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We consider the initial value problem for the nonlinear Schrédinger equation satisfying the strong dissipative condition SA < 0
and [SA| > ((p — 1)/2+/p)IRA| in one space dimension. Our purpose in this paper is to study how the gain coefficient y(¢) and
strong dissipative nonlinearity A|v|”"'v affect solutions to the nonlinear Schrédinger equation for large initial data. We prove global

existence of solutions and present some time decay estimates of solutions for large initial data.

1. Introduction and Main Results

We consider the Cauchy problem of nonlinear Schrédinger
equation:

i0,v + laiv AP v iu(t)v,
2 (1)

v(0,x) = v, (x),

where v = v(t, x) is a complex valued unknown function, t >
0,x € R, p > 1, the gain coeflicient u(t) is a real valued
function, and A € C. Equation (1) is applied in problems of
dispersion-managed optical fibers and soliton lasers (see [1]).
The coefficients A and p(t) are, respectively, nonlinearity and
amplification. In this work, we study the global existence and
investigate time decay estimates of solutions to (1) with the
gain coefficient p(f) and the strong dissipative nonlinearity
Ay~ ty satisfying JA < 0and |IA| > ((p—1)/2/Pp)IRA| for
large initial data, where JA and RA are the imaginary and
real part of A, respectively.

Over the past few decades, the field of fiber optics has
made rapid progress. The damped Schrodinger equation

i0,v + %a@: A|v|2v+i[w, (2)

where v = v(f,x) is a complex valued unknown function,
t € R, x € R, A, and p € C, is one of the simplest nonlinear

Schrodinger equations for studying cubic nonlinear effects
in optical fibers (see [1]). Equation (2) is applied in several
different aspects of optics (see, e.g., [2]). It has been studied
extensively in the context of solitons (see [1]). In the case of
u(t) = 0, (1) is reduced to

1 _
io, v+ —83261/ = APy,
2
3)

v(0,x) =vy(x),

wheret > 0, x € R, p > 1, and A € C. The nonlinearity
APty with SA < 0 and [SA] > ((p — 1)/2+/P)IRA| is
called strong dissipative. In [3, 4], the large initial problem for
(3) with the strong dissipative nonlinearities was investigated.
The global solution v(t, x) to (3) decays like Y 2(log t)_l/ 2
in the sense of L™ for t > 1, when p = 3. Moreover
[V < CEYP™ fort > 1,if 2686 ~ (5 + V33)/4 <
p < 3in[3] and 2.586 =~ (19 + V145)/12 < p < 3 in [4],
respectively. To study the time decays of solutions to (3), the
estimate of |FU(—t)v| is useful. To get a better estimate
of |[FU(-t)v| 1, the contradiction argument was used in [3]
and the method of [5] was applied in [4]. In [6], the time decay
estimates of global solutions to (3) with 1 + V2 < p < 3in
the sense of L* were considered under the strong dissipative
condition. It showed that |v|;> < CtV@e=D-1U24 gor ¢ 5 1,
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where 0 < q < 2/3. In the case of A > 0, the a priori L*-
bound for v is not satisfied, since

1 o [ L, 2
> Iviz. — SA L JR v[P*! dxdr = sl @

There are some results about the lifespan of small solutions
to (3) with SA > 0 (see, e.g., [7]). When optical pluses
propagate inside a fiber, nonlinearities in (1) affect optical
pluses’ shapes. Some related nonlinear Schrédinger equations
have been studied (see, e.g., [8, 9]). In the case of u(t) = —a <
0and A = -1, (1) becomes

1 _
0y + =02v =" v —iav,
2 ©)

v(0,x) = v, (x)

in one space dimension, where t > 0,a > 0,and p > 1.
The question (5) has been studied by some mathematicians
from the mathematical point (see, e.g., [10, 11]). Let E(t) =
(1/2)llovli7. - (2/(p+ 1))||v||§;}1. If E,(0) < 0, nonexistence of
global solutions to (5) was studied under some assumptions
in [10]. It showed that the damping term in (5) cannot prevent
blowing up of solutions. In [11], some blow up and global
existence of solutions to (5) was investigated. The authors
showed that the size of the damping coefficient a affected the
solutions. As far as we know, there are not any results about
the time decay estimates of solutions to (1) for large initial
data. Our question is how the term ig(t)v and the nonlinearity
Alv[P~Yy with strong dissipative condition affect solutions to
(1) for large initial data.

Let LY(R) denote the usual Lebesgue space with the norm

1/q
| liscey = (JR | @[ d) (6)
if1 < g < ocoand
“f||L°°(R) = esj':[élp |f (x)| 7)

For m, s € R, weighted Sobolev space H™* is defined by

B = { £ € L2 R); | £ o

s/2 m/2
:”(1+|x|2) (1_a§) f . <oo}.

We write LI(R) = L7 for 1 < g < oo and H™® = H™ for
simplicity.

Let us introduce some notations. We define the dilation
operator by

(8)

(D) ) = — 9 () ©)

@)\t

. 2
and define M = ¢/ for ¢ # 0. Evolution operator U(f) is
written as

U (t) = MD,F M, (10)
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where the Fourier transform of f is

7 L[
(Ff)©® = T JRe f (x) dx. a1)
We also have
U(-t)=M"'F'D;'M, (12)

where the inverse Fourier transform of f is

(#F' )@= roe o

We denote by the same letter C various positive constants.
And we write v(t) for the spatial function v(¢, -).

The standard generator of Galilei transformations is given
as

J(t) =U (t) xU (-t) = x +it0,. (14)
We have

J () =U @) x°U (-t) = M (-£70;) M. (15)

We also have commutation relations with J BandL = i0, +
(1/2)32 such that

[L.J"] =0, (16)
where § = 1,2.

Before stating our main theorem, we introduce the func-
tion space

Xyr= {y;U(—t),v eC ([0> T) SH' N HO)I) > Iy“Xl,T
17)

<ol

where IIyIIXLT = supy e lU)ylginger and T > 1. We
have the following global existence of solutions to (1) for large
initial data.

Theorem 1. Let p > 1, SA < 0, [SA| > ((p — 1)/2+/P)IRAl,
and p(t) € C[0, 00). We assume that vy(x) € H%' n H. Then
(1) has a unique global solution v(t, x) € C([0, 00); H* nHY
satisfying v(t, x) = el umd
solution to (19).

u(t, x), where u(t, x) € X, , is the

Let Ey(t) = ||v(t)||i2. Multiplying both sides of (1) by v,
integrating over R, and taking the imaginary parts, we have

d .
ZE O =2SA IV OIFL + 24O By (). (8)

We could not ensure the sign of (d/dt)E,(t) by the assump-
tions in Theorem 1. This case is interesting. We have the
equation

1 [ _
i0,u + Eaiu = AP o DT [ul? ' u,
(19)

u (0,x) = v, (x)
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from (1) by using the transformation u = e~ s #@dry, A
straightforward calculation shows that v(t, x) solves (1) if
and only if u(t, x) solves (19). Thus the transformation u =

t
¢ o udr,, provides an effective tool to study the global
existence of solutions to (1).

Remark 2. Let p > 1, SA < 0, [SA| > ((p — 1)/2+/P)IRA|

u(t) € C[0, 00), and elou@dT o C, forallt > 0, where C, > 0.
We assume that vy(x) € H%' n H!. Then (1) has a unique
global solution v(t, x) € X .

Example 3. We consider

1 _ _
iatv+—aiv:—i|v|‘fJ YL+,
2 (20)

v(0,x) = v, (x)

in one space dimension, where ¢ > 0 and p > 1. Since
IS(=)l = 1> 0= ((p - 1)/2y/P)IR(=), and e+ 79" < ¢
for t > 0, (20) has a unique global solution v(t, x) € X ., if
vo(x) € H* nH.

If u(t) <0fort > 0and FA < 0, we have the result about
(D):

d (o3
—Eo® =282 v O

+2u®) vl <0, (21
where Ey(t) = ||v(t)||]2_2. Time decay estimates of solutions to
(1) for large initial data are shown as follows.

Theorem 4. Let p > 1, u(t) < 0 fort > 0, u(t) € C[0,00)
and the strong dissipative condition SA < 0, [SA| > ((p —
1)/2+/P)IRA| hold. We assume that vy(x) € H®' n H'. Then
(1) has a unique global solution v(t,x) € X, satisfying the
following time decay estimates:

vl < Ct 2l wdr o)
and
vl < Celo v o
fort > 1.

From Theorem 4, we obtain that the solution v(t, x) to (1)
is global and bounded in X, ., for large initial data. Moreover,
we show that u(#) determines the time decay rate of the
solution, when pu(t) satisfies the assumptions in Theorem 4.
Then we consider a special situation of Theorem 4. Let u(t) =
¢ < 0in (1); we have the following equation:

1 -
io,v + —aiv = APy + i,
2 (24)

v(0,x) = vy (x),

wheret >0, p > 1,x € R,y <0,and A € C. By Theorem 4,
we have the time decay estimates to (24).

Corollary 5. Let y < 0 and p > 1. We assume that vy(x) €
H®' n H' and the strong dissipative condition SA < 0 and
ISAl > ((p—1)/2+/P)IRA| hold. Then (24) has a unique global
solution v(t,x) € X, satisfying the following time decay
estimates:

v (Ol < CE e (25)
and
v (Ol < Ce (26)
fort > 1.

In the last section, we consider the equation

1 _
v+ -0y =AP v +i
2

a
(1 +t) (P— l)v, (27)
v(0,x) = v, (x),

wherea <0, p > 1, IA <0, [FAl > ((p-1)/2+/p)IRAl, and
t > 0. From (27), we have

i0,u + lafcu =AML+ Py,
2 (28)

u(0,x) = vy (x),

by taking the variable change v(t, x) = (1 + t)“/(P_l)u(t, x). A
similar nonlinear equation i0,u + Au = A(1 + bt) P2y %y,
where x € R", b € R,a > 0,and A € R, was derived to
study the rapid decay solutions and scattering properties of
the equation id,v + Av = Alv|*v by letting u(t,x) = (1 +
bt)"2u(t /(1 + bt), x/(1 + bt))e @408 1],

Let SA < 0 and [SA| > ((p — 1)/2+/P)IRA|. Multiplying
both sides of (27) by ¥, integrating over R, and taking the
imaginary parts, we have

d +1 2a 2
—Ey(t) =28A v OIF) + ———— v ()]
dt 0 L (p— 1)(1 +t) LZ (29)
<0,
where Ey(t) = ”V(t)"iz. We have global existence and time

decay estimates of solutions to (27) for large initial data by
Theorem 4. We show a better decay rate of solutions to (27)
inspired by the papers [4, 5].

Theorem 6. Let a < 0 and p > 1. We assume that vy(x) €
H®' n H' and the strong dissipative condition SA < 0 and
ISAl > ((p—1)/2+/P)IRA| hold. Then (27) has a unique global
solution v(t,x) € X, satisfying the following time decay
estimates:

v (£l < CtM/2alP7D (30)

for t > 1. Moreover, let p,(a) = a + 5/4 + (1/
4)V16a? +40a + 33, and if p,(a) < p < 2a+ 3 and -1 <

a <0, we have

v (£)|| o0 < CtH/2Fal(pm)~Qas3=p)/2(p=1) (31)

fort > 1.



When a = 0, the exponent p,(a) coincides with (5 +
V/33)/4, which is the lower bound given by Kita-Shimomura
[3] and Jin-Jin-Li [4]. Let p,.(a) = a + 19/12 + (1/
12)V144a? + 264a + 145. Since p,,(a) < p,(a) for -1/2 <
a < 0, the lower bound p, (a) in Theorem 6 can be improved
by p..(a) in Theorem 7. The operator J* plays an important
role in achieving the lower bound p, , (a).

Theorem 7. Let -1/2 < a < 0, p,,(a) = a+ 19/12 + (1/
12)V144a? + 264a + 145, and p,,(a) < p < 2a + 3. We
assume that vy(x) € H®* n H' and the strong dissipative
condition FA < 0 and |[FA| > ((p — 1)/2~/P)IRA| hold. Then
(27) has a unique global solution v(t, x) € X, ., satisfying the
following time decay estimates:

v (£)]| o < Ct~ V2l (D)= Cat3=p)/2(p=1) (32)

fort > 1.

Ifa = 0, we have p,.(a) = (19 + V/145)/12, which is a
lower bound of p shown in [4]. Theorems 6 and 7 say how
the strong dissipative nonlinearity and gain coefficient of the
nonlinear Schrédinger equation (27) affect decay estimates of
solutions under different initial conditions. The rest of this
paper is organized as follows. In Section 2, we give proofs of
Theorems 1 and 4. Theorems 6 and 7 are proven in Section 3.

2. Proofs of Theorems 1 and 4

2.1. Proof of Theorem 1. We have the equation
1 - -
i0,u + Eaiu = APV fyumdr [ulPu (33)

t
~Jo @4y, and

from (1) by using the variable change u = e
u(0,x) = v(0,x) = vy(x).

Local existence of solutions u € X 1 to (33) can be shown
by the standard contraction mapping principle (see, e.g., [13]).
Therefore, we have local existence of solutions v € X, - to (1).

First, we consider the equation
Dy + ~0u = AF (¢) [ul*”! 34
i tu+§ u=AF () |ul"" u, (34)

where F(t) > 0, F(t) € C'[0,00), A € C, and p > 1. The
following lemma is useful to study global existence and time
decay of solutions to (34).

Lemma 8. Let p > 1, F(t) > 0, F(t) € C'10, ), and
u(t,x) € X, be the local solution of (34), where T > 1.
And let the strong dissipative condition FA < 0 and |SA| >
((p = 1)/2+/P)IRA| be satisfied. Then we have

3, (9l > + ITuall> + lull2) < 0. (35)
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Proof. Multiplying both sides of (34) by ,u and taking the
imaginary parts, we have, by |ul? "'y = uP*D27(P~D/2 apd
the assumptions of F(¢),

s Joudt =5 ([ 0. (v @ ) B

& p +1 1 2

=3 (A—z F(t) JR [ul? |Bxu| dx)
-1 _ —\2

+ S (APTF(t) JR ulP u? (Bxu) dx)

<F() <SAPT+1 Y pT_1> j P! [0, dx.
R

By (36) and the strong dissipative condition SA < 0 and
ISAl > ((p — 1)/2+/P)IRA|, we obtain

bl =5 ([ 0. 0r0 1) Tate)

<0.
We note that

J () = 222

p-1
— U u
b || J

_ P__l |u|P_3 uz]_u,
2 (38)

J(F @) |ulP™ u) = (x +itd,) (F (£) [ul”" u)
=FO T (" u),
and
Soull: = (| TOF @l w) Tadx ). (39
2 t L2 R .
Calculating the right part of (39), we obtain
S (JR ] (AF ) [ulP™! u) . ]_udx>

_afPt] P17, 12
=3 ()L—z F(t) JR [ul" |Jul dx)

s (e [ e () ax) 4O
R

2
1 -1 _
<F(t) <mp% Y PT) jR |ul? ™ | Jul dx

<0
under the strong dissipative condition.
Multiplying both sides of (34) by &, we obtain
%at lull7. = SAF (1) J lulP'dx <0 (41)
R
by the assumptions of A and F(t). Using (37), (40), and (41),
we have

0, ([loxull 2 + Iullz + lullz) <. (42)
O
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By Lemma 8, we have

lall 2 + [0 2 + 1Tl 2
< [[vo (|2 + [[0xvo (|2 + [Jeve GOl 2 -

From (43), we obtain a unique global solutionu € X  to

(33). Since u = e~ fow (D47, we have a unique global solution
v(t, x) € C([0,00); H*' n H') to (1).

t
2.2. Proof of Theorem 4. Using the transform u = e~ b #™77y,
we get the equation about u from (1):

1 [ _
iou + Eaiu = APV ]y umdr [ulP ' u, (44)

where u(0,x) = v(0,x) = vy(x). We have local existence of
solutions u € X, to (44) and v € X, 1 to (1), respectively
(see, e.g., [13]).

By Lemma 8 and the assumptions in Theorem 4, we have

leall 2 + ([0 o + 1Tl 2
45)

< [lvo Gz + 9.0 (]| 2 + [Jxvy ()2 -
And

IVl + 0]l 2 + 1Tz
. (46)
< eh O (v o)z + [0eve O]z + evo (0] 12)

Thus, we obtain global-in-time existence of solutions u €
X o to(44) by (45) and v € X , to (1) by (46), respectively.

We are now in a position to prove time decay estimates of
solutions to (1). By the Sobolev inequality

lullzeo < C e} 0042 (47)

the factorization formula U(t) = MD,% M, and (45), we have

lull oo < CE2 | FMU (—t) ul| o

<t FMU (~t) ulll 0,7 MU (~t)ul ;> (48)
= CE P |l Tull)l < cE2
fort > 1. Using the transform u = e~ 9% (D47, we obtain
Wl < CE2eh Hdr (49)
fort > 1. By (46), we have
[l < Celor (50)

fort > 1.

3. Proofs of Theorems 6 and 7

3.1. Proof of Theorem 6. From Theorem 4, we have global
existence of solutions v € X . to (27) and the time decay
estimates (30). To get a better decay estimates of solutions to
(27), we use the method of [4, 5]. Changing a variable such as
u=(1+1)"“?Yy we have

iy + %aﬁu A+l (51)

and u(0, x) = v(0, x) = vy(x).
Multiplying both sides of (51) by FU(-t), we get

FU (=) (A + 0" |ul’ ™ u)

=AA+)*FM I FID M ulf

(52)
A1+ PV FU () uP P FU (-t u
+AR (1),
where
R(t) = (1L+1)" P72
x (|1FMU (-t)ul’' FMU (-t)u
—|FU (- ul’ FU (-t u) + (1 +1)° (53)

ARG (M 1) FFMU (<) ulf!
- FMU (—t) u.
Therefore, we have
i0,FU (-t)u
A1+ ) PV FU (O u P FU(-Hu  (54)
+ AR (1),

where the remainder term R(¢) is given in (53). Substituting
FU(-t)u by f, we have the following equation about f:

i0,f (1) = A(L+t)* P2 F )P f(6) + AR (). (55)

We have the following estimates of R(¢). Since the proof of
these estimates is similar to that in [4, 6], we omit the proof.

Lemma9. Letu(t, x) be a solution of (51) in the function space
X oo Then, we have

IR (@)l < CEPPVED (|FMU (1) u)f2)
1 (56)
+FU (=) ullfe) 1 ull 2
and

IR®l2 < PPN FU (0wl B2 1w B2 (57)

fort > 1.



From (55), we obtain
O |f 0 =28A (1 + )% PV f ()]

+23 (AR F(1)).

(58)

Hence, we get

3| f B <2* AT F O + CIRDIpo (59)
for t > 1. By Lemmas 8 and 9, we obtain

3 |f ()] < 280G\ P22+ If (t)|‘D + CEPIHIAra (60

fort > 1.
Multiplying both sides of the above by t°, where 8 > 0, we
have

120, |f (t)| < 2° AP £ ()]

(61)
+ CfSplavl/ava
By the Young inequality, we have
o,(# |f 0]) =8 £ o)
2% || 0PI/ If @)
+ Cp/2r1/ava
p-1 1 (62)

< .
pP/(P—l) |2a5/\|1/([1—1)
. 5?/(1’-l)tﬁ—(1+2a+P)/2(P—1)
+ Cté—p/2+1/4+a

fort > 1.Letd = (2a+3-p)/2(p—1)forl < p <2a+3and
-1 < a < 0. Integrating in time from 1 to ¢, we get

| f (t)| < Ctar3-p)2p-1) | ~y=(p/2-5/4-0) (63)

forl<p<2a+3,p>5/2+2a,-1<a<0,andt > 1.To
guarantee that

2a+3 - 5
2(p-1) 2 4
we need
5
—+2a<p,
prease
1<p<2a+3, (65)

1<p(2p-4a-5).

Let p,(a) = a+5/4+(1/4)V16a? + 40a + 33. Then, from (63),

we get
|f ()] < Gt Car3-PI-D o

for p,(a) < p<2a+3,-1<a<0,andt > 1.
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Since p,(a) < p < 2a+ 3 and -1 < a < 0, we have
(2a+3-p)/2(p—1) < 1/4. By (66), we have

-1/2
lullzo < CEIFU (<) ull o

+ ot xU (=) ]| oo (67)

< Ct—l/2—(2u+3—p)/2(p—1)

for t > 1. Using the transform v(¢,x) = (1 + t)”/(P_l)u(t, x),
we have our desired result.

3.2. Proof of Theorem 7. We have global existence of solutions
v € X, to (27) by Theorem 4. We consider the decay
estimates of solutions to (27) by using the method of [4, 5]
in the following steps.

Since [J?, i0; + (1/2)8)2(] = 0 holds, from (51), we have

Lol

L2

(68)
=g <)L JR J? ((1 + ) [ulP! u) . ]z_udx> .

By the strong dissipative condition SA < 0 and [SA| > ((p —
1)/2/P)IRA| and using |l e < Ct /|l [Tul})? for t >
0, we have

3( J ((1+t) |u|‘°1 )']z_udx>
<5157

(AP J (1 +8) JulP? u? (]2_1,1)2 dx)

a p-1|72 2
JR 1+ |ul '] u| dx)

+CJ U+ [l Jul [Puldx < a0 O
R

) [ a
R

2 1Tulle |74, 17wl

1
-<SAPL £ IS
2

+C(1+1t)" ||u||

-(p-1)/2 -2)/2 3/24(p-2)/2 3/2
o a7 i Vi

for t > 0. Thus, we obtain

|7

= < [[voll o2 + CE prve (70)

fort > 0.
By using a similar method to that in [4], we have the
estimate of R(t) as follows. Here we omit the proof.

Lemma 10. Let u be a solution of (51) in the function space
X oo Then, we have

IR (t)llpe0 < CEEPHED |y P08 (71)

fort > 1.
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(58) shows

O |f B =28A (1 +0)* ¢ V2| £ ()P
- (72)
+23 (AR F (1)),

where f = FU(-t)u. Let 3 — p + 2a > 0. By Lemma 10 and
(58), we get

0, |f (0] < 2°GA PV | £ ()P 4 oI (73)

for t > 1. Multiplying both sides of the above by #°, where
p > 0, we have

t°0, |f (t)| < 2°SMPPIPTE | £ ()P
(74)
4 CtP3pI211/4+3a

By the Young inequality, we have

o 1f ®)) < pt" | f )
_ 2a |5/\| tp—p/2+1/2+a lf (t)lp
+ CpP3p/2+11/443a

.- 1 (75)
- pP/(P—l) ’ |2u3A|1/(‘D_1)

. P/ pp=(1+204)/2p1)

+ Ctp—3p/2+11/4+3u

fort > 1.Letp = (2a+3-p)/2(p—1)forl < p <2a+3and
-1 < a < 0. Integrating in time from 1 to ¢, we get

lf @) < Ct2at3-p)/2(p=1) | ~y=Bp/2-15/4-3a) (76)

forl < p<2a+3,p>2a+13/6,-1<a<0,andt > 1.To
obtain

2a+3-p _3p 15

<—-—-3a,
2(p-1) ~ 2 4 77)
we need
1<p<2a+3,
13
p>2a+g, (78)

6p° — (12a+19) p+ (8a +9) > 0.

Let p,.(a) =a+19/12 + (1/12)V144a? + 264a + 145. Then,
from (76), we get

lf (t)| < Ct—(2ﬂ+3_P)/2(P_1) (79)

for p,,(a)<p<2a+3,-1<a<0,andt> 1.

When p,,(a) < p < 2a+3and -1/2 < a < 0, we have
(2a+3-p)/2(p-1) < 1/4. By (79), we have

-1/2
lull o < CEIFU (<) ull oo

+ ot xU (1) | oo (80)

< Ct—l/Z—((2a+3—P)/2(P—1))

for t > 1. By using the relation v(f, x) = (1 + t)“/(p_l)u(t, Xx),
we have our desired result.
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