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We study scattering theory for 2N parameter models of finitely many relativistic δ-sphere and δ-sphere plus Coulomb interactions.
We provide the mathematical definitions of the Hamiltonians, solve the resolvent equations, and compute the nonrelativistic limits
for both models. We obtain new results related to spectral properties and scattering data.

1. Introduction

Over the past three decades, δ-sphere interactions in quan-
tum mechanics have been the subject of several research
studies, both from the mathematical point of view and for
their applications to the modeling of physical phenomena.
The Hamiltonians describing these interactions are defined
using the theory of self-adjoint extensions of closed symmet-
ric operators in Hilbert spaces. Initially, the emphasis was
placed on studying these interactions in nonrelativistic
mechanics [1–10]. The extension of this research work to rel-
ativistic quantum mechanics began in 1989 [11–16].

In [17], we studied Dirac Hamiltonians with delta inter-
actions and delta plus Coulomb interactions. We obtained a
series of new results for this model including the resolvent
equation, the spectral properties, the nonrelativistic limit,
and the various quantities related to the scattering theory
and the generalization of these results to the case of a delta
plus Coulomb interaction.

In this paper, we extend the results obtained in [17] to
the case of Dirac Hamiltonian with finitely many delta and
delta plus Coulomb interactions with support on N concen-
tric spheres.

The paper is organized as follows: in Section 2, we pro-
vide a rigorous mathematical definition of the Dirac Hamil-

tonian with finitely many delta interactions supported by N
concentric spheres and generalize all results obtained in
[17] to this case. In Section 3, we expand the results obtained
in Section 2 to the case of a Dirac Hamiltonian with finitely
many spheres plus Coulomb interactions with support on
N concentric spheres.

2. Basic Properties for the 2N Parameter
Model of Finitely Many Relativistic δ-Sphere
Interactions: Separated Boundary Conditions

2.1. Definition of the Model. In this section, we provide in
dimension n = 3 the rigorous mathematical definition of
finitely many relativistic δ-sphere interactions. The formal
expression of the hamiltonian describing the 2N parameter
model of finitely many δ-sphere interactions with support
on concentric spheres of radii 0 < R1<⋯ <RN is given by

H =HD + 〠
N

n=1
Γnδ ∣x∣−Rnð Þ, x ∈ℝ3, 0 < R1 <⋯ < RN , ð1Þ

where we define the Dirac Hamiltonian in Hilbert space
H = L2ðℝ3Þ ⊗ℂ4 by
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HD = −i α∇ + β
c2

2 ,D HDð Þ =H1,2 ℝ3� �
⊗ℂ4: ð2Þ

The 4 × 4 matrix Γn is defined by

Γn =
An 0
0 Bn

 !
, n = 1,⋯,N , ð3Þ

and An = An

1 0
0 1

 !
and Bn = Bn

1 0
0 1

 !
:

An and Bn, n = 1,⋯,N , are 2N parameters correspond-
ing to the relativistic δ-sphere interaction supported by the
sphere of radius Rn. c,Hm,n, α, and β are, respectively,
defined by the following: c is the velocity of the light, Hm,n

is the Sobolev space of indices ðm, nÞ, and α and β are 4 × 4
Dirac matrices given by

α =
0 σ

σ 0

 !
,

β =
1l 0
0 1l

 !
:

ð4Þ

σ are Pauli’s spin matrices defined by

σ1 =
0 1
1 0

 !
,

σ2 =
0 −i
i 0

 !
,

σ3 =
1 0
0 −1

 !
:

ð5Þ

Considering L2ðℝ3Þ ⊗ℂ4 the symmetric closed operator,
�HD is defined by

�HD = −i α∇ + β
c2

2 ,

�HD = ψ ∈H1,2 ℝ3� �
⊗ℂ4 ψ SRn

= 0
� ��� , 1 < n ≤N

� �
,

ð6Þ

where SRn
= fx ∈ℝ3 : ∣x∣ = Rng is the sphere of radius Rn.

Let us look for self-adjoint extensions of �HD which are
rotationally and space-reflection symmetric.

The Hilbert space H can be decomposed as follows:

H = ⨁
j=1/2

∞
⨁

l=j−1/2

j+1/2
⨁
μ=−j

j

H jlμ, ð7Þ

where

H jlμ = ψ ∈H ψ r, nð Þ =
f rð ÞΩjlμ

g rð ÞΩjl ′μ

 !
, f , g ∈ L2 0,∞ð Þ, r2dr� ������

( )
:

ð8Þ

The spherical spinors Ωjlμ are defined by [18]

Ωjlμ =

ffiffiffiffiffiffiffiffiffiffiffi
j + μ

2l + 1

r
Yl,μ−1/2 θ, φð Þffiffiffiffiffiffiffiffiffiffiffi

j − μ

2l + 1

r
Yl,μ+1/2 θ, φð Þ

0
BBB@

1
CCCA, for l = j −

1
2 ,

Ωjl ′μ =
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
j − μ + 1
2l + 1

r
Yl,μ−1/2 θ, φð Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

j + μ + 1
2l + 1

r
Yl,μ+1/2 θ, φð Þ

0
BBB@

1
CCCA,  for l = j + 1

2 :

ð9Þ

We have l′ = j ∓ 1/2 for l = j ± 1/2. The Hilbert space H
then takes the following form:

H = ⨁
j=1/2

∞
⨁

l=j−1/2

j+1/2
⨁
μ=−j

j

U−1
jl
~H

h i
⊗ Ωjlμ θ, φð Þ� 	

, ð10Þ

where the isomorphism U jl is defined by

Ulj : L
2 0,∞ð Þ ; r2dr� �

⊗ℂ2 ⟶ ~H = L2 0,∞ð Þ ; drð Þ ⊗ℂ2,

U jl

� �
ψ rð Þ =

rf rð Þ
−1ð Þj−l−1/2rg rð Þ

 !
,

ð11Þ

and ½Ωjlðθ, φÞ� represents the vector space formed by the
spherical spinors.

Following decomposition (10), the operator �HD reads

�HD = ⨁
j=1/2

∞
⨁

l=j−1/2

j+1/2
U−1

jl hjl, Rf gU jl

h i
⊗ 1l, ð12Þ

where the radial Dirac operator hjl,fRg reads
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hjl, Rf g =

c2

2 −c
d
dr + c

κjl
r

c
d
dr + c

κjl
r

−
c2

2

0
BBB@

1
CCCA

≡ τ, κjl = −ð Þj−l+1/2 j + 1
2


 �
,

D hjl, Rf g
� 

=
�
ψ ∈ L2 0,∞ð Þð Þ ⊗ℂ2 ∣ ψ ∈ ACloc 0,∞ð Þð Þ,
 ψ Rn ±ð Þ = 0, τψ ∈ L2 0,∞ð Þð Þ ⊗ℂ2�,

Rf g = R1, R2,⋯, RNf g,
ð13Þ

where AClocðΩÞ denotes the set of locally absolutely continu-
ous functions on Ω and

ψ x ±ð Þ = lim
ε→0+

ψ x ± εð Þ: ð14Þ

The adjoint h∗jl,fRg of hjl,fRg reads

h∗jl, Rf g = τ,

D h∗jl, Rf g
� 

=
�
f ∈ L2 0,∞ð Þð Þ ⊗ℂ2 ∣ f

∈ ACloc 0,∞ð Þ \ Rf gð Þ, τf ∈ L2 0,∞ð Þð Þ ⊗ℂ2�:
ð15Þ

A straightforward computation shows that the equation

h∗jl, Rf g − z
� 

φ = 0, φ ∈ℂ− −∞, − c
2

2


 �[ c2

2 ,∞
� �� �

,

ð16Þ

has 2N linearly independent solutions

φ
1ð Þ
jl,n rð Þ =

Gjl z, Rnð ÞFjl z, rð Þ
~Gjl z, Rnð Þ~Fjl z, rð Þ

 !
, r < Rn,

0
0

 !
, r > Rn, n = 1,⋯,N ,

8>>>>><
>>>>>:

φ
2ð Þ
jl,n rð Þ =

0
0

 !
, r < Rn,

Fjl z, Rnð ÞGjl z, rð Þ
~Fjl z, Rnð Þ~Gjl z, rð Þ

 !
, r > Rn, n = 1,⋯,N ,

8>>>>><
>>>>>:

ð17Þ

where

Fjl z, rð Þ = k
2


 �−κ jl−1/2
Γ κjl +

3
2


 �
r1/2 Jκ jl+1/2 krð Þ, ð18Þ

~Fjl z, rð Þ = 1
c

1
2


 �−κ jl−1/2
k−κ jl+1/2Γ κjl +

3
2


 �
r1/2 Jκ jl−1/2 krð Þ,

ð19Þ

Gjl z, rð Þ = i π2
k
2


 �κ jl+1/2
1/2Γ κjl +

3
2


 �
r1/2H 1ð Þ

κ jl+1/2 krð Þ, ð20Þ

~Gjl z, rð Þ = i π2c
1
2


 �κ jl+1/2
kκ jl+3/2Γ κjl +

3
2


 �−1
r1/2H 1ð Þ

κ jl−1/2 krð Þ:

ð21Þ
Jνð∙Þ is the Bessel function and Hð1Þ

ν ð∙Þ the Hankel func-
tion of the first type of order ν.

Therefore, all self-adjoint extensions of hjl,fRg are given
by a 4N2 parameter family of self-adjoint operators.

In this section, we consider the following special 2N
parameter family of self-adjoint extensions of hjl,fRg:

hjl, Γf g, Rf g =

c2

2 −c
d
dr

+ c
κjl
r

−c
d
dr

+ c
κjl
r

−
c2

2

0
BB@

1
CCA, ð22Þ

D hjl, Γf g, Rf g
� 

=
�
g ∈D h∗jl, Γf g, Rf g

� 
1 − τ0

Γjl,n
2c


 �
g Rn +ð Þ

����
− 1 + τ0

Γjl,n
2c


 �
g Rn −ð Þ = 0

�
,

ð23Þ
where the 2 × 2 matrix Γjl,n reads

Γjl,n =
Ajl,n 0
0 Bjl,n

 !
, Ajl,n, Bjl,n ∈ℝ: ð24Þ

The Hamiltonian hjl,fΓg,fRg gives the mathematical defini-
tion of the formal expression

h Γf g, Rf g = hD + 〠
N

n=1
Γjl,nδ r − Rnð Þ, Rn > 0, n = 1, 2,⋯,N ,

ð25Þ

where hD is the radial Dirac operator defined by

hD =

c2

2 −c
d
dr

+ c
κjl
r

−c
d
dr

+ c
κjl
r

−
c2

2

0
BB@

1
CCA, ð26Þ
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D hDð Þ =H1,2 0,∞ð Þð Þ ⊗ℂ2: ð27Þ

Given decomposition (10), a rigorous mathematical def-
inition of formal expression (1) reads

H Γf g, Rf g = ⨁
j=1/2

∞
⨁

l=j−1/2

j+1/2
U−1

jl hjl, Γf g, Rf gU jl

h i
⊗ 1l: ð28Þ

The case Γ = 0, i.e., Γjl,n = 0 for all j and l in equation (28),
yields the Dirac Hamiltonian HD defined by equation (2).

The case Ajl,n ≠ 0 and Bjl,n = 0 for all j and l in equation
(28) yields the relativistic N-parameter δ-sphere interactions
of the first type [17].

The case Ajl,n = 0 and Bjl,n ≠ 0 for all j and l in equation
(28) yields the relativistic N-parameter δ-sphere interactions
of the second type [17].

2.2. Resolvent Equation of hjl,fΓg,fRg

Theorem 1. The resolvent of hjl,fΓg,fRg reads

hjl, Γf g, Rf g − z
� −1

= hD − zð Þ−1 + 〠
N

n,m=1

(
ϑ 1ð Þ
nm zð Þ



M̂

2ð Þ
jl,z ∙ð Þ, :

�
M̂

2ð Þ
jl,z ∙ð Þ

+ ϑ 2ð Þ
nm zð Þ ~M

2ð Þ
jl,z ∙ð Þ, :


 �
~M

2ð Þ
jl,z ∙ð Þ + ϑ 3ð Þ

nm zð Þ M̂
2ð Þ
jl,z ∙ð Þ, :


 �

� ~M 1ð Þ
jl,z ∙ð Þ + ϑ 4ð Þ

nm zð Þ ~M
2ð Þ
jl,z ∙ð Þ, :


 �
M̂

1ð Þ
jl;;z ∙ð Þ

)
,

 z ∈ ρ hjl, Γf g, Rf g
� 

, Im k > 0, l ∈ j −
1
2
, j + 1

2

� �
, j ∈ 1

2
,∞

� �
,

ð29Þ

where ρ is the resolvent set and

ϑ 1ð Þ zð Þ
h i−1

nm
=

−
1
Ajl

−
Bjl

4c2 +
Bjl

Ajl
G jlð Þ
22 z, Rn, Rnð Þ +G jlð Þ

11 z, Rn, Rnð Þ
" #

, n =m,

−G jlð Þ
11 z, Rm, Rnð Þ, n ≠m,

8>><
>>: ð30Þ

ϑ 2ð Þ zð Þ
h i−1

nm
=

−
1
Bjl

−
Ajl

4c2 +
Ajl

Bjl
G jlð Þ
11 z, Rn, Rnð Þ +G jlð Þ

22 z, Rn, Rnð Þ
" #

, n =m,

−G jlð Þ
22 z, Rm, Rnð Þ, n ≠m,

8>><
>>: ð31Þ

ϑ 3ð Þ zð Þ
h i−1

nm
=

−
2c

BjlAjl
−

1
2c +

2c
Bjl

G jlð Þ
11 z, Rn, Rnð Þ + 2c

Ajl
G jlð Þ
22 z, Rn, Rnð Þ

" #
, n =m,

1
2c , n ≠m,

8>>><
>>>: ð32Þ

ϑ 4ð Þ zð Þ
h i−1

nm
=

− −
2c

BjlAjl
+ 1
2c −

2c
Bjl

G jlð Þ
11 z, Rn, Rnð Þ − 2c

Ajl
G jlð Þ
22 z, Rn, Rnð Þ

" #
, n =m,

−1
2c , n ≠m,

8>>><
>>>: ð33Þ

M̂
mð Þ
jl,z rð Þ =

Gjl z, r, Rnð Þ10, r < Rn,

−ð ÞmGjl z, r, Rnð Þ
1
0

 !
, r > Rn,m = 1, 2, n = 1, 2,⋯,N ,

8>><
>>: ð34Þ

~M
mð Þ
jl,z rð Þ =

Gjl z, r, Rnð Þ01, r < Rn,

−ð ÞmGjl z, r, Rnð Þ
0
1

 !
, r > Rn,m = 1, 2, n = 1, 2,⋯,N:

8>><
>>: ð35Þ
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ðhD − zÞ−1,Im k > 0, is the radial Dirac resolvent with ker-
nel:

Gjl z, r, Rnð Þ =
Gjl
11 z, r, Rnð Þ Gjl

12 z, r, Rnð Þ
Gjl
21 z, r, Rnð Þ Gjl

22 z, r, Rnð Þ

0
@

1
A, ð36Þ

where

Gjl
11 z, r, Rnð Þ =

Gjl z, Rnð ÞFjl z, rð Þ, r < Rn,
Fjl z, Rnð ÞGjl z, rð Þ, r > Rn,

(

Gjl
12 z, r, Rnð Þ =

~Gjl z, Rnð ÞFjl z, rð Þ, r < Rn,
~Fjl z, Rnð ÞGjl z, rð Þ, r > Rn,

8<
:

Gjl
21 z, r, Rnð Þ =

Gjl z, Rnð Þ~Fjl z, rð Þ, r < Rn,

Fjl z, Rnð Þ~Gjl z, rð Þ, r > Rn,

8<
:

Gjl
22 z, r, Rnð Þ =

~Gjl z, Rnð Þ~Fjl z, rð Þ, r < Rn,
~Fjl z, Rnð Þ~Gjl z, rð Þ, r > Rn:

8<
:

ð37Þ

Proof. Equation (29) follows from Krein’s formula [19].

Let ϕ =
ϕ1

ϕ2

 !
∈ Lðð0,∞ÞÞ ⊗ℂ2 and define the function

ξjl by

ξjl rð Þ = hjl, Γf g, Rf g − z
� −1

ϕ


 �
rð Þ: ð38Þ

Since ξjl ∈Dðhjl,fΓg,fRgÞ, it follows that ξjl satisfies the
separated boundary conditions in equation (23).

The implementation of these boundary conditions provides
equation (29).

2.3. Spectral Properties of hjl,fΓg,fRg

Theorem 2. For Ajl,n, Bjl,n ∈ℝ, l ∈ ½j − 1/2, j + 1/2�, j ∈ ½1/2,
∞Þ, the essential spectrum of hjl,fΓg,fRg is purely absolutely
continuous and coincides with ð−∞, − c2/2� ∪ ½c2/2,∞Þ. Its
singularly continuous and residual spectra are empty.

Proof. Follow step by step the proof of theorem 6.2 and prop-
osition 6.1 in ref. [12].

According to decomposition (10), equations (12) and (29),
the resolvent equation of HfΓg,fRg reads

H Γf g, Rf g − z
� −1

= HD − zð Þ−1 + ⨁
j=1/2

∞
⨁

l=j+1/2

j−1/2
⨁
μ=−j

j

× 〠
N

n,m=1
ϑ 1ð Þ
nm zð Þ :j j−1M̂ 2ð Þ

jl,z :ð Þ ⊗ ~Ωjlμ,:

 ��

× :j j−1M̂ 2ð Þ
jl,z :ð Þ ⊗ ~Ωjlμ + ϑ 2ð Þ

nm zð Þ :j j−1 ~M 2ð Þ
jl,z :ð Þ ⊗ ~Ωjlμ,:


 �

× :j j−1 ~M 2ð Þ
jl,z :ð Þ ⊗ ~Ωjlμ + ϑ 3ð Þ

nm zð Þ :j j−1M̂ 2ð Þ
jl,z :ð Þ ⊗ ~Ωjlμ,:


 �

× :j j−1 ~M 1ð Þ
jl,z :ð Þ ⊗ ~Ωjlμ + ϑ 4ð Þ

nm zð Þ :j j−1 ~M 2ð Þ
jl,z :ð Þ ⊗ ~Ωjlμ,:


 �
× :j j−1M̂ 1ð Þ

jl,z :ð Þ ⊗ ~Ωjlμ

o
,

  z ∈ ρ hjl, Γf g, Rf g
� 

, Im k > 0,

l ∈ j −
1
2 , j +

1
2

� �
, j ∈ 1

2 ,∞
� �

,

ð39Þ

where the notations M̂
ðnÞ
jl,zð:Þ ⊗ ~Ωjlμ and ~M

ðnÞ
jl,zð:Þ ⊗ ~Ωjlμ, n =

1, 2, mean

M̂
nð Þ
jl,z :ð Þ ⊗ ~Ωjlμ =

M̂
nð Þ
jl,z,1 :ð ÞΩjlμ

M̂
nð Þ
jl,z,2 :ð ÞΩjl ′μ

0
@

1
A, n = 1, 2,

~M
nð Þ
jl,z :ð Þ ⊗ ~Ωjlμ =

~M
nð Þ
jl,z,1 :ð ÞΩjlμ

~M
nð Þ
jl,z,2 :ð ÞΩjl ′μ

0
@

1
A, n = 1, 2:

ð40Þ

2.4. The Nonrelativistic Limit. The nonrelativistic limit of
hjl,fΓg,fRg as c⟶∞ is given by the following.

Theorem 3. For the spin 1/2 particules, the operator
hjl,fΓg,fRg − c2/2 converges in norm resolvent sense to the

Schrödinger operator hl,αl ,fRg times the projector onto ~H+ =
L2ðð0,∞ÞÞ:

n · lim
c→∞

hjl, Γf g, Rf g −
c2

2
− z


 �−1

= hjl, αf g, Rf g − z
� −1

⊗
1 0

0 0

 !
, z ∈ℂ \ℝ,

ð41Þ

where the operator hjl,fαg,fRg is defined by

5Advances in Mathematical Physics



hjl, αf g, Rf g = −
d2

dr2
+ l l + 1ð Þ

r2
,

D hjl, αf g, Rf g
� 

= f ∈ L2 0,∞ð Þð Þ f , f ′
��n

∈ ACloc 0,∞ð Þ \ R1,⋯, RNf gð Þ,
g 0 +ð Þ = 0,

f Rn +ð Þ − f Rn −ð Þ = βl,n
2

f ′ Rn +ð Þ + f ′ Rn −ð Þ
h i

,

f ′ Rn +ð Þ − f ′ Rn −ð Þ
= αl,n

2
f Rn +ð Þ + f Rn −ð Þ½ �,

−f ″ + l l + 1ð Þr−2 f ∈ L2 0,∞ð Þð Þ
o
,

l ≥ 1, αl,nβl,n − 4 = 0, αl,n, βl,n ∈ℝ, 1 ≤ n ≤N:

ð42Þ

Proof. One can use the strategy of Gesztesy and Seba [15]
where a similar case was discussed for point interactions.

The Hamiltonian hjl,fαg,fRg describes a 2N parameter
model of finitely many nonrelativistic δ-sphere interactions
in quantum mechanics.

2.5. Scattering Theory for the Pair ðhjl,fαg,fRg, hDÞ. Let us
define for k > 0 the function

Fjl, Γf g, Rf g rð Þ =
Fjl rð Þ
~Fjl rð Þ

0
@

1
A + 〠

n,m=1

n
ϑ 1ð Þ
nm zð ÞFjl z, Rnð Þ

� M̂ 2ð Þ
jl,z rð Þ + ϑ 2ð Þ

nm zð Þ~Fjl z, Rnð Þ ~M 2ð Þ
jl,z rð Þ

+ ϑ 3ð Þ
nm zð ÞFjl z, Rnð Þ ~M 1ð Þ

jl,z rð Þ
+ ϑ 4ð Þ

nm zð Þ~Fjl z, Rnð ÞM̂ 1ð Þ
jl,z rð Þ

o
,

ð43Þ

where functions Fjlðz, rÞ, ~Fjlðz, rÞ, ~Mð2Þ
jl,zðrÞ, M̂ð2Þ

jl,zðrÞ, ~M
ð1Þ
jl,zðrÞ,

M̂
ð1Þ
jl,zðrÞ, and ϑðiÞnmðzÞ, i = 1, 2, 3, 4, are, respectively, defined

by equations (18), (35), and (33).
The asymptotic behaviour of the function F jl,fΓg,fRgðrÞ as

r⟶∞ yields [20]

Fjl, Γf g, Rf g rð Þ ���!k>0
r→∞

Âjl z sin kr − κjl
π

2
h i� 

B̂jl zð Þ sin kr − κjl − 1
� �π

2
h i

0
BB@

1
CCA

+ 〠
N

n,m=1
ϑnm′ zð Þ

Ĉ jl zð Þ exp − i kr − κjl
π

2
h i

Ôjl zð Þ exp − i kr − κjl − 1
� �π

2
h i

0
BB@

1
CCA

=

Âjl zð Þ − iĈ jl zð Þ 〠
N

n,m=1
ϑnm′ zð Þ

" #
sin kr − κjl

π

2
h i

B̂jl zð Þ − iÔjl zð Þ 〠
N

n,m=1
ϑnm′ zð Þ

" #
sin kr − κjl − 1

� �π
2

h i

0
BBBBBB@

1
CCCCCCA

+

Ĉ jl zð Þ 〠
N

n,m=1
ϑnm′ zð Þ cos kr − κjl

π

2
h i

Ôjl zð Þ 〠
N

n,m=1
ϑnm′ zð Þ cos kr − κjl − 1

� �π
2

h i

0
BBBBB@

1
CCCCCA,

ð44Þ

where

ϑnm′ zð Þ = ϑ 1ð Þ
nm zð ÞFjl z, Rnð ÞFjl z, Rnð Þ
+ ϑ 2ð Þ

nm zð Þ~Fjl z, Rnð Þ~Fjl z, Rnð Þ,
Âjl zð Þ = 2−κ jl k−κ jl−1Γ 2κjl + 2

� �
Γ κjl + 1
� �−1,

Ĉ jl zð Þ = 2κ jl kκ jlΓ 2κ jl + 2
� �−1Γ κjl + 1

� �
,

B̂jl zð Þ = 1
c
2−κ jl k−κ jlΓ 2κjl + 2

� �
Γ κjl + 1
� �−1,

Ôjl zð Þ = 1
c
2κ jl kκ jl+1Γ 2κ jl + 2

� �−1Γ κjl + 1
� �

:

ð45Þ

A straight computation shows that equation (44) reads

F jl, Γf g, Rf g rð Þ ���!k>0
r→∞

~P
2
jl,1 zð Þ + ~P

2
jl,2 zð Þ

h i1/2
sin kr − κjl

π

2 + δjl, Γf g, Rf g
h i

+ 0 1ð Þ

~P
2
jl,3 zð Þ + ~P

2
jl,4 zð Þ

h i1/2
sin kr − κjl − 1

� �π
2 + δjl, Γf g, Rf g

h i
0
BB@

1
CCA:

ð46Þ

Then, the phase shift δjl,fΓg,fRg corresponding to hjl,fαg,fRg
is defined by

δjl, Γf g, Rf g = − arctan
~P
2
jl,2 zð Þ

~P
2
jl,1 zð Þ

, = − arctan
~P
2
jl,4 zð Þ

~P
2
jl,3 zð Þ

,

= − arctan
Ĉ jl zð Þ∑N

n,m=1ϑnm′ zð Þ
Âjl zð Þ − iĈ jl zð Þ∑N

n,m=1ϑnm′ zð Þ
:

ð47Þ

The elements of the on-shell scattering matrix are
given by

Sjl, Γf g, Rf g = exp 2iδjl, Γf g, Rf g zð Þ
h i

: ð48Þ
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The partial wave scattering amplitude is given by

f jl, Γf g, Rf g =
exp 2iδjl, Γf g, Rf g zð Þ

h i
− 1

2ik : ð49Þ

3. Basic Properties for the 2N Parameter
Model of Relativistic Many δ-Sphere plus
Coulomb Interactions: Separated Boundary
Conditions

3.1. Definition of the Hamiltonian. In this section, we give
in dimension n = 3 the rigorous mathematical definition of
relativistic many δ-sphere plus Coulomb interactions. The
formal expression of the Hamiltonian describing N finitely
δ-sphere plus Coulomb interactions with support on con-
centric spheres of radii 0 < R1<⋯ <RN is given by

Hγ, Γf g =HD + γ

∣x ∣
+ 〠

N

n=1
Γnδ xj j − Rnð Þ,

 x ∈ℝ3, 0 < R1 <⋯ < RN ,
ð50Þ

where the operator HD is defined by equation (2).
Following decomposition (10), we consider the operator

�Hγ,fΓg that reads

�Hγ, Γf g = ⨁
j=1/2

∞
⨁

l=j−1/2

j+1/2
U−1

jl hjl,γ, Rf gUjl

h i
⊗ 1l, ð51Þ

where the operator hjl,γ,fRg is defined in L2ðð0,∞ÞÞ ⊗ℂ2 by

hjl,γ, Rf g =

c2

2 + γ

r
−c

d
dr + c

κjl
r

c
d
dr + c

κjl
r

−
c2

2 + γ

r

0
BB@

1
CCA ≡ τγ,

D hjl,γ, Rf g
� 

= ψ ∈ L2 0,∞ð Þð Þ ⊗ℂ2 ∣ ψ ∈ ACloc 0,∞ð Þð Þ,�
 ψ Rn ±ð Þ = 0, τγψ ∈ L2 0,∞ð Þð Þ ⊗ℂ2g,

Rf g = R1, R2,⋯, RNf g:
ð52Þ

The adjoint h∗jl,γ,fRg of hjl,γ,fRg reads

h∗jl,γ, Rf g = τγ,D h∗jl,γ, Rf g
� 

= f ∈ L2 0,∞ð Þð Þ ⊗ℂ2 ∣ f
�

∈ ACloc 0,∞ð Þ \ Rf gð Þ, τγ f ∈ L
2 0,∞ð Þð Þ ⊗ℂ2g:

ð53Þ

The deficiency index equation

h∗jl,γ, Rf g − z
� 

φ = 0,

f ∈ℂ− −∞, − c2

2


 �[ c2

2 ,∞
� �� � ð54Þ

has 2N linearly independent solutions

φ
1ð Þ
jl,γ =

gjl,γ,1 z, Rnð Þf jl,γ,1 z, rð Þ
gjl,γ,2 z, Rnð Þf jl,γ,2 z, rð Þ

 !
, r < Rn,

0
0

 !
, r > Rn, n = 1,⋯,N ,

8>>>>><
>>>>>:

φ
2ð Þ
jl,γ =

0
0

 !
, r < Rn,

f jl,γ z, Rnð Þgjl,γ z, rð Þ
~f jl,γ z, Rnð Þ~gjl,γ z, rð Þ

0
@

1
A, r > Rn, n = 1,⋯,N ,

8>>>>>><
>>>>>>:

ð55Þ

where

f jl,γ,1 z, rð Þ = 1 − γ2

κjlc + ζ
� �2

 !−1/2

cos arctan ~γ

2k~ζ


 �� �−1/2

� Fjl,γ z, rð Þ − γ

κjlc + ζ
~Fjl,γ z, rð Þ

" #
,

ð56Þ

f jl,γ,2 z, rð Þ = 1 − γ2

κjlc + ζ
� �2

 !−1/2

cos arctan ~γ

2k~ζ


 �� �−1/2

� ~Fjl,γ z, rð Þ − γ

κjlc + ζ
Fjl,γ z, rð Þ

" #
,

ð57Þ

gjl,γ,1 z, rð Þ = 1 − γ2

κjlc + ζ
� �2

 !−1/2

cos arctan ~γ

2k~ζ


 �� �−1/2

� Gjl,γ z, rð Þ − γ

κjlc + ζ
~Gjl,γ z, rð Þ

" #
,

ð58Þ

gjl,γ,2 z, rð Þ = 1 − γ2

κjlc + ζ
� �2

 !−1/2

cos arctan ~γ

2k~ζ


 �� �−1/2

� ~Gjl,γ z, rð Þ − γ

κjlc + ζ
Gjl,γ z, rð Þ

" #
,

ð59Þ
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where

Fjl,γ z, rð Þ = r
~ζ+1e−ikr1F1

~ζ + 1 − i
~γ

2k , 2
~ζ + 2, 2ikr


 �
,

Gjl,γ z, rð Þ = Γ 2~ζ + 2
� −1

Γ ~ζ + 1 − i~γ
2k


 �
2ikð Þ2~ζ+1r~ζ+1e−ikrU

� ~ζ + 1 − i
~γ

2k , 2
~ζ + 2, 2ikr


 �
,

~Fjl,γ z, rð Þ =
~ζ

c
2~ζ + 1
� 

Γ ~ζ + i~γ
2k


 �����
���� Γ ~ζ + 1 + i~γ

2k


 �����
����−1r~ζe−ikr

× 1F1
~ζ − i

~γ

2k , 2
~ζ, 2ikr


 �
,

~Gjl,γ z, rð Þ =
~ζ
−1

c
2~ζ + 1
� −1

Γ 2~ζ
� −1

Γ ~ζ + i~γ
2k


 �

� Γ ~ζ + i~γ
2k


 �����
����−1 Γ ~ζ + 1 + i~γ

2k


 �����
����

× k2 2ikð Þ2~ζ−1r~ζe−ikrU ~ζ − i
~γ

2k , 2
~ζ, 2ikr


 �
:

ð60Þ

We use the following notations:

k = 1
c

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2 −

c4

4

r
,

ζ =
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
κ2jlc2 − γ2

q
,

~ζ = 1
c
ζ,

~γ = 2zγ
c2

:

ð61Þ

The operator hjl,γ,fRg has deficiency indices ð2N , 2NÞ, and
therefore, all self-adjoint extensions of hjl,γ,fRg are given by

4N2 parameter family of self-adjoint operators.
Consider the following special 2N-parameter family of

self adjoint extensions of hjl,γ,fRg:

hjl,γ, Γf g, Rf g =

c2

2 + γ

r
−c

d
dr

+ c
κjl
r

−c
d
dr

+ c
κjl
r

−
c2

2 + γ

r

0
BB@

1
CCA,

D hjl,γ, Γf g, Rf g
� 

=
�
g ∈D h∗jl, Γf g, Rf g

� 
1 − τ0

Γjl,n
2c


 �
g Rn +ð Þ

����
− 1 + τ0

Γjl,n
2c


 �
g Rn −ð Þ = 0

�
,

ð62Þ

where the 2 × 2 matrix Γjl,n is defined by equation (24).

The Hamiltonian hjl,γ,fΓg,fRg gives the mathematical defi-
nition of the formal expression

hγ, Γf g, Rf g = hD + γ

r
+ 〠

N

n=1
Γjl,nδ r − Rnð Þ,

 Rn > 0, n = 1, 2,⋯,N ,
ð63Þ

where hD is the radial Dirac operator defined by equation
(27).

The rigous mathematical definition of formal expression
(50) reads

Hγ, Γf g, Rf g = ⨁
j=1/2

∞
⨁

l=j−1/2

j+1/2
U−1

jl hjl,γ, Γf g, Rf gUjl

h i
⊗ 1l: ð64Þ

The case γ = 0 and Γ = 0, i.e., Γjl,n = 0, for all j and l in
equation (64), yields the Dirac Hamiltonian HD defined by
equation (2).

The case Γ = 0, for all j and l in equation (64), yields
Hγ,fRg ≡Hγ,D:

The case Ajl,n ≠ 0 and Bjl,n = 0, for all j and l in equation
(64), yields the relativistic many δ-sphere plus Coulomb
interactions of the first type.

The case Ajl,n = 0 and Bjl,n ≠ 0, for all j and l in equation
(64), yields the relativistic many δ-sphere plus Coulomb
interactions of the second type.

3.2. Resolvent Equation of hjl,γ,fΓg,fRg

Theorem 43.1. The resolvent of hjl,γ,fΓg,fRg reads

hjl,γ, Γf g, Rf g − z
� −1

= hγ,D − z
� �−1 + 〠

N

n,m=1

�
ϑ 1ð Þ
γ,nm zð Þ

� M̂
2ð Þ
jl,γ :ð Þ, :


 �
M̂

2ð Þ
jl,γ :ð Þ + ϑ 2ð Þ

γ,nm zð Þ

� ~M
2ð Þ
jl,γ :ð Þ, :


 �
~M

2ð Þ
jl,γ :ð Þ + ϑ 3ð Þ

γ,nm zð Þ

� M̂
2ð Þ
jl,γ :ð Þ, :


 �
~M

1ð Þ
jl,γ :ð Þ + ϑ 4ð Þ

γ,nm zð Þ

� ~M
2ð Þ
jl,γ :ð Þ, :


 �
M̂

1ð Þ
jl;;γ :ð Þ

�
,

 z ∈ ρ hjl,γ, Γf g, Rf g
� 

, Im k > 0,

l ∈ j −
1
2
, j + 1

2

� �
, j ∈ 1

2
,∞

� �
,

ð65Þ

where ρ is the resolvent set and
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ðhγ,D − zÞ−1, Im k > 0, is the radial Dirac resolvent with
kernel:

G jl,γð Þ z, r, Rnð Þ =
G jl,γð Þ
11 z, r, Rnð Þ G jl,γð Þ

12 z, r, Rnð Þ
G jl,γð Þ
21 z, r, Rnð Þ G jl,γð Þ

22 z, r, Rnð Þ

0
@

1
A,

ð72Þ

where

G jl,γð Þ
11 z, r, Rnð Þ =

gγ,1 z, Rnð Þf γ,1 z, rð Þ, r < Rn,
f γ,1 z, Rnð Þgγ,1 z, rð Þ, r > Rn,

(

G jl,γð Þ
12 z, r, Rnð Þ =

gγ,2 z, Rnð Þf γ,1 z, rð Þ, r < Rn,
f γ,2 z, Rnð Þgγ,1 z, rð Þ, r > Rn,

(

G jl,γð Þ
21 z, r, Rnð Þ =

gγ,1 z, Rnð Þf γ,2 z, rð Þ, r < Rn,
f γ,1 z, Rnð Þgγ,2 z, rð Þ, r > Rn,

(

G jl,γð Þ
22 z, r, Rnð Þ =

gγ,2 z, Rnð Þf γ,2 z, rð Þ, r < Rn,
f γ,2 z, Rnð Þgγ,2 z, rð Þ, r > Rn:

(

ð73Þ

Proof. Similar to the proof of Theorem 2.
Consider to decomposition (10), equations (51) and (65),

the resolvent equation of Hγ,fΓg,fRg reads

Hγ, Γf g, Rf g − z
� −1

= Hγ,D − z
� �−1 + ⨁

j=1/2

∞
⨁

l=j+1/2

j−1/2
⨁
μ=−j

j

× 〠
N

n,m=1
ϑ 1ð Þ
γ,nm zð Þ :j j−1M̂ 2ð Þ

jl,γ :ð Þ ⊗ ~Ωjlμ,:

 ��

ϑ 1ð Þ
γ zð Þ

h i−1
nm

=
−

1
Ajl

−
Bjl

4c2 +
Bjl

Ajl
G jl,γð Þ
22 z, Rn, Rnð Þ +G jl,γð Þ

11 z, Rn, Rnð Þ
" #

, n =m,

−G jl,γð Þ
11 z, Rm, Rnð Þ, n ≠m,

8>><
>>: ð66Þ

ϑ 2ð Þ
γ zð Þ

h i−1
nm

=
−

1
Bjl

−
Ajl

4c2 +
Ajl

Bjl
G jl,γð Þ
11 z, Rn, Rnð Þ +G jl,γð Þ

22 z, Rn, Rnð Þ
" #

, n =m,

−G jl,γð Þ
22 z, Rm, Rnð Þ, n ≠m,

8>><
>>: ð67Þ

ϑ 3ð Þ
γ zð Þ

h i−1
nm

=
−

2c
BjlAjl

−
1
2c +

2c
Bjl

G jl,γð Þ
11 z, Rn, Rnð Þ + 2c

Ajl
G jl,γð Þ
22 z, Rn, Rnð Þ

" #
, n =m,

1
2c , n ≠m,

8>>><
>>>: ð68Þ

ϑ 4ð Þ
γ zð Þ

h i−1
nm

=
− −

2c
BjlAjl

+ 1
2c −

2c
Bjl

G jl,γð Þ
11 z, Rn, Rnð Þ − 2c

Ajl
G jl,γð Þ
22 z, Rn, Rnð Þ

" #
, n =m,

−1
2c , n ≠m,

8>>><
>>>: ð69Þ

M̂
mð Þ
jl,γ rð Þ =

G jl,γð Þ z, r, Rnð Þ
1
0

 !
, r < Rn,

−ð ÞmG jl,γð Þ z, r, Rnð Þ
1
0

 !
, r > Rn,m = 1, 2, n = 1, 2,⋯,N ,

8>>>>><
>>>>>:

ð70Þ

~M
mð Þ
jl,γ rð Þ =

G jl,γð Þ z, r, Rnð Þ
0
1

 !
, r < Rn,

−ð ÞmG jl,γð Þ z, r, Rnð Þ
0
1

 !
, r > Rn,m = 1, 2, n = 1, 2,⋯,N:

8>>>>><
>>>>>:

ð71Þ
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× :j j−1M̂ 2ð Þ
jl,γ :ð Þ ⊗ ~Ωjlμ + ϑ 2ð Þ

γ,nm zð Þ :j j−1 ~M 2ð Þ
jl,γ :ð Þ ⊗ ~Ωjlμ,:


 �

× :j j−1 ~M 2ð Þ
jl,γ :ð Þ ⊗ ~Ωjlμ + ϑ 3ð Þ

γ,nm zð Þ :j j−1M̂ 2ð Þ
jl,γ :ð Þ ⊗ ~Ωjlμ,:


 �

× :j j−1 ~M 1ð Þ
jl,γ :ð Þ ⊗ ~Ωjlμ + ϑ 4ð Þ

γ,nm zð Þ :j j−1 ~M 2ð Þ
jl,γ :ð Þ ⊗ ~Ωjlμ,:


 �
× :j j−1M̂ 1ð Þ

jl,γ :ð Þ ⊗ ~Ωjlμ

o
, z ∈ ρ hjl,γ, Γf g, Rf g

� 
,

Imk > 0, l ∈ j −
1
2 , j +

1
2

� �
, j ∈ 1

2 ,∞
� �

:

ð74Þ

3.3. The Nonrelativistic Limit. The nonrelativistic limit of
hjl,γ,fΓg,fRg as c⟶∞ is given by the following.

Theorem 53.2. For the spin 1/2 particles, the operator
hjl,γ,fΓg,fRg − c2/2 converges in norm resolvent sense to the

Schrödinger operator hl,αl ,fRg times the projector onto ~H+ =
L2ðð0,∞ÞÞ:

n · lim
c→∞

hjl,γ, Γf g, Rf g −
c2

2
− z


 �−1

= hjl,γ, αf g, Rf g − z
� −1

⊗
1 0

0 0

 !
, z ∈ℂ \ℝ,

ð75Þ

where the operator hjl,γ,fαg,fRg is defined by

hjl,γ, αf g, Rf g = −
d2

dr2
+ l l + 1ð Þ

r2
+ γ

r
,

D hjl, αf g, Rf g
� 

= f ∈ L2 0,∞ð Þð Þ f , f ′
��n

∈ ACloc 0,∞ð Þ \ R1,⋯, RNf gð Þ, g 0 +ð Þ
= 0, f Rn +ð Þ − f Rn −ð Þ
= βl,n

2
f ′ Rn +ð Þ + f ′ Rn −ð Þ
h i

, f ′ Rn +ð Þ

− f ′ Rn −ð Þ = αl,n
2

f Rn +ð Þ + f Rn −ð Þ½ �,

−f ″ + l l + 1ð Þr−2 f + γr−1 f ∈ L2 0,∞ð Þð Þ
o
,

 l ≥ 1, αl,nβl,n − 4 = 0, αl,n, βl,n ∈ℝ, 1 ≤ n ≤N:

ð76Þ

Proof. Similar to the proof of Theorem 3.
The Hamiltonian hjl,γ,fαg,fRg describes a 2N parameter

model of finitely many nonrelativistic δ-sphere plus Cou-
lomb interactions in quantum mechanics.

3.4. Scattering Theory for the Pair ðhjl,γ,fαg,fRg, hγ,DÞ. Let us
define for k > 0 the function

Fjl,γ, Γf g, Rf g rð Þ

=
f γ,1 z, rð Þ
f γ,2 z, rð Þ

0
@

1
A + 〠

n,m=1

n
ϑ 1ð Þ
γ,nm zð Þf γ,1 z, Rnð ÞM̂ 2ð Þ

jl,γ rð Þ

+ ϑ 2ð Þ
γ,nm zð Þf γ,2 z, Rnð Þ ~M 2ð Þ

jl,γ rð Þ + ϑ 3ð Þ
γ,nm zð Þf γ,1

� z, Rnð Þ ~M 1ð Þ
jl,γ rð Þ + ϑ 4ð Þ

γ,nm zð Þf γ,2 z, Rnð ÞM̂ 1ð Þ
jl,γ rð Þ

o
,

=
f γ,1 z, rð Þ
f γ,2 z, rð Þ

0
@

1
A + 〠

n,m=1

(
ϑ 1ð Þ
γ,nmG

jl,γð Þ z, r, Rnð Þ

�
f γ,1 z, Rnð Þ

0

 !
+ ϑ 2ð Þ

γ,nmG
jl,γð Þ z, r, Rnð Þ

0

f γ,1 z, Rnð Þ

0
@

1
A

− ϑ 3ð Þ
γ,nmG

jl,γð Þ z, r, Rnð Þ
0

f γ,1 z, Rnð Þ

0
@

1
A

− ϑ 4ð Þ
γ,nmG

jl,γð Þ z, r, Rnð Þ
f γ,2 z, Rnð Þ

0

 !)
,

=
f γ,1 z, rð Þ
f γ,2 z, rð Þ

0
@

1
A + 〠

n,m=1

(
ϑ 1ð Þ
γ,nmG

jl,γð Þ z, r, Rnð Þ

�
f γ,1 z, Rnð Þ

0

 !
+ ϑ 2ð Þ

γ,nmG
jl,γð Þ z, Rnð Þ

�
0

f γ,1 z, Rnð Þ

0
@

1
A − ϑ 3ð Þ

γ,nmG
jl,γð Þ z, r, Rnð Þ

�
0

f γ,1 z, Rnð Þ

0
@

1
A −

f γ,2 z, Rnð Þ
0

 !2
4

3
5
)
,

ð77Þ

where the functions f γ,1ðz, rÞ, f γ,2ðz, rÞ, ~M
ð2Þ
jl,γðrÞ, M̂ð2Þ

jl,γðrÞ,
~M

ð1Þ
jl,γðrÞ, M̂ð1Þ

jl,γðrÞ, and ϑðiÞγ,nmðzÞ, i = 1, 2, 3, 4, are defined by
equations (59), (71), and (69), respectively.

The asymptotic behaviour of the function Fjl,γ,fΓg,fRgðrÞ
as r⟶∞ yields [20]:

Fjl,γ, Γf g, Rf g rð Þ k > 0
r⟶∞

⟶

 
d1 zð Þ sin kr −

~γ

2k ln 2krð Þ − ~ζ
π

2 + δ0ζ zð Þ
� �

−
γ

κjlc + ζ
d1 zð Þ sin kr −

~γ

2k ln 2krð Þ − ~ζ
π

2 + δ0ζ zð Þ
� �!
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+
 
d2 zð Þ sin kr −

~γ

2k ln 2krð Þ − ~ζ − 1
� π

2 + δ0ζ−1 zð Þ
� �

−
γ

κjlc + ζ

 !−1

d2 zð Þ sin
�
kr −

~γ

2k ln 2krð Þ

− ~ζ − 1
� π

2 + δ0ζ−1 zð Þ
�!

+ 〠
n,m=1

n
ϑ 1ð Þ
γ,nmf γ,1 z, Rnð Þf γ,1

kern3pt z, Rnð Þ + ϑ 2ð Þ
γ,nmf γ,2 z, Rnð Þf γ,2 z, Rnð Þ

o
×
 
d3 zð Þ exp − i kr −

~γ

2k ln 2krð Þ − ~ζ
π

2 + δ0ζ zð Þ
� �

−
γ

κjlc + ζ
d3 zð Þ exp − i

�
kr −

~γ

2k ln 2krð Þ

− ~ζ
π

2 + δ0ζ zð Þ
�!

+
 
d4 zð Þ sin

�
kr −

~γ

2k ln 2krð Þ

− ~ζ − 1
� π

2 + δ0ζ−1 zð Þ
�
−

γ

κjlc + ζ

 !−1

d4 zð Þ sin
�
kr

−
~γ

2k ln 2krð Þ − ~ζ − 1
� π

2 + δ0ζ−1 zð Þ
�!

,

ð78Þ

where the constants di, i = 1, 2, 3, 4, read

d1 zð Þ = 1 − γ2

κjlc + ζ
� �2

 !−1/2

cos arctan ~γ

2k~ζ


 �� �−1/2

� 2−~ζk−~ζ−1Γ 2~ζ + 2
� 

× Γ ~ζ + 1 + i
~γ

2k


 �����
����−1 eπ ~γ/2kð Þ,

d2 zð Þ = −
γ

c κjlc + ζ
� � 1 − γ2

κjlc + ζ
� �2

 !−1/2

� cos arctan ~γ

2k~ζ


 �� �−1/2
2−~ζk−~ζ

× Γ 2~ζ + 2
� 

Γ ~ζ + 1 + i
~γ

2k


 �����
����−1 eπ ~γ/2kð Þ,

d3 zð Þ = 1 − γ2

κjlc + ζ
� �2

 !−1/2

cos arctan ~γ

2k~ζ


 �� �−1/2

� 2~ζk~ζΓ 2~ζ + 2
� −1

× Γ ~ζ + 1 + i
~γ

2k


 �����
���� e−π γ/2kð Þ,

d4 zð Þ = −
γ

c κjlc + ζ
� � 1 − γ2

κjlc + ζ
� �2

 !−1/2

� cos arctan ~γ

2k~ζ


 �� �−1/2
2~ζk~ζ+1

× Γ 2~ζ + 2
� −1

Γ ~ζ + 1 + i
~γ

2k


 �����
���� e−π γ/2kð Þ:

ð79Þ

Let us introduce the following notations:

x1 = k −
~γ

k
ln 2krð Þ − ~ζ

π

2 ,

x2 = k−−
~γ

k
ln 2krð Þ − ~ζ − 1

� π
2 :

ð80Þ

A straightforward computation shows that

Fjl,γ, Γf g, Rf g rð Þ k > 0
r⟶∞

⟶

 
d1 zð Þ sin x1 + δ0ζ zð Þ� 	

−
γ

κjlc + ζ
d1 zð Þ cos

� x2 + δ0ζ zð Þ� 	!
+
 
d2 zð Þ cos x1 + δ0ζ−1 zð Þ� 	

−
γ

κjlc + ζ

 !−1

d2 zð Þ sin x2 + δ0ζ−1 zð Þ� 	!
+ 〠

n,m=1

�
n
ϑ 1ð Þ
γ,nmf γ,1 z, Rnð Þf γ,1 z, Rnð Þ + ϑ 2ð Þ

γ,nmf γ,2 z, Rnð Þf γ,2 z, Rnð Þ
o

×
 
d3 zð Þ cos x1 + δ0ζ

� �
− i sin x1 + δ0ζ

� �� 	

− i
γ

cκjl + ζ
d3 zð Þ cos x2 + δ0ζ

� �
− i sin x2 + δ0ζ

� �� 	!

+
 
−id4 zð Þ cos x1 + δ0ζ−1

� �
− i sin x1 + δ0ζ−1

� �� 	

−
γ

cκjl + ζ

 !−1

d4 zð Þ cos x2 + δ0ζ−1
� �

− i sin x2 + δ0ζ−1
� �� 	!

,

ð81Þ

where

δ0ζ zð Þ = δ0ζ−1 zð Þ + arctan ~γ

2k~ζ


 �
,

δ0ζ zð Þ = arg Γ ~ζ + 1 + i
~γ

2k


 �
:

ð82Þ

Equation (81) reads

Fjl,γ, Γf g, Rf g rð Þ k > 0
r⟶∞

⟶

V1 zð Þ sin x1 + δ~ζ

h i
+ V2 zð Þ cos x1 + δ~ζ

h i
V3 zð Þ sin x2 + δ~ζ−1

h i
+ V4 zð Þ cos x2 + δ~ζ−1

h i
0
BB@

1
CCA,

=
V2

1 zð Þ +V2
2 zð Þ� 	1/2 sin x1 + δ0~ζ + δCγ, Γf g,1

h i
V2

3 zð Þ +V2
4 zð Þ� 	1/2 sin x2 + δ0~ζ−1 + δCγ, Γf g,2

h i
0
BB@

1
CCA,

ð83Þ
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where the Coulomb-modified phase shift δCγ,fΓg is given by

δCγ, Γf g,1

δCγ, Γf g,2

0
@

1
A =

−arctan V2 zð Þ
V1 zð Þ

−arctan V4 zð Þ
V3 zð Þ

0
BBB@

1
CCCA, ð84Þ

where

V1 zð Þ = d1 zð Þ + d2 zð Þ − i〠
n,m

ϑγ,nm′ zð Þd4 zð Þ
" #

sin

� arctan ~γ

2k~ζ


 �� �
−〠

n,m
ϑγ,nm′ zð Þ id3 zð Þð

+ d4 zð ÞÞ cos arctan ~γ

2k~ζ


 �� �
,

V2 zð Þ = d2 zð Þ − i〠
n,m

ϑγ,nm′ zð Þd4 zð Þ
" #

cos arctan ~γ

2k~ζ


 �� �

+〠
n,m

ϑγ,nm′ zð Þ d3 zð Þ + d4 zð Þð Þ sin arctan ~γ

2k~ζ


 �� �
,

V3 zð Þ = γ

κjlc + ζ
−d1 zð Þ + i〠

n,m
ϑγ,nm′ zð Þd3 zð Þ

" #
sin

� arctan ~γ

2k~ζ


 �� �
−

γ

κjlc + ζ

 !−1

d2 zð Þ

+〠
n,m

ϑγ,nm′ zð Þ
"
−

γ

κjlc + ζ
d3 zð Þ cos arctan ~γ

2k~ζ


 �� �

+ i
γ

κjlc + ζ

 !−1

d4 zð Þ
#
,

V4 zð Þ = γ

κjlc + ζ
−d1 zð Þ + i〠

n,m
ϑγ,nm′ zð Þd3 zð Þ

" #
cos

� arctan ~γ

2k~ζ


 �� �
+〠

n,m
ϑγ,nm′ zð Þ

�
"
−

γ

κjlc + ζ
d3 zð Þ sin arctan ~γ

2k~ζ


 �� �

−
γ

κjlc + ζ

 !−1

d4 zð Þ
#
,

ϑγ,nm′ zð Þ = ϑ 1ð Þ
γ,nmf γ,1 z, Rnð Þf γ,1 z, Rnð Þ
+ ϑ 2ð Þ

γ,nmf γ,2 z, Rnð Þf γ,2 z, Rnð Þ:
ð85Þ

The Coulomb-modified on-shell scattering matrix is
given by

Sγ, Γf g = exp 2iδCγ, Γf g,n zð Þ
h i

, n = 1, 2: ð86Þ

The partial wave scattering amplitude is given by

f γ, Γf g =
exp 2iδCγ, Γf g,n zð Þ

h i
− 1

2ik , n = 1, 2: ð87Þ
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