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In this paper, we study a class of the Kirchhoff-Schrödinger-Poisson system. By using the quantitative deformation lemma and
degree theory, the existence result of the least energy sign-changing solution u0 is obtained. Meanwhile, the energy doubling
property is proved, that is, we prove that the energy of any sign-changing solution is strictly larger than twice that of the least
energy. Moreover, we also get the convergence properties of u0 as the parameters b↘0 and λ↘0.

1. Introduction and the Main Results

In this paper, the following Kirchhoff-Schrödinger-Poisson
system is considered:

− a + b
ð
Ω

∇uj j2dx
� �

Δu + λϕx = g uð Þ, x ∈Ω

−Δϕ = u2, x ∈Ω,
u = ϕ = 0, x ∈ ∂Ω,

8>>>><
>>>>:

ð1Þ

where Ω ⊂ℝ3 is a bounded domain with a smooth boundary
∂Ω, a, b, λ ∈ℝ+ = ð0,+∞Þ, and g ∈ Cðℝ,ℝÞ satisfies some
basic assumptions.

For b = 0, problem (1) reduces to the following
Schrödinger-Poisson system:

−aΔu + λϕ xð Þu = g uð Þ, x ∈Ω,
−Δϕ = u2, x ∈Ω,
ϕ, u = 0, x ∈ ∂Ω:

8>><
>>: ð2Þ

Alves and Souto [1] studied the above Schrödinger-
Poisson system for a = λ = 1. Under some suitable assump-
tions on the nonlinearity gðuÞ, by using the deformation

lemma and Brouwer’s topological degree theory, they proved
that the above system possessed a least-energy sign-changing
solution, which changed sign only once.

For λ = 0, the problem (1) reduces to the following prob-
lem:

− a + b
ð
Ω

∇uj j2dx
� �

Δu = g uð Þ, x ∈Ω

u = 0, x ∈ ∂Ω:

8><
>: ð3Þ

The problem (3) has been studied in [2, 3]. Under
different assumptions on gðuÞ, the authors in [2, 3] obtained
the existence and some qualitative properties of the sign-
changing solution by using the Non-Nehari manifold
method and deformation lemma. We can find that the results
in [3] improve and generalize the results in [2]. In fact, the
studies about the existence of the positive solutions, sign-
changing solutions for a class of elliptic equations, have been
studied extensively. For more details about such problems,
we refer the reader to [4–19].

To our best knowledge, the results of the sign-changing
solutions for the Kirchhoff-Schrödinger-Poisson system
under a weak assumption that g ∈ Cðℝ,ℝÞ have not been
studied yet. This paper attempts to fill this gap in the litera-
ture. Motivated by the above papers, we study the problem
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(1). For the purpose of getting the results, we use the varia-
tional method and some mathematical skills to obtain the
existence of the sign-changing solution and its corresponding
properties.

In this paper, we assume g ∈ Cðℝ,ℝÞ satisfies the follow-
ing four conditions:

ðg1Þ lims→0
ðgðsÞ/sÞ = 0

ðg2Þ lim
jsj→∞

gðsÞ/s3 =∞

ðg3Þ jgðsÞj < c0ð1 + jsj4Þ,∀s ∈ℝ, where c0 is a constant
ðg4Þ there exists a θ0 ∈ ð0, 1Þ such that for any s > 0 and

τ ∈ℝ \ f0g,

g τð Þ
τ3

−
g sτð Þ
sτð Þ3

" #
sign 1 − sð Þ + aθ0λ1 1 − s2

�� ��
sτð Þ2 ≥ 0, ð4Þ

where λ1 is the first eigenvalue for the following problem:

−Δu = λu, x ∈Ω,
u = 0, x ∈ ∂Ω:

(
ð5Þ

Throughout this paper, we will use the following
notations.

Let H =H1
0ðΩÞ be the usual Sobolev space equipped with

the following norm:

uk k =
ð
Ω

∇uj j2dx
� �1/2

: ð6Þ

The usual Lp norm is denoted by kukp = ðÐ
Ω
jujpdxÞ1/p. In

this way, we know kuk = k∇uk2.
For the Poisson system,

−Δϕ = u2, x ∈Ω,
ϕ = 0, x ∈ ∂Ω,

(
ð7Þ

where there exists a unique ϕu = 1/4πÐ
Ω
ðu2ðyÞ/jx − yjÞ

dy ∈H , such that ϕu satisfies the above system. It is known
that ϕu satisfies the following conditions [17–19]:

(i)
Ð
Ω
ϕuu

2dx =
Ð
Ω
j∇ϕuj2dx ≤ Ck∇uk42

(ii) ϕu ≥ 0 and ϕu > 0 for u ≠ 0

(iii) for u = u+ + u− ∈H, ϕu++u− = ϕu+ + ϕu− and for t ≠ 0,
ϕtu = t2ϕu

(iv) if un ⇀ u in H1
0ðΩÞ, then ϕun ⇀ ϕu in H1

0ðΩÞ and

lim
n→∞

Ð
Ω
ϕunun

2dx =
Ð
Ω
ϕuu

2dx ; if u±n ⇀ u± in H1
0

ðΩÞ, then liminf
n→∞

Ð
Ω
ϕunðu±nÞ

2dx = Ð
Ω
ϕuðu±Þ2dx:

Consequently, ðu, ϕÞ ∈H1
0ðΩÞ ×H1

0ðΩÞ is a solution of
problem (1), that is, ϕ = ϕu and u ∈H1

0ðΩÞ are a solution of
the following problem:

− a + b
ð
Ω

∇uj j2dx
� �

Δu + λϕuu = g uð Þ, x ∈Ω,

u = 0, x ∈ ∂Ω:

8><
>:

ð8Þ

In this paper, u ∈H1
0ðΩÞ is called a solution for problem

(1), which implies ðu, ϕuÞ ∈H1
0ðΩÞ ×H1

0ðΩÞ is a solution of
problem (1).

Next, we can define the energy functional corresponding
to problem (1) F : H1

0ðΩÞ⟶ℝ by

F uð Þ = a
2

ð
Ω

∇uj j2dx + b
4

ð
Ω

∇uj j2dx
� �2

+ λ

4

ð
Ω

ϕuu
2dx

−
ð
Ω

G uð Þdx,

ð9Þ

where GðsÞ = Ð s0 gðtÞdt. Obviously, the functional F is well
defined and belongs to C1ðH,ℝÞ. By a simple computation,
we have that for any u, φ ∈H1

0ðΩÞ,

F ′ uð Þ, φ
D E

=
ð
Ω

a∇u∇φdx + b
ð
Ω

∇uj j2dx
ð
Ω

∇u∇φdx

+
ð
Ω

λϕuuφdx −
ð
Ω

g uð Þφdx:

ð10Þ

It is clear that the critical points of F are the weak
solutions for the problem (1). If u ∈H is called a sign-
changing solution of problem (1), then u± ≠ 0 and for any
φ ∈H, hF ′ðuÞ, φi = 0, where u+ðxÞ =max fuðxÞ, 0g, u−ðxÞ =
min fuðxÞ, 0g.

For u ∈H and u = u+ + u−, by (9) and (10), we have

F uð Þ = F u+ð Þ + F u−ð Þ + b
2 ∇u+k k22 ∇u−k k22

+ λ

4

ð
Ω

ϕu+ u−ð Þ2dx + λ

4

ð
Ω

ϕu− u+ð Þ2dx,
ð11Þ

F ′ uð Þ, u+
D E

= F ′ u+ð Þ, u+
D E

+ b ∇u+k k22 ∇u−k k22
+
ð
Ω

λϕu− u+ð Þ2dx,
ð12Þ

F ′ uð Þ, u−
D E

= F ′ u−ð Þ, u−
D E

+ b ∇u+k k22 ∇u−k k22
+
ð
Ω

λϕu+ u−ð Þ2dx:
ð13Þ
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To get the main results, we restrict u in the following sets:

M = u ∈H : u± ≠ 0, F ′ uð Þ, u+
D E

= 0, F ′ uð Þ, u−
D E

= 0
n o

,

N = u ∈H : u ≠ 0, F ′ uð Þ, u
D E

= 0
n o

:

ð14Þ

To get the energy doubling property, we define m =
infu∈MFðuÞ and c = infu∈N FðuÞ:

To prove the convergence property, we give the following
definitions. Firstly, we define the energy functional corre-
sponding to (2) Fb0

: H1
0ðΩÞ⟶ℝ by

Fb0
uð Þ = a

2

ð
Ω

∇uj j2dx + λ

4

ð
Ω

ϕuu
2dx −

ð
Ω

G uð Þdx: ð15Þ

Similarly, we have

Fb0
′ uð Þ, φ

D E
=
ð
Ω

a∇u∇φdx +
ð
Ω

λϕuuφdx −
ð
Ω

g uð Þφdx:

ð16Þ

The set Mb0
is defined by Mb0

= fu ∈H : u± ≠ 0, hFb0
′

ðuÞ, u+i = hFb0
′ðuÞ, u−i = 0g.

The energy functional Fλ0
: H1

0ðΩÞ⟶ℝ corresponding
to (3) can be defined by

Fλ0
uð Þ = a

2

ð
Ω

∇uj j2dx + b
4

ð
Ω

∇uj j2dx
� �2

−
ð
Ω

G uð Þdx:

ð17Þ

Also, we can compute that

Fλ0
′ uð Þ, φ

D E
=
ð
Ω

a∇u∇φdx + b
ð
Ω

∇uj j2dx
ð
Ω

∇u∇φdx

−
ð
Ω

g uð Þφdx:

ð18Þ

To seek the sign-changing solution of (3), we define
the set

Mλ0
= u ∈H : u± ≠ 0, Fλ0

′ uð Þ, u+
D E

= Fλ0
′ uð Þ, u−

D E
= 0

n o
:

ð19Þ

The main results of this paper are described as follows.

Theorem 1. Assume that ðg1Þ − ðg4Þ hold, then problem (1)
possesses a least-energy sign-changing solution u0 ∈M such
that Fðu0Þ = infMF > 0, which changes sign only once.

Theorem 2. Assume that ðg1Þ − ðg4Þ hold. Then problem (1)
possesses a solution u1 ∈N such that Fðu1Þ = infN F. More-
over, m > 2c:

Theorem 3. Assume that ðg1Þ − ðg4Þ hold. Then problem (2)
possesses a sign-changing solution v0 ∈Mb0

such that
Fb0

ðv0Þ = infMb0
Fb0

> 0, which changes sign only once. More-

over, for any sequence fbng with bn↘0 as n⟶∞, there
exists a subsequence of fubng, still denoted by fubng, such that
ubn ⟶ ub0 in H1

0ðΩÞ, where ub0 ∈Mb0
is a sign-changing

solution of problem (2) with Fb0
ðub0Þ = infMb0

Fb0
> 0:

Theorem 4. Assume that ðg1Þ − ðg4Þ hold. Then problem (3)
has a sign-changing solution w0 ∈Mλ0

such that Fλ0
ðw0Þ =

infMλ0
Fλ0

> 0, which changes sign only once. Moreover, for

any sequence fλng with λn↘0 as n⟶∞, there exists a sub-
sequence of fuλng, still denoted by fuλng, such that uλn ⟶
uλ0 in H1

0ðΩÞ, where uλ0 ∈Mλ0
is a sign-changing solution

of (3) with Fλ0
ðuλ0Þ = infMλ0

Fλ0
> 0:

The rest of the paper is organized as follows. In Section 2,
we will give several estimates. In Section 3, some critical
lemmas are proved. In Section 4, we will give the proof of
the existence of the least-energy sign-changing solution. In
section 5, the energy doubling property is proved. Section 6
is devoted to proving the convergence property.

2. Several Estimates

Lemma 5. If the assumptions ðg1Þ − ðg4Þ hold, then

F uð Þ ≥ F su+ + tu−ð Þ + 1 − s4

4
F ′ uð Þ, u+
D E

+ 1 − t4

4
F ′ uð Þ, u−
D E

+ a 1 − s2
� �2 1 − θ0ð Þ

4
∇u+k k22

+ a 1 − t2
� �2 1 − θ0ð Þ

4
∇u−k k22

+ b s2 − t2
� �2

4
∇u+k k22 ∇u−k k22

+ λ

4

ð
Ω

s2 − t2
� �

s2ϕu− u+ð Þ2
h

+ t2 − s2
� �

t2ϕu+ u−ð Þ2
i
dx, ∀u = u+ + u− ∈H, s, t ≥ 0:

ð20Þ

Proof. According to ðg4Þ, we can deduce that

1 − t4

4 g τð Þτ + G tτð Þ − G τð Þ + aθ0λ1τ
2 1 − t2
� �2
4

=
ð1
t

g τð Þ
τ3

−
g sτð Þ
sτð Þ3 + aθ0λ1 1 − s2

� �
sτð Þ2

" #
s3τ4ds ≥ 0, ∀t ≥ 0, τ ∈ℝ \ 0f g:

ð21Þ
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From (9), (12), (13), and (21), we have

F uð Þ − F su+ + tu−ð Þ = a
2 ∇uk k22 − s∇u+ + t∇u−k k22
n o

+ b
4 ∇uk k42 − s∇u+ + t∇u−k k42
n o

+ λ

4

ð
Ω

ϕuu
2 − ϕsu++tu− su+ + tu−ð Þ2

h i
dx

+
ð
Ω

G su+ + tu−ð Þ − G uð Þ½ �dx

= 1 − s4

4 a ∇u+k k22 + b ∇uk k22 ∇u+k k22
�

+
ð
Ω

λϕu u+ð Þ2dx −
ð
Ω

g u+ð Þu+dx
�

+ 1 − t4

4 a ∇u−k k22 + b ∇uk k22 ∇u−k k22
�

+
ð
Ω

λϕu u−ð Þ2dx −
ð
Ω

g u−ð Þu−dx
�

+ a 1 − s2
� �2

4 ∇u+k k22 +
a 1 − t2
� �2

4 ∇u−k k22

+ b s2 − t2
� �2

4 ∇u+k k22 ∇u−k k22
+ λ

4

ð
Ω

s2 − t2
� �

s2ϕu− u+ð Þ2
h

+ t2 − s2
� �

t2ϕu+ u−ð Þ2
i
dx

+
ð
Ω

1 − s4

4 g u+ð Þu+ − G u+ð Þ + G su+ð Þ
	 


dx

+
ð
Ω

1 − t4

4 g u−ð Þu− −G u−ð Þ +G tu−ð Þ
	 


dx

≥
1 − s4

4 F ′ uð Þ, u+
D E

+ 1 − t4

4 F ′ uð Þ, u−
D E

+ b s2 − t2
� �2

4 ∇u+k k22 ∇u−k k22

+ a 1 − s2
� �2 1 − θ0ð Þ

4 ∇u+k k22

+ a 1 − t2
� �2 1 − θ0ð Þ

4 ∇u−k k22
+ λ

4

ð
Ω

s2 − t2
� �

s2ϕu− u+ð Þ2
h

+ t2 − s2
� �

t2ϕu+ u−ð Þ2
i
dx

+
ð
Ω

1 − s4

4 g u+ð Þu+ + G su+ð Þ
	

−G u+ð Þ + a 1 − s2
� �2

θ0λ1
4 u+j j2



dx

+
ð
Ω

1 − t4

4 g u−ð Þu− +G tu−ð Þ − G u−ð Þ
	

+ a 1 − t2
� �2

θ0λ1
4 u−j j2



dx

≥
1 − s4

4 F ′ uð Þ, u+
D E

+ 1 − t4

4 F ′ uð Þ, u−
D E

+ b s2 − t2
� �2

4 ∇u+k k22 ∇u−k k22

+ a 1 − s2
� �2 1 − θ0ð Þ

4 ∇u+k k22

+ a 1 − t2
� �2 1 − θ0ð Þ

4 ∇u−k k22
+ λ

4

ð
Ω

s2 − t2
� �

s2ϕu− u+ð Þ2 + t2 − s2
� �

t2ϕu+ u−ð Þ2
h i

dx:

ð22Þ

The above inequality implies that (20) holds.

Corollary 6. If the assumptions ðg1Þ − ðg4Þ hold and u = u+

+ u− ∈M, then

F uð Þ ≥ F su+ + tu−ð Þ + a 1 − s2
� �2 1 − θ0ð Þ

4
∇u+k k22

+ a 1 − t2
� �2 1 − θ0ð Þ

4
∇u−k k22

+ b s2 − t2
� �2

4
∇u+k k22 ∇u−k k22

+ λ

4

ð
Ω

s2 − t2
� �

s2ϕu− u+ð Þ2
h

+ t2 − s2
� �

t2ϕu+ u−ð Þ2
i
dx,∀s, t ≥ 0:

ð23Þ

From u ∈M, we have <F ′ðuÞ, u+> = <F ′ðuÞ, u−> = 0.
Therefore, we can immediately get the above conclusion
by (20).

F u+ + u−ð Þ =max
s,t≥0

F su+ + tu−ð Þ: ð24Þ

Lemma 7. Assume that ðg4Þ holds, then

1
4
g τð Þτ − G τð Þ + aθ0λ1

4
τ2 ≥ 0,∀τ ∈ℝ: ð25Þ

We can get (25) by taking t = 0 in (21).

Lemma 8. If the assumptions ðg1Þ − ðg4Þ hold, then for any
u ∈H, we have

F uð Þ ≥ F tuð Þ + 1 − t4

4
< F ′ uð Þ, u >

+ a 1 − θ0ð Þ 1 − t2
� �2
4

∥∇u∥22, ∀t ≥ 0:

ð26Þ

We can get the conclusion by a similar deduction as
Lemma 5

Corollary 9. If the assumptions ðg1Þ − ðg4Þ hold and u ∈N ,
then

F uð Þ ≥ F tuð Þ + a 1 − θ0ð Þ 1 − t2
� �2
4

∥∇u∥22,

F uð Þ =max
t≥0

F tuð Þ,∀t ≥ 0:
ð27Þ

3. Some Critical Preliminaries

Lemma 10. If the assumptions ðg1Þ − ðg4Þ hold and u ∈H
with u± ≠ 0, then there exists a unique pair ðsu, tuÞ of positive
numbers such that suu

+ + tuu
− ∈M.

Proof. From the definition of the set M, suu
+ + tuu

− ∈M
implies that <F ′ðsuu+ + tuu

−Þ, suu+> = <F ′ðsuu+ + tuu
−Þ,

tuu
−> = 0: Thus, we assume

4 Advances in Mathematical Physics



f1 s, tð Þ = <F ′ su+ + tu−ð Þ, su+ >
= as2∥∇u+∥22 + bs4∥∇u+∥42 + bs2t2∥∇u+∥22∥∇u

−∥22

+ s4
ð
Ω

λϕu+ u+ð Þ2dx + s2t2
ð
Ω

λϕu− u+ð Þ2dx

−
ð
Ω

g su+ð Þsu+dx,

ð28Þ

f2 s, tð Þ = <F ′ su+ + tu−ð Þ, tu− >
= at2∥∇u−∥22 + bt4∥∇u−∥42 + bs2t2∥∇u+∥22∥∇u

−∥22

+ t4
ð
Ω

λϕu− u−ð Þ2dx + s2t2
ð
Ω

λϕu+ u−ð Þ2dx

−
ð
Ω

g tu−ð Þtu−dx:

ð29Þ
If there is a unique pair ðs, tÞ of positive numbers such

that g1ðs, tÞ = g2ðs, tÞ = 0, then Lemma 10 holds. Next, we
will give the detailed proof.

By ðg1Þ and ðg2Þ, we have that f1ðs, sÞ > 0, f2ðs, sÞ > 0 for
s > 0 small enough and f1ðt, tÞ < 0, f2ðt, tÞ < 0 for t > 0 large
enough. Thus, there exists 0 < α < β such that

f1 α, αð Þ > 0, f2 α, αð Þ > 0, f1 β, βð Þ < 0, f2 β, βð Þ < 0: ð30Þ

According to (28) and (29), it is clear that f1ðs, tÞ is
increasing on t for fixed s and f2ðs, tÞ is increasing on s for
fixed t. Thus, combining (30) we have

f1 α, tð Þ > 0, f1 β, tð Þ < 0,∀t ∈ α, β½ �, ð31Þ

f2 s, αð Þ > 0, f2 s, βð Þ < 0,∀s ∈ α, β½ �: ð32Þ

Miranda’s theorem [20] implies that there exists some
point ðsu, tuÞ such that f1ðsu, tuÞ = f2ðsu, tuÞ = 0, where su,
tu ∈ ðα, βÞ. Therefore, there exists a positive pair of numbers
ðsu, tuÞ such that suu

+ + tuu
− ∈M:

Next, we will prove that ðsu, tuÞ is unique for (28) and
(29). Let ðs1, t1Þ and ðs2, t2Þ be such that siu

+ + tiu
− ∈M:

From Corollary 6, we have

F s1u
+ + t1u

−ð Þ ≥ F
s2
s1
s1u

+ + t2
t1
t1u

−
� �

,

F s2u
+ + t2u

−ð Þ ≥ F
s1
s2
s2u

+ + t1
t2
t2u

−
� �

:

ð33Þ

The above two inequalities implies that Fðs1u+ + t1u
−Þ

= Fðs2u+ + t2u
−Þ, that is, ðs1, t1Þ = ðs2, t2Þ. The uniqueness

is proved. Therefore, Lemma 10 holds.

Corollary 11. If the assumptions ðg1Þ − ðg4Þ hold and u ∈
H1

0ðΩÞ \ f0g, then there exists a unique tu > 0 such that
tuu ∈N :

Lemma 12. If the assumptions ðg1Þ − ðg4Þ hold, then

inf
u∈M

F uð Þ =m = inf
u∈H,u±≠0

max
s,t≥0

F su+ + tu−ð Þ: ð34Þ

Proof. Firstly, by Corollary 6, one has

inf
u∈H,u±≠0

max
s,t≥0

F su+ + tu−ð Þ ≤ inf
u∈M

max
s,t≥0

F su+ + tu−ð Þ = inf
u∈M

F uð Þ =m:

ð35Þ

Secondly, for any u ∈H with u± ≠ 0, it follows from
Lemma 10 that

max
s,t≥0

F su+ + tu−ð Þ ≥ F suu
+ + tuu

−ð Þ ≥ inf
v∈M

F vð Þ =m: ð36Þ

Combining (35) and (36), we can get Lemma 12.

Lemma 13. If the assumptions ðg1Þ − ðg4Þ hold, then m > 0
can be achieved.

Proof. For all u ∈M, we have <F ′ðuÞ, u> = 0. According
to ðg1Þ, ðg3Þ, and the Sobolev embedding theorem, we
can get

a∥∇u∥22 ≤ a∥∇u∥22 + b∥∇u∥42 + λ
ð
Ω

ϕuu
2dx

=
ð
Ω

g uð Þudx ≤ aλ1
2 ∥u∥22 + c∥u∥55

≤
a
2 ∥∇u∥

2
2 + c5∥∇u∥

5
2,

ð37Þ

where c and c5 are positive constants. Thus we have
∥∇u∥22 ≥ ða/2c5Þ2/3 > 0. Therefore, by (9), (10), (25), and
(37), we have

F uð Þ = F uð Þ − 1
4 < F ′ uð Þ, u >

= a
4 ∥∇u∥

2
2 +
ð
Ω

1
4g uð Þu −G uð Þdx

≥
a
4 ∥∇u∥

2
2 −

aθ0λ1
4 ∥u∥22

≥
a 1 − θ0ð Þ

4 ∥∇u∥22

≥
a 1 − θ0ð Þ

4
a
2c5

� �2/3
> 0:

ð38Þ

Since θ0 ∈ ð0, 1Þ, thus, for any u ∈M, FðuÞ > 0 andm > 0.
Let fung ⊂M be such that FðunÞ⟶m. For large n ∈ℕ,
one has

m + 1 ≥ F unð Þ − 1
4 < F ′ unð Þ, un > ≥

a 1 − θ0ð Þ
4 ∥∇un∥

2
2: ð39Þ
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Thus, fung is bounded in H1
0ðΩÞ for θ0 ∈ ð0, 1Þ, then

there exists u0 ∈H such that u±n ⇀ u±0 in H. From un ∈M,
we have <F ′ðunÞ, u±n> = 0, that is

a∥∇u±n∥
2
2 + b∥∇un∥

2
2∥∇u

±
n∥

2
2 +
ð
Ω

λϕun u±n
� �2dx = ð

Ω

g u±n
� �

u±ndx:

ð40Þ

By a similar deduction as (37), we have ∥∇un∥
2
2 ≥ μ for all

n ∈ℕ. From ðg1Þ and ðg3Þ, for any ε > 0, there exists cε > 0
such that

g sð Þs ≤ εs2 + cεs
5,∀s ∈ℝ: ð41Þ

Thus, μ≤∥∇u±n∥
2
2 ≤ 1/aÐ

Ω
gðu±nÞu±ndx ≤ ε/a∥u±n∥22 + ðcε/aÞ

∥u±n∥
5
5. Since fung is bounded in H, there is c1 > 0 such

that
Ð
Ω
ju±n j2dx ≤ c1, which implies

μ ≤
εc1
a

+ cε
a
∥u±n∥

5
5: ð42Þ

Choose ε = aμ/2c1, then μ/2 ≤ cε/a∥u±n∥55, that is ∥u±n∥
5
5

≥ aμ/2cε. By the compactness of the embedding H1
0ðΩÞ°

LqðΩÞ for q ∈ ½2, 6Þ, we have

ð
Ω

u±0
�� ��5dx ≥ aμ

2cε
: ð43Þ

Thus u±0 ≠ 0: By ðg1Þ, ðg3Þ, and the compactness
lemma of Strauss [21], we have

lim
n→∞

ð
Ω

g u±n
� �

u±ndx =
ð
Ω

g u±0
� �

u±0dx, ð44Þ

lim
n→∞

ð
Ω

G u±n
� �

dx =
ð
Ω

G u±0
� �

dx: ð45Þ

Also, according to the properties of the solution for
the Poisson system, we have

liminf
n→∞

ð
Ω

ϕun u
±
n

�� ��2dx = ð
Ω

ϕu0 u
±
0

�� ��2dx: ð46Þ

By the weak semicontinuity of norm, we have

a∥∇u±0 ∥
2
2 + b∥∇u0∥

2
2∥∇u

±
0∥

2
2

≤ liminf
n→∞

a∥∇u±n∥
2
2 + b∥∇un∥

2
2∥∇u

±
n∥

2
2

� �
:

ð47Þ

From (40), (44), (46), and (47), we have

a∥∇u±0 ∥
2
2 + b∥∇u0∥

2
2∥∇u

±
0 ∥

2
2 +
ð
Ω

ϕu0 u
±
0

�� ��2dx
≤ liminf

n→∞

ð
Ω

g u±n
� �

u±ndx =
ð
Ω

g u±0
� �

u±0dx,
ð48Þ

that is,

<F ′ u0ð Þ, u±0 > ≤0: ð49Þ

Since ∥∇u∥22 − θ0λ1∥u∥
2
2 ≥ ð1 − θ0Þ∥∇u∥22, for all u ∈H,

by (9), (10), (20), and (25), the weak semicontinuity of
norm, Fatou’s lemma, and Lemma 12, we can get

m = lim
n→∞

F unð Þ − 1
4 < F ′ unð Þ, un >

� �

= lim
n→∞

a
4 ∥∇un∥

2
2 +
ð
Ω

1
4 g unð Þun −G unð Þ½ �dx

� �

≥
a
4 liminf

n→∞
∥∇un∥

2
2 − θ0λ1∥un∥

2
2

� �
+ liminf

n→∞

ð
Ω

1
4g unð Þun −G unð Þ + aθ0λ1

4 unj j2
� �

dx

≥
a
4 ∥∇u0∥

2
2 − θ0λ1∥u0∥

2
2

� �
+
ð
Ω

1
4g u0ð Þu0 − G u0ð Þ + aθ0λ1

4 u0j j2
� �

= a
4 ∥∇u0∥

2
2 +
ð
Ω

1
4g u0ð Þu0 − G u0ð Þ
	 


dx

= F u0ð Þ − 1
4 < F ′ u0ð Þ, u0 >

≥ sup
s,t≥0

F su+0 + tu−0ð Þ + 1 − s4

4 < F ′ u0ð Þ, u+0 >
	

+ 1 − t4

4 < F ′ u0ð Þ, u−0 >


−
1
4 < F ′ u0ð Þ, u0 >

= sup
s,t≥0

F su+0 + tu−0ð Þ − s4

4 < F ′ u0ð Þ, u+0 >
	

−
t4

4 < F ′ u0ð Þ, u−0 >



≥max
s,t≥0

F su+0 + tu−0ð Þ ≥m:

ð50Þ

Thus, lim
n→∞

ð∥∇un∥22 − θ0λ1∥un∥
2
2Þ = ∥∇u0∥

2
2 − θ0λ1∥u0∥

2
2:

Consequently, un ⟶ u0 in H1
0ðΩÞ and Fðu0Þ =m, u0 ∈M:

Corollary 14. Assume that ðg1Þ − ðg4Þ hold. Then

inf
u∈N

F uð Þ = c = inf
u∈H,u≠0

max
t≥0

F tuð Þ ð51Þ

and c > 0.

Lemma 15 (See for example [3]). Assume that ðg1Þ − ðg4Þ
hold. Then there exists a constant c∗ ∈ ð0, c� and a sequence
fung ⊂ E satisfying

F unð Þ⟶ c∗,∥F ′ unð Þ∥ 1+∥un∥ð Þ⟶ 0: ð52Þ
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Lemma 16. If the assumptions ðg1Þ − ðg4Þ hold and u0 ∈M
with Fðu0Þ =m, then u0 is a critical point of F.

Proof. For F ′ðu0Þ ≠ 0, there exist σ > 0 and ρ > 0 such that

u ∈H1
0 Ωð Þ, u − u0k k ≤ 3σ⟹ ∥F ′ uð Þ∥≥ρ: ð53Þ

From (23), we have that

F su+0 + tu−0ð Þ ≤ F u0ð Þ − a 1 − θ0ð Þ 1 − s2
� �2
4 ∥∇u+0 ∥

2
2

−
a 1 − θ0ð Þ 1 − t2

� �2
4 ∥∇u−0 ∥

2
2

=m −
a 1 − θ0ð Þ 1 − s2

� �2
4 ∥∇u+0∥

2
2

−
a 1 − θ0ð Þ 1 − t2

� �2
4 ∥∇u−0 ∥

2
2∀s, t ≥ 0:

ð54Þ

Let D = ð1/2, 3/2Þ × ð1/2, 3/2Þ, gðs, tÞ = su+0 + tu−0 . It fol-
lows from (54) that

χ = max
s,tð Þ∈∂D

I su+0 + tu−0ð Þ <m: ð55Þ

For ε =min fðm − χÞ/3, 1, ρσ/8g,S = Bðu0, σÞ, [22].
Lemma 7 yields a deformation η ∈ Cð½0, 1� ×H,HÞ such that

(i) ηð1, uÞ = u, if u ∉ F−1ð½m − 2ε,m + 2ε�ÞT S2σ

(ii) ηð1, Fm+ε T Bðu0, σÞÞ ⊂ Fm−ε

(iii) Fðηð1, uÞÞ ≤ FðuÞ,∀u ∈H1
0ðΩÞ:

From Corollary 6, we have Fðsu+0 + tu−0 Þ ≤ Fðu0Þ =m for
s, t ≥ 0. For s, t ≥ 0, js − 1j2 + jt − 1j2 < σ2/∥u0∥2, we know s
u+0 + tu−0 ∈ Fm+ε T Bðu0, σÞ, then it follows from (ii) that Fðs
u+0 + tu−0 Þ ≤m − ε:

According to (iii) and (54), we have that

F η 1, su+0 + tu−0ð Þð Þ
≤ F su+0 + tu−0ð Þ

≤m −
a 1 − θ0ð Þ 1 − s2

� �2
4 ∥∇u+0 ∥

2
2

−
a 1 − θ0ð Þ 1 − t2

� �2
4 ∥∇u−0 ∥

2
2

≤m −
a 1−θ0ð Þ

4 min ∥∇u+0∥
2
2,∥∇u−0 ∥22

� �
· 1 − s2
� �2 + 1 − t2

� �2h i
≤m −

a 1 − θ0ð Þσ2
4∥u0∥2

min ∥∇u+0∥
2
2,∥∇u−0 ∥22

� �
,

∀s, t ≥ 0, s − 1j j2 + t − 1j j2 ≥ σ2/∥u0∥2:

ð56Þ

Thus, max
s,t∈�D

Fðηð1, gðs, tÞÞÞ <m:

Next, we prove that ηð1, gðDÞÞTM ≠∅, which con-
tradicts to the definition of m. Let us define hðs, tÞ = ηð1, g
ðs, tÞÞ and

Ψ0 s, tð Þ = F ′ g s, tð Þð Þu+0 , F ′ g s, tð Þð Þu−0

 �

= F ′ su+0 + tu−0ð Þu+0 , F ′ su+0 + tu−0ð Þu−0

 �

,

Ψ1 s, tð Þ = 1
s
F ′ h s, tð Þð Þh+ s, tð Þ, 1

t
F ′ h s, tð Þð Þh− s, tð Þ

� �
:

ð57Þ

Lemma 10 and the degree theory yields deg ðΨ0ðs, tÞ,
D, 0Þ = 1. By (55), we can deduce that g = h on ∂Ω. Con-
sequently, deg ðΨ1,D, 0Þ = deg ðΨ0,D, 0Þ = 1. Therefore, we
have Ψ1ðs0, t0Þ = 0 for some ðs0, t0Þ ∈D, so that ηð1, gðs0,
t0ÞÞ = hðs0, t0Þ ∈M, which is a contradiction. Thus, (53)
does not hold. In other words, u0 is a critical point of F,
that is, u0 is a sign-changing solution for problem (1).

4. The Existence Result of the Sign-
Changing Solutions

In this section, we mainly give the proof of Theorem 17.

Proof of Theorem 17. By Lemma 13 and Lemma 16, there is a
u0 ∈M such that Fðu0Þ =m and F ′ðu0Þ = 0. Therefore, u0 is
exactly a sign-changing solution of problem (1). Now, we
prove that u0 changes sign only once.

We assume by contradiction that u0 = u1 + u2 + u3, where
ui ≠ 0, u1 ≥ 0, u2 ≤ 0 and sup p ðuiÞ

T supp ðujÞ =∅,i ≠ jði, j
= 1, 2, 3Þ.

Let v = u1 + u2, then v+ = u1, v− = u2, and v± ≠ 0. Note
that <F ′ðu0Þ, v+> = 0 and <F ′ðu0Þ, v−> = 0, we have

<F ′ vð Þ, v+ > = −b∥∇u3∥
2
2∥∇v

+∥22 − λ
ð
Ω

ϕu3 v+ð Þ2dx, ð58Þ

<F ′ vð Þ, v− > = −b∥∇u3∥
2
2∥∇v

−∥22 − λ
ð
Ω

ϕu3 v−ð Þ2dx: ð59Þ

From (9)–(13), (23), (25), (58), and (59), we have

m = F u0ð Þ − 1
4 < F ′ u0ð Þ, u0 >

= F vð Þ + F u3ð Þ + b
2 ∥∇v∥

2
2∥∇u3∥

2
2

+ λ

4

ð
Ω

ϕv u3ð Þ2 + ϕu3 vð Þ2
h i

dx

−
1
4 <F ′ vð Þ, v > + < F ′ u3ð Þ, u3 > +2b∥∇v∥22∥∇u3∥22
	

+ λ
ð
Ω

ϕv u3ð Þ2 + ϕu3 vð Þ2
h i

dx



= F vð Þ + F u3ð Þ − 1
4 < F ′ vð Þ, v > −

1
4 < F ′ u3ð Þ, u3 >

≥ sup
s,t≥0

F sv+ + tv−ð Þ + 1 − s4

4 < F ′ vð Þ, v+ >
�

+ 1 − t4

4 < F ′ vð Þ, v− >
�

+ F u3ð Þ − 1
4 < F ′ vð Þ, v >
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−
1
4 < F ′ u3ð Þ, u3 >

≥ sup
s,t≥0

F sv+ + tv−ð Þ + s4

4 b∥∇u3∥
2
2∥∇v

+∥22 + λ
ð
Ω

ϕu3 v+ð Þ2dx
� ��

+ t4

4 b∥∇u3∥
2
2∥∇v

−∥22 + λ
ð
Ω

ϕu3 v−ð Þ2dx
� ��

+ a
4 ∥∇u3∥

2
2 +
ð
Ω

1
4g u3ð Þu3 −G u3ð Þ
	 


dx

≥max
s,t≥0

F sv+ + tv−ð Þ + a 1 − θ0ð Þ
4 ∥∇u3∥

2
2

≥m + a 1 − θ0ð Þ
4 ∥∇u3∥

2
2:

ð60Þ

Since θ0 ∈ ð0, 1Þ, we have u3 = 0. Therefore, u0 changes
sign only once.

5. Energy Doubling Property

Under the above preparations, we give the proof of
Theorem 18.

Proof of Theorem 18. By Lemma 15, we know that there exists
a sequence fung ⊂ E satisfying (52), that is,

F unð Þ⟶ c∗, < F ′ unð Þ, un > = 0: ð61Þ

According to (9), (10), (25), and (61), we have for large
n ∈ℕ

c∗ + 1 ≥ F unð Þ − 1
4 < F ′ unð Þ, un > ≥

a 1 − θ0ð Þ
4 ∥∇un∥

2
2, ð62Þ

which shows that fung is bounded in H1
0ðΩÞ for θ0 ∈ ð0, 1Þ.

By a standard argument, we can prove that there exists a u1
∈H1

0ðΩÞ \ f0g such that F ′ðu1Þ = 0. This suggests that u1 ∈
N is a nontrivial solution for problem (1) and Fðu1Þ ≥ c.
On the other hand, by using (9), (10), and (25), the weak
semicontinuity of norm and Fatou’s lemma, we have

c ≥ c∗ = lim
n→∞

F unð Þ − 1
4 < F ′ unð Þ, un >

� �

= lim
n→∞

a
4 ∥∇un∥

2
2 +
ð
Ω

1
4 g unð Þun − G unð Þ
	 


dx
� �

≥
a
4 liminf

n→∞
∥∇un∥

2
2 + θ0λ1∥un∥

2
2

� �
+ liminf

n→∞

ð
Ω

1
4 g unð Þun −G unð Þ + aθ0λ1

4 unj j2
	 


dx
� �

≥
a
4 ∥∇u1∥

2
2 + θ0λ1∥u1∥

2
2

� �
+
ð
Ω

1
4g u1ð Þu1 − G u1ð Þ + aθ0λ1

4 u1j j2
	 


dx

= a
4 ∥∇u1∥

2
2 +
ð
Ω

1
4g u1ð Þu1 − G u1ð Þ
	 


dx

= F u1ð Þ − 1
4 < F ′ u1ð Þ, u1 > = F u1ð Þ,

ð63Þ

which implies Fðu1Þ ≤ c. Thus, Fðu1Þ = c = inf
u∈N

I > 0. In

view of Theorem 1, there exists u0 ∈M such that
Iðu0Þ =m. Therefore, from (11), (24), and Corollary 14,
we have

m = F u0ð Þ = sup
s,t≥0

F su+0 + tu−0ð Þ

= sup
s,t≥0

F su+0ð Þ + F tu−0ð Þ
	

+ bs2t2

2 ∥∇u+0 ∥
2
2∥∇u

−
0 ∥

2
2

+ λs2t2

4

ð
Ω

ϕu+0 u−0ð Þ2 + ϕu−0 u0+ð Þ2



> sup
s≥0

F su+0ð Þ + sup
t≥0

F tu−0ð Þ ≥ 2c,

ð64Þ

which implies the energy of the least-energy sign-changing
solution is strictly larger than twice that of the ground state
solutions of the Nehari type.

6. The Convergence Property

In this part, we give the convergence property for b↘0.
Firstly, we have to give some estimates which will be used
in the following process. Choose ω0 ∈ C∞

0 ðΩÞ such that
ω±
0 ≠ 0, then there exists a constant c′ such that

ð
Ω

ϕsω+
0+tω+

0
sω+

0 + tω−
0ð Þ2dx

≤ c′∥s∇ω+
0 + t∇ω−

0 ∥
4
2

≤ 2c′ s4∥∇ω+
0 ∥

4
2 + t4∥∇ω−

0 ∥
4
2

� �
:

ð65Þ

Thus, by ðg1Þ and ðg3Þ, there exist β1 > 0 and β2 ≥
max fð1 + λc′Þ∥∇ω+

0 ∥
4
2/∥ω+

0 ∥
4
4, ð1 + λc′Þ∥∇ω−

0 ∥
4
2/∥ω−

0 ∥
4
4g such

that

G tð Þ ≥ β2 tj j4 − β1,∀t ∈ℝ: ð66Þ

Proof of Theorem 19. It is clear that b = 0 is allowed in
Section 3. Therefore, we can deduce that there exists a
ub0 ∈Mb0

such that F′b0ðub0Þ = 0 and Fb0
ðub0Þ =mb0

=
infu∈Mb0

Fb0
ðuÞ, that is, problem (2) has the least-energy

sign-changing solution, which changes sign only once.
For b > 0, let ub ∈Mb =M be a sign-changing solution of

(1) obtained in Theorem 1, which changes sign only once and
satisfies FbðubÞ = FðubÞ =mb = infu∈Mb

FbðuÞ.
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Then, for any b ∈ ½0, 1�, it follows from Lemma 12 and
(65)-(66), we have

Fb ubð Þ =mb ≤max
s,t≥0

Fb sω+
0 + tω−

0ð Þ

=max
s,t≥0

as2

2 ∥∇ω+
0∥

2
2 +

bs4

4 ∥∇ω+
0 ∥

4
2

�

−
ð
Ω

G sω+
0ð Þdx + at2

2 ∥∇ω−
0 ∥

2
2

+ bt4

4 ∥∇ω−
0 ∥

4
2 −
ð
Ω

G tω−
0ð Þdx

+ bs2t2

2 ∥∇ω+
0 ∥

2
2∥∇ω

−
0∥

2
2

+ λ

4

ð
Ω

ϕsω+
0+tω−

0
sω+

0 + tω−
0ð Þ2dxÞ

≤max
s,t≥0

as2

2 ∥∇ω+
0∥

2
2 +

bs4

4 ∥∇ω+
0 ∥

4
2

�

−
ð
Ω

G sω+
0ð Þdx + at2

2 ∥∇ω−
0 ∥

2
2

+ bt4

4 ∥∇ω−
0 ∥

4
2 −
ð
Ω

G tω−
0ð Þdx

+ bs4

4 ∥∇ω+
0 ∥

4
2 +

bt4

4 ∥∇ω−
0∥

4
2

+ λc′
2 s4∥∇ω+

0 ∥
4
2 + t4∥∇ω−

0∥
4
2

� �
≤max

s,t≥0
as2

2 ∥∇ω+
0 ∥

2
2 +

1 + λc′
2 s4∥∇ω+

0 ∥
4
2

 

−
ð
Ω

β2 sω+
0ð Þ4dx + at2

2 ∥∇ω−
0 ∥

2
2

+ 1 + λc′
2 t4∥∇ω−

0 ∥
4
2 −
ð
Ω

β2 tω−
0ð Þ4dx + 2β1 Ωj j

!

≤max
s,t≥0

as2

2 ∥∇ω+
0 ∥

2
2 −

1 + λc′
2 s4∥∇ω+

0 ∥
4
2

 

+ at2

2 ∥∇ω−
0 ∥

2
2 −

1 + λc′
2 t4∥∇ω−

0∥
4
2

!
+ 2β1 Ωj j

=Λ0 ∈ 0,∞ð Þ:
ð67Þ

For any sequence fbng with bn↘0 as n⟶∞, by (9),
(10), (25), and (67), we have for large n ∈ℕ

Λ0 + 1 ≥ Fbn
ubn
� �

−
1
4 < F′bn ubn

� �
, ubn ≥

a 1 − θ0ð Þ
4 ∥∇ubn∥

2
2:

ð68Þ

Since θ0 ∈ ð0, 1Þ, fubng is bounded in H1
0ðΩÞ. Therefore,

there exists a subsequence of fbng, still denoted by fbng
and ub0 ∈H, such that ubn ⟶ ub0 in H1

0ðΩÞ. By a standard

argument, we can prove u±bn ⟶ u±b0 ≠ 0 in H1
0ðΩÞ. Since

<F′b0 ub0
� �

, φ > = a
ð
Ω

∇ub0∇φdx +
ð
Ω

λϕub0
ub0φdx

−
ð
Ω

g ub0
� �

φdx

= lim
n→∞

a + bn∥∇ubn∥
2
2

� �ð
Ω

∇ubn∇φdx
	

+
ð
Ω

λϕubn
ubnφdx −

ð
Ω

g ubn
� �

φdx



= lim
n→∞

< F′bn ubn
� �

, φ > = 0:∀φ ∈ C∞
0 Ωð Þ:

ð69Þ

Thus, F′b0ðub0Þ = 0, ub0 ∈Mb0
, and Fb0

ðub0Þ ≥mb0
. Next,

we give the proof of Fb0
ðub0Þ =mb0

. Choose bn ∈ ½0, 1�, from
ðg2Þ, there exists a K0 such that

Fbn
sv+0 + tv−0ð Þ = as2

2 ∥∇v+0∥
2
2 +

bns
4

4 ∥∇v+0 ∥
4
2 −
ð
Ω

G sv+0ð Þdx

+ at2

2 ∥∇v−0∥
2
2 +

bnt
4

4 ∥∇v−0 ∥
4
2

−
ð
Ω

G tv−0ð Þdx + bns
2t2

2 ∥∇v+0 ∥
2
2∥∇v

−
0 ∥

2
2

+ λ

4

ð
Ω

ϕsv+0+tv−0 sv+0 + tv−0ð Þ2dx

≤
as2

2 ∥∇v+0∥
2
2 +

1 + λc′
2 s4∥∇v+0 ∥

4
2

−
ð
Ω

G sv+0ð Þdx + at2

2 ∥∇v−0 ∥
2
2

+ 1 + λc′
2 t4∥∇v−0 ∥

4
2 −
ð
Ω

G tv−0ð Þdx

< 0,∀s, t ≥ K0:

ð70Þ

From Lemma 10, there exists ðsn, tnÞ such that snv
+
0 + tn

v+0 ∈Mbn
, (5.4) implies 0 < sn, tn < K0. Since F′b0ðv0Þ = 0,

then from (9), (10), (15), (16), and (20), we have

mb0
= Fb0

v0ð Þ = Fbn
v0ð Þ − bn

4 ∥∇v0∥
4
2

≥ Fbn
snv

+
0 + tnv

−
0ð Þ + 1 − s4n

4 < F′bn v0ð Þ, v+0 >

+ 1 − t4n
4 < F′bn v0ð Þ, v−0 > −

bn
4 ∥∇v0∥

4
2

≥mbn
−
1 + K4

0
4 ∣ < F′bn v0ð Þ, v+0 > ∣

−
1 + K4

0
4 ∣ < F′bn v0ð Þ, v−0 > ∣ −

bn
4 ∥∇v0∥

4
2

=mbn
−
1 + K4

0
4 bn∥∇v0∥

2
2∥∇v

+
0 ∥

2
2

−
1 + K4

0
4 bn∥∇v0∥

2
2∥∇v

−
0 ∥

2
2 −

bn
4 ∥∇v0∥

4
2,

ð71Þ
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which implies

limsup
n→∞

mbn
≤mb0

: ð72Þ

According to (9), (15), and (72), we have

mb0
≤ Fb0

ub0
� �

= limsup
n→∞

Fbn
ubn
� �

= limsup
n→∞

mbn
≤mb0

: ð73Þ

This shows Fb0
ðub0Þ =mb0

, and the convergence property
of b↘0 is proved.

Proof of Theorem 20. Since the proof is similar as the proof of
Theorem 19, we omit the details.
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