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In this work, we give sufficient conditions to investigate the existence and uniqueness of solution to fractional-order Langevin
equation involving two distinct fractional orders with unprecedented conditions (three-point boundary conditions including two
nonlocal integrals). The problem is introduced to keep track of the progress made on exploring the existence and uniqueness of
solution to the fractional-order Langevin equation. As a result of employing the so-called Krasnoselskii and Leray-Schauder
alternative fixed point theorems and Banach contraction mapping principle, some novel results are presented in regarding to

our main concern. These results are illustrated through providing three examples for completeness.

1. Introduction

Unquestionably, the fractional calculus, which requires the
order of the functional operator of calculus to be turned into
the fractional case, is a forceful mathematical argument for
providing much and more flexibility in dealing with many
real-world applications [1, 2]. More particularly, the
fractional-order differential equations (FODEs), which are
considered a cornerstone of this field, have been extensively
employed in modeling several phenomena and numerous
scientific applications such as diffusion modeling [3], robot
manipulators [4], economics [5], and many more [6-9]. In
view of its outstanding importance, lots of mathematicians
have paid their attentions to deeply explore the initial and/or
boundary value problems (BVPs) established based on such
equations (see [10-13]). Actually, these problems, which
may have different boundary conditions, describe several
physical real-world issues like thermoelasticity, underground
water flow, and heat conduction. One of the most significant
of those problems is known as the Langevin equation which
was formulated for the first time in 1908 by Langevin, who
still much earlier described the progress of some physical
matters in fluctuating settings [14, 16]. It came out, later

on, that such equation had assisted physicians successfully
to identify some techniques related to the abnormal diffu-
sion. It also, afterward, succeeded in describing some other
techniques in economic field that contain the cost index
operating [17]. Besides, its generalization played, and still
plays, a significant duty in describing the noise causes in
the field of critical dynamics [18]. In 1996, Mainardi and Pir-
oni fractionalized such equation and hence turned it into the
fractional-order case to be named later the fractional-order
Langevin equation (FoLE) [19]. Several articles then made
this equation up at the top of their works (see, e.g., [20-
22]). It has been recently shown that such equation, for
example, but not limited to, plays notable role in outlining
the reaction-diffusion models [23, 24] and describes some
processes associated with porous media [25, 26].

In the same framework, many efforts have been under-
way to explore the two most main aspects associated with
the solutions of the FoLEs: the existence and uniqueness
[27]. In view of studying such two aspects, several recent arti-
cles have been published. In particular, through using some
special boundary conditions, some applicable results related
to the existence of solutions for the FoLE have been reported
in [28]. Both aspects have been investigated when the
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coupled incommensurate fractional-order systems were han-
dled by Salem and Alnegga and Salem et al. in [15, 29]. How-
ever, in more recent times, numerous outcomes associated
with those aspects have, moreover, been informed widely
(see [1, 14, 21, 30-34]). In more concrete terms, some useful
theoretical tools, like the so-called Banach contraction prin-
ciple and Krasnoselskii’s fixed point theorem, have been
employed to explore the existence and uniqueness of solu-
tions for several nonlinear FODEs such as the implicit
FODEs [35], the fractional-order Cauchy problems [36].

As per the best of our knowledge, there are few published
works that address the FoLE with nonlocal integral boundary
conditions as informed in [14]. In view of this motivation,
this work examines the existence and uniqueness of solution
for the nonlinear FoLE with three-point boundary conditions
involving two nonlocal integrals. Actually, this boundary
value problem, with two different values of fractional order,
has the following form:

D (D +0)z(t) = f (£, 2(),DP2(t)), t €0, T], (1)

where °D" is the Caputo derivative operator of order r in
which k-1 <r <k and k € N. In this work, we assume that
the function f : [0, T] x R x R — R is a continuous function,
and 1<r<2, 0<p<s<l, and €€ R are the dissipative
parameters. We take here the function f, in general form,
constitutes from position (displacement) z(t) and fractional
velocity “DPz(t)of the particle at time ¢ € [0, T], T > 0. This
function perhaps contains external force field, position-
dependent phenomenological fluid friction coeflicient, inten-
sity of the stochastic force, or zero-mean Gaussian white
noise term.

The equation (1) subjects to the following boundary con-
ditions:

T 4

z(u)du, z({) = [J’J z(u)du,  (2)

0

z(0)=0, z(T)= ocJ

0

where o, S € R and 0 < { < T. It is remarkable to see that the
first condition indicates the particle begins its motion from
the origin point. Also, all conditions can be interpreted infor-
mally as “the displacement of the particle at a certain point
proportionates the signed area of the region in the tz-plane
that is bounded by the graph of z and the ¢-axis from the ori-
gin to this certain point”.

One more observation should be recorded; all hypotheses
and conditions in this work are assumed on the basis of the
various views inspired by the aforementioned cited articles.
Anyhow, here is how the rest of this paper is arranged. Sec-
tion 2 introduces some primary preliminaries associated with
fractional calculus and some fixed point theorems, while Sec-
tion 3 deduces some auxiliary lemmas that pave the way for
establishing novel theorems related to the existence and
uniqueness of the solution for our main problem. Such theo-
rems are illustrated and shown in Section 4, while Section 5
involves one illustrative example to verify all findings,
followed by the last section that summarizes the achieve-
ments of the whole work.
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2. Preliminaries

In the whole of this work, the Caputo derivative operator and
its inverse operator, the Riemann-Liouville (R-L) integral, are
adopted since they suite most physical systems. These two
operators as well as some basic concepts and essential prelim-
inaries about fractional calculus are briefly presented here
together with some theoretical results associated with the
fixed point theorem.

Definition 1. [37]. The R-L integral operator of order r for a
continuous function z : [0,00) — R is outlined as

I'z(t) = %Jt (t=v)'z(v)dv, (3)

0
where r > 0.

Definition 2. [37]. The R-L derivative operator of order r for a
k -times absolutely continuous function z : [0,00) — R is out-

lined as
) (8

D'z(t) =

where k—1<r<kand keN.

Definition 3. [37]. The Caputo derivative operator of order r
for a k-times absolutely continuous function z : [0,00) —» R
is outlined as

CD’z(t):ﬁJ (t-v)*12Ody, (5

0
where k—1<r<kand ke N.

The following remark states some important relations
chosen from the famous books [37]. Actually, such relations
will be used during the whole of this work.

Remark 4. Suppose that z : [0,00) — R is a continuous func-
tion, r is a positive real. Then,

(i) I'Fz(t) =I""z(t),s > 0

(i) ‘D'Pz(t) =I""z(t), for r € [0,s], while ‘D'T"z(t) =z
(1

(iii) I'"tP =T (p+ ) (p+r+ 1)t p> -1

(iv) ‘D'tP=T(p+ 1) (p-r+1)tr ", p>-1,p+0,1, -,
7]

(v) ‘D'tP=0,p=0,1, -, [r]

Lemma 5. Suppose ‘D'z is a continuous function, then
I°D'z(t) = 2(t) + ¢y + ¢ -+ 1! (6)

for ke N, wherek—1<r<k
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Next, some primary keys and essential theorems related
to the fixed point theorem are stated for the purpose of get-
ting novel results.

Definition 6. [38, 39]. A contraction of a normed space X is a
mapping S : X — X that meets

1521 = Sz, || < 8[|z, = 2,[|.Vz), 2, € X (7)

for some § < 1.

Theorem 7. (Banach fixed point theorem, Granas and
Dugundji [38, 39]). There is a unique fixed point for every
contraction mapping on a complete metric space.

Theorem 8. (Krasnoselskii fixed point theorem [38]). For a
convex set B, of a Banach space X and a mapping Sz =8,z
+ 8,z such that

(1) Sz, + Sz, € B, for each z,,z, € B,
(2) S, represents a contraction mapping

(3) S, is continuous and compact

Then, § has a fixed point.

Theorem 9. [39]. Let O be an open set of the Banach space
X =C([0, T], R") such that O # ¢. If the operator S : O — X
is relatively compact, then either

(1) S has a fixed point z* € O, or

(2) Thereexistsy € (0, 1) and z* € 00 such that yS(z) = z,
where 00 is the boundary of O itself

3. Some Deduced Auxiliary Lemmas

In this part, some auxiliary lemmas are introduced in order to
pave the way for exploring the existence and uniqueness of
the solution for our main problem. In other words, such
lemmas will play a major role in transforming the main issue
to a fixed point problem. For this purpose, let us introduce
the following two results, with noting that the function f(t,
z(t),’DPz(t)) given in (1) will be indicated by f(t) for
simplicity.

Lemma 10. Let f € C([0, T], R). Then, the unique root of the
problem given in (1)-(2) can be expressed as

z(t) =Ff (1) = ePz(t) + x; () Ao (T) + x,(£) Ap(€),  (8)
where

_ -9
X (t) = T-OT )

3
_E(T-1)
o= T (10)
A (t)=alz(t) - Ff(t) + Iz(t). (11)

Proof. Applying the integral operator I" to both sides of (1)
and then using Lemma 5. yield

‘D'z(t)=—Iz(t) + I'f(t) + cot +¢y. (12)
Again, applying I" to both sides of (12) gives

C2t5+1 Clts
I'(s+2) I(s+1)

z(t) =F7f(t) - l'z(t) +

where ; s are arbitrary constants, and i = 1, 2, 3. Applying the
first condition of (2) yields ¢, = 0, and hence

s+1 s
Cyt ot

Z(t) =T"f(t) - elz(t) + Ts+2) "Te+1)

(14)

By using the two other conditions given in (2), we obtain
the following:

CITS 62T5+1 B

I(s+1) TI(s+2) = A(T) (15)
C]CS CzCSH ~

I'(s+1) +F(s+2) _A/j(c)' (16)

Solving the two equations (15) and (16) gives the follow-
ing:

o T ¢

ey - @-or O mogr A (17)
C B 1 B 1
i+ - @-or D Fogr @ 08)

Substituting (17) and (18) into (14) yields the result. Con-
versely, it is easy by aiding with Remark 4. and Lemma 5. to
see that the solution (8) satisfies the fractional differential
equation (1) and the boundary conditions in (2).

Lemma 11. Let x, and x, be defined as given in (9) and (10),
respectively. Then,

X =gg?g;s]lxl(t)l = max

{ (5:155 ¥ }) (19)
(s+ 1) (T-)T°

Ts+lss
(s+ 1) (T-O¢
Proof. Let t,{ € [0, T]. Define the function u(t) as follows:

X2 = ggxﬂlxz(t)l = (20)

u(t)=tt={l={((-1),0<t<qt(t-0), <t<T.
(21)



One observes that when 0 <t <{, we have u'(t) = t"!(s
{ - (s+1)t), which means that u(t) is increasing on (0, ¢,)
and it is decreasing on (f, (), where t, =s{/(s+ 1). Hence,
we can deduce that u(t) has a maximum value at ¢ =t,. On
the other hand, when { < t < T, we obtain u'(t) ="' ((s + 1
)t —s¢), which implies that u(t) is increasing on (, T), and
so u(t) has a maximum value at t = T. Therefore, the result
holds due to the following:

[ () ()
"= &T—or’a—or}' 22)

In similar manner, one can deduce the second statement
of this lemma.

To follow up on the progress made in exploring the exis-
tence and uniqueness of solutions for the FoLEs, some fur-
ther results are established below, which will surely serve us
in the next sections. In this regard, let € = C([0, T], R) be
Banach space of continuous real-valued functions equipped
with the usual supremum norm

||lz|| = sup |z(t)],z € B. (23)
0<t<T

Define the following set
P={z(t): z(t) € 6,'D’z(t) € €}, t € [0, T]. (24)

One can easily verify that 9 is a Banach subspace
equipped with the following norm:

I12]] 5» = max {[jz]], ||*D"z|}
‘ (25)
, sup

0<t<T

= max { sup | z(1) DP(z(t) | }

0<t<T

In view of Lemma 10., the main problem given in (1)-(2)
will be transformed into its equivalent fixed point problem.
In other words, the function z(t) should satisfy the two state-
ments; Sz(t) = z(t) and “DPSz(t)=DPz(t), for all ¢ € [0, T],
where S : € — € is an operator defined on the Banach space
€. In order to achieve this goal, consider the operator S as
defined a little while ago. That is,

(S2)(8) = I7f () = €2(1) + X, () Au(T) + X2 (1) Ap(§),

(‘DPSz)(t) = ' Pf(t) — €I Pz(t)
+x3(0)A(T) + X4(t)A/3(Q’

where A () is defined in (11) and

. B I(s+2)tr {(s+1-p)
Xs()= DPXl(t)_T(s—p+2)(T—()TS {t_ s+1 }

(28)
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Xa(1)=DPx,(t) ==

I(s+2)tF {t B

T(s+1—p)]
I(s—p+2)(T-0)¢ ’

s+1
(29)
Next, we introduce the following auxiliary result based on

all provided aforementioned principles.

Lemma 12. Let x,(t) and y,(t) are defined as in (28) and
(29), respectively. Then,

X3 = x5l
o FerD
TTG-pt2)(T-0) (30)
. {CSPJFI (S_p>S—P (S+1)T_(5_P+1)C}
5 \s+1) ° 17 ’

TS Pt+! — s
Xa= 1Kl = r(sr—(;lz))(T—c)cs max { (1) P”’}‘
(31)

Proof. Let t, ={(s+ 1 — p)/(s + 1). Define the function
u(t)=t"Plt—ty|,t €0, T]. (32)
If 0 <t <ty then u(t) =tP(t, - t) and
W= sty (s pr ] (33)

which leads to u(¢) is increasing on (0, t;) and is decreasing
on (t,,t,) where

ti=s—ps—p+1ty={(s—p)s+1<t,. (34)

This concludes that u(t,) is a maximum value.
Ift, <t<T,then u(t) =P(t-t,) and

u' ()=t (s—p+ 1)t = (s—p)ty] >ty >0 (35)

which leads to u(t) is increasing on (t,, T). This concludes
that u(T) is a maximum value. In similar manner, one can
deduce the second statement of this lemma.

4, Existence and Uniqueness Results

This section proposes some theoretical results related to the
existence and uniqueness of the solution for the main target
problem, the FoLE given in (1)-(2). First of all, we establish
some mathematical assumptions that will be used from
now on. Such assumptions are given below.

A= [EA(s) + [alx, T+ Blx.0: (36)

A =101A" (s) + laly, T + 1By, (37)

where

AS)=(1+x)T°+ x,0T(s+ 1), (38)
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A,(S)ZTS_pF(S—p+1)+X3TS+X4CSF(S+1), (39)

and y;, i=1,2,3,4 are given in (19), (20), (30), and (31),
respectively.

In the same vein, we also introduce some further condi-
tions below to establish our proposed results. In fact, these
conditions have been recently introduced in [40] for the pur-
pose of investigating the same issue of ours, but they were
adopted for handling another problem.

H, The function f (¢, z(¢),DPz(t)) is continuous on [0, T

H, There exist a positive function v : [0, T] - R* such
that

(6 2(0)DP2(1) la (1) (40)
H, There exist two constants M, M, > 0 such that

(6, 20(0)5D72,) ~ £(1,2,D°2,)

(41)
<Mz, = 25| + My|epe, —epe,, |- £ € [0, T

H, There exist a positive function & : [0, T] > R* and
other nondecreasing function ¥ : R* — R* such that

(b 20 D2 < AP (el )t € 0.T] (42)
On the other side, by going back to (26) and (27), one can
rewrite each of Sz(¢) and °DPSz(t), as a sum of two operators

S, and S,. In other words, Sz(t) = (S,z + S,z)(¢) and “DPSz(
t) = (“DPS,z+°DPS,z)(t), where

($12)(t) = (1) = x; ()T f(T) = x, (I F(Q),
(S,2)(t) = —CFz(t) + x, (t)[alz(T) + I'z(T)]
+ X, (D)[BIz(C) + er’z()],
(“DPSy2)(t) =Pf (1) = x5 (O f(T) = x4 (I F(C),

(‘DPS,2)(t) =~ Pz(t) + x5 () [adz(T) + LFz(T)]

(43)
+ X4 () [BL2(C) + eI2(C)).

After this preparation, we find ourselves ready to present
the results that are at the heart of the matter. Here is the first
one that deduced on the basis of the Krasnoselskii theorem.

Theorem 13. Suppose H,; and H, hold. If
max {A,A’} <1, (44)

where Aand A" are defined in (36) and (37), respectively, then
the problem given in (1)-(2) has at least one solution on [0, T.

Proof. To prove this theorem, define the closed ball, %,, as
follows:

B, = {2(t) € P<DPz(t) € P, |2(t)|| , <€}, (45)

where & and ||z|| ; are defined in Section 3, with radius
€2 ||g|| max {A(s +7), A" (s + r)}l — max {A, A }, (46)

where A(-) and A'(-) are defined in (38) and (39),
respectively.

One can easily verify that %, is a convex closed set. How-
ever, for the purpose of implementing on the Krasnoselskii
theorem given in 2.2, we need firstly to show that S,z; + S,
z, € B, for each z,(t),z,(t) € B,. To carry out this step,
we begin with

ISi21 < [ (8,2, (8), D2y (1))

+OIFF(T, 2,(T), DPz, (1)
Hxa (O (6 21(6), Dz, (€))]

<q(t)(s+r) Ut (t—v)*dy
! ;
(01| (Tn v | @ v)””d‘l
0 0
= [+ OIT + (O T (s + 7+ 1)]|q(0)]
<(L+ [ (ODIT + (8|S s + 7+ 1)a ()],

1,21 < [01F 12, (£)] + Ly, (O)|[lac | T | 2o (T)|+1€ | I | 2,(T) |]
+HILOIIBIT Tz (Q)+E 1| 2,(0) 1]
<[+ ONT + X, (O[T (s + 1)[¢]
+ |l (DT + Bl x2(8)[C]]22
(47)

Due to z,(t) € B,, then |z,(t) | <||z,(1)]| < ||z,(t)[| » < &
This matter implies to
[S121 + 8,2, | < (14 ¥ IT + 1, T(s + 7+ 1) q]| + [(1+ x,) T°
+ X0 (s+ 1) [l | x, T+HB | x,8]e

= llql|A(s +r) + (Ie] A(s)+la | x, T+IB | x,0)e
=||q||A(s + 1) + Ae.

(48)

Thus, the last inequality implies ||S,z; + S,2,|| <e. In a
similar manner, we can show that

[‘DPS,z, | < (T PL(s+r—p+ 1)+ x, T
XS (s+r+1)) gl
I‘DPS,z,| < [(T*PT'(s—p+ 1) + x, T°

‘ (49)
XL (s + 1)) [e] + a3 T + Bl x,Cles

which implies that

|°DPS,2,+DPS,z,| < ||q]| A" (s + ) + (|e | A" (s)+lac| 5 T+IB] X4c)s
=||g)|A" (s +71)+Ae.
(50)



These conclude that

c

sup

te[0,T)

[1S,2, +S,2, | 5 = max { S[l;p] | Sz, + S,25 )5
te

DFPS,z,+°DFS,z, | }

= max { [q(s + ) + 8, g4 (s ) + 4'c)
= ||g|| max {A(s+ ), A (s+ r)} + max {+A,A'}ese,

(51)

which means that S,z, + S,z, € B, for each z,(t), z,(t) € &,.
Thus, the first part of Krasnoselskii Theorem 8 has been shown.
The next step is to show that the operator S, is contraction. For
this purpose, we estimate |S,z; — S,z, | as follows:

15221 = $,2,| < €F|z,(t) = 25 (8) | + | X1 (1) [(|&lT] 2, (T) = 2,(T)]
+ 88|z, (T) = 2,(T)|) + [x2 ()] (IBII]2,(€)
—2,()] + €|z, () — 2 (0)])

s [(1 +x) T+ x0T (s + 1)[e]
+|ax, T+ [Blx€llz1 — 2,

< [[8[A(s) + |ax, T+ Bl x5C1 12

=4z,

_Zzug*
- 2| g
(52)

Similarly, we can prove that

|°DFS,z,—DFS,z,|
< |lelA"(s)+la ] xs T+IB 1 x| ||z (53)

!
—4llg=4"|z1 - 2| &

These lead to
15,21 = $,25 || » < max {A,A'}Hzl AT (54)

which implies that S, is contraction if max {A, A"} < 1. At the
same time, as the function f is assumed to be continuous
according to the assumption H;, the operator S, is also contin-
uous on %,. To complete the proof of this theorem, it remains
to show that S, is compact. In regard to Arzela-Ascoli theorem,
it is enough to show that S, %, is uniformly bounded and equi-
continuous. For the boundedness, one can easily verify that S,z
satisfies the following perspective.

I8:2]1 < llall max {A(s +7), &' s+ 1)} (55)

In the meantime, to show that S, is an equicontinuous
operator, let £, ¢, € [0, T] such that t; < t,. Then, we have
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1$,2(5,) = S,2(t,)| < ! ) J;l |t =) = (5 - 7)™

Torr
x|f (1, z(t), DPz(7))|dT
1

)
i ﬁj (t =2 f (5 2(), DP ()l

lX(T;t)J (T =) |f (7. 2(7), DP2(7))ldr
%J €= If (7, 2(2), D2(v))ldr.

(56)

Again, using condition H, to turn the inequality above to
be in the form

1S12(1) - 2(t,)] < % U (6 ="
~ (t -1 dr + J Z (t, - 7)™ \dr
L 15 T{)(Tf(r)l 51 J -
L I8(T- 2 <)T—r1>| J ((_T)W_ldT]
(57)

Consequently, the above inequality leads us to another one
of the form

1S12(t;) = $2(8)]
4l
T I(s+r+1)

(50 = 5 (T7 + ) + (Tt — 1) (TH + c“‘)
T-¢C :

SHr _ str
Lo—-t+

(58)

Observe that as t, — t,, the right-hand side goes to zero
uniformly. This means that such side does not depend never
on z. Therefore, as per Arzela-Ascoli theorem, the operator
S, is equicontinuous. Hence, in view of Krasnoselskii theorem,
we conclude that (1)-(2) has at least one solution.

In the next argument, we will investigate the uniqueness
of solution for the problem under consideration. Of course,
Banach fixed point theorem, reported in Theorem 7, will be
utilized in this investigation. However, the following result
is established for achieving that purpose.

Theorem 14. Suppose H; and H; hold. If

¥ = (M, +M,) max {A(s+7’),A/(S+7’)}

, (59)
+ max {A, A } <1

Then, the problem given in (1)-(2) has a unique solution
on [0, T].
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Proof. Consider the set 3B, as given in (45) with

W max {A(s +71), A'(s + r)}

£
1-¥

> (60)

where W =sup,, ;| f(£,0,0) | . Foreach t € [0, T] and z € ,,
one might estimate the term |f (¢, z(¢),°DPz(¢)) | as follows:

£ (1, 2(8)DP2(8))] = (£, 2(8) DP2(1) - £(£,0,0) + £(£,0,0)]
<|f(t z(t),"DPz(t)) - f(£,0,0)| + |f(2,0,0)]
<M, |z(t)[+M,|" DPz(t)| + W
S(My +M,)||z||p + W< (M +My)e+ W.

(61)

The next step is now to show that S%B, ¢ B,, Vz € A.,.
Based on the arguments given in the previous theorem, one
can obtain the following assertions.

1S,2(1) <
DS, z(t)] <

(M, +My)e+ W)A(s+71),
(M, +M,)e+ W)A' (s +1),
S,2(¢)] < Ae,

[°DFS,z(t)| < Ale.

(62)

Applying the norm over t gives

812]15 < (M, + My)e + W) max {A(s+ 1), 4" (s +1) ],

[1S,2|| 5» < € max {A,A'}. (63)
Therefore,

152l < [1S12]| 5 + (12| 5
<((My +M,)e+ W) max

. {A(s+r),A'(s+r)}+smax {A,A'} (64)

=%¥e+ W max {A(s+r),A'(s+r)} <e.

Now, in accordance to Theorem 7, we need to show that
the mapping S is contraction. In order to achieve this goal, we
should notice that the operator S, is contraction as shown in
the previous theorem. Hence, it remains to verify that S, is
also contraction. For this purpose, let z,z, € B,, t €0, T)
and consider [S,z,(t) = S;2,(¢) | as follows:

112, (t) = S12, (1) <7 |f (8,2, (8),"DPz, (1))
—f(t:25(1),"DPz, (1))
+ X (OIFTIf (T, 2, (T),' Dz (T))
— (T, 2,(T)," Dz, (T))|
+x2 (O£ (85 21(€),DPz,(E))
= (& 2,(0),"DPz,(0))|-
(65)

Using condition H; yields

1 ! s+r—1
I(s+r) L (t=7)

- (M, |z, = z,|+M,|"DFz,—DFz, | )dt

+ |X1(t)| JT (T_T)S+r—1

I'(s+r1) ],

15,2, (t) = S12, ()] <

- (M, |z, — z,|+M,|°DFz,=DPz, | )dt
INE .
+ |X2( )l J (C_T)Hr 1
I'(s+r1) ],
- (M, |z, = z,|+M,|"DPz,—DFz, | )dr,

< (M | 2)(t) = 25 (8) [+M,|"DPz, (1)
—‘DPz,(t) | )A(s +1).
(66)
Similarly, we can obtain the following inequality:
|“DPS,z, (t)—"DFS,z,(t)]
< (M) | 2,(t) = 2y (t)[+M,|*DPz, (1) (67)

—DPz,(t) | )A' (s + 7).
Taking under the norm||-|| 5 implies

18121 = $i22ll 0 < (M, + My) max {A(s-+1), 4" (s +7) 2, = 2ol
(68)

Using the two deduced assertions in (54) and (68) implies

1Sz = Sz5 || » < [[121 = $122 ]| + (1221 — S22 |

< {(M1 +M,) max {A(s+ r), A (s+ r)}
+ max {A’Al}] 121 =25l < ¥llz1 = 25| 0
(69)

which shows that S is a contraction mapping, and this fin-
ishes the proof.

In the same context, we introduce the following further
result which also explores the existence matter of our main
problem by taking into account, this time, Theorem 9.



Theorem 15. Suppose H, and H, hold. If
A
ma { (|[B¥ (120l ) AGs + ) + &), (B9 (|2l ) A" (s ) + A7) |
(70)

> 1.

Then, the problem given in (1)-(2) has at least one solution
on [0, T), for some A, &> 0, where A, A, A(-) and A'() are
defined, respectively, in (36), (37), (38) and (39).

Proof. Suppose O={z€€:*DPz€ G, ||z|]|» <A} is an open
subset of the Banach space in € = C([0, T, R*). Assume that
S: 0 — €% is an operator defined as given in (26) with its
fractional derivatives in (27), which are also previously defined
as a sum of two operators S; and S,. Observe that S is contin-
uous since §; and S, are so. From this point, we find that, it is
the right time, to apply on Theorem 9. For that purpose and
according to Arzela-Ascoli theorem, we need to show that S
is compact. In other words, we need to show that such opera-
tor is bounded and also equicontinuous. For the boundedness,
let t € [0, T] and consider the term |Sz(¢) | as follows:

IS2(t)] < I |f (£, 2(t), DP2(1))] + 01T |2(t)]
+ L, (OIle| T 2(T) [+ | £(T, 2(T), D°2(T))|
Hel P 12(T) 1]+ I (OIIB1T12(0)!
+I | £($,2(0), DP2(Q))1+IR 1 F [ 2(0) 1]
(71)

Using condition H, yields

o PO [
IS2()1 = I'(s+7) Jo(t ) d

Hel e+ el 7Yzl
AU Y —
+ F(Tr)@L (T -7y 'dr

s G

I (jz1.) Jf Goryriges U]

T(s+r)  Jy dT+F(s+ )

(72)

Consequently, the above inequality leads to the following
assertion.

I1S2(8)]| = suplSz(t)l < 151 (N2l ) Als +7) + 2] A
(73)

Similarly, we can easily obtain the following other assertion.

c

D2l = sup | DFS(0)] < ¥ (|1l )" (s ) + 1l oA

(74)
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By the last two inequalities, one can deduce that the opera-
tor S is bounded. On the other hand, to prove that this operator
is also equicontinuous, we should recall that it has been previ-
ously formulated as a sum of two operators S, and S,, with not-
ing that the first one, S;, has appeared as an equicontinuous
operator through the proof of Theorem 13.. Therefore, to com-
plete the proof of this theorem, it remains to show that S, is also
equicontinuous. In order to achieve this objective, let ¢,, , € |
0, T] such that #; < t,. Then, we have

1S,2(t,) = Sp2(ty)| < 1|"8(5|) x Utl ((tl -7)

0

—(t, - T)H) |z(1) | dr

+ Jtz (t,—1) 1 2(1) | dr]

31
T

| z(7) | dt
0

() = (0)] [m g

+ %JT (T-7)" | 2(7) | d‘r]

0

{
() - ()l [m | j |2(r) | dr

|€| d s—1
+ F(S)J (C-1)"" |2(7) Idrl.

0

(75)

Actually, the above inequality leads to the following other

one

5,2() = S52(0)1 5 ] | b 200 =0
5= ) (1, ~)|
T(T-¢)
e T¢
' (lal T+ I'(s+ 1))
15(T-6)-H(T-t)|
=

el
| ('ﬁ'“ TG+ 1%
£
S e[y 1y = 0’
BB (5 £)
T(r-)
|e|T°
' (I"" T+ F(s+1)>
B - B4 T(8 - 1)

e
(11 )|

+H-6)+
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One observes that the right-hand side of inequality above
goes to zero uniformly as t, — t,. This, however, implies that
S, is definitely equicontinuous via Arzela-Ascoli theorem. The
last step in this proof that should be considered is showing
the boundedness of the solution of the equation z = ySz, where
y €[0, 1]. In this regard, let ¢ € [0, T] and z be such solution,
then by considering (4.12, 4.12), we have

2]l = ¥1IS2ll
<18zl

= max {||Sz|[, [|"D’Sz||}
< |[|h]¥(]|z]| ) max
. {A(s+ r),A'(s+ r)} +z|| 5» max {A,A'}.
(77)

Using the previous inequality allows one to reveal the fol-
lowing inequality.

J(t)l -
1] ® (|l2]]) max {A(s+ r), A (s + r)} + |l2]] 5o max {A,A’}

(78)

Obviously, due to ||z(t)||,» < A as previously defined in O,
then the last assertion contradicts assumption (70). Hence, by
Theorem 9, one can conclude that S has a fixed point z € O,
which finishes the proof.

5. Illustrative Examples

This section introduces three examples to demonstrate the
proposed results related to the main issue in this work. For
simplicity in calculations, these three examples are unified
under the same values of our problem’s parameters (1)-(2).
In other words, we take r=8/5, s=2/3, p=1/2,{=1/2, T
=1, £=1/75, a=1/150 and f3 =3/200. Setting these values
in the terms (19), (20), (30) and (31) simplifies their expres-
sions to be in the following forms y, =1, x, = 1.03413, x,
=1.80715 and x, =1.80456. Accordingly, the following
terms are also estimated via (36)-(39) as A(s=2/3) =2.937,
A(s+7=34/15) = 0.854, A=0.054, A'(s=2/3) =4.339, A"(
s+7=34/15)=1.455and A" =0.083.

Example 1. Consider the following problem.

5 ( 23, 1 e |2(t)D"2(t) |
b (D +75>Z(t>‘(7+et) (1+|z(t)D1/Zz(t)|>’tE[o’ &
(79)

subject to the following conditions

z(0)=0, z(1)= %Jl z(u)du, z(%) = ;ﬁjm z(u)du.

0

Comparing (79)-(80) with (1)-(2) yields the following
continuous function on [0, 1]

o (L

(7 +e') \1+|z(t)D"?z(t) |

f(t.2(t), D"2(t)) =

Note that H, is satisfied, and, on the other hand, we have

s e’ lz(t)D*?z(t) |
(1 2(0), D2(1)) < (7 +e)|[1+]2(t)D"2(1) | | (82
which implies
If (& 2(£), D"2(1)) | < (1) = % (83)

Therefore, condition H, is also satisfied with ||g|| = 1/8.
Now, based on the above estimations, one can verify the fol-
lowing statement:

max {A, A'} =0.083<1. (84)

This means that the problem given in (79)-(80) has a
unique solution on [0, 1], as per Theorem 13..

Example 2. Consider the following problem:

D8/5 <D2/3 + 7_15> Z(t)

_Intz(1) |
B TEOL (85)
|D1/22(t) |

10(1 +1)*(IDYz(t)|+1)

subject to the same conditions given in (80). One can notice
that the function f has the form

- It z(p) | |DY2z(t) |
f(62(t), D2(1)) = 2t 2+02(0) 1 10(1+ £ (ID2()+1)
(86)
which satisfies H; and implies
If (t:21(1), D'’z () - f(t2(t), szz(t))l
(87)

1 1 1/2 1/2
< lel—z2|+ E|D z, - D'z,|.

This definitely means that condition H; is hold, with

M, =1/4 and M, = 1/10. Besides, one can have the following
assertion.

¥ = (M, + M,) max {A(s+ r), A (s + r)}
(88)
+max {4,4'} =0.5926 <1,
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which implies that the problem (85) has a unique solution on
[0, 1] according to Theorem 14.

Example 3. Consider the following problem.

D8/5 (D2/3 + %)Z(t)

e max { sup | z(t)

0<t<1

(89)
, sup

c

D2 ((t)) | }
0<t<1
5v1+ 12 ’

subject to the same conditions given in (80). In this example,
we have the function f is of the form

f(t,2(t), D"*2(t))

e max { sup | z(t)

0<t<1

, sup
0<t<1

541 + t2

CD”Z(z(t)) | } (90)

In fact, the above function satisfies H; and implies
IF (620, D2(0) < k(O (Jell5), (91

where h(t)=e'/5V/1+£ and ¥(|z]4)=|zll» <A in
which A is assumed as given in (70). In other words, condi-
tion H, is satisfied with ||k|| =1/5, while the assumption
given in (70) will be hold if

max {(0.1708||z|| ;, + 0.054), (0.291]|z[| ;, + 0.083) } < A.
(92)

This, consequently, implies A > 0.117. It means that the
problem (89), in view of Theorem 15., has at least one solu-
tion on [0, 1], for A > 0.117.

6. Conclusion

The existence and uniqueness of solution for the fractional-
order Langevin equation have been studied and explored in
this article. This problem has been addressed subject to novel
three-point boundary conditions involving two nonlocal
integrals. In view of this study, some new applicable condi-
tions and results have been established associated with our
main target. These results have been illustrated through three
numerical examples.
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