (la,b]) - P([P(a),b])

— AP ([a,b]) = [P (a), P (b)] - P([P(a),b]),

that is, [P(a), P(b)] = P[P(a),b], so P(a) € C,. Hence,
according to items (1) and (2), we easily see that PICA is a
Rota-Baxter operator of weight A on C,.

Theorem 10. Let (A,[-,—]) be a Leibniz algebra. If
(A,[-,-],P) is a Rota-Baxter Leibniz algebra of nonzero
weight A, then, for any given a,b € A, there is an element
¢ € A, such that

%[P(a),P(b)] - P(0),
(1)

[Q(a),QB)] =Q(),

where Q = (¢/A)P + €id as in Proposition 6.

Conversely, if there exists an element ¢ € A satisfying the
above equalities and the annihilator of € € € in A has only zero,
then, (A, [, -1, P) is a Rota-Baxter Leibniz algebra of nonzero
weight A.

Proof. For any a,b € A, and A € €, we have
[P (a),P ()] = P([a,P(b)] + [P(a),b] + A[a,b]). (22)

Taking ¢ = (¢/A)([a, P(b)] + [P(a),b] + Ala, b]), then, we
can obtain

PO = P ([P ()] +[P@),b] + 1 [ab)
-2 1P@. PO, @)
Q(c) =[Q(a),Q(®)].
Conversely, if there is an element ¢ € A such that
14
3 [P@),Pb)]=P(),
(24)

[Q(a),QB)]=Q(),
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for any given a, b € A. Then, when Q = (£/A)P + ¢id, we have
that

Q@ QM) = [P (@ + ta, TP (1) + 0]

£P (a), £P (b) + b

[A A

+ | la, £P (b) + ¢b
[ea: 570+ 0]

- [;P(:;),;P(b)] ' [;P(a),fb]
(25)

+ [Ea, gp(b)] + [¢a, £b]

22 22

=% [P(a),P(b)] + T [P(a),b]
2 )

Y [a, P (b)] + ¢ [a,b] = Q(c)

—eP €—€2P P@® 14
= $P(©+tc= 5 [P(a),P() +

so we have
2
b= %([P (a),b] +[a, P (b)] + A[a,b])).  (26)
Since € has not trivial annihilator in A, we have
¢= ; (@ P®)]+[P@@),b] +A[ab).  (27)
So
¢
3 [P (a),P(b)] = P(c)
, (28)
- p<X ([a, P (b)] + [P (a),b] + A [a,b])) .

This means that [P(a), P(b)] = P([a, P(b)] + [P(a),b] +
Ala, b)) as desired. O

In the following, we describe some properties of Rota-
Baxter Leibniz algebras.

Proposition 11. Let (A, [—, -], P) be a Rota-Baxter Leibniz
algebra of weight A and P idempotent. Then, for any a,b € A,

(1+M)P([a, P (D)) =0,
(1+A)P([P(a),b]) =0, (29)
(1+A)([P(a),P(b)] - AP([a,b])) = 0.
Proof. This proof is straightforward by Proposition 8. O

Proposition 12. Let (A, [—, -], P) be a Rota-Baxter Leibniz
algebra of weight A. If P is quasi-idempotent of weight A, that
is, P> = —AP. Then, for any x, y € Im P,

[P(x),P(y)] = -AP([x. ¥]). (30)

In particular, if P is idempotent, then, P is a Leibniz algebra
homomorphism from Im P to Im P.
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Proof. The proof is left for the readers. O

Proposition 13. Let (A, [—,—], P) be a Rota-Baxter Leibniz
algebra of nonzero weight A. Then the following conclusions are
satisfied.

(1) =(€*/N)[a,blp = (£2/A*)[P(a), P(b)] - [Q(a), Q(b)].
2) -(&?/M[P(a),P()] = P((£*/A*)[P(a),P(b)] -
[Q(a), Q(b)]).
(3) [29] For any integern > 2, and a; € A,i =1,2,...,n,
fﬂ

= 31 [P (@) [P (@), [ [P(a,1), P (a,)] -]]

:P(%{P@J,
[P(ar),[-[P(a,-1),P(a,)]-]]] - [Q(a)),
[Q(a,), [+ [Q(a,1),Q(a,)] -~]]]>-

(31)

(4)—(€"/A"P(a)" = P((€"/A")P(a)" - Q(a)"),
where P(a)" = [P(a), [P(a), [--- [P(a), P(a)] - - - ]]] and so does
Qa)".

In particular, taking € = A, we have
-AP(a)"=P(P(a@)"-Q(a)"). (32)

Here Q = (€/A)P + tid is defined in Proposition 6 and
[—, —1p defined in Proposition 8.

Proof. (1) For any a,b € A and € € &, we easily prove

2 2

2 [P @, P®)]-[Q(a),Q(b)] = —% [a,b]p.  (33)

(2) According to (1) and the equality P([a,b]p) =
[P(a), P(b)] for any a,b € A, we can prove (2).

(3) We can prove this conclusion by using induction on #.

(4) This follows from (3) by taking a; = a,i = 1,2,...,n.

O

3. Rota-Baxter Operators on Low-Dimensional
Leibniz Algebras

In this section, we mainly focus on the Rota-Baxter operators
of weight A = 0 and A = -1, and give all Rota-
Baxter operators on solvable and nilpotent Leibniz algebras
of dimension <3.

Suppose A is a Lebniz algebra with basis {a,,a,,...,a,}.
Then, for any given Rota-Baxter operator P of weight A on A,
it can be presented by a matrix R = (7;;) ., that is, there are

n* elements rj €€ (i=12,...nj=1,2,...n), such that

a in Tz = Mg a
a Ta1 Taa =0 Ton a4

P = (34)
a, Ymi T2 =" Tun a,

satisfies

[P(x),P(y)] = P([x.P(»)]+[P )., y] +A[x.y]) (35

for any x, y € A.

By [5], we know that any non-Lie Leibniz algebra in
dimension < 3 and nilpotent Leibniz algebra are solvable.

In what follows, we choose the low-dimensional nilpotent
Leibniz algebras and the solvable ones to construct Rota-
Baxter operators. And we denote the set of all the Rota-Baxter
operators on A by RBO(A).

Firstly, we recall the conception of nilpotent Leibniz
algebras and solvable ones.

Definition 14. A Leibniz algebra A is solvable if A% = 0 for
some integers x > 0.

Definition 15. A Leibniz algebra A is nilpotent of class « if
A**! = 0 but A* # 0 for some integer x > 0.

Lemma 16. Let A be a non-Lie Leibniz algebra and dim(A) =
2. Then, by Theorem 6.1 in [5], A is isomorphic to a cyclic
Leibniz algebra generated by a single element a with [a,a”] = 0
(hence A is nilpotent), or [a, a*] = a® (hence A is solvable).

In the following, for the proofs of our given results, the
readers can see Appendix.

Theorem 17. The Rota-Baxter operators on 2-dimensional
non-Lie Leibniz algebra A are given in Table 1.

In what follows, Lemmas 18 and 20 follow from Theorems
6.4 and 6.5 in [5], respectively.

Lemma 18. Let A be a non-Lie nilpotent Leibniz algebra and
dim(A) = 3. Then, A is isomorphic to a Leibniz algebra
spanned by {a, b, c} with the nonzero product given by one of
the following:

@) [a,a] = b,[a,b] = ¢

(2) [a,a] =¢

(3) [a,b] = ¢, [b,a] = ¢

(4) [a,b] = ¢, [b,a] = —¢, [b,b] =¢;

(5) [a,b] = ¢, [b,a]l = ac,a € E\{1,-1}.

Theorem 19(A). The Rota-Baxter operators of weight 0 on
3-dimensional non-Lie nilpotent Leibniz algebra A are given
in Table 2.

Theorem 19(B). The Rota-Baxter operators of weight —1 on
3-dimensional non-Lie nilpotent Leibniz algebra A are given
in Table 3.

Lemma 20. Let A be a non-Lie nonnilpotent solvable Leibniz
algebra and dim(A) = 3. Then, A is isomorphic to a Leibniz
algebra spanned by {a, b, c} with the nonzero product given by
one of the following:
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TABLE 1

Non-Lie Leibniz algebra A RBO(A) of weight A = 0 RBO(A) of weight A = -1

0 1y 2ry Ty " T
() [a.a’] =0 < >< : (1 = @ri = 1))
0 7y 0 1y

0 7,
@) (@] = & 0 7, ) i ~Tn ' 0 , [SVE At ) L, ) ry =1y .
0 0 0 0 0 0 0 0 0 1 0 1

TABLE 2
Non-Lie nilpotent Leibniz . _
algebra A RBO(A) of weight A = 0
0 0 ry4 0 1, 15 2ry 31y T
(1) [a,a] = b;[a,b] = ¢ 00 7y || 0ry rys ) 0 1y 1
2
0 0 7y 00 O 0 0 g’"zz
0 7y 15 i T T
(2) [a,a]l = ¢ 07y s || O T2 T2
1
0 71y 73 0 0 Er“
r2
0y 0 1y 13 ry Lo,
21
(3) [a,b]l = ¢ [b,a]l =c¢ T 07 Pl O T Ty by, (TZHEO)’
00 0 00 0 0 0
mo 0 7
0 1y 13 ((711 1)1 = ”117'22)'
0 0 7y
ry 0 713 0 0 75 2r33 0 15
(4) [a,b] =¢;[b,a] =
—[b,b] =c T 0 1 | 1 O 1y | 7y 27155 7y
000 0 0 ry 0 0 ry
0 0 7y m 0 1y 0 1y 13
(5) [a,b] = ¢;[b,a] = T3 0 13 | 1 0 15 || 0 1y 15 |5
ac(ax € G\{1,-1})
0 0 0 0 0 0 0 0 O
o 0 1
0 1y 1y (”22733*'7117'33—"11”22:0)'
0 0 7y
M [c,a] = a; Theorem 21(A). The Rota-Baxter operators of weight 0 on 3-
dimensional non-Lie and nonnilpotent solvable Leibniz algebra
(2) [c,a] = aa(a € €\{0}), [c,b] = b, [b,c] = -b; A are given in in Table 4.
@) [eb] =b,[b,cl = ~b,[c.c] = a; Theorem 21(B). The Rota-Baxter operators of weight —1 on 3-

dimensional non-Lie and nonnilpotent solvable Leibniz algebra

(4) le.al = 2a,[b,b] = a, [c,b] = b, [b,c] = b, [e,c] = 4 A are given in Table 5.

(5) [c,al =a+b,[c,b] =b;

Appendix
(6) [c,a] =b,[c,b] =b,[c,c] =a;

In this section, we mainly give the proof of some results in
(7) [e,b] = b, [c, a] = aa(« € E\{0}). Section 3.
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TABLE 3
Non-Lie nilpotent Leibniz algebra A RBO(A) of weight A = -1
S} 12 13
2 r -t
(1) [a,a] = b;[a,b] = r11 11, (1) = 733) < n* 3 )
2ry -1 2ry -1 ("f1 +(ry = 1) (2r, = 1)1 = ”131
0 0 733
i T 713
1
@) [a,a] = ¢ 0 1y 1y (,H 4 E)'
2
0 1
2r;, -1
m 0 7 07 0 1y 143 L ry, ;s
(3) [a,b] =¢;[b,a]l =c Ty 0 1y || 7o 1 15 5| 0 1y 1y [l O 7y 10 |
0 0 0 0 0 1 0 0 O 0 0 1
a0 1y
0 1y 15 ((’"11 T - 1)’”33 = rurzz)’
0 0 1y
2
-t
S} llr 13
21
31 S} "3 (r21 # 0)'
0 0 &
m 0 13
1
Ty T r T ¥ 5
4) [a,b] = ¢ [b,al = —c; [b,b] =c¢ 21 T 23 2 .
0 7”52 (ry +71 = 1) 1’52 =1ty (2ry 1)
21y, =1
0 1y 13 L ry 1y ry 0 1y 0 7y

0 1y 13 5| 0 1y 1o || 150 O 13 || 150 1 1p5 |5

(5) [a,b] = ¢ [b,a] = ac (« € B\{1,-1})
0 0 O 0 0 1 0 0 O 0 0 1
mo 0 7y
0 1y 75 ((”11 1y = 1)1y = ru"zz)'
0 0 7y
that is,

Proof of Theorem 17. We firstly construct Rota-Baxter opera-

tors of weight A = 0 in the case (1). Assume that
a a

()0 ()

with P € RBO(A). Then, we have
[P (a),al),

[T T2

a Ty Ty a

=P([a,P(a)] +
P([ap(@)]+[P@.a])
P([a".P@]+[P(a").a]).
p([a.p(@)] + [P(a®).°]),

[P (a),P(a)]
[P@. ()] -
[P().P @)
[P(), P ()] -

2 2
[r“a + 71,0, 14+ 1,0 ]

2 2
= P([a, r,a+ 1,4 ] + [rua + 1,0 ,a]),

(A1)
2 2
[rna + 71,0710 + 150 ]
=P ([a, 750+ r22a2] + [rua + rlzaz, az]) ,
(A3)
2 2
[r21a +1ypa, 1 a+r,a ]
— p([2 2 2
= a,ra+r,a |+ |ryat+ryaal),
A2)

2 2
[r21a + 75,0 1510 + 190 ]

2 2 2 2
=P([a 1510+ Tyy0a ] + [r21a+r22a ,a ])
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TABLE 4
Non-Lie solvable Leibniz algebra A RBO(A) of weight A = 0
00 0 0r, 0 0 00
(1) [c,al =a 0 7y ryy || 0 7 O || 7y 7 0
0 13 73 0 7, 0 T3 13 0
0 00 0 r, 0 00 0
(2) [c,a] = aa (a € G\{0}); [c,b] = b;[b,c] = b 0 00 1 00 0 || 0ry ry | (7 +rur5=0).
r3 13 0 0 7, 0 0 13y -1y
r;, 0 0 r, 0 0 ry e O
(3) [e,b] = b;[b,c] = =b;[c,c] = a r, 00l 0 o o )| o 0o
T3 T3 0 T3 Ty 21y T3 T3 0
0 00 0 0 0
ry 00 |l 7y O =21, s
4) [c,a] =2a;[b,b] = a;[c,b] = b;[b,c] = -b;[c,c] =a
4) [c,a] (b, b] [c,b] [b,c] [e,c] ry 00 N
0 0 O
0 0 0 | (r+2ry,ry +r25,=0),
T3 T3 T33
0 0 0 T;z + 27‘231’21 + 1"§3 =0
3 2 2
7y, + Tyl —r
a1 Ty Ty Py = 2 222 2 = —2
21y, T3
1 T2 Ts Ty + 133 = 0,13 #0
0 0 O
0r, O 0 0 0 0 ry, O
3 1y 0
(5) [cal = a+b;[c,b] = b o0 o |51 0 0 0| s 0 0 0 |,
r3 —T3 0
0 0 1y ry T3 0 0 r;y O
2
1y Tt 0 ry, = —n ~ua
, "1
Ty Ta 0 X 31 22,1,21#:0
21
Ta T2 0 Ty =Ty — 1y
ot 0 ry g 0 8% T 0
(6) [c;al =bs[c,b] = bs[c,c] =a 0 0 0 | ry -1, 0| 0 0 0
T3 T3 0 r3 —t3 0 ry =21y =713 21
000 0r, 0 0 00 00 0
(7) [b] = bs [e.] = aa (a € B\(O) 00l ooofl o oo][looo |
r3 00 0 r; 0 r3 T3 0 0 0 ry
ry, T O ’ _ s
31 =
12
ry —ar; 0 fl
ry=——>1p #0

ry Iy O T2
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TABLE 5

Non-Lie solvable

RBO(A) of weight A = -1

Leibniz algebra A
0 00 00 0 0 ry, 0 10 0
1) [cal =a Ty Ty 0 | 0 1y O N0 7y O P 0 7y 1y
3y 1y 0 0 73 133 0 7y 1 0 15 13
17, 0 1 00 00 0
0 7 0 Pl 1y 1 O | 0 1y 13
07, 0 T3 T3 1 0 15 15
0 00 1 00 10 0 17, 0
oo " > woof{ono oo
bb,c] = -b 3 T3 0 Ty T3 1 0 15, 73 0 ry, 0
00 O 0 0 0 1 0 0 1 0 0
0 0 O >> o 0 0 Jo| O 0 O > 0 0 0
0 7y 133 3 T3 0 0 73 133 T3 Ty 1
0 00 1 0 0 07, 0 00 0
0 1 O>’ o 1 0 oY O 1 0 ) 01 O
3 13 0 ra ty 1 0 7y 1 0 75 133
0 0 0
0 T2 a3 (,.23 + o),
0 (1-rp)rs 1,
T3
1 0 0
0 "2 T3 <r23 + O)-
0 (1 —rp)ry 1-1y,
T3
1 0 0 ry 000
S)[b[’cc,]b]:= fpy 00 L 0 0 0 (711 (2r33—1):r§3)>
blecl=a Ty T3 1 T31 T3 T33
0 00 r, 0 0
m Lol 0 1 0 (r11(2r33—1)=r§3)-
Ty 1y 0 31 T3 733
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TaBLE 5: Continued.

Non-Lie solvable RBO(A) of weight A = -1

Leibniz algebra A
(4) [c,a] = 0 0 0
2a; [b,b] =
a;[c,b] = 0 0 0 (r§2+2r33r31+r§3=0)>
b; [b,c] =
~by[c,c]=a T3 T3 T3z
0 0 0
2 2
T, T
-2 B Ty T Ty + 133 =1
21y
5 2 33 #0
CTal3s T 15153 T3y
23, "3 ?
0 0 0 00 0 0 r, 0 100
(5) [c,a] =
a+b[cb] =b 0 0 O 00 O 01 0 100
r3 T3 0 0 0 7 0 ry 1 000
1r, 0 100 1 00
0O 0 0 J)1 01 O > o 1 0 )
0 r;y O 0 0 7 ry Ty 1
Ta3lyy + 1117
PO £ L LA L S
m 1y 0 £
m(ry =)+ (ry +rp+r = 1)1, =0
T T 0
rip (ry = 1)+ (ry 1+ 13 = 1) 1y = 1351y
0 0 7y
Tty 1y —1=0
0 0 0 ry 1=-r; 0 T -r; 0
(6) [c,a] =
b;[c,b] = b [c,c] = 0 0 0 || ry L=7, O || ry—-1 1=r; O |
a
r3y T3 0 ry 1-135 0 r3 —l-ry 1
ry -1y 0 r;s =F1
"= 33 7 5
0 1 0 2r;3—1 2 ,

(2153 = 1) (1 =1yy) = (r33 = 1)(r3, +135)
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1

TaBLE 5: Continued.

Non-Lie solvable

RBO(A) of weight A = -1

Leibniz algebra A
100 100 0 0 O 00 O 0 00
(7) e, b] =
bi[c,a] = aa (€ o000 |fotro | o oo l{fooo )| o100
&\{0})
101 000 T Ty 0 00 r, ry 00
00 0 0 0 0 1 00 -1 00 1 00
o010 )t O 10/} O0OO0OO0OT]J| O10]))] 010 |
0 0 7y 0 13 1 0 r; O 1 01 1 ry 1
0 00 00 0 0 0 0
fyy 10 || T2 0 0 (a;El)’ fy 10 (zle)»
1
ry 00 0 —— 0 0 7y
1 0 0 1 00 10 0
a=1
rp 00 >> ry 00 [5| Ttz 1 (oc#l)>
31 1 #0 «
r — 0
3 o) r3 01 0 0
0 1, 0 0r, O 0 1,
0 10 ) 00 0 aﬂ
7 ry #0
-2 1, 0 1 00 —— 0 r
" a—1 32
0 7, 1 7, 1
0 1 0 oc;bl
0 0 ry 0 7, 0
10 0 L ry
00 O
0 0 73 0 0 7 31 T3
0r, 0
1 0 (azl)»
31 13171 0 7y 1
ryy (ryy = 1) 0
0 00 i -
o3
a=1
r,p 10 (oc = 1)> a1 Lt 0
7, (r; =1 7 #0
0 0, ry - (= 1) 1

21
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By computing, we easily get
rfla2 =P (2r11a2) ,
”11”21“2 = P(r21a2) > (A.4)
r;az =P(0),
that is, the following equations hold:
rfla2 =2rrya+ 2r11r22a2,
Ty @ = rgla + 1y Ty (A.5)
r;a2 =0.

Again by computing, we can obtain the following solu-
tions:

7 =0,
r; =0,
(A.6)
1y =0,
Ty = 215,.
In a similar way, we can show the other cases. O

Proof of Theorem 19(A). In the following, we firstly prove the
case (1). Suppose that P is Rota-Baxter operator of weight A =
0, with the representation

a " T "3 a
Pl b |=| 1y 1y 1 b . (A7)
¢ r31 T3 133 ¢

Applying the above equalities to Rota-Baxter identity, we
obtain the following:

[P(a),P(a)] = P([a,P(a)] + [P (a),al),
[P(a),P(b)] = P([a,P ()] +[P(a),b]),
[P(a),P(c)] =P ([a,P(c)] + [P(a),c]),
[P(b),P(a)] = P([b,P(a)] + [P (b),al),
[P (b),P(b)] = P([b,P(b)] +[P(b),b]), (A8)
[P(b),P(c)] =P ([b,P(c)] +[P(b),c]),
[P(c),P(a)] =P ([c,P(a)] + [P(c),al),
[P(c),P(b)] =P ([c,P(b)] + [P(c),b]),
[P(c),P(c)] =P([c, P ()] +[P(c),c]).

Advances in Mathematical Physics

That is, we have

[r11a + 115b + 1156, 110 + 115D + 15
= P([a,r1a + r5b + 1y5¢]
+ [ra+r,b+r5ca]),

[r11a + 112b + 1156, 1510 + 7,b + 1y5¢]
= P([a,ry1a + ryyb + 1]
+ [ra+rpb+r50,b]),

[r110 + 1,b + 156, 1310 + 13,6 + 135¢]
= P([a,r30 + r3,b + r35¢]
+ [rpa+rpb+rsec]),

[ry10 + 135b + 1356, 1110 + 11,b + 7y5¢]
= P([b,ra + ;b +ry5¢]
+ [rya + rypb + 1y56,a]),

[131G + T23b + 1336, 1510 + 1,b + 7y5¢]
= P([b, 150 + ryb + 1ry5¢]
+ [rya + rypb + 1556, b)),

[ry)10 + 1ypb + 1y36, 1310 + 13,6 + 135¢]
= P([b, 13,0 + r3,b + r35¢]
+ [rya + rypb + 1y50,¢]),

[r310 + 13,0 + 1356, 11,0 + 11,b + 75
= P([c,rj1a + r5b + 15¢]
+ [r31a + r3,b + 1356, a]),

[131G + 350 + 1356, 1510 + 7,b + 7y5¢]
= P ([c,rya + b + 1y5¢]
+ [r3a + r3,b + 1356, b)),

[r31G + 13,0 + 1356, 13,0 + 13,0 + 735¢]
= P([c,r31a + r35b + 135¢]
+ [rya + b + 1356, ¢]).

Since [a,a] = b, [a, b] = ¢, we have
b+ 1y rac = (2,79 + a7 @
+ (21 1y + 112732) b
+ (211795 + 12733) 6

(2
b+ 11 = (”21 Tl + ”11”31) a

(A9)
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+ (ryy7yy + Tyalsy +11173,) b
+ (P73 + Toal3s +111733) 6
b+ e = (131 + 135731 @
2
+ (r31r22 + r32) b
+ (13173 + 135733) 6,
b =72 b
7217110 + 151715C = 15,0 + 117550 + 1317536,
12D+ 1oy T9yC = Ty Fa1 @ + Fyy Ty + Ty 7anC
21 21722€ = 131731 21732 217336

0

17310 + 1y 1135€
T3 b+ 131715C = 1317510 + 131750 + 1317936,
FaiToy b+ a1 TonC = 1200 + 1317, + 13, 745C
31721 31722€ = 131 31732 317336

0.

2
r31b + 1r31135C

Transposing and amalgamating, we get that

21 1y +11p73 = 0;
21Ty + Trotsy — 120 = 0;
ntran trpfn —rm =90
2113 + Tpla3 — 1ty = 0,
2 0
Ty + 113 T 113 =05
o1ty + otz + 111735 — 111751 = 0;
Ta1T23 + Tppl33 + 111133 — 1141, = 0,
3111 + T313 = 05
2 — 0
T30 ¥ 735 =173 = U5
31723 + 32733 — 11113, = 0,
2
5 =05
o112 = oty = 05
Ty11a3 =175 = 0,
1131 = 0;
2
13 — 13 = 0;

Ty1133 =117 = 0,

51131 = 0;
Ty1t3 =0,
31151 = 05

3112 = 311y = 05

13
13113 = 131715 = 0,
’fl =0
3173 =137 = 0;
31733 = 13173 = 0,
"gl =0
73173, = 0.

(A.1I)

It is easy to see that r,; = r;; = 0 by the above equations.
So

2 _
21Ty + 113 — 17 =0,

21 T3 + 11733 — 147, = 0,

(A.10)
Ttz + 173 =0,
(A.12)
Taot33 + 711733 — 11312 = 0,
2 _
15 =0,
T3t33 — 173 = 0,
and r5, = 0. Hence we get
27 11y — 12 =0
n2-m=u
21y Ty3 + 1133 — 1712 = 0, (A.13)

Tyot33 + 111733 = 131y = 0.

In a light of the above first equality: 2r,,7,, — rfl =0, we
consider two cases: ¥, = 0 or r;; # 0.

Suppose that #; = 0. Then, according to the above
equalities, it is easy to see that rj,75; = 0 and 5,735 = 0. So
Ty =Ty =0o0rr; =0.

Suppose that r;; # 0. Then, by the above equalities, we
have

T = 21,
2141y + 11pl33 — 11971, = 0, (A.14)
31y, — 215 = 0
22133 2 =Y

Since r;; = 2ry, # 0, we know that r5; = (2/3)r,,. So
Aryyts + (2/3)1r1515, — 215571, = 0. It means that ry, = 3ry;.
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Hence we obtain all solutions as follows:
r=r,=0
T =73 =0,

r3 =13, =0,

ry =0,
5 =0,
3 =13 =133 =0, (A.15)
1 = 20,
Ty = 373,
=0,
3 =13 =0,
2
T33 = 5”22-
The other cases can be similarly proved. O

Similar to Theorem 19(A), we can prove Theorems 19(B),
21(A), and 21(B).
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