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The exp(—®(&))-expansion method is improved by presenting a new auxiliary ordinary differential equation for ®(&). By using this
method, new exact traveling wave solutions of two important nonlinear evolution equations, i.e., the ill-posed Boussinesq equation
and the unstable nonlinear Schrddinger equation, are constructed. The obtained solutions contain Jacobi elliptic function solutions
which can be degenerated to the hyperbolic function solutions and the trigonometric function solutions. The present method is
very concise and effective and can be applied to other types of nonlinear evolution equations.

1. Introduction

Nonlinear evolution equations have widely applied in various
areas of science and engineering, such as nonlinear optics,
fluid dynamics, biophysics, and plasma physics. Since the
exact solutions of nonlinear evolution equations play a deter-
mining role in comprehension the nonlinear phenomena,
many effective methods have been proposed, such as the
direct algebraic method [1], the extended direct algebraic
method [2-5], the function transformation method [1, 6-8],
the ansatz function method [9], the extended simple equation
method [10, 11], the variational method [12-14], and the
extended auxiliary equation method [15].

Recently, Khan and Akbar introduced the exp(—®(§))-
expansion method to obtain new traveling wave solu-
tions for the Modified Benjamin-Bona-Mahony Equation in
[16]. Afterwards, many nonlinear partial differential equa-
tions were solved by means of this method, such as the
Vakhnenko-Parkes equation [17], the Zakharov Kuznetsov-
Benjamin-Bona-Mahony (ZK-BBM) equation and the ill-
posed Boussinesq equation [18], the space time-fractional
(3+1)-dimensional nonlinear Jimbo-Miwa equation and non-
linear Hirota-Satsuma coupled KdV system [19], the time-
fractional modified BBM equation and the time-fractional

Cohn-Hilliard equation [20], the Pochhammer- Chree equa-
tion [21], and the Gerdjikov-Ivanov equation [22].

The traveling wave solutions of the nonlinear evolution
equations solved by the exp(—®(&))-expansion method have
the form

u(®) =Y lLexp (-0 ©), M
i=0

where I; (i = 1,...,n) are undetermined constants, [, # 0,
and @(&) satisfies the auxiliary equation:

D' (§) = exp (—@ (§) + A+ p - exp (D (§)) . 2)

In this paper, we improve the exp(—®(§))-expansion method
by presenting a new auxiliary equation:

(o' ®)
=Kk’ (r-exp (=20 (§)) + a + b- exp 2D (£))).

3)

From (2), we get
(' (©))" = exp (=20 (£)) + 2h exp (B (§)) + A% + 2u

+ 2Apexp (@ (&) + i exp 2P (£)).
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Obviously, if A = 0,k = 1,7 = l,a = 2u,and b =
then (4) becomes (3). That is, in special case of A = 0, the
improved exp(—®(£))-expansion method is a generalization
of the exp(—®(&))-expansion method.

In [16], the hyperbolic function solutions, the trigono-
metric solutions, and the rational function solutions of (2)
were given, while, in this paper, the Jacobi elliptic function
solutions of (3) are shown in Section 2. We know that when
m — 1 (m — 0) (where m is the modulus of the Jacobi
elliptic function), the Jacobi elliptic functions degenerate
to hyperbolic functions (trigonometric functions), so the
improved exp(—®(§))-expansion method extend the tanh
function method [23], the solitary wave ansatz method [24],
the sine-cosine method [25], etc.

In addition, besides the Jacobi elliptic function solutions,
(3) also has many combined Jacobi elliptic function solu-
tions which we omit for simplicity in Section 2. In fact,
substituting these solutions into (2), we get the power series
of the reciprocal of Jacobi elliptic functions or combined
Jacobi elliptic functions. Hence, the improved exp(—®(§))-
expansion method is more general than the Jacobi elliptic
function method [26], the F-function method [27], and the
indirect F-function method [28].

We implement the improved exp(—®(£))-expansion
method to construct new traveling wave solutions for two
nonlinear partial differential equations. The first one is the
ill-posed Boussinesq equation:

2
Uy = Uy, + (u )xx + Uy (5)

This equation was first introduced by the French Scientist J.
Boussinesq, which can describe the propagation of long wave
in shallow water with a small amplitude in one-dimension
nonlinear lattices and in nonlinear strings [29-31]. Equation
(5) differs from the well-posed Boussinesq equation only in
the sign of the last dispersive term. Recently, the numerical
and analytical solutions of (5) were extensively reported in
the literature. For instance, in [31], the approximate solu-
tions were obtained by applying filtering and regularization
techniques. In [32], the exact homoclinic orbits solutions
with periodic boundary condition and even constraint were
studied. In [33], Jafari et al. gave the solitary wave solutions
by using the sine-cosine and extended tanh function method.
In [34], Seadawy A derived the dark and bright solitary
wave solutions by means of the direct algebraic method.
In [35, 36], the authors used the theory of Lie group to
obtain the symmetry reductions and the group invariant
solutions. In [24, 37], the authors obtained the new traveling
wave solutions and the nonlinear self-adjoint substitution to
construct new conservation laws.

The second nonlinear partial differential equation is the
unstable nonlinear Schrodinger equation:

i, +u, + 20 u) u - 2yu = 0. (6)

This equation is a type of nonlinear Schrodinger equation
with space and time exchanged. Its behavior occurs in case
of lossless symmetric two-stream plasma instability [38]
and the two-layer baroclinic instability [39]. Many traveling
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wave solutions have been derived by different methods,
such as the semi-inverse variational principle [40], the sine-
cosine method [25], the new Jacobi elliptic function rational
expansion method and exponential rational function method
[26], the (G'/G)-expansion method [41], the tan(®(£)/2)-
expansion method [42], and the extended simple equation
method [43]. To the best of our knowledge, no previous
work has been done by the improved exp(-®(£))-expansion
method.

The organization of this paper is as follows: firstly, we
give the methodology of the improved exp(—®(£)) expan-
sion method. Then we apply this method to the ill-posed
Boussinesq equation and the unstable nonlinear Schrédinger
equation for finding new exact traveling wave solutions. Also
we discuss the obtained solutions with the already existing
results in the previous literature. At last, a conclusion is given.

2. Description of the Improved exp(—®(¢))-
Expansion Method

In this section, we describe the improved exp(—®(§))-
expansion method. Consider a nonlinear partial differential
equation with independent variables x and ¢

P (t, thyy thy, Uy Uy U o) = 0, (7)

where u = wu(x,t) is an unknown function and P is a
polynomial in u = u(x, t) and its partial derivatives.

Firstly, applying the traveling wave transformation
u(x,t) = u(&), & =x— vt to (7), we reduce (7) to an ordinary
differential equation (ODE):

Q(u, u',u”,...) =0, (8)

where prime denotes the derivative with respect to &. If
possible, integrate (8) term by term one or more times. For
simplicity, we set the integration constant(s) to zero.

Secondly, suppose that the solution of (8) can be
expressed as

u(@ =Y lexp(-0©), 9)
i=0
where @ (&) satisfies the following auxiliary ODE:
(o' ®)

=K (r-exp (20 (§)) +a + b - exp 2D (£))).

I, i = L,2,...,n), v,k,r,a and b are constants to be
determined later, [, # 0, and # is a positive integer which can
be determined by homogenous balance in (8).

We know that the auxiliary equation (10) has many
different Jacobi elliptic function solutions. For simplicity, we
only list several typical solutions:

(10)

OHIfr = m?,a = -1 -m?, b = 1, then @, =
In ns(k&, m).

2)Ifr = -m? a=-1+2m* b= l—mz,thenCD2 =
In nc(k&, m).
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B)Ifr = 1,a = -(m* +1), b = m?, then o, =
In sn(k&, m).

) Ifr = l-m*,a=2m>-1,b = —mz,thenGD4 =
In cn(kE, m).

G)Ifr = l-m?a=2-mb = 1, then ®; =
In cs(k&, m).

OV Ifr =1, a =2-m%b = l—mz,thenCI)6 =
In sc(k&, m),

where m is the modulus of the Jacobi elliptic function.

Thirdly, substituting (9) along with (10) into (8) and
equating coefficients of the same power in (exp(—®(&)))
to zero yields a set of algebraic equations for [, (i =
1,2,...,n), k and v. Solving these equations, we can con-
struct a variety of exact solutions for (7).

3. Application of the Improved exp(—®(£))-
Expansion Method

In this section, two examples are presented to illustrate how
the method works.

3.1. The IlI-Posed Boussinesq Equation. Using the traveling
wave transformation we can reduce (5) to the following ODE:

"

(V2 - 1) W' -2 (u')z 2w " =0, (11)

where prime denotes the derivation with respect to &. Inte-
grating (11) twice with respect to &, and taking the integration
constants as zero, we get

(Vz—l)u—uz—u" =0. (12)

By homogeneous balance, we get n = 2. So the solution of (12)
can be expressed as

u(® =l +1 exp (- () + L, (exp (-® (§)))°.  (13)

Substituting (13) along with (10) into (12) and setting each
coeflicient of exp(—i®(£)), (i = 0, 1,2, 3, 4) to zero, we obtain
a set of algebraic equations as follows:

exp (—4® (8)) : —6L,k*r — 2 = 0,
exp (=3® (8)) : —21,1, - 21,k*r = 0,

exp (=20 (§)) : V'l — L, —4Lk’a -2, - =0,  (14)
exp (@ (§)) : VI, - I, - [,k*a - 21,1, = 0,

exp’ : vVl — I3 — Iy - 2Lk°b = 0.

3
Solving the above system, we get
k =k,
v =1+ 4k*\a? - 3rb,
I, = 2k (—a + Va2 - 3rb), (15)
I, =0,
l, = —6K’r.

Consequently, we have the following different cases for the
exact traveling solutions of the ill-posed Boussinesq equation:

(1) Ifr=m? a=-1-m? b=1,then

U (x,t):2k2<1+mzi\/1—m2+m4)

— 6k*m*sn” <k (x F \/1 +4k2NV1 - m? + m4t> » (16)

m);

Q) Ifr =-m?, a=-1+2m* b=1-m’ then

u, (x,1) =2k2(1 —2m’ + \/l—m2+m4)

+ 6k*m’cn’ <k <x T \/1 +4k*V1 - m? + m4t> »(17)

)

B)Ifr=1, a=—-(m?>+1), b =m? then

u3(x,t):2k2<m2+11-\/1—m2+m4>

(18)

—6k2nsz(k<x¢\/1i4k2 1—m2+m4t>,m>;
4) Ifr=1-m? a=2m>-1, b=-m?, then
u4(x,t)=2k2(1—2mziVl—m2+m4)

2(. 2

2 _ 2 2 1

-nc <k<x+\/114k 1-m +mt>,m>;

(S)Ifrzl—mz,a=2—m2,b=1,then
us(x,t):2k2<m2—21-\/1—m2+m4>

- 6k2 (1 - mz) (20)

-sc2<k<x$\/li4k2 1—m2+m4t>,m>;




6)Ifr=1, a=2-m? b=1-m’ then

ug (x, 1)

=2k2(m2—Zi Vl—m2+m4)
- 6k*cs’ (k<x$ \/li4k2 1—m2+m4t),m>;

(21)

Remark 1. When the modulus m — 1, we have sn(&,m) —
tanh(&), cn(&, m) — sech(&), ns — coth(&), cs — csch(£).
Taking k = A/2 and m — 1in u,(x,t) and u,(x,t), where
A is an arbitrary constant, we get the following hyperbolic
function solutions, respectively:

uy (%) = 2/\2 — Z)\? tanh? (% (x + \/T/\Zt));

(22)
uy, (x,1) = A% = 227 tanh? (% (x + mr))
us, (x,t) = ;\2 — 222 coth? <% (x + mt>>;

(23)
us (x,t) = -A" - %/\Zc th? <% (xi \/1——A2t)>

Taking k = Band m — 1 in u,(x,t) and ug(x, t), where
B is an arbitrary constant, we get

u, (x,t) = 6B” sech’ (B (x FV+ 4k2t));

(24)
u, (x,t) = —4B* + 6B sech’ (k (x TV - 4k2t>) _
ug (x,t) = ~6B° csch’ (k (x FVL+ 4k2t)>;

(25)

ug, (x,1) = —4B* — 6B csch? (k (x F

1-4kt)).

The above solutions coincide with solutions of Tchier et al.
[24]:

(i) our solutions v (x,t) and u; (x,t) match with solu-
tions (36) and (34) in [24], respectively;

(ii) obtained solution u, (x,1) is identical with solution
(8) in [24];

(iii) the solutions us, (x,t) and u32(x t) turn out solutions
(37) and (35) in [24], respectively;

(iv) obtained solution ug (x,t) comes into solution (15) in
[24].

When the modulus m — 0, we get ns(&§, m) — csc(é),
nc(&,m) — sec(§), sc(¢§,m) — tan(§), and cs(é,m) —
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cot(&); from uy(x, 1), uy(x, t), us(x, t), and ug(x, t) we obtain
the following trigonometric function solutions, respectively:

us, (x,t) = 4k* - 6k*csc? (k (x FVIL+ 4k2t)). (26)

Uy, (x,1) = 4k - 6k*sec’ (k ( 1+ 4k2t)) (27)
k

s, (1) = 2" — 6k’tan” (k (x 7 V1 +4K%% ) )
s, (x,1) = ~6k” - 6k’tan” (k (x 7 V1 - 4k%t ) ). 0
g, (x,1) = ~2k" — 6kcot” (k (x 7 V1 + 4kt ) );
ug, (x,) = ~6k* — 6k”cot” (k (x FVI-4kt)). )
To the best of our knowledge, the solutions

us, (%, £), uy (X, 1), u5 (x, 1), us, (%, 1), ug (%, 1), and  ug (x,1)
have not been reported in the previous literature.

3.2. The Unstable Nonlinear Schrédinger Equation. Using the
following traveling wave transformations
u(,t)=U@)e°, E=x—-vtand 6= Bx+rt (30)
to (6), we obtain the ODE
— (B +r +2y)U+2)U° =0, (31)

where v = 2f3 and f8 is a constant which will be determined
later, while y,r, and A are arbitrary constants. We get the
balancing number as n = 1. Thus the solution can be written
as

U©) =l +Lexp (=0 (&)). (32)

Substituting (32) along with (10) into (31) and collecting
the coeflicients of each power exp(—i®(§)) (i = 0, 1,2, 3) and
setting each of the coefficients to zero, we get a set of algebraic
equations of [, [}, B, and k as follows:

exp (- (§))° : 2,K%r + 2A1 = 0,

exp (- (£)* : 6ALE = 0,
(33)
exp (~® (&) : Lak® - B°1, — i1, - 2yl, + 6ALL, =0,
exp’ : i1y — Ly + 2AL — 291, = 0.
Solving the above system with the aid of Maple, we get
2
kzi\jﬁ +1, +2y)
a
B=p
(34)
I, =0,

I =+

\j—r (ﬁz +r+ 2)/)
Aa '

Consequently, we have the following different cases for
the exact solutions of Schrodinger equation:
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() Ifr =m?* a=-1-m? b=1,then

u; (x,t) = im\j A+ s

_ Zﬁt) , m> ei(ﬁx‘”lt);

Q) Ifr = -m?, a=-1+2m? b=1-m’ then

u, (x,1)

2 2
o ﬁ+r1+2ycn i\/ﬁ +7+2y
A(=1+2m?) -1 +2m?

_ Z‘Bt) , m> ei(ﬁ’”rlt);

B)Ifr=1, a=—-(m?+1), b=m? then

B +r, +2y B+ +2y
Us (X,t) = i\jmns + TmZ X

_ 2,3t) , I’I’l) ei(ﬁx+r1t);

@) Ifr=1-m? a=2m*-1, b=-m" then

uy (x,t)

-1 -m?

/32+r1+2y n<+\j/32+r1+2y

A(2m? -1)

:iJ(mz_g(g2+ﬁ+zﬂnc<iJ;?:;:“

_ 2‘81’) , m> ei(ﬁx"’rl f);

(G)Ifr=1-m? a=2-m? b=1,then

us (x, 1)

2m? —

A2 -m?)

:i\](mz_l)(ﬁz""’l+2Y)SC<+\][§2+1’1+2)/

_ Zﬁt) , m) ei(ﬁx+rl f);

(6)Ifr=1, a=2-m? b=1-m? then

B+ +2y B+ +2y
Ug (X>t) = i\ijS + 2_—7712

_ 2[;1:) R m> ei(ﬁx‘”lt);

2 — m?

(35)

(36)

(37)

(38)

(39)

(40)

Remark 2. When the modulus m —
uy(x, 1), uy (x, 1), us(x, t) and ug(x, t) turn into the following
hyperbolic function solutions, respectively:

ﬁ2+r1+2y
) =\ ————
uy, (x,1) \j A

2 ) ‘
- tanh < \j—ﬁ il r12+ Y (x - 2pt) g Bxnt),

ﬁz +1r +2y
,t =+\|—FF
Uy, (x,1) +\/ )

- sech (\lﬁz +r 42y (x- 2ﬁt)) g Bxmt),

B+ +2y
)t =+\|—
us, (x,t) +\j o

2
. coth ( \jﬁ+r—12+2}’ (x _ 2/30) ei(ﬁxwlt);

2
2
u61 (x, t) = i\]ﬁ—'—i‘—;y

-csch < B +r +2p(x - 2ﬁt)) gPxnY),

1, our solutions

(41)

(42)

(43)

The above solutions coincide with solutions in [25, 40, 41]:

(i) our solution uy, (x, t) matches with solutions u5; (x, t)

and us5(x, t) in [41];

(ii) obtained solution u, (x,t) identical with solutions

(45) and (46) in [40];

and u4(x, t) in [41];

(iii) our solution us, (x,t) matches with solutions u,,(x, t)

(iv) the solution Ug, (x, t) turns out solution (52) in [25].

When the modulus m —

ﬁ2+r1+2y
) =2\ ————
us, (x,1) \j 3

- csc < V= (B2 +1 +2y) (x - 2ﬁt)> /Pt

2
2
uﬁu@:iJE:%il

- sec ( \/m (x - Zﬁt)) e!Pxni),;

0, our solutions
us(x, 1), uy(x, t), us(x, t) and ug(x, t) come into the following
trigonometric function solutions, respectively:

(45)

(46)



u (xt)—+\/—/32+r1+2y
5, (61) ==+

=21
S (47)
2
2 )
. tan \jw (x _ Zﬁt) el(ﬁx+rlt);
(0.1) +\j[32+r1+2y
ug (x,t) = +\|———
62 -2
. (48)
2
2 )
- cot \/W (x —2Bt) | Pty

The above solutions coincide with solutions in [25, 41]:
(i) the solutions us, (x,t) and Uy, (x,t) match with solu-
tions (50) and (51), respectively, in [25];

(ii) the solutions us (x,t) comes into solutions u55(x,t)
. 1
and us,(x, t) in [41];

(iii) the solution U, (x,t) is identical with solutions
Uz (x, 1) and usg(x, t) in [41].

Remark 3. If we take k = 1 in the auxiliary equation (10), then
the solution of (33) becomes

k=1,

B=+\a—r =77,

l() — 0, (49)
—-r

[ =+4—.

1 + A

Hence we get the following solutions of (6).
() Ifr =m? a=-1-m? b=1,then

uy; (x, 1)
1 B S
=+tm Tsn<x+2w—1—m -r —2yt,m> (50)
i ei(i\[—l—mz—rl—Zyx+r1t).

) Ifr = -m?, a=-1+2m* b=1-m’ then

ug (x, 1)

1
=im\/xcn<xi2\/—1+2rr12—r1 —2yt,m> (51)
. ei(i\ —142m?—r| —2yx+nt)
B)Ifr=-m? a=2-m? b=m>-1, then

T
Ug (x,t) = iM\/an (x F2\2-m?-r - Zyt,m)
. ei(i\ 2-m?—r|—2yx+rt)

(52)
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Our solutions u,(x,t), ug(x,t) and uy(x,t) match with
(10), (15), and (22) in [26], respectively.

4. Conclusion

The exp(—®(£))-expansion method has been successfully
generalized to establish new exact solutions for the ill-posed
Boussinesq equation and the unstable nonlinear Schrodinger
equation. In special cases, our new Jacobi elliptic function
solutions can be degenerated to hyperbolic function solu-
tions and trigonometric function solutions which have been
reported in the previous literature. That shows the improved
exp(—®(&))-expansion method is effective and powerful. This
method can be used to solve many other nonlinear evolution
equations in mathematical physics, engineering, and other
nonlinear sciences.
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