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In the present paper, we consider the following Hamiltonian elliptic system with Choquard’s nonlinear term

~du+ V(x)u= [ (G(v(y))/|x - yP)dyg(v)inQ,
—Av+V(x)v= [ (F

u=0,v=00n0Q,

(u(y))/|x = y|*)dyf (u) inQ, where Q ¢ R is a bounded domain with a smooth boundary, 0 <@ <N, 0 <

B <N, and F is the primitive of f, similarly for G. By establishing a strongly indefinite variational setting, we prove that the above

problem has a ground state solution.

1. Introduction and Main Results

In this paper, we deal with the existence of ground state solu-
tions for the following Hamiltonian elliptic system with Cho-
quard’s nonlinear term:

—AuU X)u= G( ()})) m
Au+ V(x) J . y|/3 dyg(v)inQ,
~Av+ V(x)y = JQ Ix(Li(il)) dyf (u)in ©, M

u=0,v=00n0Q,

where Q ¢ R is a bounded domain with a smooth bound-
ary, N>3,0<a<N,0< <N, and F is the primitive of f,
similarly for G. For a single equation in whole space, RV is
closely related to the Choquard-Pekar equation:

FUO)) 4t w), inRY,

Ry =yl

—Au+V(x)u:J 0<u<N. (2)

When N=3, u=1, V(x)=1, and f(u) = u, equation (2)
has appeared in several contexts of quantum physics. In
1954, Pekar used equation (2) to describe a polaron at rest
in quantum theory. In 1976, to model an electron trapped
in its own hole, P. Choquard considered (2) as a certain
approximation to Hartree-Fock’s theory of one component
plasma (see [1, 2]). In some particular cases, (2) is also known
as the Schrodinger-Newton equation which was introduced
by Penrose in [3] to describe the self-gravitational collapse
of a quantum mechanical wave function.

For N=3, u=1, V(x)1, and f(u)=u, the existence of
ground states of (2) was obtained in [4] by variational
methods. Later, Moroz and Van Schaftingen [2] investigated
the regularity, radial symmetry, and asymptotic behavior at
infinity of positive solutions for a generalized Choquard
equation. Other results involving existence, multiplicity,
and concentration of Choquard’s problems can be found in
[5-12] and the references therein.

We also observed that Bhattarai [13] considered the
coupled Choquard-type fractional Schrodinger systems:
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Py q
(—A)“u+w1u=)tlj 4Ol dy|u\P1_2u+J V)l dy|u|T?u, in RY,
R =y r fx - yff (3)
123 q
(—A)"‘v+w2v_,\2J VOl dy|v|P2_2v+J [40)] dy|v|7?v,in RV,
rY [x—y|f rY |x =y

where w, and w, appear as the Lagrange multipliers, N > 2,
0<a<l, 0<B<N, 2<p,, p,, and q<(N+2a+ f)/N.
Bhattarai looked for minimizers of the L?-constrained mini-
mization problem via concentration compactness tech-
niques. Recently, Giacomoni et al. [14] were also concerned
with the coupled Hardy-Littlewood-Sobolev critical nonline-
arity fractional Schrodinger system in a smooth bounded
domain Q ¢ RY:

5
(—A)Bu = /\|u|q_2u + J V)l :dy |u|2;_2u inQ,
alx—yl

Ju(y) >
olx=y*

(~A) v =8v|T % + (J dy) v 2vinQ,

(4)

where 25 = (2N — u)/(N —20), 0 < q < 2. By minimizing over
a suitable subset of Nehari’s manifold, they proved the exis-
tence of at least two nontrivial solutions for a suitable range
of A and &. For problems involving Hardy-Littlewood-
Sobolev’s critical exponent problems, please see [15-17]
and the references therein. Among them, a strongly indefi-
nite Choquard equation was studied in [17].

Motivated by the papers mentioned above, in particular,
the papers [13, 14, 17], the purpose of the present paper is
to investigate the ground state solution of problem (1). To
the best of our knowledge, there is no work concerning the
existence of ground state solutions to the Choquard-type
Hamiltonian elliptic system. For the Hamiltonian elliptic sys-
tem, we refer the readers to the papers [18-22] and the refer-
ences therein.

Throughout this paper, we will always assume N > 3 and
we suppose that V, g, and f satisfy the following assumptions.

(V) V(x) € L(2,R), 0 lies in a gap of o(-A + V(x)),
where 0(—A + V(x)) is the spectrum of the opera-
tor —A+ V(x).

(H,)) f,g € C(R,R).
(H,) f(u)=o0(u) asu—0, g(v)=o(v) asv—> 0.
(H;) limsup (f (u)/uf) < oo, limsup (g(v)/v1) < 0o, where

p:l;(: 1 satisfy o
N-(a2) N-(B2) N-2 )
(p+1)N q+1)N N

(H,) There exists 0 > 2, such that u, v € R:

(Hs) F(u) >0 for u+#0and G(v) >0 for v+0.

Before stating our main result, we review the definition of
(s,t) ground state solution about (1). We call (u,v)#
(0,0) as a (s, t) ground state solution of (1) in work space
E (see Section 2); if (i1, ¥) is another (s,t) weak solution
(see Definition 2), then the corresponding energy functional
I(u,v) <I(&1,v), where I will be defined in equation (27) or
equation (32).

Theorem 1. Suppose that H,, H,, H;, H,, and H; are satisfied.
Then (1) has a (s, t) ground state solution.

To prove Theorem 1, here we use a minimizing argu-
ment based on the ideas developed in [23]. We are con-
cerned with system (1) in whole space RV involving the
Hamiltonian elliptic system with Choquard’s nonlinear
term; it is a nonlocal problem, which brings about two obsta-
cles. One is to check the linking structure, and the other one
is to prove the boundedness of the corresponding (PS)
sequences. To avoid these obstacles, we shall deal with our
problem in bounded domain. Indeed, the difficulty is still
there for the problem on RY. It is worth pointing out that
the monotonicity condition like [23] is not required on the
nonlinear terms f and g; it prevents us from using the stan-
dard way (see, e.g., [23, 24]) to check that the minimizer is a
critical point. Via the basic leitmotiv from Proposition 3.2 of
[25], we shall use the deformation lemma to prove it (see
Lemma 13.. We end this section by giving our arrangements
of this paper. In Section 2, we establish the variational set-
tings about (1). In Section 3, we provide some lemmas and
then prove Theorem 1.

2. Variational Settings

For the system

—Au+V(x)u= J W) dyg(v),inQ,
o fx-yf

-Av+ V(x)v= L} Fx(b_l(ﬁﬁa) dyf (u), inQ,
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if F(u)=ul", by Hardy-Littlewood-Sobolev’s inequality
(see Theorem 4.3 in [26]), then the term

[ [ HuDrui) .
ola lx=y|* ’

is well defined if F(u) € L"(Q) for ¢ > 1 such that (2/r) + (a/
N) = 2. In view of Sobolev’s embedding theorem, it requires
that 1 < (6 + 1)r <2N/(N — 2), which leads us to assume that

2N -
1- % <h-1< « 9)
2N N-2
Since we restrict p>1,g>1 and
N-(a/2) N-(B/2) N-2
(@2) N-(B2) | o)
(p+1)N  (g+1)N N

Soitholdsthat1 — (a/2N)<p+1land1-(B/2N)<q+1
but p or g could be supercritical in the sense that

ptl>———+
(11)

org+1>

We remark that p>1 is used in (38) and similarly for
q = 1. Since p or g could be supercritical, we need the frac-
tional Sobolev spaces (see, e.g., [19, 22, 27]). According to
H,, we can choose s, t >0 with s+t =2, such that

N o
p+1<7(2——),
N -2s N

N 5 B
N-2t ( N) '
Denote S=-A+V(x). Since the effective domain
D(S)=D(S*) and S is symmetric, so S is self-adjoined on
L*(Q). Since the self-adjoint operator is closed, according
to the polar decomposition theorem (Theorem VIIL32 in
[28] and jointly with Theorem 3.2 and 3.3, Ch IV in [29]),
it holds that there is a positive self-adjoint operator |S| (in fact
S| = /S*S), with D(|S|) = D(S) and a partial isometry U

such that S= U|S|, |S] and U are uniquely determined and

(12)

g+1<

SU=US,

(13)
IS|U = UJS]-

It is well known that U and || are both self-adjoint oper-
ators on L*(Q). In view of Theorem 3.35 in Chapter V of [30]
and Corollary 5.5.6 in [31], there is a unique square root
operator Q such that Q*=|[S|, furthermore, QU =UQ.
Denote [S|"? == Q. Let

AS = |S|S/2
At — |S|[/2. (14)

According to [19, 27], we consider a basis of L?(Q) con-
stituted by eigenfunctions {¢, } of

-Au+V(x)u=AuinQ, wu=00noQ, (15)

with associated eigenvalues A,. If for u € L*(Q), we write
u=y:2,a,¢, then the effective domain of A* and A" are

n=1

E' =A%) = {u ELZ(Q): §A2|an|2 < oo},
(16)
E'=9(A") = {u €L’(Q): Y Mla,|*< oo}.

They are two Hilbert spaces endowed with the follow-
ing inner product, respectively,

(1), = (A, AV) 0,

(17)
(@), = (Ao Aly)

where

A B — [*(Q),

& (18)
u Y N,
n=1

is an isometric isomorphism. So, A* has the inverse (A®)”",
and we denote A~ =(A°)"', similarly for A’. Set E=E° x
E', then E is a Hilbert space with the inner product and
norm

(&)= (o) + (my),

12117 = {1l + 1¥1l,

(19)

for z=(u,v),n= (¢, y) € E. We recall the embedding theo-
rem (see [32]); for >0, the embedding E" — L*(RY) is
continuous for 1<k< (2N/(N —2r)) and is compact for
1<k<(2N/(N -2r)). We also consider the bounded self-
adjoint operator L : E — E defined as follows, for z = (u, v),

n=(py):
(Lz,n) = (A*Uu, Atl//>L2 + (Alv, A° Ug),.- (20)

A natural question will be asked whether the operator
L: E—E is well defined. Here, we only check if (A°*Uuy,
A'y);. is well defined. In fact, noting that A* and U are
self-adjoint operators, we infer that

(AUu, A'y) , = (Uu, Ay) o = (u, U|Sly 2 = (1, Sy) 2.
(21)



By the complex interpolation theory (see Chapter 1.15 of
[32]), we get

E=[1*(Q), H*(Q)] (22)

1-(s/2)"

So (A*Uu, A'y),» < co.
Next, we have L that has only two eigenvalues -1 and 1,
whose corresponding eigenspaces are

E+:{(u,A_’ASUu): ueES}, )
23
E = {(u,—A_tASUu): ue ES}.

Clearly, E=E*®E". Indeed, 0 lies in a gap of o((?+
V(x))), and using Theorem 3.3 in Chapter IV of [29],
we get

*(Q)=L"sL, (24)

where L* =u € L*(Q): Uu=+u.
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Similar to Proposition 1.1 in [19], for z = (u, v), we can
easily get

Lz=(A"A'Uv,A"'A°Uu). (25)

We consider the eigenvalue problem Lz = Az in E, which
yields that

Vv=ATAUASA'Uv=UUv=UW" +v)=v.  (26)
Here, we have used the fact that AU = UA® and A'U =

UA! (see [22]).
We consider the corresponding energy functional for (7):

I(u,v) = JQAS UuA'vdx - EJQJQ F(u())E(u(x)) dydx

2 e ="
L[ [ SEONGE)
ZJQJQ x — y|f dyds,  (wv)€E.

(27)

Similarly ([27], p. 61), under our assumptions, using the
fact that AU and A’ are linear, jointly with Lebesgue’s dom-
inated convergence theorem, the Gateaux derivative of I in
the direction # = (@, ¥) at z = (u, v) is defined as

= (AU, A'y), + (AU, A'v) ,

Flu(y) + lp0)|FIu(o) + o) = FuO)Flu(o)] )

lx = y|*

_hmijj G[V(y)”w(y)]G[V(x)+ll/f(y)]—G[V(y)]G[V(x)]dydx
0JO

= (AU, A'y), + (AUG AW - JQJ
G(v()g(v(x))y (%)

1.

lx=y|*

Clearly, DI(z,7) is linear bounded about # and continu-
ous about z. Thus, I € C'(E,R). And its Fréchet derivative
is given by

(I'(2)) = (A°Un A'y),, + (AU, A'v) ,
_JJ PO/ )eE) 4o
alo e =y|*
_ J J CEOIVENYE) 4y
ala x=y|*

(29)

-yl
SCONCICITICIN
0 x—y|*

dydx.

Definition 2. We say that z=(u,v) € E\{0} is a (s 1)
weak solution of (7), if for each 5= (¢,w)€E, there
holds

(A*Uu, A%y), + AUg, Alv

([ PO )9

SR el (30)
[ ] st
alo x—y|f
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It is easy to check that the critical point (u,v) of I is a
(s, t) weak solution of (7). Moreover, for z= (u,v) €E, z=
zt +z7, in view of Lemma 2.1 in [19], it holds that

. (urAFA'Uv v+ A'AUu
zt= , . (31)
2 2
Therefore,
1 N 1 F(u(y))F(u(x
10 =5 (I -11) - 5 | |, D g
ola lx =y

L[ [ SeUNGUE)
ZJQJQ |x— y|ﬁ dd

(32)

Remark 3. If inf V(x) > 0, then U=1.

xeQ

3. Existence of Ground States

Following [23] (in page 3804), we introduce the generalized
Nehari manifold

M = {zEE\E’ : <I'(Z>,z> =0and <I/(Z),11> =0f0rall;1€E’}.

(33)
We need to prove that /# # &.
For z € E\ E, define y € C'(R" x F, R) given by
vo(t:m) = 1(t2" + 7). (34)

It is easy to check the following lemma (see, e.g., Lemma
3.11n [25]).

Lemma 4. (t,1) € R* x E™ is a critical point of y, if and only if
tz" +ne .

Foree E\E", set E(e) = E- ® Re, where R" = [0, +00).
Lemma 5. For each z€ E\E",
such that

there exists t,z" +1, € E(z),

+ —
I(t2" + 1) = max I(tz" +1). (35)

Moreover, t,z*" +1, € M.

Proof. By Lemma 4, it suffices to prove that the maximum
exists. This follows from the next two lemmas. Indeed, using
Lemma 7 and Lemma 8, combining with I(0) = 0, it is easy to
check that the maximum point exists.

Remark 6. Even though f and g have satisfied the condition
(S5) in [23], we cannot have the uniqueness of t,z* +#,. So,
we cannot get the result similar to Proposition 2.3 in [23].

Lemma 7. There are r>0 and p >0 such that infI(z) >,

zeS
where S, ={z € E" : ||z|| = p}.

Proof. For a given ¢ > 0, by H,, H;, and H,, there isa C(g) > 0
such that

|F(u)| < e|u* + C(e) [uP*. (36)

By Hardy-Littlewood-Sobolev’s inequality, one has

F(u(y))F(u(x))
JQJQ lx = y|* Ay

2/r
L C<L2 (e[uf* + C(e)|uf) dx)

< Cyellz]|* + C,C(e) 2] 2P,

< C||F(u)

(37)
where (2/r) + (a/N) = 2. Here we use the fact that
2N
2<2r< 1 . 38
<2r<r(p+ )<N—25 (38)

Similarly, we have

|, [ SO dyaes e + cacie)
0JQ

= yI*
(39)
Thus, for z = (u, A"A*Uu) € E*, it holds that
1
1(z) 2 5 ||z]]* ~ellz]|* - Cu(e)|2]"*" = Ca(e)12]| ™. (40)

Hence, we can choose some 7, p > 0 such that I(z) > r for
all 2] = p

Lemma 8. For every e € E* \ {0}, there is a R(e) > 0 such that
I1<0o0nE(e) \ By(e) (0)-

Proof. If not, there exists {w,} ¢ E(e) such that ||w,, || — 0o
and I(w,,) > 0.

Without loss of generality, we may assume that e € E*,
|le|| = 1. By doing (w, ,w,,)=w, =t,e+w, where t, >0.
Set
Ly wy

= e+ =sie+1,. (41)
lwl” Tl "

w,

w., =
]

Obviously, 1= |[|@,]||* = s> + ||, ||*. Jointly with

~—

I(w 1 _
0% Gt = 3 6= lP)
n

[ [ HmODFn )
olo =y, ()
G(,07))G(w,(x)

=

1
2

ik

1 .
< 5 (sn = Ml 17)>

dydx

al

\S)



one has (1/y/2) <, < 1. So, for a subsequence, s, — s> 0,
w, —w, w,(x) — w(x), ae, in Q. Hence, w=se+w"
(x) #0. It means that for

= {xeQ:w(x)#0}, (43)
where |&/|>0. Thus, for xe ¢/, |w,(x)] — oo.

It follows from H,, H,, and H; that there exists C;, C, >0
such that

F(u)>C,|ul’ - C,,

(44)
G(r) = C\ vl -y,
and
lim F(?) =00,
. G(v)
lim —= =
Y—00 P

Thus, w, = (w,,,w,,), it follows from Fatou’s lemma
that

J J F(w,, () F(wy (x))
ola |x_}’|0c||wﬂ||2

dydx

o] [ SltmbDEwusto)
B
= y| e
F 2
2] cutw,fae- c2|g|> [ Hlonn)* Slong) o
s a el
F(w 2
> ¢ J ua) 12l 4o,
o |w| ]
(46)

which would conflict with (38). Here, we use the fact that Q is
bounded.

Lemma 9. ./ contains all nontrivial critical points.

Proof. If z=(u,
one has

v)€E, z#0, and I'(z) =0, by H, and H,,

- F)] g,

1 GrO)gv))v(x) - Gvx))] 4 o
’ EJQJQ |x—y\ﬁ ad
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For z€ E~\ {0}, it follows that

I(Z) — _% ||Z—H2 _ JQJQ F(u(y)zi(u(x)) dydx

T
[ [ S gy,
alo |x—y\ﬁ B
Define
mi= inf1(2). )

We shall prove that m is achieved on .# and the min-
imizer is a critical point of I.

Lemma 10.
(1) There exists p > 0 such that

m= 21?/21(2) >infI(z) > 0, (50)

z€§,
where S,={z € E" : ||z| = p}.

(2) ||z*|| = max {||z"||, v2m} for every z € M.

Proof. First, let us prove assertion (1). For every ze ./,
with Lemma 7 in hand, we can choose some &§ >0, small

p >0 such that
Z+
I(z) 21<p||z+|> >4. (51)

Second, I(z)<1/2(||lz*||* = |lz"||*) for every ze .,
which concludes the proof of assertion (2).

Lemma 11. [ is coercive on .

Proof. If not, there exists a sequence {z,} C .4 such that
llz,]| — oo and I(z,) <d for some d € [c,00). Let w, =
(w,>w,,) = (z,/||z,||). Up to a subsequence, w, — w and
w, (x) — w(x), a.e., in RY,

If w=0, one has w;;, — LP(Q) x L1(Q) for 1 <p < (2N/
(N =25)),1<q < (2N/(N -2t)). So it holds that

F(wi, () F (w1 (%)

lim J J dydx =0,
"mo)alo x—y|*
N " (52)
hm J J G(wn,Z(y))G(wn,Z('x)) dydx =0.
=elala =y
Jointly with Lemma 5, we obtain
&2
d=1(z,) 2 I(swy) = — +0,(1). (53)

It is absurd if s > v/4d. So w # 0.
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Similar to the proof of Lemma 7, it holds that

J J [F(zm(y) JE(z,(x) | G(znz(y))F(zn,z(x))} w2 dyds

x—y[*z2 - y|P23 !
_)nHOOOO.
(54)
Therefore,
I<Zn) 1 +112 112
0< = = w - ||w
i = (il = )
_ F(zn,l(y))F(zn,l('x))
RS (55)
olo |x )" Zy

L Gz (0) F(z,5(x))
- ylfz2

] wrdydx — —co,

which is a clear contradiction.
Lemma 12. ¢ =inf,. ,I(z) is achieved.

Proof. The proof is similar to Lemma 3.6 in [33], but for
readers’ convenience, we review the details of the proof.

Let {z,} C # be a minimizing sequence. In the light of
Lemma 10, {z,} is bounded in E. Extracting a subsequence
if necessary, we have z, — z in E. By the continuity of the
projections, z;; — z*.

Now let us prove that z* # 0. If not, by Lemma 5 and the
result (2) of Lemma 9, we get

met0,(1)=1(z,) 2 1(12}) = 5 251 +0,(1).  (56)

It is impossible if ¢ is large.
By Lemma 5, there exists ¢, > 0,#, € E” such that

tzt+n,=((t,z" +n,), (t,z" +n,),) e M. (57)
With Lebesgue’s dominated theorem, it follows that

Lo vz Ly 2o
mSI(tzZ++’72):5tz||Z+|| —§||’7z||

[ [ Al ODF( i)
ola x ="

. J J G((t7" + 1), 0) G((t:2" + 11, (9) | g
ala = y)f

T N o _
= llggfl(tzzn +1,) < hﬂ{)rcl)fl(zn) =c.

(58)

Lemma 13. If z, € M is such that

m=inf1(z) =I(z)), (59)

then I'(zy) = 0.

Proof. Assume by contradiction that I'(z,) #0, then § >0
and 0 > 0 exist such that

HI/(ZO)HE* >0, forzeB,s(z,)N %, (60)

where % :={z € E (z,): I(z) < m—¢} (if necessary, we can
choose another z, and ¢ small enough such that B,5(z,) N
B+ D).

Define

T:E(zy)) — R'xE, (61)

given by T'(tz§ +#) = (t, 7).
Denote By, == By, (2,) N B, T = T|g,,and D= T(Bg,).
Define

n=T":D— By, (62)

given by 7(t,7) = tz§ + 1.
It is clear that

I(m(t, <m- . 63
max [(n(t,n)) <m—e <m (63)
For
) {s 06}
0<e<min < -, — 5,
2 8 (64)

§:=Bys(20) N B,

it yields a deformation I' (see Lemma 2.3 of [34] or A4 of
[35]) such that

(@) I'(1,z) =z if zeI *([m — 26, m + 2¢]) N Sy,

(b) I'(1,1
26}

NnS)cl,_,, where S,5:={z:dist(z,S) <

m+e

Let us define a h: D— E and for every we€ E-, ¥y,
Y¥:D— R? by

ht,n)= =I(Ln(tn)),
WY (L y) = (<I'<n<rm), n(t, ,7)>, <I'<n<zm>, w)>),

(65)
Lemma 5 and the degree theory now yield that

deg (¥¢,D,0)=1. (66)



Since (t, 1) € T(dBg,,), combining with (53), it therefore
holds that

I((n(t,n))) <m—e<m—2e. (67)
It follows from (a) that
Yy =YY onoD. (68)
Consequently, we obtain
deg (¥V,D,0)=1. (69)

Then, we know that there exists (ty,7,) € D such that
h(ty,1,) € A. This implies that

m<1(h(tny) =1 (Lalty ). (70)

Noting that I(7(ty,#,)) <m+e and also 7(D) =B,
C S, in view of (b), one has m <I(I'(1,7(ty,n,))) <m -,
which is a clear contradiction.

Proof of Theorem 14. The existence of (s, t) ground state solu-
tion of (1) follows directly from Lemma 12 to Lemma 13.
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