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Let G be a simple graph with n vertices. Let ~AαðGÞ = αDðGÞ + ð1 − αÞAðGÞ, where 0 ≤ α ≤ 1 and AðGÞ and DðGÞ denote the
adjacency matrix and degree matrix of G, respectively. EEαðGÞ =∑n

i=1e
λi is called the α-Estrada index of G, where λ1,⋯, λn

denote the eigenvalues of ~AαðGÞ. In this paper, the upper and lower bounds for EEαðGÞ are given. Moreover, some relations
between the α-Estrada index and α-energy are established.

1. Introduction

Let G = ðVðGÞ, EðGÞÞ be a simple undirected graph with n
vertices, where VðGÞ denotes the vertex set of G and EðGÞ
denotes the edge set of G. Let AðGÞ and DðGÞ denote the
adjacency matrix and degree matrix of G, respectively. The
Laplacian (signless Laplacian) matrix of G is LðGÞ =DðGÞ −
AðGÞðQðGÞ =DðGÞ + AðGÞÞ. In [1], Nikiforov defined ~Aα
ðGÞ = αDðGÞ + ð1 − αÞAðGÞ ð0 ≤ α ≤ 1Þ and studied some
problems of ~AαðGÞ (for example, spectral extremal prob-
lems). Some results on ~AαðGÞ have been obtained, including
bounds of the eigenvalue of ~AαðGÞ and the positive semidefi-
niteness of ~AαðGÞ [1, 2], etc. For more spectral properties of
~AαðGÞ, see [3–6].

The Estrada index [7] of G is defined as

EE Gð Þ = 〠
n

i=1
eλi , ð1Þ

where λ1,⋯, λn are eigenvalues of AðGÞ. The Estrada index
can be used to measure the folding degree of long-chain
proteins [8, 9] and subgraph centrality in complex net-
works [10–13].

The Laplacian Estrada index and signless Laplacian
Estrada index of G are defined as LEEðGÞ =∑n

i=1e
μi and

SLEEðGÞ =∑n
i=1e

qi , respectively, where μ1,⋯, μn and q1,⋯,
qn are eigenvalues of LðGÞ and QðGÞ, respectively [14, 15].
Some mathematical and chemical properties of EEðGÞ, LEE
ðGÞ, and SLEEðGÞ are investigated extensively in mathemat-
ical chemistry [14, 16–25]. For other generalized Estrada
index, see [26, 27].

In [28], Guo and Zhou proposed the α-Estrada index as

EEα Gð Þ = 〠
n

i=1
eλi = 〠

n

i=1
〠
∞

k=0

λki
k!
, ð2Þ

where λ1,⋯, λn are eigenvalues of ~AαðGÞ. Obviously, EE0ðGÞ
is the Estrada index; note that EE1/2 is somewhat different
from the signless Laplacian Estrada index, which is defined
to be SLEEðGÞ =∑n

i=1e
2λi , where λi are the eigenvalues of

~A1/2ðGÞ.
The paper is organized as follows: In Section 2, some

bounds for EEαðGÞ are obtained in terms of the number of
vertices, edges, and triangles of G. We also give some new
bounds for EEαðGÞ through different numerical inequalities.
Furthermore, some relations between the α-Estrada index
and α-energy are established. In Section 3, we compare our
new bounds to the existing results for the α-Estrada index
by certain graphs, benchmark graphs, and random graphs.
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In Section 4, we summarize the results of the paper, and the
future work is envisaged.

2. Some Bounds for the α-Estrada Index

In what follows, let trðMÞ denote the trace of matrixM. Let di
denote the degree of vertex i.

Lemma 1 (see [1, 5]). Let G be a graph with m edges and
t triangles. Then

tr Aα Gð Þð Þ = 2αm, ð3Þ

tr A2
α Gð Þ� �

= 2 1 − αð Þ2m + α2 〠
i∈V Gð Þ

d2i , ð4Þ

tr A3
α Gð Þ� �

= α3 〠
i∈V Gð Þ

d3i + 3α 1 − αð Þ2 〠
i∈V Gð Þ

d2i + 6 1 − αð Þ3t:

ð5Þ

In this section, let τðGÞ = ffi, j, kg ⊂ VðGÞ: i, j, k form a
triangle of Gg; let β and ξ denote the numbers of subgraphs
of G which are isomorphic to path P3 and cycle C4,
respectively.

Proposition 2. Let G be a graph with m edges. Then

tr ~A
4
α Gð Þ

� �
= α4 〠

i∈V Gð Þ
d4i + 4α2 1 − αð Þ2 〠

i∈V Gð Þ
d3i

+ 8α 1 − αð Þ3 〠
i,j,kf g∈τ Gð Þ

di + dj + dk
� �

+ 4α2 1 − αð Þ2 〠
i,jf g∈E Gð Þ

didj

+ 1 − αð Þ4 2m + 4β + 8ξð Þ:

ð6Þ

Proof. Since trðABÞ = trðBAÞ for any A,B ∈ℝn×n,
we have

tr D Gð Þ2A Gð Þ2� �
= 〠

i∈V Gð Þ
d3i ,

tr D Gð ÞA Gð Þð Þ2� �
= 2 〠

i,jf g∈E Gð Þ
didj,

tr D Gð ÞA Gð Þ3� �
= 2 〠

i,j,kf g∈τ Gð Þ
di + dj + dk
� �

:

ð7Þ

It is known that trðA4ðGÞÞ = 2m + 4β + 8ξ (see [29]). Let
A≔ αDðGÞ andB≔ ð1 − αÞAðGÞTaking the trace of ~A4

αðGÞ,
we have

tr A +Bð Þ4� �
= tr A +Bð Þ2 A +Bð Þ2� �
= tr A2 +AB +BA +B2� �

A2 +AB
��

+BA +B2ÞÞ
= tr A4 + 4A2B2 + 4AB3 + 2 ABð Þ2 +B4� �
= α4 〠

i∈V Gð Þ
d4i + 4α2 1 − αð Þ2 〠

i∈V Gð Þ
d3i

+ 8α 1 − αð Þ3 〠
i,j,kf g∈τ Gð Þ

di + dj + dk
� �

+ 4α2 1 − αð Þ2 〠
i,jf g∈E Gð Þ

didj

+ 1 − αð Þ4 2m + 4β + 8ξð Þ:
ð8Þ

In the following, we give a lower bound for the α-Estrada
index of a graph by using the parameter α, the vertex number,
the edge number, and the numbers of subgraphs ofG.

Theorem 3. Let G be a graph with n vertices, m edges, and t
triangles. Then

EEα Gð Þ ≥ n + 2α + 1 − αð Þ2 + 1
12

1 − αð Þ4
� �

m

+ 2α2 + 2α 1 − αð Þ2� �m2

n
+ 4
3

α3 + α2 1 − αð Þ2� �
· m

3

n2
+ α4

2m4

3n3
+ 1 − αð Þ3t + 1

3
α 1 − αð Þ3ζ

+ 1
6
α2 1 − αð Þ2γ + 1

6
1 − αð Þ4 β + 2ξð Þ,

ð9Þ

where γ =∑fi,jg∈EðGÞdidj, ζ =∑fi,j,kg∈τðGÞðdi + dj + dkÞ.

Proof. By defining EEαðGÞ, we have

EEα Gð Þ = 〠
∞

k=0

tr ~A
k
α Gð Þ

� �
k!

,

EEα Gð Þ ≥ n + tr ~Aα Gð Þ
� �

+
tr ~A

2
α Gð Þ

� �
2! +

tr ~A
3
α Gð Þ

� �
3!

+
tr ~A

4
α Gð Þ

� �
4! :

ð10Þ

According to the Hölder inequality, we have 2m =
∑i∈VðGÞdi ≤ nðt−1Þ/tð∑i∈VðGÞd

t
iÞ1/t for any positive integer t.

Hence

〠
i∈V Gð Þ

dti ≥
2mð Þt
nt−1

: ð11Þ
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By (3)–(11) and Proposition 2, we have

EEα Gð Þ ≥ n + 1
2 2 1 − αð Þ2m + α2 〠

i∈V Gð Þ
d2i

 !

+ 1
6 α3 〠

i∈V Gð Þ
d3i + 3α 1 − αð Þ2 〠

i∈V Gð Þ
d2i + 6 1 − αð Þ3t

 !

+ 1
24 α4 〠

i∈V Gð Þ
d4i + 4α2 1 − αð Þ2 〠

i∈V Gð Þ
d3i

 

+ 8α 1 − αð Þ3 〠
i,j,kf g∈τ Gð Þ

di + dj + dk
� �

+ 4α2 1 − αð Þ2γ

+ 1 − αð Þ4 2m + 4β + 8ξð ÞÞ + 2αm ≥ n + 2αm

+ 1
2 2 1 − αð Þ2m + α2

4m2

n

� �

+ 1
6 α3

8m3

n2
+ 3α 1 − αð Þ2 4m

2

n
+ 6 1 − αð Þ3t

� �

+ 1
24 α4

16m4

n3
+ α2 1 − αð Þ2 32m

3

n2
+ 8α 1 − αð Þ3ζ

�
+ 4α2 1 − αð Þ2γ + 1 − αð Þ4 2m + 4β + 8ξð ÞÞ

= n + 2α + 1 − αð Þ2 + 1
12 1 − αð Þ4

� �
m

+ 2α2 + 2α 1 − αð Þ2� �m2

n
+ 4
3 α3 + α2 1 − αð Þ2� �m3

n2

+ 2
3 α

4m
4

n3
+ 1 − αð Þ3t + 1

3 α 1 − αð Þ3ζ

+ 1
6 α

2 1 − αð Þ2γ + 1
6 1 − αð Þ4 β + 2ξð Þ,

ð12Þ

where γ =∑fi,jg∈EðGÞdidj, ζ =∑fi,j,kg∈τðGÞðdi + dj + dkÞ.

Corollary 4. Let G be an r-regular graph with n vertices and
t triangles. Then

EEα Gð Þ > n + α + 1
2

1 − αð Þ2 + 1
24

1 − αð Þ4
� �

nr

+ 1
2

α2 + α 1 − αð Þ2� �
nr2 + 1

6
α3 + 1

4
α2 1 − αð Þ2

� �

· nr3 + 1
24

α4nr4 + 1 − αð Þ3t + α 1 − αð Þ3rt

+ 1
6

1 − αð Þ4 β + 2ξð Þ:
ð13Þ

Proof. Since G is an r-regular graph, then m = ð1/2Þnr,
γ =∑ij∈EðGÞdidj = ð1/2Þnr3, ζ =∑i,j,k∈τðGÞðdi + dj + dkÞ = 3rt.
By Theorem 3, we have

EEα Gð Þ > n + α + 1
2 1 − αð Þ2 + 1

24 1 − αð Þ4
� �

nr

+ 1
2 α

2 + 1
2 α 1 − αð Þ2

� �
nr2 + 1

6 α3 + α2 1 − αð Þ2� �
nr3

+ 1
24 α

4nr4 + 1 − αð Þ3t + α 1 − αð Þ3rt

+ 1
12 α

2 1 − αð Þ2nr3 + 1
6 1 − αð Þ4 β + 2ξð Þ

= n + α + 1
2 1 − αð Þ2 + 1

24 1 − αð Þ4
� �

nr

+ 1
2 α

2 + 1
2 α 1 − αð Þ2

� �
nr2 + 1 − αð Þ3t

+ 1
6 α

3 + 1
4 α

2 1 − αð Þ2
� �

nr3 + 1
24 α

4nr4

+ α 1 − αð Þ3rt + 1
6 1 − αð Þ4 β + 2ξð Þ:

ð14Þ

Also, we give another lower bound for the α-Estrada
index of a graph including the parameter α, the vertex num-
ber, the edge number, and the numbers of triangles of G.

Theorem 5. Let G be a graph with n vertices, m edges, and t
triangles. Then

EEα Gð Þ

≥

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n2 + 8α2 + 8α 1 − αð Þ2� �

m2 + 2 1 − αð Þ2 + 4α2
� �

mn + α3
32m3

3n
+ 2 1 − αð Þ3nt

r
:

ð15Þ

Proof. Let λ1,⋯, λn be eigenvalues of ~AαðGÞ. By the Taylor
expansion theorem, then

ex ≥ 1 + x + x2

2! +
x3

3! ,
ð16Þ

with equality if and only if x = 0.

EEα Gð Þ2 = 〠
n

i=1
〠
n

j=1
eλi+λ j

≥ 〠
n

i=1
〠
n

j=1
1 + λi + λj +

λi + λj

� �2
2! +

λi + λj

� �3
3!

 !

= 〠
n

i=1
〠
n

j=1
1 + λi + λj + λiλj +

λ2i
2 +

λ2j
2 +

λ2i λj

2

 

+
λiλ

2
j

2 + λ3i
6 +

λ3j
6 Þ:

ð17Þ

By (3), we have

〠
n

i=1
λi = 2αm: ð18Þ
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So

〠
n

i=1
〠
n

j=1
λi + λj

� �
= n〠

n

i=1
λi + n〠

n

j=1
λj = 4αmn,

〠
n

i=1
〠
n

j=1
λiλj

� �
= 〠

n

i=1
λi

 !2

= 4α2m2:

ð19Þ

By (4) and (11), we have

〠
n

i=1
λ2i ≥ 2 1 − αð Þ2m + α2

4m2

n
: ð20Þ

So

〠
n

i=1
〠
n

j=1

λ2i
2 +

λ2j
2

 !
= n
2 〠

n

i=1
λ2i + 〠

n

j=1
λ2j

 !

≥ 2 1 − αð Þ2mn + 4α2m2, 〠
n

i=1
〠
n

j=1

λ2i λj

2 +
λ2jλi
2

 !

= 1
2 〠

n

i=1
λ2i 〠

n

j=1
λj + 〠

n

i=1
λi 〠

n

j=1
λ2j

 !

≥ 4α 1 − αð Þ2m2 + 8α3m3

n
:

ð21Þ

By (5) and (11), we have

〠
n

i=1
λ3i ≥ α3

8m3

n2
+ 3α 1 − αð Þ2 4m

2

n
+ 6 1 − αð Þ3t: ð22Þ

So

〠
n

i=1
〠
n

j=1

λ3i
6 +

λ3j
6

 !
= n
3〠

n

i=1
λ3i ≥ 2 1 − αð Þ3nt + 4α 1 − αð Þ2m2

+ 8α3m3

3n :

ð23Þ

Summarize the above conclusions, we have

EEα Gð Þ2 ≥ n2 + 4αmn + 4α2m2 + 2 1 − αð Þ2mn + 4α2m2

+ 4α 1 − αð Þ2m2 + 8α3m3

n
+ 2 1 − αð Þ3nt

+ 4α 1 − αð Þ2m2 + 8α3m3

3n
= n2 + 8α2 + 8α 1 − αð Þ2� �

m2 + 2 1 − αð Þ2 + 4α2
� �

mn

+ α3
32m3

3n + 2 1 − αð Þ3nt:
ð24Þ

In order to prove Theorem 8, we give two lemmas
as follows:

Lemma 6 (see [27]). Let x1, x2,⋯, xn be nonnegative real
numbers, and k > 2, then

〠
n

i=1
xki ≤ 〠

n

i=1
x2i

 !k/2

: ð25Þ

Lemma 7 (see [30]). Let G be a graph with n vertices and
m edges. Then

〠
i∈V Gð Þ

d2i ≤m
2m
n − 1

+ n − 2
� �

: ð26Þ

Inspired by literatures [14, 18], we obtained some bounds
on the α-Estrada index by arithmetic-geometric inequality.

Theorem 8. Let G be a graph with n vertices and m edges.
Then

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n + 4αm + n n − 1ð Þe4am/n

q
≤ EEα Gð Þ ≤ n + 2αm − 1 − ω + eω,

ð27Þ

where ω =
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2ð1 − αÞ2mðn − 1Þ + 2α2m2 − α2ðn − 1Þðn − 2ÞmÞ/ðn − 1Þ:

q

Proof. Let λ1,⋯, λn be eigenvalues of ~AαðGÞ. Then

EEα Gð Þ2 = 〠
n

i=1
e2λi + 2〠

i<j
eλi eλ j : ð28Þ

By the arithmetic-geometric inequality, we have

2〠
i<j
eλi eλ j ≥ n n − 1ð Þ

Y
i<j

eλi eλ j

 !2/ n n−1ð Þð Þ

= n n − 1ð Þ
Yn
i=1

eλi

 !n−1 !2/ n n−1ð Þð Þ

= n n − 1ð Þ e
〠
n

i

λi

0
BB@

1
CCA

2/n

= n n − 1ð Þe4am/n:

ð29Þ

By the Taylor expansion theorem, we have

〠
n

i=1
e2λi = 〠

n

i=1
〠
k≥0

2λið Þk
k!

= n + 4αm + 〠
n

i=1
〠
k≥2

2λið Þk
k!

: ð30Þ
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Let ι ∈ ½0, 4�, we have

〠
n

i=1
e2λi ≥ n + 4αm + ι〠

n

i=1
〠
k≥2

λki
k!

= n + 4αm − ιn − 2αιm + ι〠
n

i=1
〠
k≥0

λki
k!

= 1 − ιð Þn + 4α − 2ιαð Þm + ιEEα Gð Þ:

ð31Þ

By substituting the above formula and solving for
EEαðGÞ, we obtain

EEα Gð Þ2 ≥ 1 − ιð Þn + 4α − 2ιαð Þm + ιEEα Gð Þ + n n − 1ð Þe4am/n,

EEα Gð Þ ≥ ι

2 +
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − ιð Þn + 4α − 2ιαð Þm + ι2

4 + n n − 1ð Þe4am/n
r

:

ð32Þ

It is elementary to show for n ≥ 2; let the function

f xð Þ = x
2 +

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − xð Þn + 4α − 2αxð Þm + x2

4 + n n − 1ð Þe4am/n
r

,

ð33Þ

where 0 ≤ α ≤ 1; then f ðxÞ monotonically decrease in the
interval ½0, 4�. Let x = 0; f ðxÞ is max; that is to say, ι = 0,
EEαðGÞ is a better lower bound.

By Lemmas 6 and 7, we have

EEα Gð Þ = n + 2αm + 〠
n

i=1
〠
k≥2

λki
k!

≤ n + 2αm + 〠
n

i=1
〠
k≥2

λij jk
k!

= n + 2αm +〠
k≥2

1
k!
〠
n

i=1
λij jk

≤ n + 2αm +〠
k≥2

1
k!

〠
n

i=1
λ2i

 !k/2

= n + 2αm +〠
k≥2

1
k!

2 1 − αð Þ2m + α2 〠
n

i=1
d2i

 !k/2

≤ n + 2αm +〠
k≥2

1
k!

2 1 − αð Þ2m + α2m
2m
n − 1 + n − 2
� �� �k/2

= n + 2αm − 1 − ω +〠
k≥0

1
k!
ωk

= n + 2αm − 1 − ω + eω,
ð34Þ

where ω =
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2ð1 − αÞ2mðn − 1Þ + 2α2m2 − α2ðn − 1Þðn − 2ÞmÞ/ðn − 1Þ

q
:

In what follows, let λ1 and λn be the largest and the smal-
lest of ~AαðGÞ, respectively.

Lemma 9 (see [1]). Let G be a graph on n vertices with m
edges. Then

λ1 ≥
2m
n

: ð35Þ

The equality holds if and only if G is a regular graph.

Theorem 10. Let G be a graph on n vertices with m edges.
Then

EEα Gð Þ ≥ e2m/n + n − 1ð Þ + 2αm −
2m
n

: ð36Þ

Proof. Consider the function

f xð Þ = x − 1ð Þ − ln x, x > 0: ð37Þ

Obviously, the function f ðxÞ is decreasing in x ∈ ð0, 1�
and increasing in x ∈ ½1,+∞Þ; then f ðxÞ ≥ f ð1Þ = 0, imply-
ing that

x ≥ 1 + ln x, x > 0: ð38Þ

The equality holds if and only if x = 1. By Lemma 1, we
have

EEα Gð Þ ≥ eλ1 + n − 1ð Þ +〠
k≥2

lneλk

= eλ1 + n − 1ð Þ +〠
k≥2

λk

= eλ1 + n − 1ð Þ + 2αm − λ1:

ð39Þ

Define another function

Φ xð Þ = ex + n − 1ð Þ + 2αm − x, x > 0: ð40Þ

Clearly, this is an increasing function on x ∈ ð0,+∞Þ.
On the other hand, by Lemma 9,

λ1 ≥
2m
n

≥ 0: ð41Þ

Then,

Φ λ1ð Þ ≥Φ
2m
n

� �
: ð42Þ

Finally, we get

EEα Gð Þ ≥ e2m/n + n − 1ð Þ + 2αm −
2m
n

: ð43Þ

From Theorem 10, we have the following result.

Corollary 11. Let G be a r-regular graph with n vertices. Then

EEα Gð Þ ≥ er + n − 1ð Þ + αnr − r: ð44Þ
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In the following, we also obtained some other bounds for
the α-Estrada index through Sarasija’s [31], Ozeki’s [32],
Polya’s [33], and Guo’s [34] inequalities, respectively.

Lemma 12 (see [31]). Let x1, x2,⋯, xn be nonnegative real
numbers. Then

n
1
n
〠
n

i=1
xi −

Yn
i=1

xi

 !1/n !
≤ n〠

n

i=1
xi − 〠

n

i=1

ffiffiffiffi
xi

p
 !2

≤ n n − 1ð Þ 1
n
〠
n

i=1
xi −

Yn
i=1

xi

 !1/n !
:

ð45Þ

Theorem 13. Let G be a graph on n vertices with m edges.
Then

∑n
i=1e

λi/2
� �2 − ne2am/n

n − 1
≤ EEα Gð Þ ≤ 〠

n

i=1
eλi/2

 !2

− n n − 1ð Þe2am/n:

ð46Þ

Proof. By Lemma 1 and Lemma 12, let xi = eλi (i = 1, 2,⋯, n);
we have

n
1
n
〠
n

i=1
eλi −

Yn
i=1

eλi

 !1/n !
≤ n〠

n

i=1
eλi − 〠

n

i=1

ffiffiffiffiffi
eλi

p !2

≤ n n − 1ð Þ 1
n
〠
n

i=1
eλi −

Yn
i=1

eλi

 !1/n !
:

ð47Þ

Then

〠
n

i=1
eλi − ne2am/n ≤ n〠

n

i=1
eλi − 〠

n

i=1
eλi/2

 !2

≤ n − 1ð Þ〠
n

i=1
eλi − n n − 1ð Þe2am/n:

ð48Þ

Consider the left and right sides of inequality, respec-
tively, we have

〠
n

i=1
eλi − ne2am/n ≤ n〠

n

i=1
eλi − 〠

n

i=1
eλi/2

 !2

,

EEα Gð Þ ≥ ∑n
i=1e

λi/2
� �2 − ne2am/n

n − 1 :

ð49Þ

Similarly,

EEα Gð Þ ≤ 〠
n

i=1
eλi/2

 !2

− n n − 1ð Þe2am/n: ð50Þ

Lemma 14 (see [32]). If ai and bi are positive real numbers for
1 ≤ i ≤ n, then

〠
n

i=1
a2i

 !
〠
n

i=1
b2i

 !
− 〠

n

i=1
aibi

 !2

≤
n2

4
M1M2 −m1m2ð Þ2,

ð51Þ

where M1 =max1≤i≤nai, M2 =max1≤i≤nbi, m1 =min1≤i≤nai,
and m2 =min1≤i≤nbi.

Theorem 15. Let G be a graph on n vertices with m edges.
Then

EEα Gð Þ ≥
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n 〠

n

i=1
e2λi

 !
−
n2

4
eλ1 − eλn
� �2vuut : ð52Þ

Equality holds if and only if G ≅ �Kn.

Proof. Let ai = eλi and bi = 1; then m1 = eλn , M1 = eλ1 , and
m2 =M2 = 1, respectively. According to Lemma 14, we have

〠
n

i=1
e2λi

 !
〠
n

i=1
1

 !
− 〠

n

i=1
eλi

 !2

≤
n2

4 eλ1 − eλn
� �2

: ð53Þ

Then

EE2
α Gð Þ ≥ n 〠

n

i=1
e2λi

 !
−
n2

4 eλ1 − eλn
� �2

,

EEα Gð Þ ≥
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n 〠

n

i=1
e2λi

 !
−
n2

4 eλ1 − eλn
� �2vuut :

ð54Þ

Lemma 16 (see [33]). Suppose ai and bi are positive real num-
bers for 1 ≤ i ≤ n; then

〠
n

i=1
a2i

 !
〠
n

i=1
b2i

 !
≤
1
4

ffiffiffiffiffiffiffiffiffiffiffiffiffi
M1M2

m1m2

s
+

ffiffiffiffiffiffiffiffiffiffiffiffiffi
m1m2

M1M2

r !2

〠
n

i=1
aibi

 !2

,

ð55Þ

where M1 =max1≤i≤nai,M2 =max1≤i≤nbi,m1 =min1≤i≤nai,
m2 =min1≤i≤nbi.
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Theorem 17. Let G be a graph on n vertices with m edges.
Then

EEα Gð Þ ≥
2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n ∑n

i=1e2
λi

� �q ffiffiffiffiffiffiffiffiffiffiffi
eλ1 eλn

p

eλ1 + eλn
:

ð56Þ

Proof. Let ai = eλi and bi = 1; then m1 = eλn , M1 = eλ1 , and
m2 =M2 = 1, respectively. By Lemma 16, we have

〠
n

i=1
e2λi

 !
〠
n

i=1
1

 !
≤
1
4

ffiffiffiffiffiffi
eλ1

λn

s
+

ffiffiffiffiffiffi
eλn

λ1

s !2

〠
n

i=1
eλi

 !2

:

ð57Þ

Then

EEα Gð Þ ≥
2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n ∑n

i=1e2
λi

� �q ffiffiffiffiffiffiffiffiffiffiffi
eλ1eλn

p

eλ1 + eλn
:

ð58Þ

Lemma 18 (see [34]). For a1, a2,⋯, an ≥ 0 and p1, p2,⋯,
pn ≥ 0 such that ∑n

i=1pi = 1. Then

〠
n

i=1
piai −

Yn
i=1

apii ≥ nT
1
n
〠
n

i=1
ai −

Yn
i=1

a1/ni

 !
, ð59Þ

where T =min fp1, p2,⋯, png. Equality holds if and only if
a1 = a2 =⋯ = an.

Theorem 19. Let G be a graph with n vertices with m edges.
Then

EEα Gð Þ ≥ eλ1 + 2 n − 1ð ÞΔ − n − 1ð Þe2am/n, ð60Þ

where Δ = eð2αmð2n−1Þ−nλ1Þ/ð2nðn−1ÞÞ. Equality holds if and only
if G ≅ �Kn.

Proof. Let p1 = 1/2n, pi = ð2n − 1Þ/ð2nðn − 1ÞÞ for i = 2,⋯, n,
ai = eλi and for i = 2,⋯, n. Obviously, T =min f1/2n,
ð2n − 1Þ/ð2nðn − 1ÞÞg = 1/2n, according to Lemma 18; we
have

eλ1

2n + 2n − 1
2n n − 1ð Þ〠

n

i=2
eλi − Δ ≥

1
2

1
n
〠
n

i=1
eλi −

Yn
i=1

eλi/n
 !

,

ð61Þ

where Δ = eλ1/2n
Qn

i=2e
ðð2n−1ÞλiÞ/ð2nðn−1ÞÞ.

We consider Δ is

Δ = eλ1/2n
Yn
i=2

e 2n−1ð Þλið Þ/ 2n n−1ð Þð Þ

= e n−1ð Þλ1ð Þ/ 2n n−1ð Þð Þ · e
2n−1ð Þ〠

n

i=2
λi

 !
/ 2n n−1ð Þð Þ

= e n−1ð Þλ1ð Þ/ 2n n−1ð Þð Þ · e 2n−1ð Þ 2αm−λ1ð Þð Þ/ 2n n−1ð Þð Þ

= e 2αm 2n−1ð Þ−nλ1ð Þ/ 2n n−1ð Þð Þ:

ð62Þ

Since

eλ1

2n + 2n − 1
2n n − 1ð Þ 〠

n

i=1
eλi − eλ1

 !
− Δ ≥

1
2n〠

n

i=1
eλi −

1
2 e

2am/n,

ð63Þ

then

EEα Gð Þ ≥ eλ1 + 2 n − 1ð ÞΔ − n − 1ð Þe2am/n, ð64Þ

equality holds that is eλ1 = eλ2 =⋯ = eλn if and only if G ≅ �Kn.

In the H€uckel molecular orbital theory, graph energy is
defined as the sum of the absolute values of the eigen-
values of the adjacency matrix of the molecular graph
[35, 36]. In [28], the α-energy of G is defined as ςαðGÞ =
∑n

i=1jλi − ð2am/nÞj, where λ1,⋯, λn are the eigenvalues of
~AαðGÞ. New bounds for the α-Estrada index in terms of
the α-energy of the graph G are established.

In [37], the Estrada index-like quantity is defined by

�EE Gð Þ = 〠
n

i=1
exi−�x, ð65Þ

where x1, x2,⋯, xn are arbitrary real numbers and �x is their
arithmetic mean. Let x1, x2,⋯, xn and �x be λ1,⋯, λn and 2
am/n, respectively. Evidently, EEαðGÞ = e2am/n �EEαðGÞ, and
therefore, results obtained for EEαðGÞ can be immediately
restated for �EEαðGÞ and vice versa.

Theorem 20. Let G be a graph on n vertices with m edges.
Then

EEα Gð Þ ≤ e2am/n n − 1 − ςα Gð Þ + eςα Gð Þ
� �

: ð66Þ

Proof. Note that ∑n
i=1 ðλi − ð2am/nÞÞ = 0. By Lemma 9, we

have
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e− 2am/nð ÞEEα Gð Þ = �EEα Gð Þ

= n + 〠
n

i=1
〠
k≥2

λi − 2am/nð Þð Þk
k!

≤ n + 〠
n

i=1
〠
k≥2

λi − 2am/nð Þj jk
k!

≤ n +〠
k≥2

1
k!
ςα Gð Þk

= n − 1 − ςα Gð Þ + eςα Gð Þ:

ð67Þ

In order to prove Theorems 21 and 22, let λi − ð2am/nÞ
= δi ði = 1,⋯, nÞ, and let δ1 ≥ δ2≥⋯≥δk ≥ 0>⋯≥δn. By
Lemma 1, we obtained ∑n

i=1 δi = 0. The α-energy of the graph
G is ςαðGÞ =∑n

i=1jδij; then ðςαðGÞÞ/2 =∑δi≥0 δ
+
i = −∑δi<0 δ

−
i .

In the following, some relations between the α-Estrada
index and α-energy are established.

Theorem 21. Let G be a graph on n vertices with m edges.
Then

EEα Gð Þ ≥ e2am/n ςα Gð Þ
2

− δ1 + k − 1ð Þ + eδ1
� �

: ð68Þ

Proof. Let x ≥ 0, considering the following function:

f xð Þ = −1 − x + ex, ð69Þ

in which equality holds if and only ifx = 0. The function f ðxÞ
is increasing in ½0, +∞Þ. The f ðxÞ ≥ f ð0Þ, implying that

x ≤ ex − 1, x ≥ 0: ð70Þ

By (70), we have

ςα Gð Þ
2 = 〠

k

i=1,δi≥0
δi

= δ1 + 〠
k

i=2,δi≥0
δi

≤ δ1 + 〠
k

i=2,δi≥0
eδi − 1
� �

= δ1 − k − 1ð Þ + 〠
k

i=1,δi≥0
eδi − eδ1

≤ δ1 − k − 1ð Þ + 〠
k

i=1,δi≥0
eδi + 〠

n

i=k+1,δi<0
eδi − eδ1

= δ1 − k − 1ð Þ + 〠
n

i=1
eδi − eδ1

= δ1 − k − 1ð Þ + �EEα Gð Þ − eδ1 :

ð71Þ

Theorem 22. Let G be a graph on n vertices with m edges.
Then

EEα Gð Þ ≥ e2am/n keζ Gð Þ/2k + n − kð Þe−ζ Gð Þ/ 2 n−kð Þð Þ
� �

, ð72Þ

in which equality holds if and only ifδ1 =⋯ = δk and δk+1
=⋯ = δn.

Proof. By the Mean Quadratic inequality, we have

〠
k

i=1,δi≥0
eδi ≥ ke δ1+δ2+⋯+δkð Þ/k = keζ Gð Þ/2k: ð73Þ

Similarly,

〠
n

i=k+1,δi<0
eδi ≥ n − kð Þe−ζ Gð Þ/ 2 n−kð Þð Þ: ð74Þ

Then

EEα Gð Þ = e2am/n �EEα Gð Þ
≥ e2am/n keζ Gð Þ/2k + n − kð Þe−ζ Gð Þ/ 2 n−kð Þð Þ

� �
:

ð75Þ

The equality holds in (75) if and only if equalities hold in
both (73) and (74). By the equality case in the Mean Qua-
dratic inequality, equality occurs in (73) and (74) if and only
if eδ1 =⋯ = eδk and eδk =⋯ = eδn ; that is to say, the equality
holds in (75) if and only if δ1 =⋯ = δk and δk+1 =⋯ = δn.
This means all negative eigenvalues and all nonnegative
eigenvalues which completes the proof.

3. Numerical Examples

In this section, we list some computational experiments to
compare our new bounds to previous results for certain con-
nected graphs, benchmark graphs, and random graphs,
where the results of the benchmark graphs and random
graphs are the average of 20 independent experiments. We
listed the lower bound of Theorem 1 (Th. 1) [23], the lower
bound of Theorem 10 (Th. 10), the lower bound of Theorem
13 (Th. 13–), the upper bound of Theorem 2.1 (Th. 2.1) [38],
the upper bound of Theorem 13 (Th. 13+), and the numerical
value of EE0ðGÞ (see Table 1).

The C20, C40, and C60 are fullerenes (letter C is followed
by the number of carbon atoms). ERð1Þ is the Erdös-Rényi
random graph with n = 100 and p = 0:05. ERð2Þ is the
Erdös-Rényi random graph with n = 100 and p = 0:5. BA is
the Barabási-Albert random graph with n = 100, m = 5, and
n0 = 50. WSð1Þ is the Watts-Strogatz random graph with
n = 100, K = 6, and p = 0:1. WSð2Þ is the Watts-Strogatz
random graph with n = 100 and K = 6, and p = 0:5. GN is
the GN (Girvan-Newman) Benchmark graph with n = 128,
k = 16, max k = 16, mu = 0:1, min c = 32, and max c = 32.
LFR is the LFR (Lancichinetti-Fortunato-Radicchi) Bench-
mark graph with n = 1000, k = 10, max k = 40, mu = 0:2,
min c = 30, and max c = 60 (for related parameters, see

8 Advances in Mathematical Physics



[39, 40]). We use f x instead of 10x in Table 1. The results
are kept to four decimal places.

According to the information in Table 1, we know that
the lower bounds in Th. 2.10 and Th. 2:13− are better than
the lower bound of Th. 1; the upper bound of Th. 2:13+ is bet-
ter than the upper bound of Th. 2.1. We also get some other
results in Table 1 as follows: The lower bound of Th. 2.10 is
better than the lower bounds of Th. 2:13− in the cycle graph,
bipartite graph, Petersen graph, ERð2Þ,WSð2Þ, and LFR; Th.
2:13− is good in other cases. For sparse graphs, Th. 2:13− is
good in most cases. For dense graph, Th. 2:10 is good in
most cases.

4. Conclusion

In this paper, we give some bounds on the α-Estrada index of
G, some relations between the α-Estrada index and α-energy
are established. At the same time, we also analyze the
advantages and disadvantages of different bounds for cer-
tain connected graphs, benchmark graphs, and random

graphs by numerical experiments. Our future work will focus
on exploring the practical applications of the α-Estrada index
in physical, chemical, and network sciences.
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ciently the strongness of complex networks. These prior
studies (and datasets) are cited at relevant places within the
text as references [7–11, 29]. Since the paper is a theoretical
study, so no data were used to support this study.

Conflicts of Interest

The authors declare that they have no conflicts of interest.

Acknowledgments

This work was supported by the National Natural Science
Foundation of China (No. 11801115 and No. 11601102),

Table 1

Graph Gð Þ EE0 Gð Þ Th. 1 Th. 10 Th. 13– Th. 2.1 Th. 13+

P3 5.3563 4.1231 4.4603 4.6993 7.6522 6:3987
P4 7.6357 5.2915 5.9816 6.3059 12:3564 10:9177
P5 9.9153 6.4031 7.3530 7.9106 18:0940 16:6426
P6 12:1949 7.4833 8:6278 9.5146 25:0855 23:5733
S1,3 7.8291 5.2915 5.9816 6.3404 12:3564 11:0214
S1,4 10.5243 6.4031 7.3530 8.0103 18:0940 17:0413
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