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In the present paper we study the existence of positive ground state solutions for the nonautonomous Schrodinger-Poisson system
with competing potentials. Under some assumptions for the potentials we prove the existence of positive ground state solution.

1. Introduction

In this paper we are concerned with the existence of solution
of the nonautonomous Schrédinger-Poisson system

“Au+Ax)u+B(x)d(x)u=Q(x) |u|p_1u,

xE[R3,

ey
-A$ = B(x)u’,

we H' (R,

where p € (3,5), A(x), B(x), and Q(x) are positive functions
such that lim,,_,, A(x) = a,, > 0, lim ., B(x) = b, >
0, and lim,;_,, Q(x) = g, > 0. Here B : R* — R denotes
the nonnegative measurable function which represents a
nonconstant charge corrector to the density u*. A and Q
are called the potentials of system (1). In the context of the
so-called Density Functional Theory, variants of system (1)
appear as mean field approximations of quantum many-body
systems; see [1-3].

This kind of system also arises in many fields of physics.
Indeed, one considers the following system:

2

L 0w h
ih— = —%Aw+k(x)1//+B(x)¢1//

ot
—Q) W' w, xeR’ teR,

hZ
5 -0¢(x) = B(x) >, ueH' (R,
(2)

where i is the imaginary unit, A is the Laplacian operator, and
h is the Planck constant. A standing wave is a solution of (2)
of the form y(x,t) = u(x)e", w > 0and t € R. It is clear
that y(x, t) solves (2) if and only if u(x) solves the so-called
stationary system

2
—h—Au +A(X)u+B((x)¢(x)u=Qx) |u’*u
2m

X € IR3,
W )
-—A¢p =B R
2m ¢=Blx)u

xEIR3,

where A(x) = k(x) + wh. Here we consider that the case h is
constant. Without loss of generality we assume that #*/2m =
1, then system (3) becomes (1). System (1) is also modeled in
Abelian Gauge Theories; for instance, see [4-6] and reference
therein. In fact, in order to describe the interaction of a
nonlinear Schrédinger field with an electromagnetic field E -
H, the gauge potentials A — F

A:R*xR — R?,
, (4)
F:R*xR — R
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are related to E — H by the Maxwell equations

0A
(ora 28
ot (5)

H=VxA.

If we are interested in finding standing waves (solutions of
a field equation whose energy travels as a localized packet
preserving this localization in time) and we consider the
electrostatic case (when A = 0), the Schrodinger field
is described by a real function u : R® — R, which
represents the matter (see [4, 7]). In this situation we need to
consider the stationary states of Schrodinger-Maxwell system
(1). The system is also used in quantum electrodynamics,
semiconductor theory, nonlinear optics, and plasma physics;
for more information on this direction, one can refer to [7-9]
and the references therein.

In recent years many papers focus on the existence,
multiplicity, and concentration of positive solutions of (3)
for the semiclassical case (7 > 0 sufficiently small). In this
framework one is interested not only in existence of solutions
but also in their asymptotic behavior as i — 0. Typically,
the solution tends to concentrate on critical points of A(B or
Q). These solutions are called spikes. For more information
on this direction. one can refer to [10-14] and the references
therein.

In the present paper we are interested in studying the case
when h is constant. In [15], the authors studied the existence
and nonexistence of solutions of (1) when A = B = Q = 1.
The existence of the multiple solutions of (1) has been found in
the paper [16] in a radial setting. In the paper [17], the author
considers that the case B = 1,V, K is radial and satisfies

AO
<A <A,
T S A =4
(6)
Q

0<Q(x) < >
1+ |x|P

wherea € (0,2], 3, Ay, A, and Q are positive constants. The
author proved the existence of nontrivial positive classical
mountain-pass solution of (1). Moreover, some generaliza-
tions of the last cases, with Q(x)|ul?'u replaced by a more
generic function f(x, u), were considered in [18, 19]. It is well
known that, dealing with system (1), one has to face different
kinds of difficulties, which are related to the potential and to
the unboundedness of the space R’. Many early studies were
devoted to the autonomous case and to the case in which
the coefficients are supposed to be radial (see [16, 20, 21]),
just to overcome the lack of compactness-taking advantage
of the compact embedding H,I(IR3) — LY(R?) (Vg € (2,6)).
More recently, many contributions to (1) have also been given
looking at cases in which no symmetry assumptions are given
on the coefficients appearing in (1); one can refer to the papers
[22-24]. Furthermore, for more results on the existence of
positive solutions, ground and bound states, one can see
(18, 19, 21, 25-33] and references therein. Nearly, the paper
[34] proves the existence of bound state solution of (1) under
some decay condition on A, B, and Q. Precisely, assume that
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A(x) = Voo + W(x) and [, W(x)(Ix]e*"=) < 00, Q(x) =
Qu — Bx) and [, fx)(Ixle*V"=M) < o0, and

—olx]|

0<B(x)<ce”™, for |x| large enough, (7)

where V and Q,, are positive constants. From this assump-
tion one can easily deduce that lim,|_,, B(x) = 0. In order
to get the compactness, the paper [34] studies the case when
the limit equation is Scalar Schrédinger equation, i.e.,

—Au+agu = qg, [ u, ueH ([R3). (8)

According to [35, 36], (8) has unique positive solution, and
the energy level of any sign-changing solution is strictly
greater than 2c_,, where ¢, is the least energy level for the
positive solution of (8). This information is very important
for proving the existence of positive bound solution (high
energy) of (1.1) in [34].

Motivated by [34, 37], in the present paper we shall study
the case when the limit equation is the Schrédinger-Poisson
system

—Au+agu+ by (x)u=qq ulP'u, in R’

—Ap = byu’, ueH' (R) ®)

and, under some conditions for the A, B, and Q, we prove the
existence of positive ground state solution of (1).

In order to state our main results, we shall give some
assumptions. For A € R", we define A(x) = ay, + Aa(x),
B(x) = by, — b(x), and Q(x) = g, + q(x). Throughout the
paper we need the following conditions.

(AD)a, > l,a € L3/2(R3),0 < a < l,a # 0,
lim o, a(x) = 0.

(A) by > 1,b e AR NLP®R),0<b < 1,b#0,
11m|x|_>00 b(x) =0.

(A)) 4w > 1,q € L¥(R),0 < g < 1,9 # 0,
lim ., q(x) = 0.

Clearly, system (1) becomes

—Au+ (ag, +Aa(x)u+(by —b(x)d(x)u
= (doo +q () 1", in R, (10)
~Ap = (b -b(x))?, ueH (R,

where A € R" and p € (3,5). In the following we shall
focus on system (10). According to [11, 12], we know that (9)
has a positive radial symmetric solution w. Moreover, w is
decreasing when the radial coordinate increases. Precisely,
there exists a constant ¢* > 0 such that

Y]

lim |w(x)|e = Constant. 1)
(0]

x|—+
Then we have the following main results.

Theorem 1. Assume that p € (3,5) and (A,)-(A;) hold.
Moreover, if one of the following conditions holds
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27/(1+1))c*| x|

1) limy_, q(x)e = 00
and  lim, ., g(x)e2e/1+2me "l < Cor
oo )] e < G
11m|x|—>oo b(x)e Qr(1-1)/(1+7)(1+27))c " | x| > ¢, where T € (0’ 1)’

> €1» and ¢, are positive constants.

(2) lim|x|_>ooq(x)e(2” 1+7))c”|x]
((p-17/(1-1))c" x| <

= 0o and

lim ), a(x)e ¢, where T € (0,1)
and ¢, is positive constant.
Then system (10) has a positive ground state solution for

each A € R*.

Remark 2. (i) From the assumptions on B, we know that
limy,,_,,, B(x) = b,. Hence we need to consider the
limit equation (9) to recover the compactness. This is quite
different from the recent work of [34]. The main novelty here
is that we shall compare the decay rate of A, B, and Q to
recover the compactness and prove the existence of positive
ground state solution.

(ii) Note that in condition (1) of Theorem 1, we know
that a(x) is decaying faster than b(x). In condition (2)
of Theorem 1, we only need the decay condition for a(x)
(whatever the decay speed of b(x) to 0 as |[x] — ©0)
to prove the existence of positive solution. This is different
phenomenon compared to [34].

2. Preliminary Results

We define the following notation:

@) | - || is the norm of H'(R?) defined by [ul* =
Jos IVul? + agou?);
(i) | - llpr2 is the norm of D"*(R?) defined by |lull},. =
Joo IVl
(iii) (-,-)is the scalar product of H' (R?) defined by (u,v) =
sz [VuVy + uv];

(iv)let C, ¢, ¢, (i =
constants.

1,---) denote different positive

In this part we mainly give some basic knowledge which
will be used later. We first show that the second equation of
(10) can be solved. We consider, for all u € H'(R?), the linear
functional J,, defined in D" (R?) by

J,(v) = J (byy — b (x)) v (12)
R.’:
We infer from condition (A,) and Holder inequality that

[T, )| < Clultys [Vl (13)

By the Lax-Milgram theorem, we know that there exists
unique ¢, € D"*(R?) such that

J Ve, Vv = J (b —b(x))u’v VYveD" (R3). (14)
R? R?

So, ¢, is a weak solution of ~A¢ = u* and the following

formula holds

(b —(»)) 2(y)
¢”(x)=JR3 47 |x - y| dy

* (b - 0)12).

(15)

47T|x|

Moreover, ¢, > 0 when u # 0.

We recall the following classical Hardy-Littlewood-
Sobolev inequality (see [38, Theorem 4.3]). Assume that f ¢
LP(R’) and g € LY(R?). Then one has

f®)g()
JR3 JR3 |x - y|

where 1 < p,g < 00,0 <t<3,and1/p+1/q+1t/3=2.By
(16) we know that

————dxdy <c(p.qt)|fl,lgl,,  (6)

u? (x) u? () . .
JRs JRs x| dxdy < clulyys < cllull”. 17)

It is well known that solutions of (10) correspond to critical
points of the energy functional

O, (u) = % JRS (|V1/l|2 + (A + Aa (x))uz)

1
I OSEOrY 8)

_ p+l
T Jo (@GO
From (17), we know that @, is well defined and that

D (u) [v] = JRS (VuVv + (ay, + Aa (x)) uv)
+ J (b — b (x)) puv (19)
R3

[ o ra@)
We define the operator I : HY(R?*) — D"} (R?) as

= ¢, (20)

We infer from [34, Proposition 2.1-2.2] that I has the follow-
ing properties.

Lemma 3. (1) I is continuous.

(2) I maps bounded sets into bounded sets.

(3) Itu] = *I[u] for all t € R.

(4) Ifu, — u € HY(R?), then we have IW b(x)l//un(x)ufl
— [ b@y,)u’ and [ b(x)y, (Du,p  —
.[R3 b(x)y, (x)u¢ for each ¢ € HYR?®, as n — oo,
where ,(x) = [, (b(y)u’(y)/47t]x - yl)dy.

(5) Ifu, — u € HY(R?), then we have I(u,) — I(u) in
D"} (R®) and _[W boo%u,, ()u,d - _[W booau(x)u(pfor each
¢ e HY(R?), asn — oo, where ¢,(x) = '[Rs(boouz(y)/4n|x—
yDdy.



Proof. The conclusions (1)-(4) can be proved as in [34,
Proposition 2.1-2.2]. Hence we only focus on the proof of (5).
Since, by definition of I, for all u € DY*(R?) we have

I @)llprarey = ||]u||5f(DM(R3),R) (1)

then, in order to prove I(u,) — I(u)in DY(R?), it suffices
to prove that

e =2

n

LOEWR) 0, asn-— oco. (22)

Let ¢ > 0 be fixed arbitrarily. Then there exists a positive
number R, > 0 so large that [v|sp. ) < eforv e DY (R?),

where By = {x € R’ : |x| < R} and By = R? \ By . Hence
we deduce that

IJM,,(v)—Ju(v)|—j (b — b () (i — ) vilx
:J (b —b(x))(u —u)vdx
By,

+ J'ng (b —b(x)) (ufl - uz) vdx (23)

<c |V|6 ll/ln - Mlle/s(BRs) |1/L,l + u|L12/5(R5)

2
+C |V|L6(B )c |6/5

< (cs +c |un - u|L12/5(BR ) lun + u|L12/5(R£)) Ivlpe -
‘€

Since u, — wu in Lfoc
holds.

Next we prove the later conclusion. For any fixed R > 0
large, we infer that for each x € R

(R%) (p € (2,6)), we know that (22)

5 07 il [ 6 B0 ),
|¢un (x) = (/)u (x)' B JIR3 4 lx yl
0,
|x—yl<1 4 lx yl
u, () —u* ()
i lex—ylsR boomdy

] pBOR0),
iz A7 |x Y]

< clu, - ”|L4/3(Bl(x)) |ua,, + M|L“(Bl(x))

(Jlx Y1 |x - yl dy) el ”|L8’3<BR<x)\Bl<x>)

_t g
' lun + u|L8/3(BR(x)\Bl(x)) Jl<|x yI<R |'x yl4 ’
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+c |1/l.,l - UlLS/S(B%(x)) lun + ulLS/S(B};(X))

1
()
lx-yI2R |x — y|

and, hence, we deduce that au (x) — au(x) ae,inx € R®
and |$u
direct computation shows that for R > 0 large

(24)

_$u|L°°(BR) — 0 foreach R, > 0,asn — ©00. A
0

[RERCIEE e
[, o (B =B+ 5, 0 -0

|, @B || @, -B)me

R R

<c +c

o|f, 3w -0
) (25)

+C

[, 3.4

s¢ |$”n B a'LOO(BR) |¢|2 |un|2
te '$un - 6'6 |¢|L<12/5><B;)

”n|12/5

n= ”|L12/5(BR)

+c '$”|L6(B;) ¢|L12/5(Bf{) |Mn - ullZ/S
which proves J‘ ¢> (x)u $H — Iu@ L (X)ug for each ¢ €

H(R)asn—»oo O

It is very easy to verify that, whatever A € R is, the
function @, is bounded either from above or from below.
Hence, it is convenient to consider @, restricted to a natural
constraint, the Nehari manifold. We set

Ny={ue H' (R*)\ {0} : @) () [u] = 0}. (26)

Next lemma contains the statement of the main properties of
Ny.

Lemma 4. Assume that (A,)-(A;) hold. Then the following
conclusions hold.

(a) IV, is a C* regular manifold diffeomorphic to the sphere
of H'(R?).

(b) @, is bounded from below on Ny by a positive constant.

(c) uis a free critical point of ®, if and only if u is a critical
point of ®, constrained on N.

Proof. (a) Letu € H(R*)\ {0} be such that ||u|| = 1. We claim
that there exists a unique t € (0, 00) such that tu € /. Let
f(t) = ®,(tu) for t > 0. It is easy to verify, by (A,)-(Aj3),
that f(0) = 0, f(t) > Ofort > 0 small and f(¢#) < 0 for
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t large. Therefore, max,., f(t) is achieved at at = t(u) > 0
so that f(tu) = 0 and t(u)u € ). Assume that there exist
t, > t, > 0 such that t,u,t,u € 4. Then we see

@l + fo Aa () Jwl? + [ Aa ()
12 2
27)
(7= 87) | oo+ a o) .

This is a contradiction. So, we prove that f(¢) admits a unique
positive solution ¢(u) > 0 and t(u)u € A,. We infer from (16)
and (A)-(A;) that

2
Cl |u|p+1

< <||u||2 + JRS Aa (x)u’ + JRS (beo = b (x)) ¢uu2> (28)

- | @+ @) < .

This implies that
lull = ¢ > 0. (29)

Let G)(u) = ®)(u)[u]. Then G, € C'(H'(R’),R) by the
regularity of @,. Moreover, we infer from (29) that

Gy (u) [u]

=—(p-1) J'R3 (|Vu|2 + (ay, + Aa (x))uz)

(30)
-(p-3) jRS (b —b (X)) pu’> < —(p-3)C
<0.
(b) Forallu € 4,
D) (u)
1 1
- (z ) m) Ls (196l + (ag, + Aa () u?)
(31)

() s

1 1
2<———>||u||22c>0.
2 p+1

Here we use the fact that 3 < p < 5.

(¢c) If u # Ois a critical point of @,, then we have (D;(u) =
0, u € /. On the other hand, if u is a critical point of @, (1)
constrained on ./, then there exists k € R such that

0= @) (u) [u] = G, (1) = kG (1) [u] . (32)

One infers from (30) that k = 0. O

Next we consider the limit functional @, : H R —
R, defined as

_! 2 2 lj b (x) 1
Py () = - JRS (IVul® + agu®) + ) ILXACE
(33)
— ;J q |u|P+1.
p+1Jr ©

And we consider the corresponding natural constraint
N oo ={ue H (R)\ {0} : @ () [u] =0}.  (34)

Critical points of ®_ are solutions of the limit problem at
infinity

~Au+agu+ b, (X)u = qq Py, xeR’,
(35)
~A@, = byu’, ueH (R’),

and, clearly, the conclusions of Lemma 4 hold true for @,
and /. Moreover, for any u € HY (R \ {0}, it is easy to
see that there exists unique #(x) > 0 such that t(w)u € /.
Set

My, = inf {O (1), ue N }. (36)

From [11, 12], we deduce that m, is achieved by a positive
radially symmetric function w satisfying (11). In what follows,
for any y € R?, we use the translation symbol wy, = w(-—y).
Set

m, = inf {®, (1), ueN,}. (37)

Then the following relations of m1, and m, hold true.

Lemma 5. Suppose that (A,)-(As) hold. Then for each A > 0
one has

0 <my <mg,. (38)

Proof. Let A > 0 be fixed. The first inequality of (38) is a
straight consequence of (31). In order to show the second
inequality we should construct a sequence {u,} ¢ /) and
lim, ®,(u,) = mg,. To accomplish this, we take {y,}, with
y, € R’ |yl — +00,asn — +oo and set u, =
taw,, where w, = w(x - y,)and t, = fHw,) >
0 such that u, = t,w, € . Here we recall that w
is a radial solution of (n35). A direct computation shows
that



b, = b () w;, (x) (b
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b(y)w), ()

2 4
n 2 2 tn ( qoo doo'n p+l
1 () = 5 [||w|| ' JR3 Aa () wy"] 1 JR3 JIR3 4m|x - y| dxdy - p+1 ' “hnlpn
f‘sﬂ ptl
- P+ 1 Jqu(x)'wyn'
(39)
tfl 2 2 H p+l ZH p+l
= {1l ¢ [ Aaes gy w] - R S [ gy
t:ll (boo_b(x+yn))w2 (x) (boo_b(y+yn))w2 (y)
+ = dxdy.
4 Jp3 Jre 4 |x - y|
It is clear that By applying the well-known concentration-compactness
principle [39] and maximum principle [40], we have the
nh_r)n J a (x+y,) w® =0, following splitting lemma results. For the details of the proof,
" (40)  one can refer to [23, Lemma 4.1 and Corollary 4.2]
. 1
i JRS q(x+y,) lwl” =0. Lemma 6. Ifthe strict inequality
We claim that My < Moo (46)
. b(x+y,)w? ()b(y+y,)w? (y) holds, then my i.s gchieved by apositivefunction. Further-
lim J J dxdy more, all the minimizing sequences are relatively compact.
n—eo Jps Je [x -] (41)
-0 Next we consider the special case A = 0.

In fact, we infer from Hardy-Littlewood-Sobolev inequality

(17) that for R > 0 large
b(x+y,)w ()b (y+y,)w (y)

JR3 JR3 |x - y|

<c <JR3 b (x + y,) w?® (x) dx)

dxdy
(42)

2
s cluls | 8 (e y) s clbl ol
R

and, from condition (A,), we know that the claim holds. On
the other hand, we infer from (40)-(41) and t,w, € ./, that

2 2
i + tnj
R3

_ 4p-1 p+l p-1
=1 oo |w|pJrl +o(tn )

n

Yn

19(>0$luu)2 +0 (tfl)
(43)

Thus, we get o, < t,,
fromw € A that

1 - 1
(72 - 1) lwl? = (57 = 1) [wlb7) +0 (D).
n

Since p € (3,5), we infer that t, — 1 asn — oo0. Finally, we
let n — oo in (39) and obtain

< g, for 0y, g, > 0. Moreover, we deduce

(44)

t, — 1,
(45)
q)/\ (un) — Mg,

This finishes the proof. O

Lemma 7. Assume that (A,)-(A;) and A = 0 hold. Then (10)
has a ground state positive solution.

Proof. Note that

1 1
@) = 31+ 5 [ (b= b @), ()7
1 (47)
_ p+l
e
and
11 —
Do () = 5 1+ 5 BB
(48)

_ 1 p+l

p+1 quwlu' ’
where ¢, (x) = [, (b =b(»))’(y) /47| x-y|)dyand ¢, (x) =
'[Rs(boouz(y)/4n|x — y|)dy. Therefore, we have that

My < Mg,

From (36) we know that @ (w) = m,. Similar to the proof
of Lemma 4 (a), we infer that g(f) = ®,(tw) has unique
maximum t, > 0 such that tyw € /. Then we infer the
following from condition (A,).

(49)

2 p+l t4
@y (t) = 3 ol = 2 | (0o +q ) ™ 4 2
(b = b (%) W’ (x) (b = b () w* () (50)

dxdy

.

<Oy (tow)

4 |x -y
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Moreover, since w € /' is the unique maximum point of
Goo(t) = O (tw) for t > 0, it follows that O (t,w) < O, (w).
Combining the above arguments, we infer that

my < @, (tyw) < O (tow) < D, (W) = M. (51)
From Lemma 6, we know that the conclusion holds. O

3. Proof of Theorem 1

In this section we shall give the proof of Theorem 1. This can
be accomplished by the following Lemma.

£ t
my < ®, (u,) = 0, (tw, ) = 5 [||w|| +A sz a(x +y,,)w2] -

J J (boo_b(x+yn))w2(x)(boo_b(y+yn))w2(y)

47 |x — |

J J b(x +y,) w () b(y+y,) w’ (y)
R Jpo 4m|x - y|

t t
dxdy=®oo(tnw)+5”[)tj a(x+y,)w + 2
R3

dxdy - tf; J b(x+ yn)$ww2 -
R3

Lemma 8. Assume that (A,)-(A;) hold. Then for each A €
R", we have m, < m,.

Proof. We first observe that, by Lemma 7, we know that
my < my,. So, we consider the case A > 0 in the sequel.
For fixed A > 0, we choose ¢, such that u, = t,w, € /),
where y, and t, are chosen as in the proof of Lemma 5.
Moreover, as in (45), we infer that 0 < ¢, < t, < 0.
Similar to (51), we know that @ (t,w) < m,,. Thus, we infer
that

p+l 4

t
[ @ raes )t o2
R3 4

p+1

2 2
2
p-1

p+1

J q(x+y,) lep“] <mg,  (52)
R3

t t b *(x)b ? - 2tP7!
+_”[Aj a(x+yn)w2+—”J J (4 ) w” Dby + ) w (y)dxdy—tij b(x+y,)d,w - 2
2 R? 2 Jre Jpo 47 |x - y| R?

: JW q(x+,) le"“] :

Since b € L°°([R3), we prove the conclusion if we show that,
for large n,

/\J a(x+y,)w
R3
+CJ b(x+y,)w (x) g, (x)dx
RS
(53)
“e| b )P
R3

¢ Jm 9 (x + yn) |w|P+1 <0,

where ¢, (x) = [, (b(y+y,)w*(y)/4m|x— y|)dy. This is equal
to proving that, f[%r large n,
a(x+y,)w

A=A J
R*\B,,

v j
R3\B

_CJ b(x+yn)$ww2
R3\B

Tlynl
—CJ q(x+y,) [wl
R*\B

Tlynl

b(x+y,)w” (x) @, (x)dx

Tlynl

p+l

p+1

<—AJ a(x+y,)w
B

Tlynl

—CJ b(x+y,)w (x) @, (x)dx
B

lynl

+CJ b(x+y,) d,w

lynl

+ CJ q(x+y,) wf = A,
B

lynl

(54)

A direct computation shows that for R > 0 large

b(y+y,)w (y) iy

gow(x)zj 4n|x—y|

lx—yl<1
b(y+y,)w (y)

iy

+ J’
1<|x—y|<R

+J b(x+y,)w (y)dy
beylzR 47 |x Y]

<c |w|i J ;dy
lx-yl<1 |x - J’|



1 1/4
2

—d

+c |w|3/3 («[lslx—yISR |x — ,Vl )’)

I 1/4

2

—d <c.
+c |w|8/3 (Lx—ylzR |x _ yl )’) ¢

(55)

Now we are ready to give the estimate of the term A ;. We infer
from condition (A,), (11), and (55) that
Aa(x + y,) w

wel
R*\By,

+CJ b(x+y,)pw
R\B,,.|

2/3
s(;((Jm la(x + yn)|3/2> (56)
Tlynl
1/3
3/2 6
o o) >“Rs\3 wl ]

=2¢" 7y,

lynl Tlynl

<ce

holds for n large.

Next we give the estimate for the second part A,. We
first consider that the case a(x) decays faster than b(x). By
condition (1) of Theorem 1, we know that, for all M > 0, there
exists ny > 1 such that, foralln > nj and forall x € B, |,

Me 27 ol < q(x +J’n) < Ce—(Zr(l—r)/(HZr))c*Iy,.l’

a(x+y,) <c(-n Iy e (57)

2l
b(x +y, ) > Ce—(ZT(l—T)/(HZT))c*Iynl
) 2 .

Moreover, by [41, Lemmas 2.3 and 2.6], we know that

- [ b’ () 1
¢, (x) = ,[Rs mdy ~ 7|, as |x| — oco. (58)

Since [x + y,| = (1 - 1)|y,| — ©0asn — o0, we infer from
(58) and (A,) that

[ bty vt (y) -
=, Ty o) (59)

as n — O0.

Thus, we infer that, for » sufficiently large and for all x €

Byy, >

Dt y)by blrr)on Aalxtn) e
qa(x+y,) alx+y)  alx+y,)
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Hence we deduce that the inequality

2 Cb(x+yn)¢w p-1
A2 > JBTyn q(x+yn)w [W + cw
cb(x+y,)p, Aa (x+yn)] (61)
Cqx+y) alx+y,) >CJBwq(x

1 —27c” 1 —27c”
+y,) Wt > cMe T J Wt > cMe T
B,

holds for # sufficiently large. Thus, by the arbitrariness of M,
we can conclude that A; < A,, as desired.

Finally, we consider the remaining case in Theorem 1. By
(2) of Theorem 1, for all ¢ > 0 and M > 0, there exists n;, > 1

such that, forall n > n, and for all x € By, |,

Me Vil < g (x+ ),
(62)

a(x +J’n) < Ce—(p—l)rc*lynl’

where p € (3,5). Thus we get that, for n sufficiently large and

forall x € BTW,

i Malrry)

E p-1 63
qGcry) 20 ()

cw

Hence, we infer from (59) that

A,

s (e G0

+JB (q(x+yn)w2<cwp_l‘%)) (64)

c C . ot
> —J q(x+y,) WPt > S M2 J wh*!
2 JB 2 B,

Tlynl

lynl

C _ *
> M,

Hence, by the arbitrariness of M, we can conclude that A, <
A,. This finishes the proof. O

Proof of Theorem 1. By Lemmas 6 and 8, we know that the
conclusions of Theorem 1 hold. O

4. Conclusion

In this paper, the authors prove the existence of positive
ground state solutions for the nonautonomous Schrédinger-
Poisson system. In condition (1) of Theorem 1, we know that if
a(x) decays faster than b(x), we find the existence of positive
ground state solution of (10). In condition (2) of Theorem 1,
we only need the decay condition for a(x)(whatever the decay
speed of b(x) to 0 as |[x| — ©0) to prove the existence of
positive solution. This is different phenomenon compared to
the previous paper [34].
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