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The aim of this paper is to introduce a notion of ðϕ, FÞ-contraction defined on a metric space with w-distance. Moreover, fixed-
point theorems are given in this framework. As an application, we prove the existence and uniqueness of a solution for the
nonlinear Fredholm integral equations. Some illustrative examples are provided to advocate the usability of our results.

1. Introduction

By a contraction on a metric space ðX, dÞ, we understand a
mapping T : X⟶ X satisfying for all x, y ∈ X : dðTx, TyÞ
≤ kdðx, yÞ, where k is a real in ½0, 1Þ.

In 1922, Banach proved the following theorem.

Theorem 1 (see [1]). Let ðX, dÞ be a complete metric space.
Let T : X⟶ X be a contraction. Then,

(i) T has a unique fixed point x ∈ X

(ii) For every x0 ∈ X, the sequence ðxnÞ, where xn+1 = Txn
, converges to x

(iii) We have the following estimate: for every x ∈ X, dð
xn, xÞ ≤ ðkn/1 − kÞdðx0, x1Þ, n ∈ℕ

As a result of its intelligibility and profitableness, the pre-
vious theorem has become a very celebrated and popular tool
in solving the existence problems in many branches of math-
ematical analysis.

Many mathematicians extended the Banach contraction
principle in two major directions, one by stating the condi-
tions on the mapping T and second by taking the set X as
more general structure.

Recently, Kari et al. [2] give some fixed-point results for
generalized θ − ϕ-contraction in the framework of ðα, ηÞ
-compete rectangular b-metric spaces.

In 2012, Wardowski [3] introduced the concept of F-con-
traction, using this concept, he proved the existence and unique-
ness of a fixed point in complete metric spaces. This direction
has been studied and generalized in different spaces, and various
fixed-point theorems are developed [4, 5]. Cosentino and Vetro
[6] presented some fixed-point results of Hardy-Rogers type for
self-mappings on complete metric spaces or complete ordered
metric spaces. In 2016, Piri and Kumam [7] introduced the
modified generalized F-contractions, by combining the ideas
of Dung and Hang [8], Piri and Kumam [9], Wardowski [3],
and Wardowski and Van Dung [10], and gave some fixed-
point result for these type mappings on complete metric space.

In 1996, Kada et al. initiated the notion ofw-distance on a
metric space; then, many authors used this concept to prove
some results of fixed-point theory [11, 12].

Recently, Wongyat and Sintunavarat [13] introduced a
special w-distance called ceiling distance and proved some
fixed point for generalized contraction mappings with
respect to this distance.

Later, Wardowski [14] studied a new type of contractions
called nonlinear F-contraction.

In this paper, we shall obtain a fixed-point theorem for
ðϕ, FÞ-contraction with respect to w-distance on complete
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metric spaces. Various examples are constructed to illustrate our
results. As an application, we prove the existence and unique-
ness of a solution for the nonlinear Fredholm integral equations.

The paper is structured as follows:
In Section 2, we briefly recall some definitions and basic

properties used to prove our main results.
In Section 3, we present our results.
Section 4 is devoted to the application of the result in

nonlinear integral equations.

2. Preliminaries

Kada et al. [15] introduced the concept of w-distance on a
metric space as follows:

Definition 2 (see [15]). Let ðX, dÞ be a metric space. A func-
tion q : X × X ⟶ℝ+ is called a w -distance on X, if it sat-
isfies the following three conditions for all x, y, z ∈ X :

(W1) qðx, yÞ ≤ qðx, zÞ + qðz, yÞ
(W2) qðx,:Þ: X⟶ℝ+ is lower semicontinuous on for all

x ∈ X
(W3) For each ε > 0, there exists δ > 0 such that qðx, yÞ

≤ δ and qðx, zÞ ≤ δ imply dðy, zÞ ≤ ε

Remark 3. Each metric on a nonempty set X is a w-distance
on X.

Example 1 (see [13]). Let ðX, dÞ be a metric space. The func-
tion q : X × X⟶ℝ+ defined by qðx, yÞ = c for every x, y ∈ X
is a w-distance on X, where c is a positive real number. But q
is not a metric since qðx, xÞ = c ≠ 0 for any x ∈ X:

The following lemma is a useful tool for proving our
results.

Lemma 4 (see [15]). Let ðX, dÞ be a metric space, q be a w -dis-
tance onX, fxng and fyng be two sequences inX, and x, y, z ∈ X.

(i) If lim
n⟶+∞

qðxn, xÞ = lim
n⟶+∞

qðxn, yÞ = 0 then x = y. In

particular, if qðz, xÞ = qðz, yÞ = 0, then x = y

(ii) If dðxn, ynÞ ≤ αn and dðxn, yÞ ≤ βn for all n ∈ℕ,
where fαng and fβng are sequences in ½0, +∞½ con-
verging to 0, then fyng converges to y

(iii) If for each ε > 0, there exists Nε ∈ℕ such that m > n
>Nε implies qðxn, xmÞ < ε, then fxng is a Cauchy
sequence

Definition 5 (see [13]). A w-distance q on a metric space ðX
, dÞ is said to be a ceiling distance of d if and only if

q x, yð Þ ≥ d x, yð Þ, ð1Þ

for all x, y ∈ X.

Example 2 (see [13]). Let X =ℝ with the metric d : X × X
⟶ℝ+ defined by dðx, yÞ = jx − yj for all x, y ∈ X, and let a,

b ≥ 1. Define the function q : X × X⟶ℝ+ by

q x, yð Þ =max a y − xð Þ, b x − yð Þf g, ð2Þ

for all x, y ∈ X. Then, q is a ceiling distance of d.

The following definition was introduced by Wardowski.

Definition 6 (see [3]). Let F be the family of all functions F
: ℝ+ ⟶ℝ such that

(i) F is strictly increasing

(ii) For each sequence ðxnÞn∈ℕ of positive numbers,

lim
n⟶∞

xn = 0, if and only if lim
n⟶∞

F xnð Þ = −∞ ð3Þ

(iii) There exists k ∈ �0, 1½ such that limx⟶0x
kFðxÞ = 0

Recently, Piri and Kuman [9] extended the result of
Wardowski [3] by changing the condition (iii) in Definition
6 as follows.

Definition 7 (see [9]). Let Γ be the family of all functions F
: ℝ+ ⟶ℝ such that

(i) F is strictly increasing

(ii) For each sequence ðxnÞn∈ℕ of positive numbers,

lim
n⟶∞

xn = 0, if and only if lim
n⟶∞

F xnð Þ = −∞ ð4Þ

(iii) F is continuous

The following definition introduced by Wardowski [14]
will be used to prove our result.

Definition 8 (see [14]). Let F be the family of all functions F
: ℝ+ ⟶ℝ and Φ be the family of all functions ϕ :�0,+∞½
⟶ �0,+∞½ satisfy the following conditions:

(i) F is strictly increasing

(ii) For each sequence ðxnÞn∈ℕ of positive numbers,

lim
n⟶∞

xn = 0, if and only if lim
n⟶∞

F xnð Þ = −∞ ð5Þ

(iii) lim infα⟶s+ϕðsÞ > 0 for all s > 0
(iv) There exists k ∈ �0, 1½ such that
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lim
x⟶0+

xkF xð Þ = 0 ð6Þ

By replacing the condition (iii) in Definition 8, we intro-
duce a new class of F-contraction.

Definition 9. Let I be the family of all functions F : ℝ+

⟶ℝ and Φ be the family of all functions ϕ :�0,+∞½⟶ �
0,+∞½ satisfy the following conditions:

(i) F is strictly increasing

(ii) lim infα⟶s+ϕðsÞ > 0 for all s > 0
(iii) For each sequence ðxnÞn∈ℕ of positive numbers,

lim
n⟶∞

xn = 0, if and only if lim
n⟶∞

F xnð Þ = −∞ ð7Þ

(iv) F is continuous

Example 3.

(i) Let F1ðtÞ = ð−1/ ffiffi
t

p Þ + t, F2ðtÞ = ð−1/ðet − 1ÞÞ + e
ffiffi
t

p
.

Then, F1, F2 ∈I

(ii) Let ϕ1ðtÞ = 1/ðt + 1Þ, ϕ2ðtÞ = 1/ð ffiffi
t

p
+ 1Þ, and ϕ3ðtÞ =

1/ðt2 + 1Þ. Then, ϕ1, ϕ2 and ϕ3 ∈Φ

Definition 10 (see [14]). Let ðX, dÞ be a metric space. A map-
ping T : X⟶ X is called a ðϕ, FÞ -contraction on ðX, dÞ, if
there exist F ∈ F and ϕ ∈Φ such that

F d Tx, Tyð Þð Þ + ϕ d x, yð Þð Þ ≤ F d x, yð Þð Þ, ð8Þ

for all x, y ∈ X for which Tx ≠ Ty:

3. Main Result

In this paper, using the idea introduced byWongyat and Sin-
tunavarat [13], we presented the concept of ðϕ, FÞ-contrac-
tion on a complete metric space with w-distance.

Definition 11. Let q be a w-distance on a metric space ðX, dÞ.
A mapping T : X⟶ X is said to be a w-generalized ðϕ, FÞ
-contraction of type ðFÞ on ðX, dÞ if there exist F ∈ F and ϕ
∈Φ such that

F q Tx, Tyð Þð Þ + ϕ q x, yð Þð Þ ≤ F q x, yð Þð Þ, ð9Þ

for all x, y ∈ X for which Tx ≠ Ty:

Theorem 12. Let ðX, dÞ be a complete metric space and q
: X × X ⟶ ½0,+∞½ be a w -distance on X and a ceiling dis-
tance of d, supposing that T : X⟶ X is a w -generalized ðϕ
, FÞ -contraction of type ðFÞ. Then, T has a unique fixed point
on X.

Proof. Let x0 ∈ X be an arbitrary point in X; define a sequence
fxngn∈ℕ by

xn+1 = Txn = Tn+1x0, ð10Þ

for all n ∈ℕ: If there exists n0 ∈ℕ such that dðxn0 , xn0+1Þ = 0,
then the proof is finished.

We can suppose that dðxn, xn+1Þ > 0 for all n ∈ℕ:
Since q is a ceiling distance of d, we obtain qðxn, xn+1Þ > 0

for all n ∈ℕ:
Substituting x = xn−1 and y = xn, from (9), for all n ∈ℕ,

we have

F q xn, xn+1ð Þ½ � + ϕ q xn−1, xnð Þð Þ ≤ F q xn−1, xnð Þð Þ½ �, ∀n ∈ℕ:

ð11Þ

Imply that

F q xn, xn+1ð Þ½ � ≤ F q xn−1, xnð Þð Þ½ � − ϕ q xn−1, xnð Þð Þ < F q xn−1, xnð Þð Þ½ �:
ð12Þ

Since F is increasing, then qðxn, xn+1Þ < qðxn−1, xnÞ.
Therefore, qðxn, xn+1Þn∈ℕ is monotone strictly decreasing
sequence of nonnegative real numbers. Consequently, there
exists α ≥ 0 such that

lim
n⟶∞

q xn, xn+1ð Þ = α: ð13Þ

The inequality (11) implies

F q xn, xn+1ð Þð Þ ≤ F q xn−1, xnð Þð Þð Þ − ϕ q xn−1, xnð Þð Þ
≤ F q xn−2, xn−1ð Þð Þð − ϕ q xn−1, xnð Þð Þ

− ϕ q xn−2, xn−1ð Þð Þ ≤⋯

≤ F q x0, x1ð Þð Þ − 〠
n

i=0
ϕ q xi, xi+1ð Þð Þ:

ð14Þ

Since lim infα⟶s+ϕðαÞ > 0, we have lim infn⟶∞ϕðqð
xn−1, xnÞÞ > 0; then from the definition of the limit, there
exists n0 ∈ℕ and A > 0 such that for all n ≥ n0, ϕðqðxn−1, xnÞÞ
> A, hence

F q xn, xn+1ð Þð Þ ≤ F q x0, x1ð Þð Þ − 〠
n0−1

i=0
ϕ q xi, xi+1ð Þð Þ

− 〠
n

i=n0−1
ϕ q xi, xi+1ð Þð ≤ F q x0, x1ð Þð Þ

− 〠
n

i=n0−1
A = F q x0, x1ð Þð Þ − n − n0ð ÞA,

ð15Þ

for all n ≥ n0. Taking the limit as n⟶∞ in the above inequal-
ity, we get
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limn⟶∞F q xn, xn+1ð Þð Þ ≤ lim
n⟶∞

F q x0, x1ð Þð Þ − n − n0ð ÞA½ �,
ð16Þ

that is, limn⟶∞Fðqðxn, xn+1ÞÞ = −∞; then, from the condition
(ii) of Definition 8, we conclude that

lim
n⟶∞

q xn,xn+1ð Þ = 0: ð17Þ

Next, we shall prove that fxngn∈ℕ is a Cauchy sequence, i.e.,
limn,m⟶∞dðxn,xmÞ = 0, for all n,m ∈ℕ.

The condition (iv) of Definition 8 implies that there exists
k ∈ �0, 1½ such that

lim
n⟶∞

q xn,xn+1ð Þ½ �kq xn,xn+1ð Þ = 0: ð18Þ

From the inequality (12), we get

q xn,xn+1ð Þ½ �kF q xn, xn+1ð Þð Þ ≤ q xn,xn+1ð Þ½ �k F q x0, x1ð Þð Þ − n − n0ð ÞA½ �:
ð19Þ

Hence,

q xn,xn+1ð Þ½ �kF q xn, xn+1ð Þð Þ − q xn,xn+1ð Þ½ �kF q x0, x1ð Þð Þ
≤ − q xn,xn+1ð Þ½ �k n − n0ð ÞA ≤ 0:

ð20Þ

Taking limit n⟶∞ in the above inequality, we con-
clude that

limn⟶∞q xn,xn+1ð Þk n − n0ð ÞA = 0: ð21Þ

Then, there exists n1 ∈ℕ, such that for all n ≥ n1,

q xn,xn+1ð Þ ≤ 1
n − n0ð ÞA½ �k

: ð22Þ

Therefore, for m > n ≥max fn0, n1g, we have

q xn,xmð Þ ≤ q xn, xn+1ð Þ + q xm+1, xm+2ð Þ+⋯+q xm−1,xmð Þ

= 〠
m−1

i=1
q xi, xi+1ð Þ ≤ 〠

∞

i=1
q xi, xi+1ð Þ ≤ 〠

∞

i=1

1
i − n0ð ÞA½ �k

:

ð23Þ

Since 0 < k < 1, then

lim
n,m⟶∞

q xn, xmð Þ = 0: ð24Þ

By Lemma 4, we can conclude that fxng is a Cauchy
sequence in X. By the completeness of ðX, dÞ, there exists z
∈ X such that

lim
n⟶∞

d xn, zð Þ = 0: ð25Þ

Now, we show that dðTz, zÞ = 0; arguing by contradic-
tion, we assume that

d Tz, zð Þ > 0⇒ q Tz, zð Þ > 0: ð26Þ

From (24), for each r > 0, there is nr ∈ℕ such that

q xnr ,xn
� �

< 1
r
, ð27Þ

for all nr > r. Since qðxnr , :Þ is lower semicontinuous and xn
⟶ x as n⟶∞, we get

q xnr , z
� �

≤ lim inf
x⟶∞

q xnr , xn
� �

≤
1
r
, ð28Þ

implying that

lim inf
n⟶∞

q xnr , z
� �

= 0: ð29Þ

Now, by triangular inequality, we get,

q Txnr , Tz
� �

≤ q Txnr , z
� �

+ q z, Tzð Þ, ð30Þ

q z, Tzð Þ ≤ q z, xnr
� �

+ q xnr , Tz
� �

: ð31Þ

By letting n⟶∞ in inequality (30) and (31), we obtain

q z, Tzð Þ ≤ lim
n⟶∞

q Txn, Tzð Þ ≤ q z, Tzð Þ: ð32Þ

Therefore,

lim
n⟶∞

q Txnr , Tz
� �

= q z, Tzð Þ: ð33Þ

Let A = dðz, TzÞ > 0, from the definition of the limit,
there exists n2 ∈ℕ such that

q Txnr , Tz
� �

− q z, Tzð Þ�� �� ≤ A, ∀n ≥ n2, ð34Þ

which implies that

q Txnr , Tz
� �

> 0, ∀n ≥ n2: ð35Þ

Applying (9) with x = z and y = xnr , we have

F q Tz, Txnr
� �� �

+ ϕ q z, xnr
� �� �

≤ F q z, xnr
� �� �

, ð36Þ

which implies that

F q Tz, Txnk
� �� �

≤ F q z, xnr
� �� �

: ð37Þ

Since F is increasing, we get

q Tz, Txnr
� �

≤ q z, xnr
� �

: ð38Þ
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By letting n⟶∞ in the above inequality, we obtain

lim
n⟶∞

q Txnr , Tz
� �

= q z, Tzð Þ = 0: ð39Þ

Which is a contradiction, then dðz, TzÞ = qðz, TzÞ = 0, so
Tz = z.

For uniqueness, now, suppose that z, u ∈ X are two fixed
points of T such that u ≠ z. Therefore, we have

q Tz, Tuð Þ = q z, uð Þ > 0: ð40Þ

Applying (9) with x = z and y = u, we have

F q Tu, Tzð Þð Þ = F q z, uð Þð Þ + ϕ q z, uð Þð Þ ≤ F q z, uð Þð Þ½ �, ð41Þ

implying

q u, zð Þ < q u, zð Þ, ð42Þ

which is a contradiction. Therefore, u = z.

Example 4. Let X = ½0,+∞½ with the metric d : X × X ⟶ ½0,
+∞½ defined by

d x, yð Þ = x − yj j, ð43Þ

for all x, y ∈ X. Define a mapping T : X ⟶ X by

Tx = x
3 : ð44Þ

Suppose that FðtÞ = ln ðtÞ and ϕðtÞ = 1/ðt + 1Þ, clearly F
∈ F and ϕ ∈Φ. Also, we define a w-distance q : X × X
⟶ ½0,+∞½ by

q x, yð Þ =max x, yf g, ð45Þ

for all x, y ∈ X. It is easy to see that q is a ceiling distance
of d. Now, we will show that T satisfies the condition (9).

Case 1. If x ≥ y, then qðx, yÞ = x, qðTx, TyÞ = x/3, and ϕðqðx
, yÞÞ = 1/ðx + 1Þ. Thus,

F q x, yð Þð Þ = ln xð Þ
F q Tx, Tyð Þð Þ = ln x

3
� �

:
ð46Þ

We prove that T is a ðϕ, FÞ contraction mapping of type
ðFÞ. Indeed,

F q Tx, Tyð Þð + ϕ q x, yð Þð Þ − F q x, yð Þð Þ
= ln x

3
� �

+ 1
x + 1 − ln xð Þ = 1

x + 1 − ln 3ð Þ ≤ 0:
ð47Þ

Therefore,

F q Tx, Tyð Þð Þ + ϕ q x, yð Þð Þ ≤ F q x, yð Þð Þ: ð48Þ

Case 2. If x < y, then qðx, yÞ = y, qðTx, TyÞ = y/3, and ϕðqðx

, yÞÞ = 1/ðy + 1Þ. Thus,

F q x, yð Þð Þ = ln yð Þ
F q Tx, Tyð Þð Þ = ln y

3
� �

:
ð49Þ

Therefore,

F q Tx, Tyð Þð Þ + ϕ q x, yð Þð Þ ≤ F q x, yð Þð Þ: ð50Þ

Hence, 0 is the unique fixed point of T .

Example 5. Consider the sequence ðSnÞn∈ℕ∗ defined as fol-
lows:

S1 = 1 × 2,
S2 = 1 × 2 + 2 × 3,⋯,

Sn = 1 × 2 + 2 × 3+⋯+n n + 1ð Þ = n n + 1ð Þ n + 2ð Þ
3 :

ð51Þ

Let the metric d : X × X⟶ ½0,+∞½ defined by

d x, yð Þ = x − yj j, ð52Þ

for all x, y ∈ X.
Define a mapping T : X⟶ X by

T Snð Þ =
S1 if n = 1,
Sn−1 if n ≥ 2:

(
ð53Þ

Clearly, the Banach contraction is not satisfied. In fact, we
can check easily that

lim
n⟶∞

d T Snð Þ, T S1ð Þð Þ
d Sn, S1ð Þ = lim

n⟶∞

n n − 1ð Þ n + 1ð Þ − 6
n n + 1ð Þ n + 2ð Þ − 6 = 1:

ð54Þ

Suppose that FðtÞ = ln ðtÞ and ϕðtÞ = 1/ðt + 1Þ, clearly F
∈ F and ϕ ∈Φ. Also, we define a w-distance q : X × X⟶ ½
0,+∞½ by

q x, yð Þ =max x, yf g, ð55Þ

for all x, y ∈ X. It is easy to see that q is a ceiling distance of d.
Now, we will show that T satisfies the condition (9).

Case 1. n = 1 and m ≥ 2. In this case, we have

q Sn, S1ð Þ = n n + 1ð Þ n + 2ð Þ
3 ,

q T Snð Þ, T S1ð Þð Þ = n n − 1ð Þ n + 2ð Þ
3 ,

ϕ q Sn, S1ð Þð Þ = 3
n n + 1ð Þ n + 2ð Þ + 3 :

ð56Þ
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Thus,

F q Sn, S1ð Þð Þ = ln n n + 1ð Þ n + 2ð Þ
3

� 	
,

F q T Snð Þ, T S1ð Þð Þð Þ = ln n n − 1ð Þ n + 1ð Þ
3

� 	
:

ð57Þ

On the other hand,

F q T Snð Þ, T S1ð Þð Þð Þ + ϕ d Sn, S1ð Þð ÞÞ − F q Sn, S1ð Þð Þ
= ln n n − 1ð Þ n + 1ð Þ

3

� 	
− ln n n + 1ð Þ n + 2ð Þ

3

� 	

+ 3
n: n + 1ð Þ n + 2ð Þ + 3 = ln n − 1

n + 2

� 	
+ 3
n n + 1ð Þ n + 2ð Þ + 3

≤ 0, for all n ≥ 2:
ð58Þ

Therefore,

F q T Snð Þ, T S1ð Þð Þð Þ + ϕ q Sn, S1ð Þð ÞÞ ≤ F q Sn, S1ð Þð Þ: ð59Þ

Case 2. m > n > 1. In this case, we have

q Sn, Smð Þ = m m + 1ð Þ
3 ,

q T Snð Þ, T Smð Þð Þ = m m − 1ð Þ
3 ,

ϕ q Sn, Smð Þð Þ = 3
m2 +m + 3 :

ð60Þ

Thus,

F q Sm, S1ð Þð Þ = ln m m + 1ð Þ m + 2ð Þ
3

� 	
,

F q T Snð Þ, T S1ð Þð Þð Þ = ln m m − 1ð Þ m + 1ð Þ
3

� 	
:

ð61Þ

On the other hand,

F q T Snð Þ, T Smð Þð Þð Þ + ϕ q Sn, Snð Þð Þ − F q Sn, Snð Þð Þ
= ln m m − 1ð Þ m + 1ð Þ

3

� 	
− ln m m + 1ð Þ m + 2ð Þ

3

� 	

+ 3
m m + 1ð Þ m + 2ð Þ + 3 = ln m − 1

m + 2

� 	
+ 3
n m + 1ð Þ m + 2ð Þ + 3

≤ 0, for all n ≥ 2:
ð62Þ

Therefore,

F q T Snð Þ, T Smð Þð Þð Þ + ϕ q Sn, Smð Þð ÞÞ ≤ F q Sn, Smð Þð Þ: ð63Þ

Thus, the inequality (9) that is satisfied implies that T has
a unique fixed point. In this example, S1 is the unique fixed
point of T .

Definition 13. Let q be a w -distance on a metric space ðX, dÞ.
A mapping T : X ⟶ X is said to be a w -generalized ðϕ, FÞ
-contraction of type ðIÞ on ðX, dÞ if there exist F ∈I and
ϕ ∈Φ such that

F q Tx, Tyð Þð Þ + ϕ q x, yð Þð Þ ≤ F q x, yð Þð Þ, ð64Þ

for all x, y ∈ X for which Tx ≠ Ty:

Theorem 14. Let ðX, dÞ be a complete metric space and q
: X × X⟶ �0,+∞½ be a w -distance on X and a ceiling dis-
tance of d. Suppose that T : X⟶ X is a ðϕ, FÞ -contraction
of type ðIÞ. Then, T has a unique fixed point on X.

Proof. As in the proof of Theorem 12, we can conclude that

lim
n⟶∞

d xn, xn+1ð Þ = 0: ð65Þ

Next, we show that ðxnÞ is a Cauchy sequence, i.e.,

lim
n,m⟶∞

d xm, xnð Þ = 0: ð66Þ

Now, we claim that limn,m⟶∞qðxm, xnÞ = 0: Arguing by
contradiction, we assume that there exists ε > 0 we can find
and sequences ðmðkÞÞk and ðnðkÞÞk of positive integers such
that for all positive integers, nðkÞ >mðkÞ > k,

q xm kð Þ, xn kð Þ
� �

≥ ε, ð67Þ

q xm kð Þ, xn kð Þ−1
� �

< ε: ð68Þ

Again by triangular inequality and using (65), (67), and
(68), we get

ε ≤ q xm kð Þ
, xn kð Þ

� �
≤ q xm kð Þ

, xn kð Þ−1

� �
+ q xn kð Þ−1

, xm kð Þ

� �
< ε + q xn kð Þ−1, xm kð Þ

� �
:

ð69Þ

So,

lim
k⟶∞

q xm kð Þ, xn kð Þ
� �

= ε: ð70Þ

Again by the triangular inequality, for all n ∈ℕ, we have
the following two inequalities

q xm kð Þ+1
, xn kð Þ+1

� �
≤ q xm kð Þ+1

, xm kð Þ
� �

+ q xm kð Þ, xn kð Þ

� �
+ q xn kð Þ

, xn kð Þ+1

� �
,

q xm kð Þ
, xn kð Þ

� �
≤ q xm kð Þ

, xm kð Þ+1
� �

+ q xm kð Þ+1, xn kð Þ+1

� �
+ q xn kð Þ+1

, xn kð Þ

� �
:

ð71Þ

Letting k⟶∞ in the above inequalities, using (65) and
(70), we obtain

lim
k⟶∞

d xm kð Þ+1
, xn kð Þ+1

� �
= ε: ð72Þ
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Hence, from the definition of the limit, there exists n0 ∈
ℕ such that

d xm kð Þ+1
, xn kð Þ+1

� �
≥ ε, for all n ≥ n0: ð73Þ

Applying (64) with x = xmðkÞ and y = xnðkÞ , we obtain

F q xm kð Þ+1
, xn kð Þ+1

� �h i
+ ϕ q xm kð Þ

, xn kð Þ

� �h i
≤ F q xm kð Þ

, xn kð Þ

� �� �
:

ð74Þ

Letting k⟶∞ the above inequality, we obtain

lim
k⟶∞

F q xm kð Þ+1
, xn kð Þ+1

� �h i
≤ lim

k⟶∞
F q xm kð Þ

, xn kð Þ

� �� �
− lim

k⟶∞
ϕ

� q xm kð Þ
, xn kð Þ

� �h i
= lim

k⟶∞
F q xm kð Þ

, xn kð Þ

� �� �
− liminf

k⟶∞
ϕ

� q xm kð Þ
, xn kð Þ

� �h i
:

ð75Þ

Since F is a continuous and lim inf k⟶∞ϕ½qðxmðkÞ , xnðkÞ Þ�
> 0, we conclude that

ε < ε, ð76Þ

which is a contradiction. Then,

lim
n,m⟶∞

q xm, xnð Þ = 0: ð77Þ

By the condition (iii) of Lemma 4, we can conclude that
fxng is a Cauchy sequence. Since ðX, dÞ is a complete metric
space, there exists u ∈ X such that xn ⟶ x as n⟶∞.

As in the proof of Theorem 12, we conclude that for each
l > 0, there exists n2 such that limn⟶∞qðTxnl , TuÞ = qðu, T
uÞ, limn⟶∞qðxnl , uÞ = 0, and qðTxnl , TuÞ > 0 for all nl ≥ n2.

Now applying (64) with x = xnl and y = u, we get

F q Txnl , Tu
� �
 �

+ ϕ q xnl , u
� �
 �

≤ F q xnl , u
� �
 �

, ð78Þ

which implies that

lim
n⟶∞

F q Txnl , Tu
� �
 �

≤ lim
n⟶∞

F q xnl , u
� �
 �

: ð79Þ

Therefore, lim
n⟶+∞

F½qðTxnl , TuÞ� = 0. Hence, qðu, TuÞ = 0
, so Tu = u.

Following the proof of Theorem 12, we know that u is a
unique fixed point of T . This complete the proof.

Example 6. Let X = ½0,+∞½ with the metric d : X × X ⟶ ½0,
+∞½ defined by

d x, yð Þ = x − yj j, ð80Þ

for all x, y ∈ X. Define a mapping T : X⟶ X by

Tx = x
2 : ð81Þ

Suppose that FðtÞ = t − ð1/tÞ and ϕðtÞ = 1/ðt + 1Þ, clearly
F ∈I and ϕ ∈Φ. Also, we define a w-distance q : X × X
⟶ ½0,+∞½ by

q x, yð Þ =max x, yf g, ð82Þ

for all x, y ∈ X. It is easy to see that q is a ceiling distance of d.
Now, we will show that T satisfies the condition (64).

We prove that T is a ðϕ, FÞ-contraction mapping of type
ðIÞ.

Case 1. If x ≥ y, then qðx, yÞ = x, qðTx, TyÞ = ðx/2Þ − ð2/xÞ,
and ϕðqðx, yÞÞ = 1/ðx + 1Þ. Thus,

F q x, yð Þð Þ = x −
1
x
,

F q Tx, Tyð Þð Þ = x
2 −

2
x
:

ð83Þ

On the other hand,

F q Tx, Tyð Þð Þ + ϕ q x, yð Þð Þ − F q x, yð Þð Þ = x
2 −

2
x
+ 1
x + 1 − x + 1

x
≤ 0:

ð84Þ

Therefore,

F q Tx, Tyð Þð Þ + ϕ q x, yð Þð Þ ≤ F q x, yð Þð Þ: ð85Þ

Case 2. If x < y, then qðx, yÞ = y, qðTx, TyÞ = ðy/2Þ − ð2/yÞ,
and ϕðqðx, yÞÞ = 1/ðy + 1Þ. Thus,

F q x, yð Þð Þ = y −
1
y
,

F q Tx, Tyð Þð Þ = y
2 −

2
y
:

ð86Þ

On the other hand,

F q Tx, Tyð Þð Þ + ϕ q x, yð Þð Þ − F q x, yð Þð Þ

= y
2 −

2
y
+ 1
y + 1 − y + 1

y
= −

y2 + 2
2y + 1

y + 1 ≤ 0 ≤ 0:

ð87Þ

Therefore,

F q Tx, Tyð Þð Þ + ϕ q x, yð Þð Þ ≤ F q x, yð Þð Þ: ð88Þ

Hence, 0 is the unique fixed point of T .
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Example 7. Let X be the set defined by

X = λn : n ∈ℕ
∗f g, ð89Þ

where

λn =
n n + 1ð Þ

2 : ð90Þ

Let the metric d : X × X ⟶ ½0,+∞½ defined by

d x, yð Þ = x − yj j, ð91Þ

for all x, y ∈ X. Define a mapping T : X ⟶ X by

T λnð Þ =
1 if n = 1,
n n − 1ð Þ
2 if n ≥ 2:

8<
: ð92Þ

Clearly, the Banach contraction is not satisfied. In fact, we
can check easily that

lim
n⟶∞

d T λnð Þ, T λ1ð Þð Þ
d λn, λ1ð Þ = lim

n⟶∞

n2 − n − 2
n2 + n − 2 = 1: ð93Þ

Suppose that FðtÞ = ð−1/tÞ + t and ϕðtÞ = 1/ðt + 1Þ,
clearly F ∈I and ϕ ∈Φ. Also, we define a w-distance q : X
× X ⟶ ½0,+∞½ by

q x, yð Þ =max x, yf g, ð94Þ

for all x, y ∈ X. It is easy to see that q is a ceiling distance of d.
Now, we will show that T satisfies the condition (64).

Case 1. n = 1 and m ≥ 2. In this case, we have

q λn, λ1ð Þ = n n + 1ð Þ
2 ,

q T λnð Þ, T λ1ð Þð Þ = n n − 1ð Þ
2 ,

ϕ q λn, λ1ð Þð Þ = 1
n n + 1ð Þð Þ/2 + 1 :

ð95Þ

Thus,

F q λn, λ1ð Þð Þ = 2
−n2 − n

+ n2 + n
2 ,

F q T λnð Þ, T λ1ð Þð Þð Þ = 2
−n2 + n

+ n2 − n
2 ,

ð96Þ

On the other hand,

F q T λnð Þ, T λ1ð Þð Þð Þ + ϕ q λn, λ1ð Þð ÞÞ − F q λn, λ1ð Þð Þ
= −4n

n − 1ð Þ n2 + nð Þ − n + 2
n2 + n + 2 ≤ 0:

ð97Þ

Therefore,

F q Tλn, Tλ1ð Þð Þ + ϕ λn, λ1ð ÞÞ ≤ F q λn, λ1ð Þð Þ: ð98Þ

Case 2. m > n > 1. In this case, we have

q λn, λmð Þ = m m + 1ð Þ
2 ,

q T λnð Þ, T λmð Þð Þ = m m − 1ð Þ
2 ,

ϕ q λn, λmð Þð Þ = 2
m2 +m + 2 :

ð99Þ

Thus,

F q λn, λmð Þð Þ = 2
−m2 −m

+ m2 +m
2 ,

F q Tλn, Tλmð Þð Þ = 2
−m2 +m

+ m2 −m
2 ,

ð100Þ

On the other hand,

F q T λnð Þ, T λmð Þð Þð Þ + ϕ λn, λmð ÞÞ − F q λn, λmð Þð Þ
= −4m

m2 +mð Þ m2 −mð Þ −m + 2
m2 +m + 2 ≤ 0:

ð101Þ

Therefore,

F q Tλnð Þ, T λmð Þð Þð Þ + ϕ λn, λmð ÞÞ ≤ F q λn, λmð Þð Þ: ð102Þ

Thus, the inequality (64) that is satisfied implies that T
has a unique fixed point. In this example, λ1 is the unique
fixed point of T .

Taking q = d in Theorems 12 and 14, we obtain the fol-
lowing result.

Corollary 15. Let ðX, dÞ be a complete metric space and T
: X ⟶ X be a ðϕ, FÞ-contraction of type F. Then, T has a
unique fixed point.

Corollary 16. Let ðX, dÞ be a complete metric space and T
: X ⟶ X be a ðϕ, FÞ-contraction of type I. Then, T has a
unique fixed point.

4. Application to Nonlinear Integral Equations

In this section, we endeavor to apply Theorems 12 and 14 to
prove the existence and uniqueness of the integral equation
of Fredholm type:

x tð Þ = λ
ðb
a
K t, s, x sð Þð Þds, ð103Þ

where a, b ∈ℝ, x ∈ Cð½a, b�,ℝÞ, and K : ½a, b�2 ×ℝ⟶ℝ is a
given continuous function.
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Theorem 17. Consider the Fredholm integral equation (103)
and assume that the kernel function K satisfies the condition
jKðt, s, xðsÞÞj + jKðt, s, yðsÞÞj ≤ e−1/ðjxðtÞj+jyðtÞj+1ÞðjxðtÞj + jyðtÞj
Þ for all t, s ∈ ½a, b� and x, y ∈ℝ. Then, the equation (4.1) has a
unique solution x ∈ Cð½a, b� for some constant λ depending on
the constants a, b.

Proof. Let X = Cð½a, b� and T : X⟶ X defined by

T xð Þ tð Þ = λ
ðb
a
K t, s, x sð Þð Þds, ð104Þ

for all x ∈ X. Clearly, X with the metric d : X × X⟶ ½0,+∞½
given by

d x, yð Þ = sup
t∈ a,b½ �

x tð Þ − y tð Þj j, ð105Þ

for all x, y ∈ X, is a complete metric space. Next, define the
function q : X × X⟶ ½0,+∞½ by

q x, yð Þ = sup
t∈ a,b½ �

x tð Þ∣+∣y tð Þj j, ð106Þ

for all x, y ∈ X.
Clearly, q is a w-distance on X and a ceiling distance of d.

We will find the condition on λ under which the operator has
a unique fixed point which will be the solution of the integral
equation (103). Assume that x, y ∈ X and t, s ∈ ½a, b�. Then,
we get

Tx tð Þj j + Ty tð Þj j = λj j
ðb
a
K t, s, x sð Þð Þds

����
���� +

ðb
a
K t, s, y sð Þð Þds

����
����

� 

≤ λj j
ðb
a
K t, s, x sð Þð Þdsj j + λj j

ðb
a
K t, s, y sð Þð Þdsj j

≤ λj j
ðb
a

e−1/ x sð Þj j+ y sð Þj j+1ð Þ x sð Þj j + y sð Þj jð Þ
� �

ds,

ð107Þ

which implies that

sup
t∈ a,b½ �

Tx tð Þj j + Ty tð Þj jð Þ = sup
t∈ a,b½ �

λj j
ðb
a
K t, x sð Þð Þds

���� +
ðb
a
K t, y sð Þð Þds

����
����

� ����
� 

≤ sup
t∈ a,b½ �

≤ λj j
ðb
a
K t, s, x sð Þð Þdsj j

+ λj j
ðb
a
K t, s, y sð Þð Þdsj j ≤ λj j

ðb
a

� e
− sup
s∈ a,b½ �

1/ x sð Þj j+ y sð Þj j+1ð Þð Þ
sup
s∈ a,b½ �

x sð Þj j + y sð Þj j
 ! !

ds:

ð108Þ

Since by the definition of the w-distance on X and a ceil-
ing distance of d, we have qðTx, TyÞ > 0 and qðx, yÞ > 0 for
any x ≠ y, then we can take natural logarithm sides and get

ln q Tx, Tyð Þ½ � ≤ ln λ b − að Þe−1/q x,yð Þq x, yð Þ
h i

= −
1

q x, yð Þ + 1 + ln λj j b − að Þq x, yð Þð Þ,

ð109Þ

provided that jλjðb − aÞ ≤ 1, which implies that

ln q Tx, Tyð Þ½ � ≤ −
1

q x, yð Þ + 1 + ln q x, yð Þð Þ: ð110Þ

Hence,

F q Tx, Tyð Þð Þ + ϕ q x, yð Þð Þ ≤ F q x, yð Þð Þ, ð111Þ

for all x, y ∈ X. It follows that T satisfies the condition (9).
Therefore, there exists a unique solution of the nonlinear
Fredholm inequality (103).

Example 8. Let ½a, b� = ½0, e2�. Consider the equation

x tð Þ =
ðe2
0

x sð Þ
1 + x sð Þ2 ds: ð112Þ

Here, Kðs, t, xðsÞÞ = xðsÞ/ð11 + xðsÞ2Þ and we have

K s, t, x sð Þð Þj j + K s, t, y sð Þð Þj j = x sð Þ
1 + x sð Þ2
����

���� + y sð Þ
1 + y sð Þ2
����

����
≤ x sð Þj j + x sð Þj jð Þ
≤ e−1/ x sð Þj j+ y sð Þj j+1ð Þ x sð Þj j + x sð Þj jð Þ:

ð113Þ

Then, the condition (9) holds. From Theorem 17, the
nonlinear integral equation (103) has a unique solution for
jλj ≤ 1/e2.

By using direct computation, let

β =
ðe2
0

x sð Þ
1 + x sð Þ2 ds: ð114Þ

Then, we have xðtÞ = λ and hence,

β =
ðe2
0

βλ

1 + βλð Þ2
ds = e2:

βλ

1 + βλð Þ2
, ð115Þ

which implies that

λ2β3 − e2λ − 1
� �

β = 0⇔ β 1 + λ2β2 − e2λ

 �

= 0: ð116Þ

Therefore,

β = 0,
λ2β2 + 1 − e2λ = 0,

(
ð117Þ
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we obtain that this equation has a unique solution when λ
< 1/ðb − aÞ = 1/e2:
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