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The concept of logarithmic representation of infinitesimal generators is introduced, and it is applied to clarify the algebraic
structure of bounded and unbounded infinitesimal generators. In particular, by means of the logarithmic representation, the
bounded components can be extracted from generally unbounded infinitesimal generators. In conclusion, the concept of module
over a Banach algebra is proposed as the generalization of the Banach algebra. As an application to mathematical physics, the
rigorous formulation of a rotation group, which consists of unbounded operators being written by differential operators, is

provided using the module over a Banach algebra.

1. Introduction

Based on the logarithmic representation of infinitesimal
generators, a module over a Banach algebra is introduced.
Let us call such an algebraic subject the B(X)-module,
where X and B(X) stand for a Banach space and its oper-
ator algebra, respectively. The B(X)-module does not cor-
respond only to the extension of the Banach algebra but
also to the general authorization of the Lie algebra consist-
ing of differential operators. This algebraic entity is an
operator algebra being introduced based on the framework
of logarithmic representation of operators. There are two
concepts, which are to be bridged in this paper: a set of
infinitesimal generators generating groups or semigroups
of operators and the elements of the Lie algebra. The fol-
lowing statements are valid:

(i) The sum of two closed operators are not necessarily a
closed operator so that the sum of two infinitesimal
generators are not necessarily an infinitesimal
generator

(ii) The sum of two elements in the Lie algebra are neces-
sarily an element of the Lie algebra

Here is a contradiction in some general situations, as seen
in the relation between the Lie group and the Lie algebra in
which the Lie algebra corresponds to a set of infinitesimal
generators. Besides, these two statements are true if the two
infinitesimal generators are bounded operators. More sub-
stantially, the product cannot be justified without limiting
ourselves to (sub)sets of bounded operators. In this paper,
by means of the logarithmic representation of infinitesimal
generators of invertible evolution operators, a set of generally
unbounded infinitesimal generators is characterized as an
algebraic module over a Banach algebra. The logarithm of
operators is a key to make a bridge for these contradicting
statements.

The logarithm of an injective sectorial operator was
introduced by Nollau [1] in 1969. After a long time, the log-
arithm of sectorial operators was studied again from 1990s
[2-4], and its utility was established with respect to the defi-
nition of the logarithms of operators [5, 6] (for a review of
sectorial operators, see Hasse [7]). While the sectorial opera-
tor has been a generic framework to define the logarithm of
operators, the sectorial property is not generally satisfied by
the evolution operators. In this sense, it is necessary to intro-
duce a reasonable framework for defining the logarithm of
nonsectorial infinitesimal generators.
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In this paper, the theory of B(X) nor-module is intro-
duced. The utility of the theory is confirmed in the applica-
tion to the solvability of abstract Cauchy problem, the
generalization of the Cole-Hopf transform, and the founda-
tion of the rotation group in the latter parts of Sections 2, 3,
and 4.

This paper is the completion of the recent studies shown
in Refs. [8-15]. By organizing the preceding works into a log-
ical order, the several statements are renewed. First, the gen-
eralized version of logarithmic representation (Corollary 8) is
possible using the concept of alternative infinitesimal gener-
ator. Even without any additional assumptions, it enables us
to generalize the logarithmic representation for infinitesimal
generators of noninvertible evolution operators. Although
this fact is taken for granted in the lately published papers
of Refs. [8-15], it is mentioned within a logical process for
the first time. Second, although the relativistic formulation
is introduced for changing the evolution direction as seen
in the application of the Cole-Hopf transform, it should
not be restricted to the application of the Cole-Hopf trans-
form. The relativistic formulation of abstract evolution
equation is a kind of generalization of abstract evolution
equations. More clearly, it generalizes the concept of
abstract evolution equation to the abstract equation. Con-
sequently, the theory of B(X)-module is written in the rel-
ativistic form.

2. Logarithmic Representation of Operators

2.1. Banach Algebra. Let (A, ||-||) be a Banach space (for a
textbook, see [16]). A mapping

AxA— A, (x%y)—x-Y, (1)
is called a multiplication on A, if it is bilinear and associative.
|I]| is said to be a submultiplicative norm if ||x - y|| < ||x]|||»||
for each x, y € A. The Banach space A together with a multi-
plication and submultiplicative norm is called a Banach
algebra.

Let X be a Banach space. Denote by B(X), the set of all
bounded linear operators f : X — X. Then, A = B(X) is an
example of a Banach algebra with multiplication as composi-
tion and norm defined by

£ =sup {IIf Gl [|x]] < 1}, (2)

where f € B(X). B(X) is called the operator algebra of X. Let
A be a Banach algebra and let X be a Banach space. X is said
to be

(i) A left Banach A-module if there exists a bilinear
mapping - : AxX — X, (a,x) — a - x, called left
module action, such that ||a- x| <||a]|||x| and

(ab)-x=a-(b-x), abeAandxeX. (3)

(ii) A right Banach A-module if there exists a bilinear
mapping - : AxX —X, (x,a) —x-a, called
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right module action, such that ||x - a|| < ||a||||x|| and

x-(ab)y=(x-a)-b, abeAandxeX. (4)

(iii) A Banach A-module if it is a left and right Banach A
-module and

a-(x-by=(a-x)-b, abeAandxeX. (5)

As an example of the Banach algebra, B(X) is taken in the
following. Then, X is a Banach B(X)-module under

B(X)x X — X, (f,x) — f(%),

(6)
XxB(X) — X, (x,f) — f(x).
The Banach space, Banach algebra, and Banach B(X)
-module (B(X)-module, for short) are the basic concepts in
this paper.

2.2. Two Parameter Group on Banach Spaces. All the discus-
sion begins with the definition of groups on the Banach
spaces that will be generalized to a well-defined semigroup
in later sections. Let (X, ||-||) be a Banach space and B(X)
its Banach algebra. In particular, B(X) is an example of a
Banach algebra.

A two parameter group is defined on X. Let X be a
Banach space and T € (0, 00). A two parameter group on X
is an operator valued mapping (t,s) — U(t,s) from [-T,
T] into B(X) with the semigroup properties:

U(t,r)U(r,s)=U(t,s),1,s,te[-T, T, (7)

U(s,s)=Lse[-T,T), (8)

and the strong continuity; for each s € [-T, T] and x € X,
the map t — U(t, s)x is continuous on [s, T]. Both U(t,s)
and U(s, t) are assumed to be well-defined to satisfy

U(s,t) U(t,s)=U(s,s) =1, 9)

where U(s, t) corresponds to the inverse operator of U(t, s).
Since U(t,s) U(s,t) = U(¢,t) =1 is also true, the commuta-
tion between U(t,s) and U(s,t) follows. Operator U(t,s),
which is called the evolution operator in the following, is a
generalization of exponential function; indeed, the properties
shown in equations (7)-(9) are satisfied by taking U(t, s) as
¢!™*. Evolution operator is an abstract concept of exponential
function valid for both finite and infinite dimensional Banach
spaces. Due to the validity of equation (9), the invertible evo-
lution family is to be associated with some linear evolution
equations of hyperbolic type and those of dispersive type.
In the same context, the obtained results can be directly
applied to some semilinear evolution equations (for a text
book, see [17]). For example, the solutions of linear and non-
linear wave equations are written by the evolution operator
U(t,s) defined above.
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Let Y be a dense Banach subspace of the Banach space X
and the topology of Y be stronger than that of X. The space
Y C X is assumed to be U(t, s)-invariant; for any ¢, s satisfy-
ing -T<t,s<T,U(t,s)Y =Y. Following the definition of
C,-(semi) group (cf. the assumption H, in Section 5.3 of Pazy
[18] or corresponding discussion in Kato [19, 20]), U(t,s)
trivially satisfy the boundedness in the present setting; there
exist real numbers M and f8 such that

UL 9)]| gy, < MeP',  ||U(t,5)

< MeP. (10)

3x) 3y

that are practically reduced to

1U(t9) ) < MEFT, (U 9) gy, < MEFT,  (11)

when the interval is restricted to be finite [T, T]. Since C,
semigroup theory [21-23], is essentially based on the Laplace
transform of operators, the satisfaction of equation (10) is
discussed here; Mef* in equation (10) arises from the condi-
tion for the existence theorem for the Laplace transforms (for
example, see [24]), and M "= MePT is regarded as a finite real
number in the present setting.

Next, for the well-defined U(t, s), the counterpart of the
logarithm in the abstract framework is introduced. There
are two concepts associated with the logarithm of operators;
one is the infinitesimal generator, and the other is ¢-differ-
ential of U(t, s). These two concepts are connected as follows.

Definition 1 (preinfinitesimal generator). For -T <t,s<T,
the weak limit

wlimh (U (t +h,s) = U(t, s))u,
h—0 X (12)
=wlimh™ (U(t+h, t) =) U(t, s)u,,
—0
is assumed to exist for certain u,, which is an element of a

dense subspace Y of X. A linear operator A(t): Y — X is
defined by

A(t)yu, = vzlironh_l(U(t+h, t) = Iu,, (13)

for u, € Y and -T <t,s< T. The operator A(t) for a whole
family {U(t,s)}_r, oy is called the preinfinitesimal
generator.

Let t-differential of U(t,s) in a weak sense [13] be
denoted by

0,U(t, s)u, = A(H)U(t, s)u,. (14)

Equation (14) is regarded as a differential equation satis-

fied by u(t) = U(t, s)u, that implies a relation between A(¢)
and the logarithm:

A(t)=1[0,U(t,5)]U(s, t). (15)

The relation between A(t) and the logarithm is discussed

in the next Section 2.3. Preinfinitesimal generators are not
necessarily infinitesimal generators without assuming a
dense property of domain space Y in X. For example, in ¢
-independent cases, an operator A(t) defined by equation
(13) is not necessarily a densely defined and closed linear
operator, while A(#) must be a densely defined and closed lin-
ear operator with its resolvent set included in {A € C : ReA
> f3} for A(t) to be the infinitesimal generator. On the other
hand, infinitesimal generators are necessarily preinfinitesi-
mal generators. That is, only the exponentiability with a cer-
tain ideal domain is valid to the preinfinitesimal generators.
The definition of preinfinitesimal generator is useful in terms
of providing the algebraic structure. Let a set of preinfinitesi-
mal generators be denoted by G(X). It is trivial that B(X) C
G(X).

2.3.  Logarithmic  Representation of Preinfinitesimal
Generator. The logarithmic representation of infinitesimal
generator is introduced in order to clarify the structure of
infinitesimal generators [8]. The logarithm of U(t,s) is
defined by the Dunford-Riesz integral [25]. The boundedness
of U(t,s) on X makes the problem rather easy. Indeed, the
boundedness allows us to introduce the translation on the
complex plane as a tool to realize the parallel displacement
of the entire spectral set. On the other hand, two difficulties
inherent to the logarithm

(i) Singularity of logarithm at the origin
(if) Multivalued property of the logarithm

arise. By introducing a constant « € C, the singularity can be
handled. This simple treatment is definitely practical to well-
define the logarithm of nonsectorial operators. By introduc-
ing a principal branch (denoted by “Log”) of the logarithm
(denoted by “log”), the multivalued property is handled.
Indeed, for any complex number z € C, a branch of logarithm
is defined by

Logz =log |z| + i arg Z, (16)

where Z is a complex number chosen to satisfy [Z| = | z],
- <arg Z <, and arg Z = arg z + 2n for a certain integer
n.

Lemma 2. (logarithmic representation of operators). Let t and
s satisfy 0<t,s < T. For a given U(t, s) defined in Section 2.2,
its logarithm is well defined; there exists a certain complex
number k satisfying

Log(U(t,s) +«l) = LJ LogAMAI - U(t,s) - KI)_ldA,
2mi )
(17)
where an integral path I, which excludes the origin, is a circle

in the resolvent set of U(t, s) + xI. Here, I is independent of t
and s. Log(U(t, s) + kI) is bounded on X.



Proof. The logarithm Log holds the singularity at the origin
so that it is necessary to show a possibility of taking a simple
closed curve (integral path) excluding the origin in order to
define the logarithm by means of the Dunford-Riesz integral.
It is not generally possible to take such a path in case of x = 0.

First, U(t,s) is assumed to be bounded for 0<t,s<T
(equation (10)), and the spectral set of U(t,s) is a bounded
set in C. Second, for « satisfying

|| > MePT, (18)

the spectral set of U(t,s)+ I is separated with the origin.
Consequently, it is possible to take an integral path I'" includ-
ing the spectral set of U(t,s) + I and excluding the origin.
Equation (17) follows from the Dunford-Riesz integral. Fur-
thermore, by adjusting the amplitude of «, an appropriate
integral path always exists independent of ¢ and s. Log(U(t
,s) + «I) is bounded on X, since I is included in the resolvent
set of (U(t,s) +«I) [Q.E.D.: Lemma 2]. ?

According to this lemma, by introducing nonzero «, the
logarithm of U(t,s) + kI is well-defined without assuming
the sectorial property to U(t, s). On the other hand, equation
(17) is valid with x = 0 only for limited cases.

Theorem 3. (logarithmic representation of infinitesimal gen-
erators). Let t and s satisfy =T <t,s < T and Y be a dense sub-
space of X. For U(t,s) defined in Section 2.2, let A(t) € G(X)
and 0,U(t,s) be determined by equations (13) and (14),
respectively. If A(t) and U(t,s) commute, preinfinitesimal
generators {A(t)}_r_,.r are represented by means of the loga-
rithm function; there exists a certain complex number k # 0
such that

A(tyu,=(I+xU(s,t))0,Log(U(t,s) + «I)u, (19)

where ug is an element in Y. Note that U(t, s) defined in Sec-
tion 2.2 is assumed to be invertible.

Proof. For U(t,s) defined in Section 2.2, operators Log (U(t
,s)+«I)and Log (U(t + h, s) + «I) are well-defined for a cer-
tain k¥ (Lemma 2). The t-differential in a weak sense is for-
mally written by

wlzm {Log( (t+h,s)+«l)

ulirn —Log(U(t,s) +«I)}

1 -1
—u}izrth J LogA{ (Al = U(t + h,s) — «I)
~(AI-U(t,s) —«I)"" }dA (20)

=wlim LJ Log)t{(M ~U(t+h,s)—«I)™’

h—0 2mi )

U(t+h,s)-U(t,s) 1
0 (A=U(t,s) —«I) }d}l,

where I', which is possible to be taken independent of ¢, s, and
h for a sufficiently large certain «, denotes a circle in the resol-
vent set of both U(t, s) + kI and U(t + h, s) + I. A part of the
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integrand of equation (20) is estimated as

~(AI-U(t,s) - KI)I}V
< H{(M— U(t+h,s)— )"
U(t+h,s)-U(t,s)

h

X (21)
s

(AI-U(t,s) —«I)™" }v

>

X

for v € X. There are two steps to prove the validity of equa-
tion (20).

Step 1. The former part of the right hand side of equation
(21) satisfies

[{(AI- U(t+h,s)—x1)_1}HB(x) <00, (22)

since A is taken from the resolvent set of U(t + h,s) — «I. In
the same way, the operator (A— U(t,s) —«)~
on X and Y. Then, the continuity of the mapping t —
(A—U(t,s) — k)" as for the strong topology follows:

is bounded

|AI=U(t+h,s) =)™ = (AT - U(t,s) - «I)
<|AMT-U(t+h,s)—«I)™
(Ut +hs)) - UL

oy

s

)M = U(t,s) —«I)~ ||B

(23)

Step 2. The latter part of the right hand side of equation (21)
is estimated as

(5:5) (M =U(t,s)—«I)"u

HU(t+h,s)— U(t,s

h X
1 t+h

H— AMU(t,s)(AI - U(t,s) - KI)_IM dr
t X

1 t+h -

< 1| AU [ 1= U5) =)

t

el

(24)

for €Y. Because ||A(7)U(7,

tion, the right hand side of equation (24) is finite. Equation
(24) shows the uniform boundedness with respect to h; then,
the uniform convergence (h — 0) of equation (20) follows.
Consequently, the weak limit process h — 0 for the inte-
grand of equation (8) is justified, as well as the commutation
between the limit and the integral.

$)||g(y,x) < 00 is true by assump-
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According to equation (20), interchange of the limit with
the integral leads to

0.Log(U(t,s) + Il )u
211J dA {(Log)u)()tl U(t,s)—«I)~ u}:l_%n
: ( (t+h, s})l - Ut S)) (ML= U(t,s) - &I)™

(25)

for €Y. Because it is also allowed to interchange A(t) with
U(t,s),

0,Log(U(t,s) +xIl)u

= LJ (LogA) (A= U(t,s) — k) "A(H)U(t,5)

2mi )

~(AI-U(t,s) - «I)'du
= %J (LogA)(AI = U(t,s) - ;cI) U(t, s)dAA(t)u,

i
(26)
for €Y. A part of the right hand side is calculated as

2;J<L°9A)W U(t,s) - D) U (t, s)dA

| (M- U(t,s) - «D)'U(t, s)dA

(M-U(t,s)—«I)™"

NN

1

2mi
1

2mi |
{ — (M= U(t,s) - xI) }dA
1

(ML= U(t,s) —«I)"'dA

> ~

2mi )

1
p— I B — —
(AT = U(t,s) - «I)"'dA ZmJ d)

>

2mi |

(M = U(t,s) —«I)"'d\

(ML= U(t,s) —«I)"'dA

>

2mi | p

:%L(M U(t,s) — k) 'dA = k(U (t,s) + xI)

. {lLi (U(t,s) - )L (AT = U(t,s) - ;cI)Id)L}

:2;J (A= U(t,5) ~ kI)"dA — k(U (t,5) + &I) "
.{Z;L(M U(t,s) - )HA-%JT%M}

= (I-x(U(t,s) +xI)™") ZiJ (AI-U(t,s) - KI)—fdA

= (I— k(U(t,s) +«l)~ i n+1

=I-«x(U(ts) +KI)

due to the integration by parts, where |A—x|=|v|=7ris a
properly chosen circle large enough to include I'. (27i)~ L“
A7'dA =0 is seen by applying dLogA/dA = 1/A. (27i)” JM:r

Ut s)"v™!dv=1 follows from the singularity of

vl

Consequently,

A(yuI-x(U(t,s) +x)™} 19, Log(U(t,s) + kI)u,
(U(t,s) + ) U(t, 5)19,Log(U(t, s) + kI )u, (28)
=(

(t:s)
I+xU(s, t))0,Log(U(t,s) + I )u,,

is obtained for u, € Y [Q.E.D.: Theorem 3]. ?

The meaning of logarithmic representation is examined
by focusing on 0,Log(U(t,s) + xI). What is introduced by
equation (19) is a kind of resolvent approximation of A(t)

0,Log(U(t,s) +«kI)= (I +«U(s, t))"A(t),  (29)
in which A(#) is represented by the resolvent operator of U
(s, t). As seen in the following, it is notable that there is no
need to take x — 0. This point is different from the usual
treatment of resolvent approximations; indeed, it is impossi-
ble to take x — 0 if the origin is not included in the resol-
vent set of U(t,s). On the other hand, it is also seen by
equation (19) that

0, Log(U(t,s) + kI) = (U(t,s) + kI)| o A(t) (U (L, s) + k)",

(30)

shows a structure of similarity transform, where (U(t,s) + x
)| o means U(t,s) +«k satisfying a condition x=0. This
asymmetric similarity transform from left and right hand
sides are remarkable, and it becomes symmetric if x=0]. A
part 0,Log(U(t,s) + «I) plays an essential role in the follow-
ing discussion.

3. Regularized Evolution Operator

3.1. Alternative Infinitesimal Generator. The alternative
infinitesimal generator is introduced in order to extract
bounded parts from the preinfinitesimal generator A [9].
The operator A(t) € G(X) is generally unbounded in X. A
bounded operator a(t,s) on X is introduced.

Definition 4 (alternative infinitesimal generator). Let « be a
certain complex number. For a certain v, € X, the alternative
infinitesimal generator d,a(t,s) to A(t) € G(X) is defined
using

a(t,s)vy:=Log(U(t,s) + «kI)v,, (31)

on X, where 0, denotes t —differential in a weak sense.

In the present setting assuming the existence of 0,U(t, s)
and therefore A(t), the operator 0,a(t, s) exists. According to



the logarithmic representation,
A(tyu, = (- k(U (ts) + &)™) " da(t, s)ug, (32)

is obtained. Since a(t, s) is a bounded operator defined by the
Dunford-Riesz integral, v, in the definition of alternative
infinitesimal generator can be taken from X. Since « is chosen
to separate the spectral set of U(t, s) + I from the origin, the
inverse operator of U(t,s) + kI always exists, as k is taken
from {1 € C;|A| > MeFT}.

Definition 5 (regularized evolution operator). The alternative
infinitesimal generator 0,a(t,s) generates the regularized
evolution operator

_ i a(ts)" (33)

which is represented by the convergent power series.

The operator e*(**) is regularized in the following sense;
the inverse evolution operator e () always exists, if e*(-)
exists. This fact, which arises from the boundedness of a(t, s
), is true, even if negative time evolution U(t,s)™" = U(s, t)
is not well-defined, and only positive time evolution U(t, s)
is given (£ > s).

It is remarkable that

Loge” ™) = Log(U(t, s) + I) = a(t, s), (34)

is always satisfied, while
J (I+xU(s, t))’lA(t)dt =Log(U(t,s) + «I), (35)

is not necessarily satisfied because the limited range of imag-
inary spectral distribution is necessarily true only for the
right hand side. In this sense, a(t,s) corresponds to the
extracted bounded part of the infinitesimal generator A(t).
The regularized trajectory in finite/infinite dimensional
dynamical systems (for textbooks, see [26, 27]) arises from
the regularized evolution operator. Note that, as the well-
defined 9,a(t, s) is not necessary for e***) to be well-defined,
only the well-defined a(t, s) is sufficient for e*) to be well-
defined. This fact essentially simplifies the discussion in
applying e***) in which there is no need to consider weak
differential.

Using the relation between the logarithm and the expo-
nential functions,

U(t,s) = "™ —«I, (36)

is valid. It shows a correspondence between %) and U(t, s)
at the level of an evolution operator. One difference is
whether the semigroup property is satisfied or not, and
another difference is whether the convergence power series
representation is always true or not. Meanwhile, at the level
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of infinitesimal generators, there is a substantial difference
between a(t,s) and A(t). That is, a(t, s) is always bounded
on X, while A(t) is not necessarily bounded on X. Because
of the boundedness of a(t,s) on X, the inverse operator
e always exists if e?(*) exists. One of the essential ideas
is to generate e*("*), instead of generating U(t, s).

Theorem 6. (modified semigroup property). Let k be a certain

complex number. For the operator e*"*) on X, the semigroup
property is replaced with

(1) = 1) = e+ D =) 409, (37)

") — =l (38)

The inverse relation is replaced with
751 ts) _ ga(s9) = K(e“(t’s> + e"(”)) —k(k+ DI (39)

In particular, the commutation
ea(s,t)ea(t,s) _ ea(t,s) ea(s,t) =0 (40)

is necessarily valid.

Proof. Substitution of U(t,s) = &™) — kI to U(t,r) U(r,s) =
U(t, s) leads to the following relation:

U(t,r)U(r,s) = B9 g,

(41)
(e“(”) - KI) (e“(”) - KI) =) k]

where by taking « with a large |« | , k is possible to be taken as

common to U(t,s) with different ¢t and s. Meanwhile, the

replacement of U(t,s) = e**) — I with U(s,s) =1 leads to
the following relation:

e = (ke + 1)1 (42)

That is, for « # 1, (k + 1) '¢?*) behaves as the unit oper-

ator. Modified version of semigroup property (i.e., (38)) has

been proved. The inverse relation (39) follows readily from
equation (38). According to equation (15),

eu(t,t) _ ea([,s)ea(s,t) — K(K + 1)1 _ K(ea(t,s) + ea(s,t))) (43)
is valid. Combination with another relation
ea(s,s) _ eu(s,t)ea(t,s) — K(K + 1)1 _ K(ea(s,t) + eu(t,s))) (44)

leads to the commutation:

eu(t,s) ea(s,t) _ ea(s,t)eu(t,s) — 0, (45)
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where et = %) = (14 )I is utilized [Q.E.D.: Theorem

6]. ?

Equations (38) and (39) show the commutativity and vio-
lation of semigroup property by e*(“*). The right hand sides of
equations (38) and (39) are equal to zero for x = 0. These sit-
uations correspond to the cases when the semigroup prop-
erty is satisfied by e?"), and it is readily seen that the
insufficiency of semigroup property arises from the introduc-
tion of nonzero «.

The decomposition is obtained by the following structure
theorem for the regularized evolution operator. Note that the

decomposition of e***) also provides a certain relation
between the time-discretization and the violation of semi-

group property.

Theorem 7. (structure of regularized evolution operator). Let
Kk be a certain complex number. For a given decomposition s
<1y, Ty e, 1, <t Of the interval [s, t] with n > 2, the operator
") on X is represented by

o8(09) — galbn,) palror, 1) .. galram) ga(rys)

+x(k+ DI -k ( et 4 el ))

+ Z |:{ K + 1 ( “(m'x) + eu(r,(,r,;l)) } (46)

A lne2) e“(’zﬁ)e“(fz’s)}

>

wherer,andr,, ; in the sum are denoted ass=ryandt=r,,
respectively.

Proof. According to equation (38), a decomposition
e(h) = 20 (%) 4 (1 + 1)1 - K(e"“’”) + e“m’s)), (47)
is true. Another decomposition
e?(tr1) = a(br2) 8(r2m) e + 1)1 - K(e“(t’rZ)e“(rZ”‘)), (48)
is also true, and then
et = {e“(t’”)e“(’””) +x(k+ 1) - K(e”(”z) + e“(’z’”)) }
e tge(xc+ 1) — K(e“WI) + e“(’l"))
= e20r2) garr) %) 4 (e + 1) (I + e“m’s))
_ K{ a(try) 4 galrs) 4 < a(tr;) 4 g (rzfz))e“(’zrs)}’
(49)

follows by sorting based on « and «(x + 1) dependence. Fur-
ther decomposition shows

¢(t72) = 69 2ra72) 4 ek 4 1) - K(ea(%) n e“(’3”z))’ (50)

and then

() = (72 a2 )E Y ey 4 ) (I + e““”s))
_ K{ea<m> 4 4 (e“(”’z) + eu(rprz))ea(fm)}
- { ¢(6r3) 2015 7) (e + )T — K(eau,r}) + ea(m)) }
) 8) 1y 4 1) (1 n eﬂ(w))

_ K{ea<u,> 4 e | (eawz) + ea(rz,r,>)ea(r,,s>}

= eu<t’73>ea(73’72)ea('Z’rl)ea(rl’S) + K(K + I)e“(’z”J)e“(’l’s)
_ K( a(trs) e“(%v’z))e“('z>’1)e“(’1>5) +x(k+ 1) (1 " ea(w))
_ K{eaw,) 40 4 ( a(trs) 4 (1 o) a(w)}

- ea(t,rj)ea(rj,rz)eu(rz,r,)eu(rl,s) + K(K + 1)

. { I+ ( I+ eu(w:)) ea(w)} _ K{eaw,) 4 ers)

+ (eaw + e“(’z’ﬁ))ea(’ps) + (euu,rj) + eu(rm))
@) galr19) }
(51)

follows. For a certain #n > 2, a constitutional representation is
suggested by the deduction:

¢ = g20) ga(ruruct) .. 2(r21) 29 4 (1 + 1) {1 + e4rns)
+ (eumm eﬂ(ﬁ>$)) P (eam,m . ea(rg,meams))}
_ K[ a(try) 4 galrs) 4 ( a(tr;) 4 g <r2,r1>)ea<ms>
+ (eau,w + ea(rsm) alrary) ga(ris) ..

+ (ea(uoea(rwrn,n) A1) . ea(rz,raea(ms)} )

(52)
Consequently,
ea(t’s> = ea(t’rn)ea(rn’rnfl) e ea(rZ’r1>ea(r1’S> + K(K + 1)
n
I+ |:eu(r,c_1,r,€_2) ea(rz,r,)ea(r,,s):|
x ( a(tr) 4 pa(rs >) Y [(ea(rm N ea<rwrm>>
k=2
. e“(rx—z”x—z) ea(rm)ea(w)] ,
(53)

is obtained. The statement is proved by sorting terms
[Q.E.D.: Theorem 7]. ?

Using the regularized evolution operator, the logarithmic
representation is readily generalized to the infinitesimal



generators of invertible and noninvertible evolution opera-
tors. Indeed, according to the proof of Theorem 3, only the
boundedness of U(t,s) on X and the resulting time-interval
symmetry is essential.

Corollary 8. (generalized logarithmic representation of infin-
itesimal generators). Let t and s satisfy =T <t,s<T, and Y be
a dense subspace of X. For noninvertible U(t,s), U(t,s) is
defined in Section 2.2 without assuming

u(t, s)’l =U(s, 1), (54)

let A(t) € G(X) and 0,U(t, s) be determined by equations (13)
and (14), respectively. If A(t) and U(t, s) commute, preinfini-
tesimal generators {A(t)}_;_,.r are represented by means of
the logarithm function; there exists a certain complex number
k # 0 such that

A(tyu, = (I - Ke_“("s>>_18tLog(U(t, )+l )u, (55)

where ug is an element in Y.

Proof. The first line of equation (28) shows the validity of the
statement. Indeed, for the logarithmic representation, the
invertible property does not play any roles after introducing

nonzero k € C. In particular, (I - Ke’“(t’s))d is always well-
defined for a certain « [Q.E.D.: Corollary 8]. ?

Using the regularized evolution operator, A similarity
transform representation (30) for 0,a(t, s) is written by
0,a(t, s) = e")| o A(t)e ), (56)
where the boundedness of a(t, s) allows us to define e (),
Due to the boundedness of a(t,s) on X, e**) is always
well-defined by a convergent power series. It leads to the
holomorphic property of e***). Here is the reason why
e”*?) is called the regularized evolution operator.
In the following, the generalized logarithmic representa-
tion of infinitesimal generators is utilized. It enables us to

have the logarithmic representation not only for the C,-
groups but for the C,-semigroups.

3.2. Renormalized Abstract Evolution Equations. Evolution
equations are renormalized by means of the alternative infin-
itesimal generators and regularized evolution operator.

Corollary 9. (renormalized abstract evolution equations). If
a(t, s) with different t and s are further assumed to commute,

0,e""y = [0,a(t,
9,v(t) = [0,a(t,

e,
s)|v(t),
is satisfied for v, €Y, where 0, denotes t— differential in a

weak sense. This is a linear evolution equation satisfied by v(
t) = e?(6s) v,

leading to (57)
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Proof. For the evolution operator

_xats

=

(58)

the existence of 9,e*"*) is ensured by the existence of 9,a(t, s).
Using the commutatlon between a(t, s) with different ¢ and s,

0 {a(t,s)Y =n{a(t,s)}"'0,a(t,s), (59)

is true, and the homogeneous-type abstract evolution equa-
tion is rephrased as an equation with bounded infinitesimal
generator

0,e"™y, = e (d,a(t, s))v, (60)
for v, € Y [Q.E.D.: Corollary 9]. ?

This is an abstract evolution equation obtained by the
replacement A(t) with 9,a(t,s). Here, one essential idea is
to generate ¢*(**) instead of U(t, s); although e is easily
defined due to the boundedness of a(t,s), the general
unboundedness of infinitesimal generator d,a(t,s) in X is
ensured by the similarity transform (56). Under the commu-
tation assumption between A(t) and U(t, s), equation (60) is
rephrased as

0,e"™y =0,(U(t,s) + kl)v, = 0,U(t, s)v,
(0,a(t,s))v,=(U(t,s) +xl)0,(Log(U(t,s) + «I))v,
=(U(t,s) +«I) ,s) + kD) U(t,5)A(t) v,
t

U(t,s
ANU(5)y,
(61)
where Theorem 3 is applied. Consequently,
0,U(t,s)vy=A()U(t,s)v,, (62)

is obtained. Note again that e***) does not satisfy the semi-
group property, while U(t, s) satlsﬁes it.

3.3. Linearized Infinitesimal Generator. The linearity of the
semigroup is not assumed in the preceding discussion so that
the operator U(t, s) can be taken as either linear or nonlinear
semigroup. Let us assume a more general situation, in which

(i) The existence of U(t,s) satisfying equation (7) is
locally ture for t,s € [T, T]

(ii) The existence of the infinitesimal generator of U(Z, s)
is not clear

This situation corresponds to the situation when only the
unique local existence of their solutions the nonlinear partial
differential equations is ensured. One of the important appli-
cation of the renormalized abstract evolution equation is the
linearization, which enables to analyze the local profile of
nonlinear semigroup.
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Corollary 10. (linearized evolution equation). For =T <t,s
< T, the two parameter group is defined on X. Let either linear
or nonlinear semigroup U(t,s) defined on a Banach space X
satisfy equation (7). Let U(t, s)u, be the solution of nonlinear
equation:

0,u(t,s) = F(u(t,s)). (63)
If the logarithmic representation Log(U (¢, s) + «I) is true,

d,v(t) = [(1 —k(U(t,5) + D)) ' 3,a(t, s)] (1),  (64)

is the linearized equation, where note that a(t, s) includes a
parameter x € C. If the logarithmic representation is true
for k=0, the infinitesimal generator of linearized problem
is simply represented by 0,a(t, s)|,_,0,Log(U(t,s)).

The condition for obtaining the linearized evolution
equation is the locality for the evolution direction t, which
leads to the boundedness of the spectral set of U(t,s). The
theoretical procedure of obtaining the linearized problem is
summarized as follows. For nonzero x € C, first, U(t,s) is
regarded as an exponential function; second, calculating the
logarithm of U(#, s); and finally the linearized operator

(I-x(U(t;s) + k1)) " da(t,s)
=0, {(I —x(U(t,s) + KI)_I)_la(t, s)} (65)

-0, {(I -x(U(t,s) + KI)_1>_1:| a(t,s),
generates the regularized evolution operator
") — gl (66)

It is more clearly understood by the case of ¥ =0,

“

U(t,s)=e"™|,_, leads to Loge“™| _y=a(ts)|

(67)

Consequently, the operator-logarithm is regarded as a
mapping from “continuous group” to “bounded algebra.”
These alternative equations can be used to analyze quasi-
linear evolution equations and full-nonlinear evolution equa-
tions [28].

3.3.1. Autonomous Case. The regularity results have not been
much studied in the Cauchy problem of hyperbolic partial
differential equations (for a textbook, see [29]). The regular-
ized evolution operator, which is also applicable to some
hyperbolic type equations, is utilized to solve autonomous
Cauchy problems.

) (68)

in X, where A(t) € G(X): Y — X is assumed to be an infin-
itesimal generator of U(t, s) satisfying the semigroup prop-

erty, —T <t,s<T is satisfied, Y is a dense subspace of X
permitting the representation shown in equation (19), and
u, is an element of X.

As seen in equation (57), under the assumption of com-
mutation, a related Cauchy problem is obtained as

{ 0,v(t,s) = (9,a(t, $))v(t: s) (69)

v(s,s) = &) U,
in X, where 0,a(t,s) = 9,Log(U(t,s) + «I) is well-defined. It

is possible to solve the rewritten Cauchy problem, and the
solution is represented by

© a(t, s)"
‘V(t, S) — eu(t,s)us _ z a( 5)

n=0

71' us’ (70)

for u, € X (cf. equation (58)).

Theorem 11. Operator ¢**) is holomorphic.

Proof. According to the boundedness of a(t, s) on X (Lemma
2), a;*e“@)S) [30] is possible to be represented as

n _a(t,s 1 n -
areats) = z_m'L)‘ MM —a(t,s) L, (71)

for a certain x € C, where A"¢* does not hold any singularity
for any finite A. Following the standard theory of evolution
equation,

CG,n

o" a(t,s) < On
€ n(t sin )"

(72)

is true for a certain constant Cq, (n=0,1,2,---), where 0 €
(0m/2) and |argt | <m/2 are satisfied (for the detail, e.g., see
[22]). It follows that

C
< lim sup ¢" O

9" () O 0. (73
t€ 40 7(t sin 6)" oo (73)

lim sup t"
t—+0

Consequently, for |z — t | <tsin0, the power series expan-
sion

Z (Z - t) a:teu(t,s)’ (74)

|
n=0 n:

is uniformly convergent in a wider sense. Therefore, e*("*) is

holomorphic [Q.E.D.: Theorem 11]. ?

Theorem 12. For u, € X, there exists a unique solution u(-)
€ C([-T,T];X) for (68) with a convergent power series
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representation:
< a(t,s)"
t)y=U(t, =(“<f") I) = =« |u,,
u(t) (t,s)u,= (e I ) u, Z;} o kI |u,

where x is a certain complex number.

Proof. The unique existence follows from the assumption for
A(t). The regularized evolution operator e is holo-
morphic function (Theorem 11) with the convergent power
series representation (equation (58)). By applying U(t, s) +
«I = "), the solution of the original Cauchy problem is
obtained as

u(t) = (ea(té) - KI) u, = (i a<:!5)n - KI) u,, (76)

n=0

for the initial value u, € X. Note that A(t) is not assumed to
be a generator of analytic evolution family but only a gener-
ator of evolution family [Q.E.D.: Theorem 12]. ?

For I, denoting the resolvent operator of A(t), the evolu-
tion operator defined by the Yosida approximation is written

by

u(t) = lim exp (JII)LA(T)dT> U, (77)

A—0 s

so that more informative representation is provided by The-
orem 12 compared to the standard theory based on the Hille-
Yosida theorem.

3.3.2. Nonautonomous Case. Series representation in autono-
mous part leads to the enhancement of the solvability. Let Y
be a dense subspace of X permitting the representation
shown in equation (19), and u; is an element of X. The regu-
larized evolution operator is utilized to solved nonautono-
mous Cauchy problems.

{ O,u(t) = A(tyu(t) + f(t) (78)

u(s) = u,

in X, where A(t) € G(X): Y — X is assumed to be an infin-
itesimal generator of U(t, s) satisfying the semigroup prop-
erty and f € L'(-T, T;X) is locally Holder continuous on
[_T”T]

£ () =F ()]l < Crylt =", (79)

for a certain positive constant Cy,p<1 and -T <t,s<T.
The solution of nonautonomous problem does not necessar-
ily exist in such a setting (in general, f € C([-T, T]; X) is
necessary).
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Theorem 13. Let f € L' (=T, T ; X) be locally Holder continu-
ous on [=T, T]. For u, € X, there exists a unique solution u(-
) € C([-T, T] ; X) for (78) such that

u(t) = [i a(t};!s)n _ ;d] u, + Jt [i a(t];;r)”

n=0 s | n=0

- KI]f(T)dT,
(80)

using a certain complex number k.

Proof. Let us begin with cases with f € C([-T, T]; X). The
unique existence follows from the standard theory of evolu-
tion equation. The representation follows from that of U(t,
s) and the Duhamel’s principle

u(t) =U(t, s)u, + J.t(t, 7)f(7)dr
’ (81)

t
= (e“<”5) - KI) u, + J

where the convergent power series representation of ") is
valid (cf. equation (58)).

{e“““) - KI}f(T)dT,

N

t
u(t) = (e“(”s) - KI) U+ J [e“(”) - KI}f(T)dT,
(o : (82)
= ety + J [ea(”7>]f(r)d‘r - lu, + J [-«I)f (1)dr.
s s
Next, let us consider cases with the locally Holder contin-
uous f(t). According to the linearity of equation (78), it is
sufficient to consider the inhomogeneous term. For € satisfy-
ing0<exT,

JHQ {e“(‘”) - KI}f(T)dT — Jt

N S

") — kI | f(t)dr, (83)
[ [

is true by taking € — 0. On the other hand,

t+€

A(t)JS [ea(”) - Kl]f(r)d‘r

- JHEA(t) U(t,7)f (1)dr = J

N

fA(t)U(t, ()

—f(t))dT + J AUt 7)f (t)dr

3. U(t,7)f (t)dr

S

t+e€

[ amue oo - fe)dr j

=| AQUELT)(f(7) - f(t))dr

S

- Ut t+e)f(t) + U(t, 5)f (t)
= t+6(1 +xU)(s, 1)0,a(t, s) [ea<t,f> _ ’d}

S

(f(2) = f(1))dr = U(t, t+€)f (1) + U(ts)f (1),
(84)
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where 0,U(t,7) =—A(t)U(t, 7) is utilized. The last identity
is obtained by applying A(t)= (I +«U(s,t))0,a(t,s). The
Holder continuity and equation (73) lead to the strong con-
vergence of the right hand of equation (84):

VWLMVMM

— Jf(l +xU(s, 1)) (0,a(t,s)) {ea(t,f) B KI} (85)

N

(f(2) = f(1))dr + (U(t,5) - Df(1),

(due to € — 0) for f € L'(0, T; X). A(t) is assumed to be an
infinitesimal generator so that A(t) is a closed operator from
Y to X. It follows that

J.t {e“(”) - KI}f(T)dT €y,

S

A@JVWLMV@w (56)

N

_ Jt(I +xU(s, £))d,a(t, ) [ea(m) - KI}

N

S(f(x) = f(£))dr + (U(t,s) - )f () € X.

The right hand side of this equation is strongly continuous
on [-T, T]. Consequently,

t+e€
@J[ﬂm—@ﬂﬂw
t+€

(0,a(t, 7))e" ™V f (1)dr

N

= [e“(t’”e) - Kl}f(t+€) +J

—aﬂQ+JU—Mﬂnﬂy%Qthﬂ+ﬂyﬁMT

=f(t) + J AUt 7)f(T)dT

:ﬂﬂ+A@JFW”—MV@Mt

N

(87)

It is seen that ﬁ [e*:T) — «I]f(1)dr satisfies equation (78)

and that it is sufficient to assume f € L!(0, T ; X) as Holder
continuous [Q.E.D.: Theorem 13]. ?

More simply, the unique solvability of nonautonomous
case can be regarded in the context of decomposing the mild
solution (for this terminology, see [18]).

Corollary 14. Let f € L' (=T, T ; X) be locally Holder continu-
ous on [=T, T). For u, € X, there exists a unique solution u(-

11
) € C([-T, T]; X) for (78) such that
< a(ts)" & alt,s)"
u(t) = Z ( ') uS+JZ ( ')f(r)d‘r
= nl = on! (88)
t
+xl [us - Jf(‘r)dr} ,
using a certain complex number .
Proof. The representation is regarded as
t
u(t)=U(t, s)u, + J U(t,7)f(r)dt
t
= (e“(t’s) - KI) U, + J (e“(”) - ;d)f(r)dr
t t
= {e“(”)us + J e"(”)f(‘r)d‘r] —«l [us - Jf(‘r)d‘r]
(89)

The former part in the parenthesis is the mild solution of
o,u(t)=a(t,s)u(t) + f(¢), and the latter part in another
parenthesis is the mild solution of 9,u(t) = f(¢). The unique
existence of mild solution for the former part is valid for Ho
lder continuous f € L'(0, T ; X) and that for the latter part is
valid for any f € L'(-T, T ; X) [Q.E.D.: Corollary 14]. ?

Corollary 14 shows the meaning of introducing the alter-
native infinitesimal generator. This result should be com-
pared to the standard theory of evolution equations in
which the inhomogeneous term f is assumed to be continu-
ous on [-T, T]. Consequently, in a purely abstract frame-
work, the maximal regularity effect [31, 32] is found in the
solutions of renormalized evolution equations. In this sense,
the alternative infinitesimal generator brings about the ana-
lytic semigroup theory for nonparabolic evolution equations.

4. Relativistic Formulation of Abstract
Evolution Equations

4.1. Formalism. The relativistic formulation of abstract evolu-
tion equations (55) is introduced to establish an abstract ver-
sion of the Cole-Hopf transform in Banach spaces and to
explain the nonlinear relation between the evolution opera-
tor and its infinitesimal generator [11]. The relativistic for-
mulation is introduced for changing the evolution
direction, which is necessary to justify the generalized Cole-
Hopf transform.

In this paper, the logarithmic representation of infinites-
imal generator is utilized to formulate the relativistic form of
abstract evolution equations. Here, the terminology “relativ-
istic” is used in the sense that there is no especially dominant
direction. In particular, the role of ¢ direction (time direction)
is not the absolute direction being compared to the other
directions: x, y, and z directions (spatial directions) in the
standard notation. While the relativistic treatment is associ-
ated with the equally valid time-reversal and spatial-reversal
symmetries, here the relativistic form to the generalized



12

framework (57) is introduced without assuming the invert-
ible property of evolution operators.

Let the standard space-time variables (¢, x,y,z) be
denoted by (x°, x!, x%, x*) receptively. It is further possible
to generalize space-time variables to (x% x!,x%, x%, -+, x")
being valid to general (n+ 1)-dimensional space-time. In
spite of the standard treatment of abstract evolution equa-
tions, the direction of evolution does not necessarily mean
time-variable t=x" in the relativistic formulation of the
abstract evolution equations. Consequently, the equal treat-
ment of any direction and the introduction of multidimen-
sion are naturally realized by the relativistic formulation.

Definition 15 (relativistic form). For an evolution family of
operators {U(x', &)} | _.i i, in a Banach space X;, let K(x'
): Y, — X, be the preinfinitesimal generator of U(x',&"),
where Y; is defence subspace of X;. The relativistic form of
abstract evolution equations is defined as

-0, U(xi, E’) u (E’) = K(xi) U(xi, Ei> u(El) ,
)

in X;, where X; is a functional space consisting of functions
with variables x/ with 0<j<n skipping only j=i. Conse-
quently, the unknown function is represented by u(x') = U(

(90)

x', Ei)ugi for a given initial value ui € X;.

Let 0., U(x, §i)u5,- =K(x')U(x', fi)ufi evolving for i direc-
tion be represented by 9.V (x*, Ek)vfk =H (xF)V (", Ek)VEk
in a certain direction k. For k # i, let us begin with the abstract
Cauchy problem

0,07 (o 8)w(8) = 37 () v (8 (89,
V(&) = v

in X,. It is remarkable that even if the evolution operator U

(o1)

(x', &) and its infinitesimal generator exist, V (x¥, &) and its
infinitesimal generator do not necessarily exist. Those exis-
tence should be individually examined for each direction. If
U(x', &), V(xk, ), and those infinitesimal generators exist,
u(x") in equation (90) and v(x*) in equation (91) satisfy the
same evolution equation, where the detailed conditions such
as initial and boundary conditions can be different depending
on the settings of X; and X;. For the purpose of introducing
the relativistic form with a significance, it is necessary to

clarify

(i) The well-defined (pre-)infinitesimal generator of V/(
xk, Ek)

(ii) The existence of V(x, &) (or the corresponding reg-
ularized evolution operator)

Advances in Mathematical Physics

to an unknown direction k. The second one automatically
follows if the first one is established. Otherwise equation
(91) cannot be regarded as the abstract evolution equations.
This issue is examined in generalizing the Cole-Hopf
transform.

The propagation of singularity should be different if the
evolution direction is different. For equations (90) and (91),
the evolution direction is not limited to x°. This gives a rea-
son why the formulation shown in equation (90) is called
the relativistic form of abstract evolution equations. It means
that if invertible evolution operator is obtained for one direc-
tion, the evolution operator for the other direction is not nec-
essarily be the invertible. Here is a reason why it is useful to
introduce a relativistic form based on the generalized loga-
rithmic representation (cf. Corollary 8).

One utility of considering the evolution towards spatial
direction is to explain and generalize the Cole-Hopf trans-
form. For this purpose, it is necessary to realize the logarith-
mic representation of the infinitesimal generators defined in
the relativistic form of the abstract evolution equations. That
is, for a significant introduction of the relativistic form, it
should be introduced together with the logarithmic represen-
tation. The condition to obtain the logarithmic representa-
tion is stated as follows.

Theorem 16. (relativistic form of logarithmic representation).
Let i denote any direction satisfying 0 <i < n. Let x' and & sat-

isfy -L<x',& <L and Y, be a dense subspace of a Banach
space X;. A two-parameter evolution family of operators

{U(«, Ei)}_LSxi’EiSL satisfying equation (7) is assumed to exist
in a Banach space X; (i.e., the inverse of U(x',£') is not
assumed). Under the existence of the preinfinitesimal genera-
tor K(x'): Y, — X, of U(x', &) for the x' direction, let U(x'
,&) and K(x') commute. The logarithmic representation of

infinitesimal generator is obtained; there exists a certain com-
plex number « # 0 such that

K(x")ug = (I - Ke_“(xi"fi)) 7laxiLog (U (xi, E’) + ;d) Ug

—(1- Ke—a(xi,fi) _IaXIa X, Ei Ui,
( ) 2va(#.8)
(92)

where ug is an element in Y, « is taken from the resolvent set
of U(x', &), and a(x', &) = Log(U(x, &) + «I). Note that U(
x', &) is not assumed to be invertible.

Proof. Different from the proof of Theorem 3, here the simi-
lar statement is proved without assuming the invertible prop-
A ipin 1
erty of U(x',&"). The key point is that (I - ke 98 )) exists
for a certain « € C, even if U(x’, Ei)_l does not exist. In partic-
ular, the obtained representation is more generally compared
to the one obtained in Ref. [8]. For any U(x', {'), operators
Log(U(x',&) +«I) and Log(U(x'+h,&)+«I) are well
defined for a certain «. The x'-differential in a weak sense is
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formally written by

wlzm me {Log( (xi +h, ’q’i) + KI) - Log(U(xi, fi) + KI)}
= wlzm—J LogA (/\I— U(xi +h, Ei) - KI)_I

h—0 27
U(xi, Ei)

U(xi +h, E’) -
. (u - U(x", f") - ;d)fl A,

h

(93)

where I', which is taken independent of x', &, and  for a suf-
ficiently large certain , denotes a circle in the resolvent set of
both U(t,s) + kI and U(t + h, s) + «I.

The discussion, which is the same as that shown in The-
orem 3, leads to

atLog(U<xi, E’) + KI) u

J dA | (Logh) (M - U(xi, s") - KI)

wlim

h—0

x 't h, e (xf, f") (94)

(-ved) ) o

for u €Y, Because it is allowed to interchange K(x') with
U, §),

atLog(U<xi, E’) + KI)L{
_ ZimJF(LogA) (M - U(x", Ei) - KI) Ut 5)dAK (¢,
(95)

for u € Y;, where u}ilizn(U(x" +h, &) = U(x', &))/h means the

preinfinitesimal generator K(x') itself. A part of the right
hand side is calculated as

ZimJF(LogA) (M - U(xi, E’) - KI) _ZU(xi, Ei) dA
=I-x(U(t,s)+ KI)’I,

(96)

due to the integration by parts, where the details of procedure
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is essentially the same as Ref. [8]. It leads to

O (1179 tn(0(4.8)
(97)

for ug € Y;. It is notable that (U(x, &) + «I )71 is always well-

defined for any « taken from the resolvent set of U(x', "),

even if U(x', &) = U(x/, Ei)_l does not exist [Q.E.D.: Theo-
rem 16]. ?

Under the existence of logarithmic representation for K
(x), the related concepts such as

(1) Alternative infinitesimal generator: ax,a(xi,fi) =0,
Log(U(x', &) + «I)

(2) Regularized evolution operator: e*+) = U(x', fl) +
kI

(3) Renormalized abstract evolution equation: 0, = [
0.a(x',&")u are similarly well-defined in the relativ-
istic framework

4.2. Generalization of the Cole-Hopf Transform. Now it is
ready for establishing the general version of the Cole-Hopf
transform. It corresponds to an application example of rela-
tivistic formulation provided. The Cole-Hopf transform
[33-37] is a concept bridging the linearity and the nonlinear-
ity. In the following, such a linear-nonlinear conversion rela-
tion is found within the relation between the infinitesimal
generators and the generated semigroups. For t € R, and x
€ R, the Cole-Hopf transform reads

y(t,x) =240, log u(t, x), (98)
where u(t, x) denotes the solution of linear equation and w/(
t,x) is the solution of transformed nonlinear equation. On
the other hand, e.g., for t € R and x € R”, the logarithmic rep-
resentation of infinitesimal generator

K0, = 0(46) ot (0(48)

(99)

has been obtained in the abstract framework, where U (x, £')
denotes the evolution operator and K(x') is its infinitesimal
generator. By taking a specific case with x = 0, the similarity
between them is clear. That is, the process of obtaining infin-
itesimal generators from evolution operators is expected to
be related to the emergence of nonlinearity.

Based on the logarithmic representation of infinitesimal
generators obtained in the Banach spaces, the Cole-Hopf
transform is generalized in the following sense:

(i) The linear equation is not necessarily the heat
equation
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(ii) The spatial dimension of the equations is not limited
tol

(iii) The variable in the transform is not limited to a spa-
tial variable x

where in order to realize these features, the relativistic formu-
lation of abstract evolution equation is newly introduced.
Since the logarithmic representation shows a relation
between an evolution operator and its infinitesimal genera-
tor, the correspondence to the Cole-Hopf transform means
a possible appearance of nonlinearity in the process of defin-
ing an infinitesimal generator from the evolution operator.
The next theorem follows.

Theorem 17. (generalization of the Cole-Hopf transform). Let
i be an integer satisfying 0 <i<n and Y be a dense subspace of
a Banach space X. Let an invertible evolution family

{U(x, &)} gy piey, be generated by A(x') for 0<x',& <L in

a Banach space X. U(x',£') and A(x') are assumed to com-
mute. For any ug € Y C X, the logarithmic representation

R e P e )

(100)

is the generalization of the Cole-Hopf transform, where the
logarithmic representation is obtained in a general Banach

space framework, k # 0 is a complex number, and where a(x'
i i i . . i i -1
,§)=Log(U(x', &) +«I). In particular, if (U(x',&")ug)

exists for a given interval 0 < x',§' < L, its normalization

A(x') = (I— Kefa(xi"’w) {axiLog<U<xi, E') + KI)], (101)

defined in X corresponds to y(t, x).
Proof. The proof consists of five steps.

Step 1. Formulation. It is necessary to recognize the evolution
direction of the heat equation as x, because the derivative on
the spatial direction x is considered in the Cole-Hopf trans-
form. The Cole-Hopf transform acts on one-dimensional
heat equation

olu(t, x) — u"?0,u(t,x) =0, te(0,00), xe€(-LL),
u(t,-L)=u(t,L)=0, t€(0,00),
u(0,x) =uy(x), x€(-L,L),
(102)

where  is a real positive number and the hypoelliptic prop-
erty of parabolic evolution equation is true. The first equation
of (102) is hypoelliptic; for an open set % C (-0, 00) x (L
,L), u € C®(%) follows from (92 — u'"?9,)u € C*°(%). Equa-
tion (102) is well-posed in C*(0,00) x C*°(-L,L) so that
u!’?0, is the infinitesimal generator in C®°(~L, L). The spaces
C'(-L,L) and C®(~L, L) are dense in L*(~L,L) with I1<p
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< 00. The solution is represented by

(103)

u(t, x) = U(t)uy,

—I/Za2

where U(t) is a semigroup generated by w20, under the

Dirichlet-zero boundary condition.

By changing the evolution direction from t to x, the heat
equation

OZu(t, x) — u"?0,u(t,x) = 0,t € (0,00),x € (-L, L), (104)
u(t,—L) =vy(t), 0u(t, L) = v,(t), t € (0, c0), (105)
u(0,x)=0x¢€ (=L, L), (106)

is considered for x direction, where v,(t) and v,(¢) are
given initial functions. To establish the existence of semi-
group for the x direction, it is sufficient to consider the
generation of semigroup in L?(~00,00) by generalizing ¢
-interval from (0, 00) to (—00,00). The Fourier transform
leads to

25 12 s
o u—iu " wn=0

(107)
i(w, 0) = vy(w), 0,1(w, 0) = v, (w),

where w is a real number. Indeed, the following trans-
forms

u(t,x) = LJOO u”JOO i(w, x)e“ dw,u(t, —L)

2m -0 —00
1 (@ ”
= — tt(w, -L)e dw,
g j_oo ( ) (108)

w, —L)e“ dw,
21 )

3,u(t,~L) = iJOO 3,.ii(

are implemented. By solving the characteristic equation

A, —iu'?w — 0, the Fourier transformed solution of (105)
is
Vy(w in2w) "% (w
(@, x) = o(w) — ( MZ ) 1 )€+(1H1/2w)1/2x
v 20\ "% (@
+ (@) *i(= #2 I )e+(zy”2w) P,

(109)
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where
i(w, 0) = vo(w) —i (_i”mw)mal ()
’ 2
@ i) )
2
3 ii(w. 0) = (iu2w)? f/o(w)—i(—iP,l/Zw)—uz{/l(w)
Si(0)= (i) 2

V(@) +i(~iuw) P (w
@) +i(=iuw) i ))zw).

2
(110)

Meanwhile, based on the relativistic treatment, one-
dimensional heat equation

2u—u'?o,u=0, (111)
is written as

u 0 I u
0, - =0. (112)

v fu'?0, 0 v

Let a linear operator of be defined by
o (113)
o W2, 0 ’

in L?(~00, 00) x L?(—00, 00) and the domain space of o be

D(d) = H' (=00, 00) x L*(—00, 00), (114)
where H'(—00, 00) = {u(t)eL?(~00, 00) ; u' (t)eL?(~00, 00)
,u(0) =0} is a Sobolev space. The Fourier transform means
that the diagonalization of d/ is equal to

112
o = (70, ’ (115)
0 _(‘uuzat)flm

In this context, the master equation of the problem
(105) is reduced to the abstract evolution equation

u ~f(u
o (") -a(") =0 (116)
v v
in L?(—00, 00) x L?*(~00, 00), where
(12 -1/2
LU i( WZ w) v
(117)
- u+i(—i‘u“2w)71/2v
V=

2
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It suggests that the evolution operator of equation
(105) is generated by

+(u'%0,)", (118)

so that it is sufficient to show +(u!23,)"”, as the infinites-
imal generator. Note that the operator &/ is not necessarily
a generator of analytic semigroup, because the propagation
of singularity should be different if the evolution direction
is different. Consequently, the existence of semigroup for
(116) in the x direction is reduced to show +(u!d,)"?,
as the infinitesimal generator in L?(—00, 00). In the follow-
ing, the property of u'’?9, is discussed in the second step,
and the fractional power of (429,)"* is studied in the
third step.

Step 2. First order differential operator. The following lemma
is proved in this step.

Lemma 18. The operator u!'?0, with the domain H' (00, c0)
is the infinitesimal generator in L*(—00, 00).

Proof of Lemma 18 Let A be a complex number satisfying
ReA > 0. First, the existence of (A — 4%23,) ™" is examined. Let
£(t) be included in L?(~00, 00). Because

(A-u'?0,)u=f, (119)

in one-dimensional interval (—co,00) is a first-order
ordinary differential equation with a constant coefficient,
and the global-in-# solution necessarily exists for a
given u(0)=u,€C. That is, A/u'? is included in the
resolvent set of 0, for an arbitrary complex number A
so that (A—u23,)”" is concluded to be well-defined
in H!(-00, c0).

Second, the resolvent operator (A — u%/29,) " is estimated

from the above. Since A/u'"? is included in the resolvent set of

d,, it is readily seen that (A — u%29,)" is a bounded operator
on L?(-00,00). More precisely, let us consider equation
(119) being equivalent to

(120)

If the inhomogeneous term satisfies f(¢) € L?(~00, c0),

u == e (ae-0)soas 2
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satisfies equation (120). According to the Schwarz inequality,
00 5 00 1 00 A
J [u(t)] dt=J T/zj exp T/z(s_t> f(s)ds
-00 —colH )t U
1 ([ . —Re A on) e
il e G e
—Re A ?
. (ZW (s—t)) | f(s)|ds} dt
1[® [*® —Re A o
< — exp s—t )dsJ exp
VJ—oth ( u'? =9 t

(T 6= s

2
dt

(122)

is obtained, and the equality
00 —Re A 00 —Re A ul”?
———(s—1t) |ds= ———S|ds=—,
Jt exp ( 7 (s )> s JO exp ( 7 s) = Rel

(123)
is positive if ReA > 0 is satisfied. Its application leads to

[ wopars A ™ [ esp (St s o

—00

1 1/2 poo s —Re)\
- Iﬁ‘elj J exp (W (s- t))dt| £(s))2ds.

(124)

Further application of the equality

s -Re A 0 Re A ul”?
J_OO exp (W (s- t)) dt = J_OO exp (W t) dt = Re

(125)
results in
00 1 MI/Z 00 #1/2 5
J u(t)Pde< J £(5)Pds
oo yl?e/\O;OOReA (126)
- | o

for ReA > 0, and therefore,

|- u20) " £t

1
< — b2 >
) Re /‘ Hf( )”L (—00,00)

LZ(—oo
(127)
follows. That is, for ReA > 0,
H (M -u?3,)7" | < 1i(Re 1), (128)

is valid. The surjective property of AI — u!’?0, is seen by the
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unique existence of solutions u € L?(—co,
problem of equation (120).

A semigroup is generated by taking a subset of the com-
plex plane as

00) for the Cauchy

Q={1eC; A=1}, (129)

where Q is included in the resolvent set of u!?0,. For A € Q
LML= p20,)

exists, and

|(r-p20,)"| < 1(Re 1), (130)

is obtained. Consequently, according to the Lumer-Phillips
theorem [38] for the generation of quasi contraction semi-
group, u!’29, is confirmed to be an infinitesimal generator
in L?(—00, 00), and the unique existence of global-in-x weak
solution follows [Q.E.D.: Lemma 18]. ?

The semigroup generated by u/?0, is represented by

—co<h<oo, (131)

(exp (hu'?0,)u)(t) = u(t +u'""h),

so that the group is actually generated by u!29,. Indeed, the
similar estimate as equation (130) can be obtained for ReA

<0 with (A—p'?)u=f in which the solution u is repre-
sented by

1 (* -A
u(t) = _Wj_oo exp (W (s—

that should be compared to equation (121).

t))f(s)ds, (132)

Step 3. Fractional powers of operator. The following lemma is
proved in this step.

Lemma 19. For 0< a < 1, the operator (u"'?9,)" is the infin-
itesimal generator in L?(—00, 00).

Proof of Lemma 19 According to Lemma 18, u!/?9, is the
infinitesimal generator in L?(~00, c0). For an infinitesimal
generator ¢'?9, in L?(~00, 00), let the one-parameter semi-
group generated by u?0, be denoted by 7/(x). An infinites-
imal generator !0, is a closed linear operator in
L?(~00, 00). Its fractional power

(‘uuzat) «

has been confirmed to be well-defined by S. Bochner [39] and
R.S. Phillips [40] as the infinitesimal generator of semigroup
(cf. K. Yosida [41]):

0<a<l, (133)

W(x)w, = J:O%(x)wody(/\),

(134)

for w, € L?(~00, c0), where W(x) is the semigroup for x
direction. The measure dy(A) >0 is defined through the
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Laplace integral

- exp (-Ak)dy(A),

0

exp (—tk") =J (135)
where t, k > 0 is satisfied [Q.E.D.: Lemma 19]. ?

By taking o = 1/2, (4%20,)""? is confirmed to be an infin-
itesimal generator in L?(~00, c0). Because Q is included in
the resolvent set of —(u"23,)"”, it is readily seen that —
(4120,)"" is also an infinitesimal generator in L?(~00, 00).

Step 4. Abstract form of the Cole-Hopf transform. As in the
original derivation of the Cole-Hopf transform, the solution
of heat equation w(t, x) = W(x, §)we(t) solved along the x
direction permits its logarithm function. The abstract case
of the original Cole-Hopf transform is included in the
description of the logarithmic representation (100). Indeed,
let an invertible evolution family {W(x, &)}, ¢, be gener-
ated by /(x) for 0<x,&< L. According to Lemma 19, the
logarithmic representation of relativistic form (99) is
obtained in this case as

A (x)wg = (I+ kW (& x))[0,Log(W (x,§) + «I)wg, (136)
and hence as

A (x)w(x, we = (kI + W(x, §))[0,Log(W (x, &) + kI)]wg,
(137)

using the commutation assumption. The nonlinear Anzatz
—2u7"2(0,u(t, x))u(t, x) " of the Burgers” equation

w(t,x)=-2u""20, log u(t, x) = —2u"(0,u(t, x))u(t, x) ",
(138)

is essentially represented by

~2u " (A ()W (%, §)) W (x, €)™
= —2u7 " (kI + W (x, £))[0,Log(W (x, &) + k)] W (x, &) "
==2u""? (kW (& x) + I)[0,Log(W (x,§) + k)],
(139)

in the abstract form. The similarity between equation (101)
and the standard definition of operator norm is clear. In par-
ticular, the evolution direction is generalized from x to x in
equation (101).

Step 5. Generalization property. Equation (100) is the gener-
alization of the Cole-Hopf transform. According to the intro-
duction of nonzero « in the abstract form, the applicability is
significantly increased so that the linear equation is not nec-
essarily the heat equation. According to the abstract nature of
the logarithmic representation, linear and nonlinear equa-
tions are not necessarily considered in the one-spatial dimen-
sion. According to the relativistic treatment, the transformed
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variable is not limited to the spatial variables [Q.E.D.: Theo-
rem 17]. ?

The generalized Cole-Hopf transform (100) shows that
the nonlinearity of semigroup can appear simply by altering
the evolution direction under a suitable identification
between the infinitesimal generator and the evolution opera-
tor. In this sense, equation (90) is regarded as a local-in-x'
linearized equation, if U(x’,&') is a nonlinear semigroup
(semigroup related to the nonlinear equations). Furthermore,
the generalized Cole-Hopf transform (100) suggests that the
relation between evolution operator and its infinitesimal gen-
erator corresponds essentially to the transform between line-
arity and nonlinearity. In the same context of generalizing
Miura transform between the Korteweg-de-Vries and the
modified Korteweg-de-Vries equations, the logarithmic rep-
resentation is utilized [15].

5. Algebraic Structure of
Infinitesimal Generators

5.1. B (X)-Module. The algebraic structure is studied based
on the relativistic form of abstract equations. The operator

a(x', &) = Log(U(x, &') + «I) is bounded on X. It follows that
¢*®%) is well-defined by the convergent power series. Note
again that &) can be defined without assuming well-
defined ata<x’?i‘>. Even without taking into account the detail
property of the infinitesimal generator a,a<x’?‘f">, the expo-
nentiability is realized by the boundedness of a(x', &'). In this
section, beginning with a(x’,&') = Log(U(x, &) + «I), an
algebraic module over a Banach algebra is defined. The essen-
tial idea of presenting a useful algebraic structure is not to

examine directly the set of d,a(x, &) but to focus on the set
of a(x',&") at first, and then, the algebraic structure of infini-
tesimal generators is discovered in the next. Although a(x’,

&) e B(X) is trivially the infinitesimal generator, what is
explained here is the structure of the set of preinfinitesimal

generators 0,a(x’, £').

Theorem 20. (normed vector space). Let Uj(xi, &) be evolu-
tion operators satisfying equation (19) and Log Uj(xi, &' be
well-defined for any x',&' € [-L, L] and j=1,2,---,n. Log U;
(x', &) is assumed to commute with each other.

Vig(X) = {klog Uj(x\& ) ske C.x' &' e [-L 1]}
C B(X) c G(X),

(140)

is a normed vector space over the complex number field, where
B(X) denotes a set of all the bounded operators on X.

Proof. In case of k = 0, the operator a(x', ') is reduced to

Log U(x", {") € B(X). (141)
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The operator sum is calculated using the Dunford-Riesz
integral

Log U(x',n') + Log U(ni, f’)

1 i iyl
:%LLogk(M—U(x,q)) dA

+ %L’Log/\' (V1-u(n, s"))fldA’

7Tl

= (27;)2 JFJF’ (Log)t + Logl') ()u _ U(xi, ni))—l

. . -1
: (A'l - U(q’,f’)) A\ d)
1 , o
= LogAL" ) (AI - U(x', v
G ) ) () Q= U o)
RN
: (A'l - U(n’,E')) ) d)
=Log {U(xi, ") U(rf, E’)} = LogU(xi, Ei>,
then, the sum closedness is clear. Here, I’ is assumed to be
included in T, and this condition is not so restrictive in the
present setting. In a different situation, when U(¢,r) and V

(t,r) commute for the same ¢ and r, another kind of sum is
calculated as

(142)

Log U, (x',n') + Log U, (x', 1)

1 i i)l
= Z—MJFLog)»(/\I—UI(x,n)) dA
1

! li i -1 i
t o F,Log/\ ()L I—Uz(x,n)) dA
_ 1 ' _ i) ~!
= (Logh+Logh") (A1 - U, (' 1))
(Vi-uy()) axar

1 P -
i (2mi)’ Jr)r (Log)w\’) (A= U, () 1
(Vi-uy()) anar

=Log[U, (+,7) U, (' )],

(143)
where for W(x',#') = eL"gU’W’ni>+LogUZ<Xi”1x> =U,(x', ) U,(
x',11'), the semigroup property is satisfied as
W(x’, }71) W(T]i, 51)
=U, (', ’7i) U, (x > ’IZ) U, (’7i> 51) U, (’71’ 51)
=U,(x\7)U, (n%f’) U,(x', 1)U, (’7"5> (144)
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and then, the sum closedness is clear. Although the logarithm
function is inherently a multivalued function, the uniqueness
of sum operation is ensured by the single-valued property of
the principal branch “Log.” Consequently, since the closed-
ness for scalar product is obvious, where

W(xi’ ’11) _ ek,LogU,(x’,r/")JrkzLogUz(x",n")

i i i i (145)
— ek,LogU,(x A )ekzLogUz(x A ),

holds the semigroup property in a similar way to W (x’, %),
Consequently, V;,(X) is a normed vector space over the

complex number field. In particular, the zero operator Logl
is included in V;,(X). Theorem 1 has been proved [Q.E.D.:

Theorem 20]. ?

Theorem 21. (B(X)-module). Let U ;(x', &) be evolution oper-
ators satisfying equation (19) for any x', & € [-L, L] and j=1
,2, -+, n. For a certain K € B(X), let a subset of B(X) in which
each element is assumed to commute with Log(Uj(xi, £ +K)
are assumed to commute with each other.

By, (X) = {%Log(Uj (x", f") + K) ;K €B,(X),
KeB(X), x&el-L, L]} ¢ B(X) < G(X),
(146)

is a module over the Banach algebra.

Proof. It is worth generalizing the above normed vector
space. In this sense, utilizing a common operator K € B(X),

components are changed to Log(U (x',&") + K).

The operator sum is calculated as

Log (U(x',7') + K) + Log (U(qi, E’) +K)

1 i -1
= %LLogl(M— U(x',n') - K) dA

%u r’LOgAI (A’I— U(ﬂi)fi) _K)_ld)L’
= ﬁ . (Log)L+Log/\’) (M- U(x,7) —K)fl

(Vi-u(n.E) - K)fld)t'd)t
1

= i ) (Log}M') (M-U(x',7') - K)

-1

: (}L'I— U(nf,fi) —K)ildl'dl
:Log[(U(xiﬂf) +K) (U(fli’ fi) +K)]
:ng[U(xi, Ei) +KU(x', 1) +KU(’7i’Ei) +K2}'
(147)
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After introducing a certain K € B(X) with sufficient large
[K||, it is always possible to take integral path I' " to be
included in I'. Since the part “KU(t,r) + KU(r,s) + KI” is
included in B(X), the sum-closedness is clear. In a different
situation, when U, (¢t,7) and U,(t,r) commute for the same
t and r, another kind of sum is calculated as

Log(U, (x',7) + K,) + Log (U, (x', ') + K,)

-1

1 i
=%LLog)L(/\I—U1(x,11)—K1) dr
1 (3 i e )
+%JF,L0g/\ (A I1-U,(x'\7') Kz) dA
_ 1 ! _ id\ -1
_(ZTi)Z . F,(Log/\+LogA)(/\I U, (x1') = K;)

P -1
(V1= Uy () - K,) X dA
1 , o .
= LogAA" ) (AMI-U,(x',7') =K
)| (Loo) Q1= Vi) =)
(NT- U, - K,)
=Log[U,(x',n') +K,) (U,(x', ') +K,)]
=Log[W (x',n') + KU, (x', 1) + K, U, (2, ') + K, K.
(148)

Since the part “K,U,(x, %) + K,U,(x', ') + K,K,” is
included in B(X), the sum-closedness is clear.

The product #Log(U,(x', &) + K,) € B(X) is justified by
the operator product equipped with B(X). Since the closed-
ness for operator product within B(X) is obvious, where

W(Xi, ’71) — e%ILogUl (xi,ni)+%2LogU2 (Xt,i’]i)

149
— e%,LogUI (x’,;f/") e%zLagUz(xi,r]i> , ( )

holds the semigroup property, and using an identity operator
I €B(X),

HLog(U(x',n') +K) - HLog(U(x', 7))

o 150
= HLog|1+ KU ()", (150)

and therefore

H Log(U,(x', 1) +K,) + H,Log (U, (x', ') + K,)

= Log(A (xi, r]i) + I) + LogW(xi, ni),
=Log [W(xi, r]i) + U(xi, r]i) W(xi, ni)} ,
(151)
are valid for Ux',n) =
e‘%ILog[I+KI U, (xi)ﬂi)il]'*%zl“’g[f'*Kz U2<xi”1i>7l] - 1. Consequently,

B;,(X) is a module over a Banach algebra. In particular, a
relation V; (X) € By, (X) is satisfied. The statement has been
proved [Q.E.D.: Theorem 21]. ?
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The next corollary follows.

Corollary 22. (B(X)-module for infinitesimal generators). Let
Uj(«, Ei) be evolution operators satisfying equation (19) for
any x',& € [-L,L] and j=1, 2, -+, n. For a certain K € B(X),
let a subset of B(X) in which each element is assumed to com-
mute with Log(U,(x', &) +K) be B, (X). Log(U;(x', &) +K)
are assumed to commute with each other.

Grg(X) = {%axiLog(Uj(xi, f’) +K) ;K €By(X),
KeBy(X) x&c|-L, L]} ¢ G(X),
(152)

is a module over a Banach algebra.

Proof. According to the linearity of differential operator, the
introduction of differential operator 0, is true without any

additional treatment. It is sufficient to see that there exists a
certain 7' such that

H0.Log (Uj (xi, Ei) + K)

-0, U:j,%’an,Log(Uj (#.&) + K)

(153)
9y l%Log (Uj (x", 5") + K) — HLog(I +K)

(frestcers

according to the mean value theorem (&' <#’ <x’) [Q.E.D.:
Corollary 22]. ?

>

The module over a Banach algebra is called B(X)-mod-
ule. For the structure of B; (X), a certain originally

unbounded part can be classified to Log(U(x', &) + K) € B(
X) and the rest part to # € B,,(X). Here, the terminology
“originally unbounded” is used, because some unbounded
operators are reduced to bounded operators under the valid-
ity of the logarithmic representation.

It is necessary to connect the concept of B(X)-module to
the set of infinitesimal generators. Let us move on to the
operator 0,,[FLog(U,(x', &) + K)], which is expected to be
the preinfinitesimal generator of exp [#Log(U,((x', &) +
K)]. This property is surely true by the inclusion relation
B, ,(X) ¢ B(X). It is also suggested by the inclusion relation

B ,(X) ¢ B(X), operators ax,ﬂLog(Uj((x’:,E’:)) +K)] are the
preinfinitesimal generators if Log(U,((x',§")) + K)] € G ,(X
) is satisfied. Consequently, the unbounded sum-
perturbation for infinitesimal generators is seen by the sum

closedness of B(X)-module. Note that it does not require
the self-adjointness of the operator.
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The preinfinitesimal generator property is examined for
products of operators in the next two theorems.

Theorem 23. (product perturbation for preinfinitesimal gen-
erators). For a certain K € B(X), let a subset of B(X) in which

each element is assumed to commute with Log(U,(x', &) + K)
be B, (X). Let an operator denoted by
LLog(U(xi, Ei) +K), (154)

be included in B ;,(X), where the evolution operator U(t, s) on
X is generated by A(t), L is an element in B,,(X), and K is an
element in B(X). Let K and L be further assumed to be inde-
pendent of x'. The product of preinfinitesimal generators,
which is represented by

LA(t) = (I~ Ke‘”(”i’fi))_laxf [LLog(U(#. &) +K)],

(155)

is also the preinfinitesimal generators in X, where a(x', ') =
Log(U(x', &) + K).

Proof. Since L is independent of x,

3, [LLog(U(x", 5") + K)} = L9, [Log(U(xi, 5") + K)} ,

(156)

is true. The basic calculi using the t-independence of K
leads to the product of operator LA(t). It is well-
defined by

(1 - Ke*“(x"f"))_lax,. {Ll;og (U(x", zi) + K)]
o) )5
~(1-ke ) () 1K)

a( )LAt

under the commutation assumptions, where the relation
0, U(x, &) = A(x\U(x', &) is applied. Let x',& € [-L,+L]
satisfy & <x'. The preinfinitesimal generator property of
LA(t) is confirmed by
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[[ (1=K ), [Lrog (0 .€) + )

(1 - Ke_”(xi"fi)) B J::ani [LLog(U (11’} 5’) + K)} dnf

igi -1
< sup H(I_Ke—aw)

el
[/ [toa(u(n.£) + K)o

< sup H I-Ke (%) H IL|
nie[xiE

: HLog((U(x’,é) +K) — Log(I +K)

X

(158)

where a certain real number o € [£', x'] is determined by the
mean value theorem. Consequently, due to the boundedness

of [1(I~Ke %) "3, [LLog(U (', &) + K)Jdn on X, (I -

Kea¥4) )0, [LLog(U(x', € + K)] is confirmed to be the pre-
infinitesimal generator in X [Q.E.D.: Theorem 23]. ?

The operator L can be regarded as a perturbation to the
operators in By, (X). This lemma shows the product pertur-
bation for the infinitesimal generators of C°-semigroups
under the commutation, although the perturbation has been
studied mainly for the sum of operators. It is remarkable that
the self-adjointness of the operator is not required for this
lemma. For the details of conventional bounded sum pertur-
bation and the perturbation theory for the self-adjoint oper-
ators, see Ref. [42].

Theorem 24. (operator product). For a certain K(x') € B(X),
let a subset of B(X) in which each element is assumed to com-

mute with Log(U (x', &) + K(x')) be B,,(X). Let an operator
denoted by

(159)

LLog(U(x", Ei) + K(x")),

be included in B ,(X), where the evolution operator U(x, &)

on X is generated by A(x'), L is an element in B,,(X), and
K(x') is an element in B(X). Let L and K(x') be x'-indepen-
dent and x'-dependent, respectively. The operators represented

by

(160)

S(xi) 0, [LLog(U(xi, Ei) + K(xi))] ,

is the preinfinitesimal generators in X, if the operator & (n')
€ B(X) is strongly continuous with respect to ' in the interval

€, x].
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Proof. Let x', &' € [-L, +L] satisfy & < x'. The preinfinitesimal
generator property is reduced to the possibility of applying
the mean value theorem.

J::ff(rf) 0, [Log(U(ni, Ei) + K(ni))} dn'

@) o [toa v ) ) o

fl

« s [ o)

< o 1ZE |£og (v (&) + k()

—Log(I+K(x'))

>

(161)

where a certain real number o' € [£', x'] is determined by the
mean value theorem. Consequently, Z(x)d[LLog(U (x', &
)+ K(x'))] is confirmed to be the preinfinitesimal generator
in X [Q.E.D.: Theorem 24]. ?

Equation (160) provides one standard form for the repre-
sentation of operator products in the sense of logarithmic
representation. Consequently, B(X)-module is associated
with the preinfinitesimal generator.

5.2. Formulation of Rotation Group. The application example
of B(X)-module is provided. The concept of B(X)-module is
generally enough to provide a foundation of the conventional
bounded formulation of Lie algebras (for a textbook, see
[43]). In other words, by means of B(X)-module, the inter-
section of the Banach algebra (including only bounded oper-
ators) and the extracted bounded part of the Lie algebra
(generally including unbounded operators) is shown. More
precisely, using B(X)-module, the bounded part is extracted
from unbounded angular momentum operators. The
extracted bounded parts are utilized to formulate the rotation
group with incorporating the unboundedness of angular
momentum algebra.

The mathematical foundation of rotation group is dem-
onstrated [14]. Although the evolution parameter in this
paper is denoted by t,s€ [T, +T], it is more likely to be
denoted by 6, o € [-®, +B], because the evolution parameter
in the present case means the rotation angle. The rotation
group is generated by the angular momentum operator (for
textbooks, see Refs. [44, 45]). The angular momentum oper-
ator includes a differential operator, as represented by

& —ih(rxV), (162)
where % is a real constant called the Dirac constant. The
appearance of differential operator V in the representation
of Z is essential. The operator V is an unbounded operator
for example in a Hilbert space L*(R?), while it must be
treated as a bounded operator in terms of establishing an
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algebraic ring structure. Furthermore, the operator bounded-
ness is also indispensable for some important formulae such
as the Baker-Campbell-Hausdorff formula and the Zassen-
haus formula to be valid. In general, the exponential of
unbounded operators cannot be represented by the power
series expansion (cf. the Yosida approximation in a typical
proof of the Hille-Yosida theorem; e.g., see Ref. [22]).

Let R® be the three-dimensional spatial coordinate
spanned by the standard orthogonal axes, x, y, and z. The
angular momentum operator L is considered in L*(R?).
The angular momentum operator

L=(LuZ, %) (163)
consists of x, y, and z components
&, =ih(y0, -20,),
&\, =ih(z0, - x9,), (164)
Z,=ih(yd, - 20,),
respectively. The commutation relations
ZoZ,=ihZ, [Z,Z,] ihZ, [Z,Z]|=ihZ,
(165)

are true, where (¥, & | = £, - &% denotes a commu-
tator product (i,j=x,y,z). The commutation of angular
momentum operators arises from the commutation relations
of the canonical quantization

opd = 120, ] = ep.] = b
(166)

Drpil =Dp.] = [Z’Py] = [x,Py} = [x,p,] =0.

Indeed, the momentum operator p = (p,, p,, p,) is repre-
sented by p=ih(d,,0,,0,) in quantum mechanics. It is
remarkable that the commutation is always true for the New-
tonian mechanics; ie., [x,p,|=[y,p|=[zp,] =0 is true in
addition to b}’px} = [y’pz] = [Z’Px] = [Z’py] = [x’py] = [x’pz]
=0.

Let a set of all bounded operators on L?>(R*) be denoted
by B(L*(IR?)). A set of operators {Z, ; k=x, y,z} or {iZ,/
hik=x,y,z} with the commutation relation (165) is
regarded as the Lie algebra. In particular {a %, + £, +7

&, a, E, y € C} forms a vector space over the complex
number field, while {a(iZ,/h) + B(iZ,/h) + y(iZ Ih) ; a, B
,y € R} is a vector space over the real number field. It is pos-
sible to associate the real numbers «, 8, and y with the Euler
angles (for example, see Ref. [46]). The second term of the
right hand side of

(riaj) (re0p) = ri(ajrk) 0+ rirkaja,, (167)

disappears as far as the commutator product [Z;, Z] is
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concerned, where r; is equal to i, and i, j, k, [ = x, y, or z satisty
i#jand k# . This fact is a key to justify the algebraic ring
structure of {Z, ;k=x,y,z}. On the other hand, although
&, is assumed to be bounded on L*(IR?) in the typical treat-
ment of the Lie algebra, it is not the case for the angular
momentum algebra because of the appearance of differential
operators in their definitions. From a geometric point of
view, the range space R(Z,) ¢ L*(R?) strictly includes the
domain space D(Z}); i.e., there is no guarantee for any u €
L*(R’) and a certain positive M € R to satisfy || Zyul|2gs)
<M|lullp>gs)- In order to establish {iZ/h;k=x,y,z} as
the Lie algebra, it is necessary to show

+iP =+ (r,.a,j - rjari), (168)

as an infinitesimal generator in L2(R?), where i,j,k=x, y,z
satisfies i # j# k. As for the angular momentum operator,
the t-independent assumption for operators K and L in The-
orem 23 and Theorem 24 is satisfied. Note that t-indepen-
dence assumes a kind of commutation relation.

Theorem 25. (unbounded formulation of rotation group). Let
r; be either x,y, or z. For i# j, an operator +r, 8 with its

domain space H2(R?) is an infinitesimal generator in L2(R’
). Consequently, the angular momentum operators

+iL, [h==+(y0d, - z0,),
+i P Ih = +(20, - xD,),
+iZ,/h=+(x0, - y0,),

(169)

. . . . 2 3
are infinitesimal generators in L7 (IR°).
Proof. The proof consists of three steps.

Step 1. 0, as an infinitesimal generator.

Lemma 26. For r equal to x, y, or z, an operator 0, with its
domain H'(R?) is an infinitesimal generator in L?(IR?).

Proof of Lemma 26 The operator 0, is known as the
infinitesimal generator of the first order hyperbolic type par-
tial differential equations. For a complex number A satistying
ReA > 0, let us consider a differential equation

d,u(x) = Mu(x) - £ (x), (170)

in L?(R), and
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satisfies the equation. According to the Schwarz inequality,
+00 +00 2
J |u(x)|2dx=J dx
X 00 Re A —
< J {J exp {M} exp
o Uy 2

[

j°° exp [Ax §)If(E)

X

i

<[ [ ew e e "exp

X X

“[(Re ) (x = §)]|f (§)|"dEdx,

(172)
is obtained, because |¢V/2|” = [eRe M2||¢f Im M/2| < gRe X i yalid
if ReA > 0. Here, the equality

(o¢] 00 1
J exp [(Re A)(x - &)]d& :J exp [(—Re 1)&]dE = Rel’
x 0
(173)

is positive valued if ReA > 0. Its application leads to

[ Ceorars o [T e (re -l Pt

1 +00 (€ ,
1) | ewlmen-glass@ra
(174)
Further application of the equality
3 0
J exp [(Re A)(x—&)]dx=J exp [(Re A)xfdx = o,
(175)
results in
+00 1 +00
Zdx < J 2dE, 176
| weapars [ y@rae )
and therefore
(AT-0,) !
H I- f||L2 = Re A2 ||fHL2(1R) (177)
That is, for ReA > 0,
1
-2, < L, 179

is valid. The surjective property of (Al —0;) is seen by the
unique existence of solution u(x) € L?(R) for the initial value
problem of equation (170).
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A semigroup is generated by taking a subset of the com-
plex plane as

Q={1eC, A=1}, (179)

where Q is included in the resolvent set of d,. For A € (,
(AI-0,)" exists, and

AL =0,)™"|| < (180)

(Re 1)’

is obtained. Consequently, according to the Lumer-Phillips
theorem [38, 40] for the generation of quasi contraction
semigroup, 9, with the domain space H'(R?) is confirmed
to be an infinitesimal generator in L?(R). The similar argu-
ment is valid to 9, and 9,. By considering (x, y,z) € R%, 9,
with k=x,y,z is the infinitesimal generators in L*(R?)
[Q.E.D.: Lemma 26]. ?

Step 2. ir,I as an infinitesimal generator.

Lemma 27. Let 1}, be either x, y, or z. Let I be the identity oper-
ator of L>(R). An operator ir I is an infinitesimal generator in
L*(R).

Proof of Lemma 27 For any w € C, it is possible to define
the exponential function by the convergent power series: e*

= Z;fo(w) (jlj)!, so that

(o)

e’”kl = Z —' (l'tT'kI)];

=)’

(181)

is well-defined for t,r, € R. This fact is ensured by the
boundedness of the identity operator I, although r,I and ir;,
I are not bounded operators in L?(R) if the standard L’
-norm is equipped. It is sufficient for ir, I to be the preinfini-
tesimal generator.

For an arbitrary r; € R, an operator ir,I with its domain
L*(R) is the infinitesimal generator in L?(R); indeed, the
spectral set is on the imaginary axis of the complex plane,
and the unitary operator is generated as

(182)

[ 1@ty Par = [ uan,

Consequently, the operator ir, [ is treated as an infinites-
imal generator in L?(R) and therefore in L?(R’) [Q.E.D.:
Lemma 27]. ?

Step 3. i(r,»a,j — 1,0, ) as an infinitesimal generator. Let i # j

be satisfied for i, j = x, y, z. Since r79% is well-defined (cf.
Lemma 2) with the domain space H!(R?), its logarithmic
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representation is obtained by

:ir,-(I—Ke (=)0 )8 [Log( 1909 +KI)}, (183)

+ir,0,
)

where « # 0 is a certain complex number. According to The-
orem 24, the product between ir,I and ia,j is represented by

ir; (I - Kei(s_t)a'f) o, {Log (ei(t_

Using the commutation and ¢-independence of 7,1, it
leads to the logarithmic representation

+r,0, = (I - Ke*(“”av)at [riLog (ei(F

+ir,d, = 90 4 ;dﬂ . (184)

J

99 4 ;dﬂ . (185)

without the loss of generality. The domain space of r,I is
equal to L?(R?), as €"i is represented by the convergent
power series in L?(R?). The half plane {A € C;Re)> 0}
is included in the resolvent set of +ra Consequently,

rXY

for t,r; € R, the existence of e j d1rectly follows from

the confirmed existence of ™. Being equipped with the
domain space Hf(IR3),ir,-a,j is the infinitesimal generator
in L7(R%).

The preinfinitesimal generator property of sum is also

understood by the B(X)-module property. The sum between
r;0, and —r;0, is represented by

(I+ xe" % )8 [r Log( 9% KI)}
- (I + Ke_<5_t)a’f)at [r»Log (e_(H)a’z + KI)}

= <I+Ke (=49 )8 [r Log( (=0 +KI)

~riLog(e 'z+xl)}
: [r Log( 9 +x1)}

: [Log(e ()9 +KI)

(i

_ (Ke+(sfz)a,j

)

(1 )a r,
g( % 4 KI)}
e )

) [r Log( (=502 4 ;d)},

(186)

where all the three terms in the right hand side are of the
form

Z(t)0,[riLog(U(t,s) + K(t))], (187)
whose preinfinitesimal generator properties are proved simi-
larly to Lemma 26. In particular, the first term in the right
hand side can be reduced to the above form with L =1 and

t-dependent K(t), the parts corresponding to L(t) are
strongly continuous, and r; is independent of t. After having
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an integral of equation (186) in terms of ¢, each term is
regraded as a bounded operator on L?(IR?). Consequently,
for i # j, the application of Lemma 26 leads to the fact that

+ (r,.a,j - rja,i),

with its domain space H!(R?) is the infinitesimal generator
in LZ(R’) [Q.E.D.: Theorem 25]. ?

(188)

Corollary 28. (collective renormalization). For t,s € [-T, +T),
let Vi (t,s) with k=x,y,z in L2(R?) be generated by i%,/h.
For a certain complex constant +# 0, the angular momentum
operator i /h with k=x,y,z is represented by the loga-
rithm

+iLyIh=+(1+ V(s 1))d,[LogV,(t,s) +xI],  (189)

and the corresponding evolution operator is expanded by the
convergent power series

Vi(t,s) = eLog(Vi(ts)+xl) _
v 1
- ’;H—(Log(Vk(t ,5) + &))" — &l o0
v 1
(1= — (Log(V(t, I
I Zn 0g(Vi(t,s) + «I))",

where Log(V.(t,s) + «I) is bounded on L?(R?), although %,
is unbounded in L?(IR?).

Proof. The group V (¢, s) with k =x, y, z is generated by the
infinitesimal generator i#,/h in L?(R®). This fact leads to
the logarithmic representation

iZh=(1+xV(s—1))0,[Log(V(t,s)+«I)],  (191)

where k # 0 is a certain complex constant. The relation V(¢

,5) + &l = eo9(Vi(bs)+6) admits the power series expansion
of V. (,s) [Q.E.D.: Corollary 28]. ?

Equation (189) shows a convergent power series repre-
sentation for the rotation group. Let us call the representation
shown in equation (189) the collective renormalization (cf.
renormalized evolution equation in Corollary 9), in which a
detailed degree of freedom r, 8 is switched to a collective

degree of freedom . Accordmg to the collective renorma-
lization, the evolution problem is studied by beginning with
the bounded evolution operator V,(s,t) and the related
bounded infinitesimal generator Log(V,(t,s)+«I). In a
more mathematical sense, the collective renormalization
plays a role of simplifying the representation. Equation
(190) ensures the validity of convergent power series expan-
sions used in operator algebras even if they include
unbounded operators.
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6. Concluding Remarks

6.1. Template of Solvable Nonlinear Equations. The utility of
the logarithmic representation is found in a formal discus-
sion. The derivative of the logarithmic representation is for-
mally represented by

9,Logv=v"v1, 192
+108

where v is a function of ¢, and the notation ' denotes the dif-
ferentiation along the t-direction. Since the logarithmic
derivative 0,Logv corresponds to the infinitesimal generator
if v is the evolution operator, this equality shows the relation
between the infinitesimal generator 0,Logv and the evolution
operator v. Let v be a known function (possibly a solution of
linear equation) and u be an unknown function of ¢ (uv! be
a solution of another equation and of possibly a nonlinear
equation). The Leibnitz rule reads

(uv’l)/ = [v’v’l - u'u’l] (uv’l).

(193)

Both v'v~! and u'u™' are regarded as the logarithmic

derivative for ¢-direction. The change of the evolution direc-
tion simply requires to fix u = 9, v, and then, uv™! is regarded
as the logarithmic derivative for x direction. As seen in the
case of the Cole-Hopf transform, equation (193) being equiv-
alent to the Burger’s equation in case of the Cole-Hopf trans-
form provides one abstract template for nonlinear evolution
equations, which can be analyzed as the linear problem. If
the Cole-Hopf transform (y =v'v™!) is combined with the
Miura transform w =y’ +y?, the higher order version of
equation (192)

no-1
w=v v,

(194)
is obtained [15]. In this way, the logarithmic representation
provides templates of solvable nonlinear equations, which
can be reduced to linear equations.

(i) Related Topics. As for the applicability of the theory,
the conditions to obtain the logarithmic representa-
tion (conditions shown in Section 2.2) are not so
restrictive; indeed, they can be satisfied by C,-semi-
groups generated by x'-independent infinitesimal
generators. The most restrictive condition to obtain
the logarithmic representation is the commutation
between K(x') and U(x',&). Such a commutation
is trivially satisfied by x'-independent K(x')=K
and also satisfied when the variable x is separable
(i.e., for an integrable function g(x'), K(x') = g(x)
K). In this sense, the operator specified in Theorem
16 corresponds to a moderate generalization of x'
-independent infinitesimal generators. The sum-
mary is demonstrated along with the related topic-
s.As for the applicability of the theory, the
conditions to obtain the logarithmic representation
(conditions shown in Section 2.2) are not so



Advances in Mathematical Physics

(ii)

(iii)

restrictive; indeed, they can be satisfied by C,-semi-
groups generated by x'-independent infinitesimal
generators. The most restrictive condition to obtain
the logarithmic representation is the commutation
between K(x') and U(x', ). Such a commutation
is trivially satisfied by x'-independent K(x')=K
and also satisfied when the variable x’ is separable
(i.e., for an integrable function g(x'), K(x') = g(x)
K). In this sense, the operator specified in Theorem
16 corresponds to a moderate generalization of x’
-independent infinitesimal generators. The sum-
mary is demonstrated along with the related topic-
s.As for the applicability of the theory, the
conditions to obtain the logarithmic representation
(conditions shown in Section 2.2) are not so
restrictive; indeed, they can be satisfied by C,-
semigroups generated by x'-independent infinitesi-
mal generators. The most restrictive condition to
obtain the logarithmic representation is the com-
mutation between K(x') and U(x,&). Such a
commutation is trivially satisfied by x'-indepen-
dent K(x') =K and also satisfied when the vari-
able x' is separable (ie, for an integrable
function g(x'), K(x') = g(x')K). In this sense, the
operator specified in Theorem 16 corresponds to
a moderate generalization of x'-independent infin-
itesimal generators. The summary is demonstrated
along with the related topics.

Time Reversal Symmetry. Let the existence of nega-
tive time evolution be a kind of time reversal sym-
metry. Note that this kind of symmetry is true for
linear wave equations but false for linear heat equa-
tions. The logarithmic representation of infinitesi-
mal generators has been originally obtained for the
invertible evolution operators, and it is generalized
to noninvertible evolution operators. Under the
validity of boundedness of U(x’,&') on X, the
removal of invertible criterion is essentially real-
ized by the introduction of nonzero k€ C. On
the other hand, the indispensable conditions for
obtaining this kind of logarithmic representations
are the boundedness of the spectral set of U(x,
&) and the commutation assumption, where the
bounded interval L <x’,& <L is also necessary.
Consequently, the time-reversal symmetry is
recovered for the regularized evolution operator
if x' is equal to x°. In the same way, a similar
concept to spatial reversal symmetry being defined
by the negative evolution can be recovered and
violated by taking x' # x°.

Regularity. The recovery of local time-reversal sym-
metry is associated with the regularity of the solu-
tion. The concept of regularized trajectory, whose
regularity is similar to that of the analytic semi-
groups (for a textbook, see Ref. [22]) at the least, is
true for regularized evolution operators.

(iv)

W)

(vi)
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Nonlinearity. For obtaining the logarithmic repre-
sentation, the operator U(x', &) can be either linear
or nonlinear semigroup. The nonlinearity of semi-
group can appear simply by altering the evolution
direction under a suitable identification between
the infinitesimal generator and the evolution opera-
tor. In particular, the relation between evolution
operator and its infinitesimal generator is essentially
similar to the Cole-Hopf transform.

The Self-Adjointness. The results obtained for a B(X)
-module does not require the self-adjointness of the
operator so that it opens up a way to have a full-
complex analysis (neither real nor pure imaginary
analysis) for a class of unbounded operators in asso-
ciation with the operator algebra. It is worth noting
that the obtained algebraic structure corresponds
to a generalization of “perturbation theory for semi-
groups of operators [42].”

Discrete Property. For example, in case of two-
dimensional space-time distribution, let the C°-
semigroup for x° direction exists for a Cauchy prob-
lem:

0.0 U(xo, §0> uy =K (x") U(xo, EO) Uy,

(195)
axoa(xo, EO) = axoLog(U(xO, fo) + KI),

in X, = L*(~L, L), where a certain complex number
« is taken from the resolvent set of U(x',&'). Fur-
thermore, let the same equation possible to be writ-

ten as

04 V(xlil)vo = o%(xl) V(xlfl)vo,

(196)
axl(x(xlfl) =00, Log(V(x1§1> + KI),

in X, = L?(=T, T). In this situation, using a(x', &")
instead of a(x% &%), the corresponding dynamical
system holds a discrete trajectory in X, (for an illus-
tration, see Figure 2 of Ref. [12]). Indeed, the trajec-
tory is L function with respect to x° and C° function
with respect to x'. That is, the relativistic treatment
naturally leads to the discrete evolution (for a theory
including the discrete evolution, see the variational
method of abstract evolution equation [47, 48]).
The discrete evolution to the ¢ direction (x° direc-
tion), which can be obtained by altering the evolu-
tion direction, is expected to be useful to analyze
the stochastic differential equations within the semi-
group theory of operators.
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