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We study the existence and uniqueness of positive solution for the following p-Laplacian-Kirchhoff-Schrédinger-type equation:
{~(a + b_[O [Vul?)A,u + M()|ulP?u = hf(u) — ug(u), in Q, u >0, in Q, u = 0,on 9Q}, where Q ¢ RN (N > 3), A, u > 0 are
parameters, v(x), f(u), g(u) and h are under some suitable assumptions. For the purpose of overcoming the difficulty caused by the
appearance of the Schrodinger term and general singularity, we use the variational method and some mathematical skills to obtain
the existence and uniqueness of the solution to this problem.

1. Introduction and Main Results

In this paper, we discuss the following problem:

- (a + bJ |Vulp> Ayt + Av (x) [ulP?u = hf (u) - ug (u) in Q,
Q

u>0,

u=0,

where QO ¢ RN (N > 3) is a smooth bounded domain
with boundary 0Q, A,y > 0 are parameters, A ,u =

div(|Vu|?~*Vu) is the p-Laplacian operator, and p > 2, a,b >
Owitha+0b>0.

In recent years, a lot of scholars have studied the singular
Kirchhoft problem (for more details, we refer the reader
to [1-4]), the Schrddinger-Poisson system (we refer the
reader to [5-8]), and the Kirchhoft-Schrédinger-Poisson
system (we refer the reader to [9-12]). The authors use
various methods to obtain the properties of the solution,
which makes such problems very interesting. Inspired by the
above papers, later scholars begin to make some expand-
ing study about the above problems. For example, in [13],

in Q, (1
on 0Q),

Guo and Nie studied the existence and multiplicity of
nontrivial solutions for p-Laplacian Schrodinger-Kirchhoff-
type equations by variational methods. For a more complex
situation, we refer the reader to [14]. The related stud-
ies on the elliptic equations also can be found in [15-
26].

However, up to now, no paper has appeared in the
literature which discusses the existence and uniqueness of the
positive solution for the p-Laplacian-Kirchhoft-Schrodinger-
type problem. This paper attempts to fill this gap in the
literature. Inspired by the above works, in this paper, we try to
study the existence and uniqueness of solution to the problem
(1) by using the variational method.
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Next, we will make some assumptions about v(x), f(u),
g(u) and h.

(fo) f € C((0,00),R,) satisfies that there exists ¢ > 0,
such that f is nonincreasing on (0, o], f: f(s)ds < oo, and
there exists o, y € (0, 1) such that

lim f (s)s* = +o0,
s—0t

lim& =

s—oo gV

0.

(hy) h € LP"1®"7179(Q) satisfies h(x) > 0, a.e. x € Q.
(9) g € C(R,,R,) and there exists a constant ¢ > 0, such
that

g(s)gc(sp_l+sp*_l), SER,. (3)

(v;) v(x) € C(Q, R),v(x) > 0 and the minimum of v(x)
can be achieved in Q. In other words, there exists a constant
! ! .
¢, such that ¢’ = inf, o v(x).
(h;) hisbounded in Q satisfies h(x) > 0, a.e. x € Q.

(f1) There exists a constant k € (0, Ac'/|Ihll,,) such
that

f)-fM) <k(s-tf", o<t<s, (4)

where || - ||, denotes the maximal value in Q.

In this paper, we will make full use of the following
definitions.

First, we define the space E, =
JQ Mv(x)|ul? < oo} and the norm

u e W,2P(Q)

I, = [ alvat” + dv (o ul? )

We denote the norm in L?(Q) by llull, = (JQ [ulP)V/P.
By (v,) and the Poincaré inequality, we can deduce that

the embedding E) — WO1 " is continuous. Thus, according to
the continuity of the embedding E; — L*(Q)(p < s < p*),
there are constants ¢, > 0 such that

lleells < ¢ Nl - (6)

We make further assumptions for convenience. We
assume f(s) = g(s) = 0 foral s € (-00,0). Since
lim,_,, f(s)/s" = 0 in (f;), we know there exists ¢, > 0, such
that

f(s)<qs’, selo/4,00), (7)

which implies

0<F(s)= Jsf(t)dt < Jscotydt+ rf(t)dt
0 0 0
(8)
1+y

= +¢,
1+y

s €R.
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Also, from the fact that JOU f(s)ds < oo, we can get that
F is continuous on R. Thus for any u € E,, by the conditions
(hy), (8),(g), (6) and Holder inequality, we have

J hF (u) < “ J h|u|1+ydx+clj hdx
Q 1+y Ja Q
C() 1+y
“Tey leell o - 1All e ype 1y + Bl (9)
cz 1+y
<15 ” leellg,” - IRl e jpr -1y + € Pl

]
A\

< | G < e (lulf + )
¢ (10)

IN

P P’
o (Nl + 1l ).
where G(s) = IOS gt)dt for all s € R and ¢, ¢,6,6,6¢

are some positive constants. Next, we can define the energy
functional corresponding to problem (1):

2
()= EJ Vul? dx+ 2 (J Vul? dx)
pJa 2p \a

(11)
+ 1 J Av (%) |ul? + J uG (u) - J hF (u).
P Ja Q Q
By a simple computation, we can get
<I' (u) ,v> = aj |Vu|p_2 Vu-Vy
Q
+ bJ |Vul? J |VulP > Vu - Vy
Q Q
(12)

. L A () [l s v = L hf (1) v

+ L ug (u) .

It is clear that u with u(x) > 0, a.e. x € Q,u(x) € E, is
called a weak solution of the problem (1) if for any v € E, it
holds

(I'(w),») =0. (13)
Finally, we will give the main results of the paper.

Theorem 1. If a,b > 0 witha + b > 0 and the assumptions
(fo)> (hy), (g) and (v,) hold, then the problem (1) possesses a
positive solution for any A, u € R,. Moreover, this solution is a
global minimizer of I.

Theorem 2. If a > 0 and the assumptions (f,), (f,), (h,),(g)
and (v,) hold. Moreover, assume that g is nondecreasing on R,
then the solution for problem (1) is unique for any A, u € R,.

Remark 3. The result obtained in the paper is an expanding
study of the Kirchhoff-Schrodinger-type equation (p = 2);
the difficulty is posed by the degenerate quasilinear elliptic
operator. We mainly use the variational method to solve the
problem.
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This paper is organized as follows. In Section 2, we will
give a preliminary. In Section 3, we will prove the main
results.

In this paper, ¢, ¢; denote various positive constants, which
may vary from line to line.

2. Preliminary

To prove the main results in this paper, we will employ the
following important lemma.

Lemma 4. If the assumptions (f,), (hy), (g), and (v,) hold,
then I attains the global minimum in E,; that is, there exists

Uy € Ey such that I(uy) = m := infg I, and m < 0.

Proof. For any u € Ej, by (5), (9)-(11), we can get
2
Tw=2 I Vul? dx + 2 (I Vul? dx)
plo 2p \a

+ % L Av (x) ul? + L UG (u) - L hE (u)

>4 J \Vul? dx + — J Av () [ul? (14)
p p
- 1+y Bally?” - Wl 1y = € Il
1 o Al #/(p*
= = Nullp, - 22D g Y — g
P L+y

Since p > 2andy € (0, 1), we can obtain that I is coercive and
bounded from below on E,. The definition that m = infy I
makes some sense.

Sincelim,_,y+ (f(s)/s™*) — oo in the condition (f;), there
exists o; > 0 such that

(15)

€(0,0,].

Choosing a nonnegative function ¢ € C;°(Q)\{0} with
maxq,¢ < o3, then for any t € (0,1],t¢ € (0,0,], by (5), (10),
(11), (15), we have

1(tg) = 7] Vol? dx + ”2—p (j |V¢|de)
+ % j-Q v (x) |o|f + L UG (to)
- JQ hE (tg)

b 2p 2
< Sl + 5 ([ 1vel )

3
+ ey (o5, ¢ + ol )
tl—zx -
_ ho'™
l-« JQ ¢
(16)
Since 1 —« € (0,1) and h(x) > 0, a.e. x € Q in (hy), p* >

P = 2, we can get that I(tg) < 0 for t > 0 small enough. That
ism < 0.

On the basis of the definition of m, we can deduce that
there exists a sequence {u,,} C E, suchthatlim, ,  I(u,) =m
Since I is coercive and m < 0, {u,} is bounded in E,. Going if
necessary to a subsequence, still denoted by {u,,}, there exists
u, € E, such that

U, — Uy, weakly in E,,

strongly in L°(Q), (1<s<p*) (17)

u, — Uy,

u, (x) = uy (x) ae. in Q,
as n — oo. It follows from (8) and Sobolev embedding

theorem that {F(u,)} is bounded in L? 104 Moreover,
from the continuity of F, we can get that F(u,(x)) —
F(u,(x)), a.e. x € Q. Thus, we obtain F(u,) — F(u,) in
LP*/(1+Y)(Q).

Since h € LP /P "11)(Q), we have
lim j hE (u,) =J hF (1) (18)
n—o00 Q Q

Moreover, by Fatou’s lemma, we have

timinf [ G(u,)> [ Gu). (19)

According to the weakly lower semicontinuity of the
norm, (18) and (19), we have

m = liminfI (u,) = lim inf {ﬁ J [Va, |
n—-00 n—00 p Q

b PY 1 »
+ 2 (L qun| ) + » JQ Av (x) |un|

1 (20)
+ G (u, —J hF (u, } > — b
Jo 10 )= | nF ) =l
b 2\
v ([ vul?) + | w6 o)~ | he )
2p \Ja Q Q
=1(uy) =m,
which yields I(u,) = m. The proof is completed. O

3. Proof of Main Results

Proof of Theorem 1. Since m < I(uy) < I(uy) = m, then
I(uar) = I(u,). Thus we may assume 1, > 0. Owing to m < 0,
we know 1, # 0. Next we will give the two-step proof.



(i) Firstly, we shall prove uy(x) > 0, a.e. x € Q.

For any v € E; with »(x) > 0, a.e. x € Qandt > 0, we
have

0< I(ug +tv) —1I(uy)
t

- I% {L IV (4 + t)|F - L |Vu0|P}

(L o) ([ e

' z% ”Q v () [ug + 17" = v () |“0|p}

(21)

=

—H;waww—wa}

t

—_

__{thwwuw—thwk

t

Letting t — 0", we can get

lim inf L If [F (ug +tv) = F (up)]

t—0*

<a J |Vu0|P_2 Vu, Vv
Q
(22)
+bJ |Vu0|PJ |Vito|P ™ Vg Vv
Q Q

+A J v () u|*~ gy + yj g (ug) 7.
Q Q
Thus, by Fatou’s lemma and Lemma 2.3 in [27], we can get
J hf (ug) v < aJ Vuso|* ™2 VoV
Q Q
+b J |Vugo|? I |Vuto |72 VgV
Q Q

(23)
+A J v(x) |uo|p_2 uyv
o

IRIOR

Lete, € E, be the first eigenfunction of the operator —A
with the Dirichlet boundary and e,(x) > 0 for all x € Q.
Taking v = e, in (23), by (v,) and the condition (g), we have

J hf (ug) e, < aj Vuso |72 Vg Ve,
Q Q
+ bJ |Vu0|pj |VL£0|IF2 Vu,Ve,
) Q
+A J v(x) |u0|‘D_2 uye,
Q

+HL!J(”0)61
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<a J |Vu0|p72 Vu,Ve,
Q
+ bJ |Vu0|PJ |V140|‘D_2 Vu,Ve,
Q Q
+A j v (x) |MO|IF2 Uy,
Q

+ ,ucj (ug_l + uop*_l) e; < 00,
Q
(24)

which implies u,(x) > 0, a.e. x € Q by the condition (h,). If
not, there exists E ¢ ) such that m(E) > 0 and u(x) = 0 for
all x € E. Then by Lemma 2.3 in [27], we can get

J;) hf (uy) e, = L hf (uy) e; = co. (25)

It is a contradiction. So the claim u,(x) > 0 is true.
(ii) u, is exactly a solution of the problem (1); that is, 1,
satisfies (13):

aJ |Vu0|P72Vu0-Vv+bJ |Vu0|pj |Vu0|P72Vu0
Q Q Q
.Vv+J v (x) |u0|P_2u0-v—j () (26)
Q Q

+ JQ ug (ug) v = 0.

To obtain the conclusion, we define a function ¥ : R —
R, Y (t) = I(u, + tu,); that is,

a(l+t)?f
P JQ

V(1) = Vo |P

b(1+1)* p\
e (R

(1+1t)P

(27)

+ J A (x) [uo|? +J UG (ug + tuy)
Q )

—J hE (ug + tug) .
Q

From the above discussion, we know W(t) attains its
minimum at t = 0. By Lemma 2.4 in [27], we can get that
W¥(¢) is differentiable at t = 0 and ¥’ (0) = 0; that s,

a JQ [Vl + b <L |Vu0|P>2 + L} Av(x) |”olp

+ [ ug ()= | hf () o =0.

(28)

For each v € E; and € > 0, we define v, = u, + ev and
Q, ={xeQ:u;+ev>0},
(29)
Q_={xeQ:uy+ev<0}.

Thenv, | =0andv,|o =u, +ev.
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Inserting v: into (23) and using (28), we can get that
0< aj |Vuolp_2 Vu, - Vol + bJ [Vago [P
Q Q
: j |Vuo|p72 Vu, - Vol + /\J v(x) |uo|1y2 Uyv,
) )
vu [ guw)ol = | f ()l
Q Q
= aJ |Vuo|p_2 Vu, - Vo, + bJ [Vago [P
Q Q
. j |Vu0|p72 Vu, - Vu, + AJ v(x) |L¢0|P72 Uyv,
) Q
vu| glu)u- | nf(w)v.
Q Q
- {aJ |Vuo|‘b_2 Vu, - Vo,
Q
+ bJ |Vu0|pj |Vu0|P72 Vu, - Vo,
) Q
+A J v () uo|* > ugu; + plj g (ug) v,
Q Q
- J hf (uy) v;} =¢ {aj [Vito|P 72 Vi - Vo
) )
b ol [ vl v w0
+/\J v(x) |u0|P_2uov+yJ g(u)v
Q Q
- J hf (ug) v} - {aJ |Vuso P72 Yty
Q ol
-V (uy+ev)+b J |Vt |” J |Vuso P72 Var,
) o

-V (ug + ev) + )LJ v () u P 1o (g + €0)
o

e o) o) = [ B () g+ )}
<e {(a +b L qu0|P> J;) |Vuo|Pf2 Vu, - Vo

/\J v(x) |uo|p_2 ”o“*’HJ- g(ug)v
Q Q

+

- [ 1 )}
-¢ {(a +b |Vu0|P> L? |V140|P72 Vi, - Vu

+/\JQ v(x)|u0| u0v+//tJQ g(uo)v},

which implies that
<a+bJ qu0|P>J |Vuo|‘p_2 Vuy, - Vu
o) Q

+/\j v(x) |u0|p72uov+‘uj g(ug)v
0 a

< (a +b L |Vu0|p) J;) Vi [P Vg - Vo (31)
+A L v(x) |uo|p_2 Ugl + U L g(up)v

- [ n e

Next we define A, = {x € Q : uy(x) > 0,v(x) >
—00, Uy(x) + v(x)/n < 0} for all n. By simple computation,
we can deduce that {A,} is a nonincreasing sequence of

measurable sets and lim,_, A, = (|2, A, = 0. Thus we
have
limm (A,) = m(hmA ) 0. (32)

Lete = 1/nythen Q_ € {x € Q :yy(x) <0}U{x € Q:
v(x) = —o0} U A, and m(Q_) = m(A,) — 0Oasn — oo.
Selecting e = 1/n — 0 in (31), we have

Os<a+bJ |Vu0|p>J |Vu0|p_2Vuo-Vv
Q Q
+AJ v(x) |u0|P_2u0v+yJ g(ug)v (33)
Q Q

ARUDE

According to the arbitrariness of v € E,, this inequality
also holds for —v. Combining (33), we can get that, for any
vEE 1>

<a+bj |Vu0|P>J |Vu0|P_2Vu0-Vv
o Q
A [ @l e | gm)e G0
) Q

- JQ hf (ug)v = 0.

Thus, u, is exactly a weak solution of the problem (1). By
Lemma 4, we know I(u,) = infg I. Therefore, u, is exactly
a global minimizer solution. O

Proof of Theorem 2. Assume that u; is also a solution of
problem (1). Letting v = 1, — u,, according to the definition
of the weak solution and (26), we can get

0:<a+bj |VuO|P)J [Vuso P72 Vg - V (g — 141
o o

+ JQ Av (x) |”‘0|pi2 uo (ug — 1y)



ARZICOICE™
- L hf (uo) (g —uy)»
(35)

0= <a+bj qu1|p>J |VL£1|P_2Vu1 -V (g — uy)
o Q

+ J A (x) | |72y (g — uy)
§ (36)
A RZICHICE™

= [ ) o),
which implies
JQ h(ug—wy) [f (o) = f (w)] =a L (Vug — Vuy)
. (|VuO|P_2 Vuy — |V, |P_2 Vul) dx

+ bj V (uy —uy) {Vuo |Vuio |7 J |V |?
) o (37)

- Vuy, |Vul|p72 JQ |Vu1|p} + JQ v (x) (g — 1)

S P P g B TR

g (o) =g ()]

Next, we will make some estimates for the equation.

(i)
J V (ug —uy) {Vuo |Vuso | J [Vago [P
o o
(38)
Yy |V [P j Vi) = 0.
o

In fact, we estimate as follows.

J V (ug —uy) {Vuo W’/‘olpiz j |V”o|p
Q Q

2
Yy |V P2 L [Via '} = (L Vi)

2
_j |Vu0|"’2w0-w1j |Vu0|p+<J vl
Q Q Q

2
_J |V”1|pj Ivullp_z Vug - Vu, = (J |V”0|p>
Q Q Q
2
_j V| |wl|J |w0|P+(j Vi)
Q Q Q

[, 19l | o7 9
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o ]
‘ (L (|Vuo| = [Viyy]) (|VuO|P‘1 _ |Vu1|P‘1)> >0,

(39)
(ii)
J v (x) (up —uy) {”o |”0| U |”1|p 2}
(40)
> J v(x) |ug — 1]
(iii)
J (Vug — Vuy) (qu0|p72 Vi — |V, [P Vul)
Q
= J |V140|‘D_2 (|Vuo|2 - Vu, - Vul)
Q
- JQ |VL£1|‘072 (Vuo -Vu, - |Vu1|2)
(41)
> L IVuol? ™ (|Vutg| = [Vatg| - [ V211
= [ vl (19] - [9 ] ~ [930 )
. L (Vo] = [Vaur]) ([Vatg|™" = [Va, ) = 0.
(iv) Since g is nondecreasing on R, , we have
J, [9Gn) =g (o-w)z0. @)

(v) Next, we estimate the left side of (37), according to the
conditions ( f;,) and (f;), we can prove that

fE-f@®) <k(s-p",
Thus by a simple deduction and (h,), (f,), one has

Jﬂh[f(uo)—f(ul)] (g —uy) Skj h(”o—ul)P

Q

0<t<s<oo. (43)

(44)
<k[h(®)]e L |ttg — uy|” .

It follows from (37), (38), (40)-(42), and (44) and we have
(A = klihll,) J lug — | < 0, (45)

Q
where ¢’ = inf, ., v(x). Since k € (0,Ac'/||A,,) in the

condition ( f;), we can get that IQ [ty — uy|P = 0, that is, u, =
u,. Therefore, the solution of the problem (1) is unique. [
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