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In this paper, we study the following nonlinear Choquard equation −ϵ2Δu + KðxÞu = ðð1Þ/ð8πϵ2ÞÞðÐℝ3ððu2ðyÞÞ/ðjx − yjÞÞdyÞu,
x ∈ℝ3, where ϵ > 0 and KðxÞ is a positive bounded continuous potential on ℝ3. By applying the reduction method, we proved
that for any positive integer k, the above equation has a positive solution with k spikes near the local maximum point of KðxÞ if
ϵ > 0 is sufficiently small under some suitable conditions on KðxÞ.

1. Introduction and Main Results

In this paper, we consider the following nonlinear Choquard
equations

−ϵ2Δu + K xð Þu = φu, x ∈ℝ3,

−ϵ2Δφ = uj j2
2 , x ∈ℝ3,

8><
>: ð1Þ

where ϵ > 0 and KðxÞ is a positive bounded continuous
potential. The Choquard equation first appeared as early as
in 1954, in a work by Pekar describing the quantum mechan-
ics of a polaron at rest [1]. In 1976, Choquard used it to
describe an electron trapped in its own hole in a certain
approximation to the Hartree-Fock theory of one component
plasma in [2]. Penrose [3] also proposed it as a model of self-
gravitating matter, in a programme in which quantum state
reduction is understood as a gravitational phenomenon.
Moreover, the Choquard equation is also known as the
Schrödinger-Newton equation in models coupling the Schrö-
dinger equation of quantum physics together with nonrela-
tivistic Newtonian gravity.

Note that the second equation of (1) can be explicitly
solved with respect to φ and then (1) reduces to the following
single nonlocal equation

−ϵ2Δu + K xð Þu = 1
8πϵ2

ð
ℝ3

u2 yð Þ
x − yj j dy

� �
u: ð2Þ

Equation (2) has attracted considerable attention in
recent period and part of the motivation is due to looking
for standing waves for the following nonlinear Hartree
equations

iϵ
∂ψ
∂t

+ ϵ2Δψ + K xð Þ + hð Þψ

= 1
8πϵ2

ð
ℝ3

ψ2 yð Þ
x − yj j dy

� �
ψ, x, tð Þ ∈ℝ3 ×ℝ+,

ð3Þ

with the form ψðx, tÞ = e−iht/ϵuðxÞ, where i is the imaginary
unit, h ∈ℝ and ϵ is the Planck constant. The above Har-
tree equations also appear in quantum mechanics models
(see [4–6]) and in the semiconductor theory (see [7–9]).
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Also, the Choquard equation (2) is a special type of the
following generalized Choquard equation

−ϵ2Δu + K xð Þu = 1
8πϵ2

ð
ℝ3

up yð Þ
x − yj jn−α dy

� �
uj jp−2u, x ∈ℝn,

ð4Þ

where α ∈ ð0, nÞ and p > 1. The symmetry and the regularity
of solutions of (4) have been established by Ma and Zhao
[10] and by Cingolani et al. [11], respectively, under the suit-
able assumptions on p when ϵ = 1. Later, in [12] Moroz and
Van Schaftingen derived the regularity, positivity, radial
symmetry, and sharp asymptotics of ground state solutions
of (4) for the optimal range of parameters (see also [13]).

In particular, taking n = 3, p = 2, and α = 2 in (4), we get
(2). In [14], Lions derived the existence of ground state solu-
tions of (2) under some suitable conditions on KðxÞ if ϵ > 0 is
small enough. For any positive integer k > 0, Wei andWinter
[15] proved that there exist a solution of (2) concentrating at
k points which are all local minimums or local maximums or
non-degenerate critical points of KðxÞ under the conditions
that infℝ3K > 0, K ∈ C2ðℝ3Þ provided ϵ is sufficiently small.
Recently, Luo, Peng and Wang [16] showed the uniqueness
of positive solutions for (2) concentrating at the non-
degenerate critical points of KðxÞ by using a local Pohozaev
type identity for ϵ > 0 small enough.

But, when ϵ = 1 and KðxÞ = 1, (2) is written as

−Δu + u = 1
8π

ð
ℝ3

u2 yð Þ
x − yj j dy

� �
u, x ∈ℝ3: ð5Þ

In [17], Lieb obtained the existence and uniqueness of
ground state solutions of (5) by using variational method
(see also [18, 19]). Later, Tod and Moroz and Tod [20] and
Wei and Winter [15] proved the nondegeneracy of the
ground state solutions of (5).

Applying the existence and the nondegeneracy of ground
state solutions for (5), inspired by [21, 22], we want to exploit
the finite dimensional reduction method to investigate the
existence of positive multi-spikes solutions for (2) under
the conditions imposed on KðxÞ as follows:

(K1) K has a strict local maximum at some point y0 ∈ℝ3,
that is, there is δ > 0 such that KðxÞ < Kðy0Þ for all x ∈ Bδ

ðy0Þ \ fy0g.
(K2) infℝ3K ≥ b > 0 and there exist constants L, θ > 0with

θ < 1 such that

K xð Þ − K yð Þj j ≤ L x − yj jθ ð6Þ

for all x, y ∈ B2δðy0Þ.
We state our main result as follows:

Theorem 1. Assume that ðK1Þ, ðK2Þ hold, then for any posi-
tive integer k, problem (2) has a k-spike solution for sufficiently
small ϵ > 0.

As in [21–23], we mainly use the finite-dimensional
reduction to prove our result. Here, our purpose is to verify

that if ϵ is small enough, then for any positive integer
k, (2) has a solution with k-spikes concentrating near y0

corresponding to any strict local maximum y0 of KðxÞ,
namely, a solution with k maximum points converging to
y0 as ϵ⟶ 0.

In the end of this part, let us outline the sketch of our
proof of Theorem 1. Denoted by wðxÞ, the unique radially
positive solution of the following problem

−Δu + K y0
� �

u = 1
8π

ð
ℝ3

u2 yð Þ
x − yj j dy

� �
u, inℝ3,

u xð Þ > 0 inℝ3, u 0ð Þ =max
ℝ3

u xð Þ:

8>><
>>: ð7Þ

It follows from [2, 15] that wðxÞ is strictly decreasing
and satisfies

lim
xj j→+∞

w xð Þ xj je xj j = c0, lim
xj j→+∞

w xð Þ
w′ xð Þ

= −1, ð8Þ

for some constant c0 > 0. Also, wðxÞ is nondegenerate,
namely, if ψðxÞ ∈H1ðℝ3Þ solves the lineared equation

−Δψ + K y0
� �

ψ = 1
8π

ð
ℝ3

w2 yð Þ
x − yj j dy

� �
ψ xð Þ

+ 1
4π

ð
ℝ3

w yð Þψ yð Þ
x − yj j dy

� �
w xð Þ,

ð9Þ

then ψðxÞ is a linear combination of ð∂w/∂xjÞ, j = 1,2,3.
We will use the unique solution w of (7) to establish the

solutions of (2). In what follows, without loss of generality,
we assume that y0 = 0 and Kð0Þ = 1. Let Brð0Þ = fx ∈ℝ3 :
jxj < rg and denote its closure by �Brð0Þ. For any positive inte-
ger k and large R, we define

Dϵ,δ
k =

(
y = y1,⋯,yk
� �

∈ ℝ3� �k
: yj ∈ Bδ/2 y0

� �
, yi − yj
�� ��

ϵ

≥ R, i ≠ j, i, j = 1, 2⋯, k
)
:

ð10Þ

Furthermore, since infℝ3K > 0, we can define the follow-
ing Soblev space

Hϵ ≔ u ∈H1 ℝ3� �
:
ð
ℝ3

ϵ2 ∇uj j2 + K xð Þu2� �
dx <∞

	 

,

ð11Þ

with the corresponding norm kuk2ϵ = hu, uiϵ , where

u, vh iϵ =
ð
ℝ3

ϵ2∇u∇v + K xð Þuv� �
dx, ð12Þ
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and, in this sequel, we denote by j⋅jp the usual norm of Lpðℝ3Þ
and let kukD ≔ ðÐℝ3 j∇uj2dxÞ1/2, kukH1 ≔ ðÐℝ3ðj∇uj2 + u2Þ
dxÞ1/2 be the norms of D1,2ðℝ3Þ and H1ðℝ3Þ, respectively.

Now fixing y ∈Dϵ,δ
k , set

Wϵ,y = 〠
k

j=1
wϵ,y j = 〠

k

j=1
w

x − yj

ϵ

� �
,

Eϵ,k = ϕ ∈H1 ℝ3� �
:

∂wϵ,yj

∂yjs
, ϕ

* +
ϵ

= 0, ϕk k2ϵ ≤ δϵ3
( )

,

ð13Þ

for j = 1,⋯, k, s = 1,2,3. We will prove Theorem 1 by verify-
ing the following result.

Theorem 2. Let ðK1Þ, ðK2Þ hold. Then, for any positive integer
k, there is ϵ0 = ϵðkÞ such that for ϵ ∈ ð0, ϵ0Þ, problem (2) has a
solution uϵ of the form

uϵ xð Þ = 〠
k

j=1
w

x − yjϵ
ϵ

 !
+ ϕϵ , ð14Þ

for some points yjϵ ∈ℝ3, j = 1,⋯, k and ϕϵ ∈H
1ðℝ3Þ satisfy-

ing as ϵ⟶ 0,

yjϵ ⟶ y0,
yiϵ − yjϵ
��� ���

ϵ
⟶ +∞ i ≠ jð Þ, ϕϵk kϵ = o ϵ3/2

� �
: ð15Þ

We want to point out that compared with [15], we intro-
duce a little stronger conditions imposed on KðxÞ than that
of [15] and the reduction procedure has been modified here
to allow for the degenerate of the critical point of KðxÞ. Also,
the appearance of nonlocal term forces us to face much diffi-
culties in the reduction process which involves some more
delicate estimates.

The rest of the paper is organized as follows. In Section 2,
we will carry out a reduction procedure. We prove our main
result in Section 3. Finally, in Appendix, some technical esti-
mates and an energy expansion for the functional corre-
sponding to problem (2) will be established.

2. The Finite-Dimensional Reduction

Observe that the variational functional corresponding to
(2) is

Iϵ uð Þ = 1
2

ð
ℝ3

ϵ2 ∇uj j2 + K xð Þu2� �
dx

−
1

32πϵ2
ð
ℝ3

ð
ℝ3

u2 yð Þ
x − yj j dyu

2dx:
ð16Þ

Then by the direct computation, we have for any ϕ ∈
Eϵ,k,

Jϵ y1,⋯, yk
� �

≔ Jϵ y, ϕð Þ = Iϵ Wϵ,y + ϕ
� �

= Iϵ 〠
k

j=1
w

x − yj

ϵ

� �
+ ϕ

 !

=
(
1
2

ð
ℝ3

ϵ2 ∇Wϵ,y
�� ��2 + K xð ÞW2

ϵ,y

� �
dx

−
1

32πϵ2
ð
ℝ3

ð
ℝ3

W2
ϵ,y yð Þ
x − yj j dyW2

ϵ,ydx

)

+
(ð

ℝ3
K xð Þ − 1ð ÞWϵ,yϕdx −

1
8πϵ2

�
"ð

ℝ3

ð
ℝ3

∑i≠jwϵ,yjwϵ,yi

∣x − y ∣
dy 〠

k

j=1
wϵ,yjϕ

 !
dx

+〠
i≠j

ð
ℝ3

ð
ℝ3

w2
ϵ,yj

∣x − y ∣
dywϵ,yiϕdx

#)

+
(
1
2

ð
ℝ3

ϵ2 ∇ϕj j2 + K xð Þϕ2� �
dx

−
1

16πϵ2
ð
ℝ3

ð
ℝ3

W2
ϵ,y yð Þ
x − yj j dyϕ2dx

−
1

8πϵ2
ð
ℝ3

ð
ℝ3

Wϵ,yϕ

x − yj j dyWϵ,yϕdx

)

−
	 1
32πϵ2

ð
ℝ3

ð
ℝ3

ϕ2 yð Þ
x − y

dyϕ2dx

+ 1
8πϵ2

ð
ℝ3

ð
ℝ3

Wϵ,yϕ

x − yj j dyϕ
2dx



≕ Jϵ y, 0ð Þ + ℓϵ,y ϕð Þ + 1
2 Lϵ,y ϕð Þ, ϕ� �

− Rϵ,y ϕð Þ,
ð17Þ

where we use the fact that wϵ,y jðj = 1,⋯,kÞ solves

−ϵ2Δu + u = 1
8πϵ2

ð
ℝ3

u2 yð Þ
x − yj j dy

� �
u: ð18Þ

In order to find a critical point for Jϵðy, ϕÞ, we need to
discuss each terms in the expansion (17). First, we have

Lemma 3. For any u ∈ Lpðℝ3Þð2 ≤ p ≤ 6Þ, there holds

uj jp ≤ Cϵ3 1/pð Þ− 1/2ð Þð Þ∥u∥ϵ : ð19Þ
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Proof. Taking uϵðxÞ = uðϵxÞ, then
ð
ℝ3

uj jpdx = ϵ3
ð
ℝ3

uϵ xð Þj jpdx

≤ Cϵ3
ð
ℝ3

∇uϵj j2 + K ϵxð Þu2ϵ
� �

dx
 �p/2

= Cϵ3 ϵ−3
ð
ℝ3

ϵ2 ∇uj j2 + K xð Þu2� �
dx

 �p/2
= Cϵ3 1− p/2ð Þð Þ uk kpϵ ,

ð20Þ

which implies the conclusion holds.

Lemma 4. There exists a positive constant C independent of ϵ
such that

Ri
ϵ,y ϕð Þ�� �� ≤ C ϵ−3 ϕk kϵ + ϵ− 3/2ð Þ

� �
ϕk k3−iϵ , i = 0; 1; 2, ð21Þ

where Ri
ϵ,yðϕÞ denotes the ith derivative of Rϵ,yðϕÞ.

Proof. Note that

Rϵ,y ϕð Þ = 1
32πϵ2

ð
ℝ3

ð
ℝ3

ϕ2 yð Þ
x − yj j dyϕ

2dx

+ 1
8πϵ2

ð
ℝ3

ð
ℝ3

Wϵ,yϕ

x − yj j dyϕ
2dx:

ð22Þ

So it is easy to check that

Rϵ,y′ ϕð Þ, ψ
D E

= 1
8πϵ2

ð
ℝ3

ð
ℝ3

ϕ2 yð Þ
x − yj j dyϕψdx

+ 1
8πϵ2

ð
ℝ3

ð
ℝ3

Wϵ,yψ

x − yj j dyϕ
2dx

+ 1
4πϵ2

ð
ℝ3

ð
ℝ3

Wϵ,yϕ

x − yj j dyϕψdx,

R′ϵ,y′ ϕð Þ, ψ, ξð Þ
D E

= 1
4πϵ2

ð
ℝ3

ð
ℝ3

ϕ yð Þξ yð Þ
x − yj j dyϕψdx

+ 1
8πϵ2

ð
ℝ3

ð
ℝ3

ϕ2 yð Þ
x − yj j dyψξdx

+ 1
4πϵ2

ð
ℝ3

ð
ℝ3

Wϵ,yψ

x − yj j dyϕξdx

+ 1
4πϵ2

ð
ℝ3

ð
ℝ3

Wϵ,yξ

x − yj j dyϕψdx

+ 1
4πϵ2

ð
ℝ3

ð
ℝ3

Wϵ,yϕ yð Þ
x − yj j dyψξdx:

ð23Þ

First, we estimate Rϵ,yðϕÞ. Notice that if we denote

φu ≔
1
8π

ð
ℝ3

u2 yð Þ
x − yj j dy, ð24Þ

then φu satisfies −Δφu = ðu2/2Þ in ℝ3. So,

ð
ℝ3

∇φuj j2dx = 1
2

ð
ℝ3
φuu

2dx ≤ c φuj j6 u2
�� ��

6/5 ≤ C φuk kD uj j212/5,

ð25Þ

which implies that

φuk kD ≤ C uj j212/5: ð26Þ

As a result, from Lemma 3, we have

ð
ℝ3

ð
ℝ3

ϕ2 yð Þ
x − yj j dyϕ

2dx
����

����
≤ C φϕ

��� ���
6
ϕj j212/5 ≤ C ϕj j412/5 ≤ Cϵ−1 ϕk k4ϵ ,

ð27Þ

ð
ℝ3

ð
ℝ3

Wϵ,yϕ

∣x − y ∣
dyϕ2dx

����
����

≤
ð
ℝ3
φ1/2
Wϵ,y

φ1/2
ϕ ϕ2dx

����
���� ≤ C φWϵ,y

��� ���1/2
6

φϕ

��� ���1/2
6

ϕj j212/5
≤ C Wϵ,y
�� ��

12/5 ϕj j312/5 ≤ Cϵ9 5/12ð Þ− 1/2ð Þð Þ ϕk k3ϵϵ3⋅ 5/12ð Þ wj j12/5
≤ Cϵ1/2 ϕk k3ϵ :

ð28Þ

Combining the definition of Rϵ,yðϕÞ and (27), (28), we
find

Rϵ,y ϕð Þ�� �� ≤ C ϵ−3 ϕk kϵ + ϵ− 3/2ð Þ
h i

ϕk k3ϵ : ð29Þ

Now, we discuss Rϵ,y′ ðϕÞ. Similar to (27) and (28), we get

ð
ℝ3

ð
ℝ3

ϕ2 yð Þ
∣x − y ∣

dyϕψdx
����

���� ≤ C φϕ

��� ���
6
ϕj j12/5 ψj j12/5

≤ Cϵ−1 ϕk k3ϵ ψk kϵ ,ð
ℝ3

ð
ℝ3

Wϵ,yψ

x − yj j dyϕ
2dx

����
���� ≤ Cϵ1/2 ϕk k2ϵ ψk kϵ ,ð

ℝ3

ð
ℝ3

Wϵ,yϕ

x − yj j dyϕψdx
����

���� ≤ Cϵ1/2 ϕk k2ϵ ψk kϵ :

ð30Þ

So, by the estimates above, we infer that

Rϵ,y′ ϕð Þ, ψ
D E��� ��� ≤ C ϵ−3 ϕk k3ϵ + ϵ− 3/2ð Þ ϕk k2ϵ

h i
ψk kϵ , ð31Þ

and then

Rϵ,y′ ϕð Þ�� �� ≤ C ϵ−3 ϕk kϵ + ϵ− 3/2ð Þ
h i

ϕk k2ϵ : ð32Þ
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Finally, by the same argument as above, we find

ð
ℝ3

ð
ℝ3

ϕ yð Þξ yð Þ
x − yj j dyϕψdx

����
���� ≤ C

ð
ℝ3
φ1/2
ϕ φ1/2

ξ ϕψdx
����

����
≤ Cϵ−1 ϕk k2ϵ ψk kϵ ξk kϵ ,ð

ℝ3

ð
ℝ3

ϕ2 yð Þ
x − yj j dyψξdx

����
���� ≤ Cϵ−1 ϕk k2ϵ ψk kϵ ξk kϵ ,ð

ℝ3

ð
ℝ3

Wϵ,yψ

x − yj j dyϕξdx
����

���� ≤ Cϵ1/2 ϕk kϵ ψk kϵ ξk kϵ ,
ð
ℝ3

ð
ℝ3

Wϵ,yξ

x − yj j dyϕψdx
����

���� ≤ Cϵ1/2 ϕk kϵ ψk kϵ ξk kϵ ,ð
ℝ3

ð
ℝ3

Wϵ,yϕ

x − yj j dyξψdx
����

���� ≤ Cϵ1/2 ϕk kϵ ψk kϵ ξk kϵ :

ð33Þ

The estimates above imply that

R′ϵ,y′ ϕð Þ, ψ, ξð Þ
D E��� ��� ≤ C ϵ−3 ϕk k2ϵ + ϵ− 3/2ð Þ ϕk kϵ

h i
ψk kϵ ξk kϵ ,

R′ϵ,y′ ϕð Þ�� �� ≤ C ϵ−3 ϕk kϵ + ϵ− 3/2ð Þ
h i

ϕk kϵ :
ð34Þ

This completes our proof.

Lemma 5. There holds

ℓϵ,y
�� �� ≤ Cϵ3/2 ϵθ + Σk

j=1 K yj
� �

− 1
� �

+ Σi≠je
− yi−yjj j/2ϵð Þ� �

,

ð35Þ

where i, j = 1,⋯, k, i ≠ j and C is a constant independent of ϵ.

Proof. Recall that

ℓϵ,y ϕð Þ =
ð
ℝ3

K xð Þ − 1ð ÞWϵ,yϕdx

−
1

8πϵ2
ð
ℝ3

ð
ℝ3

∑i≠jwϵ,y jwϵ,yi

x − yj j dy 〠
k

j=1
wϵ,y j

 !
ϕdx

−
1

8πϵ2
ð
ℝ3

ð
ℝ3
〠
i≠j

w2
ϵ,y j

x − yj j dywϵ,yiϕdx≕ ℓ1 + ℓ2 + ℓ3:

ð36Þ

First, we can write

ℓ1 = 〠
k

j=1

ð
ℝ3

K xð Þ − K yj
� �� �

wϵ,yjϕdx

+ 〠
k

j=1

ð
ℝ3

K yj
� �

− 1
� �

wϵ,y jϕdx≕ ℓ1:1 + ℓ1:2,
ð37Þ

and we have

ℓ1,1 = 〠
k

j=1

ð
Bδ y jð Þ

K xð Þ − K yj
� �� �

wϵ,yjϕdx

+ 〠
k

j=1

ð
ℝ3\Bδ yjð Þ

K xð Þ − K yj
� �� �

wϵ,yjϕdx

≕ ℓ1:1:1 + ℓ1:1:2:

ð38Þ

Then, by the assumption ðK2Þ, Lemma 3 and the decay
property of w, we find

ℓ1:1:1j j ≤ 〠
k

j=1

ð
Bδ yjð Þ

K xð Þ − K yj
� ��� ��wϵ,yj ϕj jdx

≤ Cϵ3 〠
k

j=1

ð
Bδ/ϵ 0ð Þ

ϵxj jθw xð Þ∣ϕ ϵx + yj
� �

∣dx

≤ Cϵ3+θ 〠
k

j=1

ð
Bδ/ϵ 0ð Þ

xj j3/2θw3/2 xð Þdx
 !2/3

�
ð
Bδ/ϵ 0ð Þ

ϕ ϵx + yj
� ��� ��3dx

 !1/3

≤ Cϵ3+θ
ð
ℝ3

ϕ xð Þj j3ϵ−3dx
� �1/3

≤ Cϵ 3/2ð Þ+θ ϕk kϵ ,

ð39Þ

where we used the fact that

ð
Bδ/ϵ 0ð Þ

xj j 3/2ð Þθw3/2 xð Þdx ≤
ð
BR 0ð Þ

xj j 3/2ð Þθw3/2 xð Þdx

+
ð
Bc
R 0ð Þ

xj j 3/2ð Þθe− 3/2ð Þ xj jdx < +∞:

ð40Þ

On the other hand, by Hölder inequality, we have

ℓ1:1:2j j ≤ Cϵ3
ð
Bcδ/ϵ 0ð Þ

w xð Þ ϕ ϵx + yj
� ��� ��dx

≤ Cϵ3
ð
Bcδ/ϵ 0ð Þ

w3/2 xð Þdx
 !2/3 ð

Bcδ/ϵ 0ð Þ
ϕ ϵx + yj
� ��� ��3dx

 !1/3

≤ Cϵ3
ð+∞
δ/ϵ

r1/2e− 3/2ð Þrdr
� �2/3 ð

ℝ3
ϵ−3 ϕ xð Þj j3dx

� �1/3

≤ Cϵ3e− 2δ/3ϵð Þϵ−1ϵ− 1/2ð Þ ϕk kϵ ≤ Cϵ 3/2ð Þ+θ ϕk kϵ ,
ð41Þ

which, together with (41), implies that

ℓ1:1j j ≤ Cϵ 3/2ð Þ+θ ϕk kϵ : ð42Þ
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By the same argument as above, we also deduce that

ℓ1:2j j ≤ 〠
k

j=1
K yj
� �

− 1
� �ð

ℝ3
wϵ,yj ϕj jdx

≤ 〠
k

j=1
K yj
� �

− 1
� �ð

ℝ3
w xð Þ ϕ ϵx + yj

� ��� ��ϵ3dx
≤ ϵ3 〠

k

j=1
K yj
� �

− 1
� � ð

ℝ3
w xð Þ2/3dx

� �2/3

�
ð
ℝ3

ϕ ϵx + yj
� ��� ��3dx� �1/3

≤ Cϵ3 〠
k

j=1
K yj
� �

− 1
� �

ϵ−1ϵ− 1/2ð Þ ϕk kϵ

= Cϵ3/2 〠
k

j=1
K yj
� �

− 1
� �

ϕk kϵ :

ð43Þ

Hence,

ℓ1j j ≤ Cϵ3/2 ϵθ + 〠
k

j=1
K yj
� �

− 1
� �" #

ϕk kϵ : ð44Þ

Now, in order to estimate ℓ2, we recall the Hardy-
Littlewood-Sobolev inequality (see [2]): if 1 < p, q <∞, 0 <
t < 3 and ð1/pÞ + ð1/qÞ + ðt/3Þ = 2, f ∈ Lpðℝ3Þ, g ∈ Lqðℝ3Þ,
then

ð
ℝ3

ð
ℝ3

f xð Þg yð Þ
x − yj jt dxdy ≤ C p, q, tð Þ fj jp gj jq: ð45Þ

Thus, by Hölder inequality and (45), one has

ℓ2j j = 1
8πϵ2

ð
ℝ3

ð
ℝ3

∑i≠jwϵ,y jwϵ,yi

x − yj j dy 〠
k

j=1
wϵ,y j

 !
ϕdx

�����
�����

= ϵ3

8π

ð
ℝ3

ð
ℝ3

∑i≠jw yð Þw y − yi − yj/ϵ
� �
x − yj j

�����
� dy〠

k

j=1
w xð Þϕ ϵx + yj

� �
dx

�����
≤ Cϵ3 〠

i≠j
w yð Þw y −

yi − yj

ϵ

� ������
�����
6/5

w xð Þϕ ϵx + yj
� ��� ��

6/5

≤ Cϵ3〠
i≠j
e− yi−yj/ϵð Þ w xð Þj j2 ϕ ϵx + yj

� ��� ��
3

≤ Cϵ3〠
i≠j
e− yi−yj/2ϵð Þϵ− 3/2ð Þ ϕk kϵ = Cϵ3/2〠

i≠j
e− yi−yj/2ϵð Þ ϕk kϵ :

ð46Þ

Finally, using Lemma A.1 and Hölder inequality, we
infer that

ℓ3j j = 1
8πϵ2

ð
ℝ3

ð
ℝ3
〠
i≠j

w2
ϵ,yj

∣x − y ∣
dywϵ,yiϕdx

�����
�����

= ϵ3

8π

ð
ℝ3

ð
ℝ3

∑i≠jw
2 y + yi − yj/ϵ

� �� �
∣x − y ∣

�����
� dyw xð Þϕ ϵx + yi

� �
dx

�����
≤ Cϵ3

(ð
ℝ3

 
〠
i≠j

"
e− x− yi−yj/ϵð Þj j 〠

2

m=−1
x −

yi − yj

ϵ

����
����
m

+ x −
yi − yj

ϵ

����
����
−1#!2

w2 xð Þ
)1/2

ϕ ϵx + yi
� ��� ��

2

≤ Cϵ3〠
i≠j

(ð
ℝ3

 "
e−2 x− yi−yj/ϵð Þj j 〠

2

m=−1
x −

yi − yj

ϵ

����
����
2m

+ x −
yi − yj

ϵ

����
����
−2#!2

w2 xð Þ
)1/2

ϵ− 3/2ð Þ ϕk kϵ

≤ Cϵ3/2〠
i≠j

ϵ− yi−y j/2ϵð Þ yi − yj

ϵ

� �3
+ yi − yj

ϵ

� �−1" #
ϕk kϵ

≤ Cϵ 3/2ð Þ+θ ϕk kϵ ,
ð47Þ

which, together with (44) and (46), concludes this proof.

Now, associated to the quadratic form Lϵ,yðϕÞ, we define
Lϵ,y to be a bounded linear map from Eϵ,k to Eϵ,k as

Lϵ,y v1ð Þ, v2
� �

=
ð
ℝ3

ϵ2∇v1∇v2 + K xð Þv1v2
� �

dx

−
1

8πϵ2
ð
ℝ3

ð
ℝ3

W2
ϵ,y yð Þ
x − yj j dyv1v2dx

−
1

4πϵ2
ð
ℝ3

ð
ℝ3

Wϵ,yv1
x − yj j dyWϵ,yv2dx:

ð48Þ

Here, we come to show the invertibility of Lϵ,y in Eϵ,k.

Proposition 6. There exist ϵ0, δ0, ρ, R0 > 0 such that for R
≫ R0, ϵ ∈ ð0, ϵ0Þ, δ ∈ ð0, δ0Þ,

Lϵ,y ϕð Þ�� �� ≥ ρ ϕk kϵ ,∀ϕ ∈ Eϵ,k: ð49Þ

Proof. We argue by contradiction. Suppose that there exists

ϵn ⟶ 0, yn = ðyn,1,⋯,yn,kÞ ∈Dϵn ,δ
k , and ϕn ∈ Eϵn ,k such that

Lϵn ,yn ϕnð Þ, g� �
= on 1ð Þ ϕnk kϵn gk kϵn ,∀g ∈ Eϵn ,k: ð50Þ

Without loss of generality, we can assume that kϕnk2ϵn =
ϵ3n. Fix i ∈ f1,⋯,kg and let

ϕn,i = ϕn ϵnx + yn,i
� �

: ð51Þ
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So,

ð
ℝ3

ϵ2n ∇ϕnj j2 + K xð Þϕ2n
� �

dx = ϵ3n,ð
ℝ3

∇ϕn,i
�� ��2 + K ϵnx + yn,i

� �
ϕ
2
n,i

� �
dx ≤ C,

ð52Þ

which implies that ϕn,i is bounded in H1ðℝ3Þ. Thus, up to
a subsequence, there exists ϕ ∈H1ðℝ3Þ such that as n⟶
+∞,

ϕn,i ⇀ ϕ, inH1 ℝ3� �
,

ϕn,i ⟶ ϕ, a:e inℝ3,

ϕn,i ⟶ ϕ, E Ltloc ℝ3� �
, 2 ≤ t ≤ 2∗:

8>><
>>: ð53Þ

Next we will prove ϕ = 0. To this end, from (50), we
find that ϕn,i satisfies for any �g ∈ �En,

ð
ℝ3

∇ϕn,i∇�g + K ϵnx + yn,i
� �

ϕn,i�g
� �

dx

−
1
8π

ð
ℝ3

ð
ℝ3

∑k
j=1 �wϵn ,yn, j

� �2
x − yj j dyϕn,i�gdx

−
1
4π

ð
ℝ3

ð
ℝ3

∑k
j=1 �wϵn ,yn, jϕn,i

x − yj j dy〠
k

j=1
�wϵn ,yn, j�gdx

= on 1ð Þ �gk k∗,

ð54Þ

where

�gk k2∗ =
ð
ℝ3

∇�gj j2 + K ϵnx + yn,i
� �

�g2
� �

dx,

�wϵn ,yn, j xð Þ =w x + yn,i − yn,j

ϵn

� �
,

�En =
(
�g : �g

x − yn,i

ϵn

� �
∈ Eϵn ,k,

ð
ℝ3
∇
∂�wϵn ,yn, j

∂yn,js

∇�gdx

+
ð
ℝ3
K ϵnx + yn,i
� � ∂�wϵn ,yn, j

∂yn,js

�gdx = 0
)
,

ð55Þ

for j = 1,⋯, k and s = 1,2,3:.
But, for g ∈ C∞

0 ðℝ3Þ, we can decompose g as follows

g = gn − 〠
k

j=1
〠
3

s=1
an,j,s

∂�wϵn ,yn, j

∂yn,js

, ð56Þ

where gn ∈ �En and an,j,s ∈ℝ: Then, by the exponential decay

of ð∂�wϵn ,yn, j /∂y
n,j
s Þ, we have

ð
ℝ3
∇
∂�wϵn ,yn, j

∂yn,is
∇gndx

+
ð
ℝ3
K ϵnx + yn,i
� � ∂�wϵn ,yn, j

∂yn,is
gndx = on 1ð Þ,

ð
ℝ3
∇
∂�wϵn ,yn, j

∂yn,is
∇
∂�wϵn ,yn,h

∂yn,is
dx

+
ð
ℝ3
K ϵnx + yn,i
� � ∂�wϵn ,yn, j

∂yn,is

∂�wϵn ,yn,h

∂yn,is
dx = on 1ð Þ,

ð57Þ

for h ≠ j and h, j = 1,⋯, k. On the other hand,

ð
ℝ3

∇
∂�wϵn ,yn, j

∂yn,is

����
����
2
dx +

ð
ℝ3
K ϵnx + yn,i
� � ∂�wϵn ,yn, j

∂yn,is

����
����
2
dx ≥ C:

ð58Þ

So, up to a subsequence, we can easily check that an,j,s
⟶ 0 as n⟶∞ for j ≠ i, while an,i,s ⟶ ai,s for some ai,s
∈ℝ. Inserting gnðx − yn,i/ϵnÞ into (54) and letting n⟶ +
∞, we infer that

ð
ℝ3

∇ϕ∇g + ϕgð Þdx − 1
8π

ð
ℝ3

ð
ℝ3

w2 yð Þ
x − yj j dyϕgdx

−
1
4π

ð
ℝ3

ð
ℝ3

w yð Þϕ yð Þ
x − yj j dywgdx

+ 〠
3

s=1
ai,s

ð
ℝ3

∇ϕ∇
∂w
∂xs

+ ϕ
∂w
∂xs

dx
� �

−
1
8π

ð
ℝ3

ð
ℝ3

w2 yð Þ
x − yj j dyϕ

∂w
∂xs

dx

−
1
4π

ð
ℝ3

ð
ℝ3

w yð Þϕ yð Þ
x − yj j dyw

∂w
∂xs

dx
�
= 0:

ð59Þ

Since w solves

−Δw +w = 1
8π

ð
ℝ3

w2 yð Þ
x − yj j dyw xð Þ inℝ3: ð60Þ

We find that

−Δ
∂w
∂xs

+ ∂w
∂xs

= 1
8π

ð
ℝ3

w2 yð Þ
x − yj j dy

∂w
∂xs

+ 1
4π

ð
ℝ3

w yð Þ ∂w/∂xsð Þ
x − yj j dyw xð Þ,

ð61Þ

which implies that

ð
ℝ3

∇ϕ∇
∂w
∂xs

+ ϕ
∂w
∂xs

� �
dx

= 1
8π

ð
ℝ3

ð
ℝ3

w2 yð Þ
x − yj j dyϕ

∂w
∂xs

dx

+ 1
4π

ð
ℝ3

ð
ℝ3

w yð Þϕ yð Þ
x − yj j dyw

∂w
∂xs

dx:

ð62Þ
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Combining (59) and (62), we have

ð
ℝ3

∇ϕ∇g + ϕgð Þdx − 1
8π

ð
ℝ3

ð
ℝ3

w2 yð Þ
x − yj j dyϕgdx

−
1
4π

ð
ℝ3

ð
ℝ3

w yð Þϕ yð Þ
x − yj j dywgdx = 0:

ð63Þ

Considering that g ∈ C∞
0 ðℝ3Þ is arbitrary and w is non-

degenerate, there exist as, s = 1,2,3 such that

ϕ = 〠
3

s=1
as
∂w
∂xs

: ð64Þ

Moreover, being ϕn ∈ Eϵn ,k, we have

ð
ℝ3

∇ϕ∇
∂w
∂xs

+ ϕ
∂w
∂xs

� �
dx = 0, ð65Þ

which, together with (64), yields ϕ = 0. Finally, by Lemma
A.1, we deduce that

1
8πϵ2n

ð
ℝ3

ð
ℝ3

W2
ϵn ,yn yð Þ
x − yj j dyϕ2ndx

= ϵ3n
8π

ð
ℝ3

ð
ℝ3

w yð Þ +∑i≠jw y + yn,j − yn,i/ϵn
� �� �� �2

x − yj j
� dyϕ2n ϵnx + yn,j

� �
dx

≤ Cϵ3n

ð
ℝ3

w2 yð Þ
x − yj j dyϕ

2
n ϵnx + yn,j
� �

dx

+ Cϵ3n

ð
ℝ3
〠
i≠j

"
e− x− yn,i−yn, j/ϵnð Þj j 〠

2

m=−1
x −

yn,i − yn,j

ϵn

����
����
m

+ x −
yn,i − yn,j

ϵn

����
����
−1#

ϕ2n ϵnx + yn,j
� �

dx

≤ Cϵ3n

"ð
ℝ3

e−∣x∣ 〠
2

m=−1
xj jm + xj j−1

 !
ϕ
2
n,jdx

+
ð
ℝ3

e− x−yn,i/ϵnj j 〠
2

m=−1

x − yn,i

ϵn

����
����
m

+ x − yn,i

ϵn

����
����
−1 !

ϕ2 xð Þdx
#

≤ Cϵ3n

ð
BR 0ð Þ

+
ð
BcR 0ð Þ

 !
e−∣x∣ 〠

2

m=−1
xj jm + xj j−1

 !
ϕ
2
n,jdx

+ Cϵ3n

ð
∪k
i=1BϵnR yn,ið Þ

+
ð
ℝ3∪k

i=1BϵnR
yn,ið Þ

 !

� e− x−yn,i/ϵnj j 〠
2

m=−1

x − yn,i

ϵn

����
����
m

+ x − yn,i

ϵn

����
����
−1 !

ϕ2 xð Þdx

≤ Cϵ3n

ð
∪k
i=1BϵnR

yn,ið Þ

 
e− x−yn,i/ϵnj j 〠

2

m=−1

x − yn,i

ϵn

����
����
m

+ x − yn,i

ϵn

����
����
−1!

ϕ2 xð Þdx + o ϵ3n
� �

+ C e− 1−θð ÞR + 1
R

� �
ϵ3n = o ϵ3n

� �
+ oR 1ð Þϵ3n,

ð66Þ

where oRð1Þ⟶ 0 as R⟶ +∞.
Similarly, the Hardy-Littlewood-Sobolev inequality (45)

implies that

1
4πϵ2n

ð
ℝ3

ð
ℝ3

Wϵn ,yn yð Þϕn yð Þ
∣x − y ∣

dyWϵn ,ynϕndx

≤
C
ϵ2n

"ð
∪k
i=1BϵnR

yn,ið Þ
Wϵn ,yn
�� ��6/5 ϕnj j6/5dx

+
ð
ℝ3\∪k

i=1BϵnR
yn,ið Þ

Wϵn ,yn
�� ��6/5 ϕnj j6/5dx

#5/3

≤ o ϵ3n
� �

+ Ce− 1−θð ÞR = o ϵ3n
� �

+ oR 1ð Þϵ3n:

ð67Þ

As a result, by (50),

on 1ð Þϵ3n = on 1ð Þ ϕnk k2ϵn = Lϵn ,ynϕn, ϕn
� �

= ϕnk k2ϵn −
1

8πϵ2n

ð
ℝ3

ð
ℝ3

W2
ϵn ,yn yð Þ
x − yj j dyϕ2ndx

−
1

4πϵ2n

ð
ℝ3

ð
ℝ3

Wϵn ,ynϕn
x − yj j dyWϵn ,ynϕndx

≥ ϕnk k2ϵn + o ϵ3n
� �

+ oR 1ð Þϵ3n,

ð68Þ

which is impossible. So we complete this proof.

Proposition 7. Suppose that ðK1Þ and ðK2Þ hold. Then, for
any given k = 1, 2⋯ , there exist ϵ0, δ0, R0 > 0 such that for
R≫ R0, ϵ ∈ ð0, ϵ0Þ, δ ∈ ð0, δ0Þ, there is a C1 map from Dϵ,δ

k
to Eϵ,k, ϕϵ = ϕϵðyÞ satisfying

∂Jϵ y, ϕϵð Þ
∂ϕϵ

, ψ
� �

= 0,∀ψ ∈ Eϵ,k,

ϕϵk kϵ ≤ Cϵ3/2 ϵθ + 〠
k

j=1
K yj
� �

− 1
� �

+〠
i≠j
e− yi−yjj j/2ϵð Þ

 !
:

ð69Þ

Proof.We use the contraction mapping theorem to prove the
wanted result. It follows from Lemma 5 that ℓϵ,yðϕÞ is a
bounded linear map in Eϵ,k. So applying Reisz representation
theorem, there exists an ℓkϵ,y ∈ Eϵ,k such that

ℓϵ,y ϕð Þ = ℓkϵ,y , ϕ
D E

: ð70Þ
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Thus, finding a critical point for Jϵðy, ϕÞ is equivalent to
solving

ℓkϵ,y + Lϵ,y ϕð Þ − Rϵ,y′ ϕð Þ = 0: ð71Þ

Since Lϵ,y is invertible in Eϵ,k from Proposition 6, (71) can
be rewritten as

ϕ = L−1ϵ,y Rϵ,y′ ϕð Þ
� �

− L−1ϵ,y ℓkϵ,y
� �

≔A ϕð Þ: ð72Þ

Define

Sϵ =
(
ϕ ∈ Eϵ,k : ϕk kϵ ≤ Cϵ3/2

 
ϵθ + 〠

k

j=1
K yj
� �

− 1
� �

+〠
i≠j
e− 1/2ð Þ yi−yjj j/ϵð Þ

!)
:

ð73Þ

We shall verify that A is a contraction mapping from Sϵ
to itself. First, for ∀ϕ ∈ Sϵ , by Lemmas 4 and 5, we have

A ϕð Þk k ≤ C ℓkϵ,y
��� ���

ϵ
+ Rϵ,y′ ϕð Þ�� ��� �

≤ C ℓkϵ,y
��� ���

ϵ
+ ϵ− 3/2ð Þ ϕk k2ϵ

� �

≤ Cϵ3/2 ϵθ + 〠
k

j=1
K yj
� �

− 1
� �

+〠
i≠j
e− yi−yjj j/2ϵð Þ

 !

+ Cϵ3/2 ϵθ + 〠
k

j=1
K yj
� �

− 1
� �

+〠
i≠j
e− 1/2ð Þ yi−y jj j/ϵð Þ

 !2

≤ ϵ3/2 ϵθ + 〠
k

j=1
K yj
� �

− 1
� �

+〠
i≠j
e− yi−yjj j/2ϵð Þ

 !
,

ð74Þ

which tells that A maps Sϵ to Sϵ . On the other hand, for any
ϕ1, ϕ2 ∈ Sϵ , using Lemma 4,

A ϕ1ð Þ −A ϕ1ð Þk k = L−1ϵ,y Rϵ,y′ ϕ1ð Þ
� �

− L−1ϵ,y Rϵ,y′ ϕ2ð Þ
� ���� ���

≤ C Rϵ,y′ ϕ1ð Þ − Rϵ,y′ ϕ2ð Þ�� ��
≤ C R′ϵ,y′ νϕ1 + 1 − νð Þϕ2ð Þ�� �� ϕ1 − ϕ2k kϵ
≤
1
2 ϕ1 − ϕ2k kϵ ,

ð75Þ

where ν ∈ ð0, 1Þ. Therefore,A is a contraction map from Sϵ to
Sϵ , and then, applying the contraction mapping theorem, we
can find a unique ϕϵ satisfying (71). So the conclusion
follows.

3. Proof of the Main Results

In this section, we come to prove our main results. Let R≫
R0, ϵ ∈ ð0, ϵ0Þ, δ ∈ ð0, δ0Þ and ϕϵðyÞ be as in Proposition 7.

Define

Fϵ yð Þ = Jϵ y, ϕϵ yð Þð Þ, y ∈Dϵ,δ
k , ð76Þ

and let yϵ = ðy1ϵ ,⋯, ykϵÞ ∈Dϵ,δ
k satisfies

Fϵ yϵð Þ =max Fϵ yð Þ: y ∈Dϵ,δ
k

n o
: ð77Þ

Next, we can show that yϵ is an interior point of Dϵ,δ
k and

thus a critical point of Fϵ for small ϵ.

Lemma 8. Suppose that yϵ satisfies (77). Then, as ϵ ⟶ 0,
yjϵ ⟶ y0, j = 1,⋯, k, and jðyiϵ − yjϵÞ/ϵj⟶∞, if i ≠ j.

Proof. It follows from Lemma A.2 and Proposition 7 that

Jϵ yϵ , ϕϵ yϵð Þð Þ = Jϵ yϵ , 0ð Þ +O ℓkϵ,yϵ

��� ���
ϵ
ϕϵ yϵð Þk kϵ + ϕϵ yϵð Þk k2ϵ

� �

= Jϵ yϵ , 0ð Þ +O

 
ϵ3
 
ϵ2θ

+ 〠
k

j=1
K yjϵ
� �

− 1
� �2 +〠

i≠j
e− yiϵ−y

j
ϵj j/ϵ
!!

= ϵ3
 
k
2 wk k2H1 −

1
2

ð
ℝ3
w2dx

� �
〠
k

j=1
K y0
� ��

− K yjϵ
� ��

−
k

32π

ð
ℝ3

ð
ℝ3

w2 yð Þ
x − yj j dyw

2 xð Þdx
!

+O ϵ3 ϵθ + 〠
k

j=1
K yjϵ
� �

− 1
� �2 +〠

i≠j
e− yiϵ−y

j
ϵj j/ϵ

 ! !
:

ð78Þ

Take λiϵ = ϵσξi, i = 1,⋯, k for some σ ∈ ðð1/2Þ, 1Þ and
some vectors ξ1,⋯, ξk with ξi ≠ ξjði ≠ jÞ. Then as ϵ ⟶ 0,

λiϵ − λj
ϵ

�� ��
ϵ

=
ξi − ξj
��� ���
ϵ1−σ

⟶∞, ð79Þ

which means that λϵ = ðλ1ϵ ,⋯, λkϵÞ ∈Dϵ,δ
k if ϵ > 0 is small

enough. Combining (77) and (78), we have

Jϵ yϵ , ϕϵ yϵð Þð Þ ≥ Jϵ λϵ , ϕϵ λϵð Þð Þ

≥ ϵ3
k
2 wk k2H1 −

k
32π

ð
ℝ3

ð
ℝ3

w2 yð Þ
x − yj j dyw

2 xð Þdx
� �

+O ϵ3 ϵθ + 〠
k

j=1
K λj

ϵ

� �
− 1

� �2
+〠

i≠j
e− ξi−ξ jj j/ϵ1−σ

 ! !

= ϵ3
k
2 wk k2H1 −

k
32π

ð
ℝ3

ð
ℝ3

w2 yð Þ
x − yj j dyw

2 xð Þdx
� �

+O ϵ3+�σ
� �

,
ð80Þ
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where �σ =min f1 − σ, σθg. Hence,

ϵ3
 
k
2 wk k2H1 −

1
2

ð
ℝ3
w2dx

� �
〠
k

j=1
K y0
� �

− K yjϵ
� �� �

−
k

32π

ð
ℝ3

ð
ℝ3

w2 yð Þ
x − yj j dyw

2 xð Þdx
!

+O ϵ3 ϵθ + 〠
k

j=1
K yjϵ
� �

− 1
� �2 +〠

i≠j
e− yiϵ−y

j
ϵj j/ϵ

 ! !

≥ ϵ3
k
2 wk k2H1 −

k
32π

ð
ℝ3

ð
ℝ3

w2 yð Þ
x − yj j dyw

2 xð Þdx
� �

+O ϵ3+�σ
� �

,

ð81Þ

which yields that

1
2

ð
ℝ3
w2dx

� �
〠
k

j=1
K y0
� �

− K yjϵ
� �� �

≤O ϵ3 ϵ�σ + 〠
k

j=1
K yjϵ
� �

− K y0
� �� �2 +〠

i≠j
e− yiϵ−y

j
ϵj j/ϵ

 ! !
:

ð82Þ

So, as ϵ⟶ 0 and for i, j = 1,⋯, k, i ≠ j, we find

K yjϵ
� �

⟶ K y0
� �

= 1, yjϵ ⟶ y0,
yiϵ − yjϵ
��� ���

ϵ
⟶∞, ð83Þ

from which, the conclusion follows.

Proof of Theorem 2. By Lemma 8, we can check that (77) can
be obtained by some yϵ = ðy1ϵ ,⋯,ykϵÞ ∈Dϵ,δ

k , which is an inte-
rior point of Dϵ,δ

k for small ϵ and satisfies

yjϵ ⟶ y0,
yiϵ − yjϵ
��� ���

ϵ
⟶∞, ∂Jϵ yϵ , ϕϵ yϵð Þð Þ

∂yjϵ
= 0 ð84Þ

for i, j = 1,⋯, k, i ≠ j. Moreover, from Proposition 7,
kϕϵðyϵÞkϵ = oðϵ3/2Þ as ϵ⟶ 0. Finally, it is well-known that
if yϵ is a critical point of FϵðyϵÞ, thenWϵ,yϵ + ϕϵðyϵÞ is a solu-
tion of (2)Thus, we finish this proof.

Appendix

Energy Expansion

In this section, we give some basic estimates and the energy
expansion for the approximate solutions.

Lemma A.1. There exists a positive constant C independent of
ϵ such that

ð
ℝ3

∑i≠jw
2 y + yi − yj/ϵ

� �� �
x − yj j dy

≤ C〠
i≠j

e− x− yi−y j/ϵð Þj j 〠
2

m=−1
x −

yi − yj

ϵ

����
����
m

+ x −
yi − yj

ϵ

����
����
−1" #

:

ðA:1Þ

Proof. The proof of this Lemma can be obtained arguing as
Lemma B.1 of [24] exactly. We omit the details here.

Lemma A.2. There exists a positive constant C independent of
ϵ such that

Iϵ Wϵ,y
� �

= ϵ3
 
k
2

wk k2H1 −
1
2

ð
ℝ3
w2dx

� �
〠
k

j=1
K y0
� �

− K yj
� �� �

−
k

32π

ð
ℝ3

ð
ℝ3

w2 yð Þ
∣x − y ∣

dyw2 xð Þdx
!

+O ϵ3+θ + ϵ3〠
i≠j
e− yi−y jj j/ϵ

 !
:

ðA:2Þ

Proof. Recall that

Iϵ Wϵ,y
� �

= 1
2

ð
ℝ3

ϵ2 ∇Wϵ,y
�� ��2 + K xð ÞW2

ϵ,y

� �
dx

−
1

32πϵ2
ð
ℝ3

ð
ℝ3

W2
ϵ,y yð Þ
x − yj j dyW2

ϵ,ydx:

ðA:3Þ

We have

Iϵ Wϵ,y
� �

= 1
2

ð
ℝ3

ϵ2 ∇Wϵ,y
�� ��2 +W2

ϵ,y

� �
dx

+ 1
2

ð
ℝ3

K xð Þ − 1ð ÞW2
ϵ,ydx

−
1

32πϵ2
ð
ℝ3

ð
ℝ3

W2
ϵ,y yð Þ
x − yj j dyW2

ϵ,ydx

= 1
2〠

k

j=1

ð
ℝ3

ϵ2 ∇wϵ,yj
�� ��2 +w2

ϵ,y j
� �

dx

+〠
i<j

ð
ℝ3

ϵ2∇wϵ,yiwϵ,y j +wϵ,yiwϵ,y j
� �

dx

+ 1
2

ð
ℝ3

K xð Þ − 1ð ÞW2
ϵ,ydx

−
1

32πϵ2
ð
ℝ3

ð
ℝ3

W2
ϵ,y yð Þ
x − yj j dyW2

ϵ,ydx
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= kϵ3

2 wk k2H1 +
1

8πϵ2 〠i<j

ð
ℝ3

ð
ℝ3

w2
ϵ,yi yð Þ
x − yj j dyw

2
ϵ,y jdx

+ 1
2

ð
ℝ3

K xð Þ − 1ð ÞW2
ϵ,ydx

−
1

32πϵ2
ð
ℝ3

ð
ℝ3

W2
ϵ,y yð Þ
x − yj j dyW2

ϵ,ydx:

ðA:4Þ

Now, we discuss each terms in the right hand of (A.4).
First, by the direct computation, one has

ð
ℝ3

K xð Þ − 1ð ÞW2
ϵ,ydx

= 〠
k

j=1

ð
ℝ3

K xð Þ − K yj
� �

+ K yj
� �

− K y0
� �� �

w2
ϵ,y jdx

+〠
i≠j

ð
ℝ3

K xð Þ − K yj
� �

+ K yj
� �

− K y0
� �� �

wϵ,yiwϵ,y jdx

= ϵ3 〠
k

j=1
K yj
� �

− K y0
� �� �ð

ℝ3
w2dx

+ 〠
k

j=1

ð
ℝ3

K xð Þ − K yj
� �� �

w2
ϵ,y jdx

+〠
i≠j

ð
ℝ3

K xð Þ − K yj
� �

+ K yj
� �

− K y0
� �� �

wϵ,yiwϵ,y jdx:

ðA:5Þ

In view of (A.5), we have

〠
k

j=1

ð
ℝ3

K xð Þ − K yj
� �� �

w2
ϵ,yjdx

= ϵ3 〠
k

j=1

ð
ℝ3

K ϵx + yj
� �

− K yj
� �� �

w2dx

= ϵ3 〠
k

j=1

ð
Bδ/ϵ yjð Þ

+
ð
Bc
δ/ϵ yjð Þ

 !
K ϵx + yj
� �

− K yj
� �� �

w2dx

≤ Cϵ3
ð
Bδ/ϵ y jð Þ

ϵxj jθw2dx +
ð
Bc
δ/ϵ yjð Þ

e−2 xj jdx

" #
≤ Cϵ3+θ,

〠
i≠j

ð
ℝ3

K xð Þ − K yj
� �� �

wϵ,yiwϵ,yjdx

=〠
i≠j
ϵ3
ð
ℝ3

K ϵx + yj
� �

− K yj
� �� �

w x −
yi − yj

ϵ

� �
w xð Þdx

≤ Cϵ3
ð
Bδ/ϵ yjð Þ

ϵxj jθw x −
yi − yj

ϵ

� �
w xð Þdx

+ Cϵ3
ð
Bc
δ/ϵ y jð Þ

w x −
yi − yj

ϵ

� �
w xð Þdx

≤ Cϵ3 ϵθe− yi−yjj j/ϵ + e− yi−yjj j/ϵ� �
≤ Cϵ3+θ,

ðA:6Þ

and similarly,

〠
i≠j

ð
ℝ3

K yj
� �

− K y0
� �� �

wϵ,yiwϵ,yjdx

≤ Cϵ3〠
i≠j

ð
ℝ3
w x −

yi − yj

ϵ

� �
w xð Þdx

≤ Cϵ3〠
i≠j
e− yi−y jj j/ϵ :

ðA:7Þ

Thus, from the estimates above and (A.5), we find

ð
ℝ3

K xð Þ − 1ð ÞW2
ϵ,ydx = ϵ3 〠

k

j=1
K yj
� �

− K y0
� �� �ð

ℝ3
w2dx

+O ϵ3+θ
� �

+O ϵ3〠
i≠j
e− yi−y jj j/ϵ

 !
:

ðA:8Þ

Now, we estimate 1/32πϵ2Ðℝ3
Ð
ℝ3ðW2

ϵ,yðyÞ/jx − yjÞ
dyW2

ϵ,ydx. We have

1
32πϵ2

ð
ℝ3

ð
ℝ3

W2
ϵ,y yð Þ
x − yj j dyW2

ϵ,ydx

= 1
32πϵ2 〠

k

j=1

ð
ℝ3

ð
ℝ3

w2
ϵ,yj yð Þ
x − yj j dyw

2
ϵ,yjdx

+ 1
8πϵ2 〠i<j

ð
ℝ3

ð
ℝ3

w2
ϵ,yi yð Þ
x − yj j dywϵ,yiwϵ,yjdx

+ 1
16πϵ2 〠i<j

ð
ℝ3

ð
ℝ3

w2
ϵ,y j yð Þ
x − yj j dyw

2
ϵ,yidx

+ 1
16πϵ2

ð
ℝ3

ð
ℝ3

∑k
j=1w

2
ϵ,yj yð Þ

x − yj j dy 〠
i≠m≠j

wϵ,yiwϵ,ymdx

= ϵ3

32π〠
k

j=1

ð
ℝ3

ð
ℝ3

w2 yð Þ
x − yj j dyw

2dx

+ 1
8πϵ2 〠i<j

ð
ℝ3

ð
ℝ3

w2
ϵ,yi yð Þ
x − yj j dywϵ,yiwϵ,yjdx
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+ 1
16πϵ2 〠i<j

ð
ℝ3

ð
ℝ3

w2
ϵ,yj yð Þ
x − yj j dyw

2
ϵ,yidx

+ 1
16πϵ2

ð
ℝ3

ð
ℝ3

∑k
j=1w

2
ϵ,y j yð Þ

x − yj j dy 〠
i≠m≠j

wϵ,yiwϵ,ymdx:

ðA:9Þ

By using the Hardy-Littlewood-Sobolev inequality (45),
we have

1
16πϵ2

ð
ℝ3

ð
ℝ3

∑k
j=1w

2
ϵ,yj yð Þ

x − yj j dy 〠
i≠m≠j

wϵ,yiwϵ,ymdx

�����
�����

≤
C
ϵ2

〠
k

j=1
w2

ϵ,yj

�����
�����
6/5

〠
i≠m≠j

wϵ,yiwϵ,ym

�����
�����
6/5

≤ Cϵ3〠
i≠m

e− yi−ymj j/ϵ ≤ Cϵ3+θ:

ðA:10Þ

Moreover, it follows from Lemma A.1 that

1
16πϵ2 〠i<j

ð
ℝ3

ð
ℝ3

w2
ϵ,y j yð Þ
x − yj j dyw

2
ϵ,yidx

�����
�����

≤ Cϵ3 〠
i<j

ð
ℝ3

ð
ℝ3

w y + yi − yj/ϵ
� �� �
x − yj j dyw2dx

�����
�����

≤ Cϵ3
ð
ℝ3
〠
i<j

"
e− x− yi−yj/ϵð Þj j 〠

2

m=−1
x −

yi − yj

ϵ

����
����
m

�����
+ x −

yi − yj

ϵ

����
����
−1#

w2 xð Þdx
�����

≤ Cϵ3
ð
Byi−y j /2ϵ 0ð Þ

+
ð
Bc
yi−y j /2ϵ

0ð Þ

0
@

1
A"e− x− yi−yj/ϵð Þj j 〠

2

m=−1

������
� x −

yi − yj

ϵ

����
����
m

+ x −
yi − yj

ϵ

����
����
−1#

w2 xð Þdx
������ ≤ Cϵ3+θ:

ðA:11Þ

Thus, combining (A.4)-(A.9), we deduce that

Iϵ Wϵ,y
� �

= ϵ3
 
k
2 wk k2H1 −

1
2

ð
ℝ3
w2dx

� �
〠
k

j=1
K y0
� ��

− K yj
� ��

−
k

32π

ð
ℝ3

ð
ℝ3

w2 yð Þ
x − yj j dyw

2 xð Þdx
!

+O ϵ3+θ + ϵ3〠
i≠j
e− yi−yjj j/ϵ

 !
:

ðA:12Þ
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