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In this paper, we give two Lichnerowicz-type formulas for modified Novikov operators. We prove Kastler-Kalau-Walze-type
theorems for modified Novikov operators on compact manifolds with (respectively without) a boundary. We also compute the
spectral action for Witten deformation on 4-dimensional compact manifolds.

1. Introduction

As has been well known, the noncommutative residue plays a
prominent role in noncommutative geometry which is found
in [1, 2]. For this reason, it has been studied extensively by
geometers. Connes used the noncommutative residue to
derive a conformal 4-dimensional Polyakov action analogy
in [3]. Connes showed us that the noncommutative residue
on a compact manifold M coincided with Dixmier’s trace
on pseudodifferential operators of order −dim M in [4]. Con-
nes has also observed that the noncommutative residue of the
square of the inverse of the Dirac operator was proportional
to the Einstein-Hilbert action, which is called the Kastler-
Kalau-Walze-type theorem now. Kastler [5] gave a brute-
force proof of this theorem. Kalau andWalze proved this the-
orem in the normal coordinate system simultaneously in [6].
Ackermann proved that the Wodzicki residue of the square
of the inverse of the Dirac operator WresðD−2Þ in turn is
essentially the second coefficient of the heat kernel expansion
of D2 in [7].

On the other hand, Wang generalized Connes’ results to
the case of manifolds with a boundary in [8, 9] and proved
the Kastler-Kalau-Walze-type theorem for the Dirac opera-
tor and the signature operator on lower-dimensional mani-
folds with a boundary [10]. In [10, 11], Wang computedgWres½π+D−1 ∘ π+D−1� and gWres½π+D−2 ∘ π+D−2�, where the
two operators are symmetric; in these cases, the boundary

term vanished. But for gWres½π+D−1 ∘ π+D−3�, Wang got a
nonvanishing boundary term [12] and gave a theoretical
explanation for gravitational action on the boundary. In
others words, Wang provides a kind of method to study the
Kastler-Kalau-Walze-type theorem for manifolds with a
boundary. In [13], López and his collaborators introduced
an elliptic differential operator which is called the Novikov
operator. The motivation of this paper is to prove the Kas-
tler-Kalau-Walze-type theorem for Novikov operators on
manifolds with a boundary. In [14], Iochum and Levy com-
puted heat kernel coefficients for Dirac operators with one-
form perturbations and proved that there are no tadpoles
for compact spin manifolds without a boundary. In [15],
Sitarz and Zajac investigated the spectral action for scalar
perturbations of Dirac operators. In [16], Hanisch and his
collaborators derived a formula for the gravitational part of
the spectral action for Dirac operators on 4-dimensional spin
manifolds with totally antisymmetric torsion. In [17], Zhang
introduced an elliptic differential operator which is called
the Witten deformation. Motivated by [14–17], we will com-
pute the spectral action for the Witten deformation on 4-
dimensional compact manifolds in this paper.

The framework of this paper is organized as follows.
Firstly, in Section 2, we give the definition of modified Novi-
kov operators and the Lichnerowicz formulas associated with
modified Novikov operators. We study the symbols of some
operators associated with modified Novikov operators; by
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using symbols of operators associated with modified Novikov
operators, we can prove the Kastler-Kalau-Walze-type theo-
rem for manifolds with a boundary in Section 3 and in Sec-
tion 4. In Section 5, we compute the spectral action for the
Witten deformation on 4-dimensional compact manifolds.

2. Modified Novikov Operators and Their
Lichnerowicz Formula

In this section, we firstly recall the definition of a Novikov
operator (see details in [8]). Let M be an n-dimensional
(n ≥ 3) oriented compact Riemannian manifold with a Rie-
mannian metric gM . The de Rham derivative d is an elliptic
differential operator on C∞ðM ; ∧∗T∗MÞ. Then, we have
the de Rham coderivative δ = d∗ and the symmetric opera-
tors D = d + δ and Δ =D2 = dδ + δd (the Laplacian).

With more generality, we take any closed θ ∈ C∞ðM ;
T∗MÞ. For the sake of simplicity, we assume that θ is real.
Then, we have the Novikov operators defined by θ, depend-
ing on z ∈ℂ in [8],

dz = d + z θ ∧ð Þ, δz = d∗z = δ + �z θ ∧ð Þ∗,
Dz = dz + δz = d + δð Þ + z θ ∧ð Þ + �z θ ∧ð Þ∗

= d + δð Þ + Rez θ ∧ð Þ + Rez θ ∧ð Þ∗½ �
+ i Imz θ ∧ð Þ − Imz θ ∧ð Þ∗½ �

= d + δð Þ + Rez θ∧+ θ ∧ð Þ∗½ � + iImz θ∧− θ ∧ð Þ∗½ �
= d + δð Þ + Rez�c θð Þ + iImzc θð Þ,

ð1Þ

where Rez is the real part of z, Imz is the imaginary part
of z, �cðθÞ = ðθÞ∗∧ + ðθ ∧ Þ∗, and cðθÞ = ðθÞ∗∧−ðθ ∧ Þ∗. In
this paper, we consider the modified Novikov operators;
for θ, θ′ ∈ ΓðTMÞ, we define that

D̂ = d + δ +�c θð Þ + c θ′
� �

, D̂∗ = d + δ +�c θð Þ − c θ′
� �

, ð2Þ

where �cðθÞ = ðθÞ∗∧ + ðθ ∧ Þ∗ and cðθ′Þ = ðθ′Þ∗ ∧ −ðθ′ ∧ Þ∗,
where θ∗ = gðθ, ·Þ, ðθ′Þ∗ = gðθ′, ·Þ.

Let ∇L be the Levi-Civita connection about gM . In the
local coordinates fxi ; 1 ≤ i ≤ ng and the fixed orthonormal
frame fee1,⋯, eeng, the connection matrix ðωs,tÞ is defined by

∇L ee1,⋯, eenð Þ = ee1,⋯, eenð Þ ωs,tð Þ: ð3Þ

Let ϵðgej ∗Þ and ιðgej ∗Þ be the exterior and interior
multiplications, respectively, and cðeej Þ be the Clifford action.
Suppose that ∂i is a natural local frame on TM and ðgijÞ1≤i,j≤n
is the inverse matrix associated with the metric matrix
ðgijÞ1≤i,j≤n on M. Write

c eej� �
= ε gej ∗� �

− ι gej ∗� �
,�c eej� �

= ε gej ∗� �
+ ι gej ∗� �

: ð4Þ

The modified Novikov operators D̂ and D̂
∗
are defined

by

D̂ = d + δ +�c θð Þ + c θ′
� �

= 〠
n

i=1
c ~eið Þ ~ei +

1
4
〠
s,t
ωs,t eeið Þ �c eesð Þ�c eetð Þ − c eesð Þc eetð Þ½ �

" #
+�c θð Þ + c θ′

� �
,

D̂
∗ = d + δ +�c θð Þ − c θ′

� �
= 〠

n

i=1
c eeið Þ ~ei +

1
4
〠
s,t
ωs,t eeið Þ �c eesð Þ�c eetð Þ − c eesð Þc eetð Þ½ �

" #
+�c θð Þ − c θ′

� �
:

ð5Þ

We first establish the main theorem in this section.
One has the following Lichnerowicz formulas.

Theorem 1. The following equalities hold:

D̂
∗
D̂ = − gij ∇∂i∇∂ j

− ∇∇L
∂i
∂ j

� �h i
−
1
8
〠
ijkl

Rijkl�c eeið Þ�c eej� �
c eekð Þc eelð Þ

+〠
i

c eeið Þ�c ∇TM
~ei

θ
� �

+
1
4
s − c θ′

� �
�c θð Þ

+�c θð Þc θ′
� �

+ θj j2 + θ′
�� ��2

+
1
4
〠
i

c eeið Þc θ′
� �

− c θ′
� �

c eeið Þ
h i2

− g eej , ∇TM
~ej

θ′
� �

,

D̂
2 = − gij ∇∂i∇∂ j

− ∇∇L
∂i
∂ j

� �h i
−
1
8
〠
ijkl

Rijkl�c eeið Þ�c eej� �
c eekð Þc eelð Þ

+〠
i

c eeið Þ�c ∇TM
~ei

θ
� �

+
1
4
s + c θ′

� �
�c θð Þ

+�c θð Þc θ′
� �

+ θj j2 − θ′
�� ��2

+
1
4
〠
i

c eeið Þc θ′
� �

+ c θ′
� �

c eeið Þ
h i2

−
1
2

c ∇TM
~ej

θ′
� �

c eej� �
− c eej� �

c ∇TM
~ej

θ′
� �h i

,

ð6Þ

where s is the scalar curvature.

In order to prove Theorem 1, we recall the basic notions
of Laplace-type operators. Let M be smooth compact-
oriented Riemannian n-dimensional manifolds without a
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boundary and V ′ be a vector bundle on M. Any differential
operator P of the Laplace type has locally the form

P = − gij∂i∂j + Ai∂i + B
� �

, ð7Þ

where ∂i is a natural local frame on TM, ðgijÞ1≤i,j≤n is the
inverse matrix associated with the metric matrix ðgijÞ1≤i,j≤n
on M, and Ai and B are smooth sections of EndðV ′Þ on M
(endomorphism). If P is a Laplace-type operator with the
form (7), then there is a unique connection ∇ on V ′ and a
unique endomorphism E such that

P = − gij ∇∂i∇∂ j
− ∇∇L

∂i
∂ j

� �
+ E

h i
, ð8Þ

where ∇L is the Levi-Civita connection onM. Moreover (with
local frames of T∗M and V′), ∇∂i = ∂i + ωi and E are related

to gij, Ai, and B through

ωi =
1
2
gij Ai + gklΓj

klid
� �

, ð9Þ

E = B − gij ∂i ωj

� �
+ ωiωj − ωkΓ

k
ij

� �
, ð10Þ

where Γj
kl is the Christoffel coefficient of ∇L.

By Proposition 4.6 of [17], we have

d + δ +�c θð Þð Þ2 = d + δð Þ2 +〠
i

c eeið Þ�c ∇TM
~ei

θ
� �

+ θj j2: ð11Þ

By [18], the local expression of ðd + δÞ2 is

d + δð Þ2 = −△0 −
1
8
〠
ijkl

Rijkl�c eeið Þ�c eej� �
c eekð Þc eelð Þ + 1

4
s: ð12Þ

Let gij = gðdxi, dxjÞ, ξ =∑kξjdxj, and ∇L
∂i
∂j =∑kΓ

k
ij∂k, we

denote that

σi = −
1
4
〠
s,t
ωs,t eeið Þc eesð Þc eetð Þ,

ai =
1
4
〠
s,t
ωs,t eeið Þ�c eesð Þ�c eetð Þ,

ξj = gijξi,

Γk = gijΓk
ij,

σj = gijσi,

aj = gijai:

ð13Þ

Then, the modified Novikov operators D̂ and D̂
∗
can be

written as

D̂ = 〠
n

i=1
c eeið Þ eei + ai + σi½ � +�c θð Þ + c θ′

� �
,

D̂
∗ = 〠

n

i=1
c eeið Þ eei + ai + σi½ � +�c θð Þ − c θ′

� �
:

ð14Þ

By [7, 18], we have

−△0 = Δ = −gij ∇L
i ∇

L
j − Γk

ij∇
L
k

� �
: ð15Þ

We note that

D̂
∗
D̂ = d + δ +�c θð Þð Þ2 + d + δð Þc θ′

� �
+�c θð Þc θ′

� �
− c θ′
� �

d + δð Þ − c θ′
� �

�c θð Þ + θ′
�� ��2,

−c θ′
� �

d + δð Þ + d + δð Þc θ′
� �

=〠
i,j
gi,j c ∂ið Þc θ′

� �
− c θ′
� �

c ∂ið Þ
h i

∂j

−〠
i,j
gi,j
h
c θ′
� �

c ∂ið Þσi + c θ′
� �

c ∂ið Þai

+ c ∂ið Þ∂i c θ′
� �� �

+ c ∂ið Þσic θ′
� �

+ c ∂ið Þaic θ′
� �i

,

ð16Þ

then we obtain

D̂
∗
D̂ = −〠

i,j
gi,j
h
∂i∂j + 2σi∂j + 2ai∂j − Γk

i,j∂k + ∂iσj

� �
+ ∂iaj
� �

+ σiσj + σiaj + aiσj + aiaj − Γk
i,jσk − Γk

i,jak
i

+〠
i,j
gi,j c ∂ið Þc θ′

� �
− c θ′
� �

c ∂ið Þ
h i

∂j

−〠
i,j
gi,j
h
c θ′
� �

c ∂ið Þσi + c θ′
� �

c ∂ið Þai

− c ∂ið Þ∂i c θ′
� �� �

− c ∂ið Þσic θ′
� �

− c ∂ið Þaic θ′
� �i

−
1
8
〠
ijkl

Rijkl�c eeið Þ�c eej� �
c eekð Þc eelð Þ + 1

4
s

+〠
i

c eeið Þ�c ∇TM
~ei

θ
� �

+ θj j2 + θ′
�� ��2

+�c θð Þc θ′
� �

− c θ′
� �

�c θð Þ:
ð17Þ
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Similarly, we have

D̂
2 = −〠

i,j
gi,j
h
∂i∂j + 2σi∂j + 2ai∂j − Γk

i,j∂k + ∂iσ j

� �
+ ∂iaj
� �

+ σiσj + σiaj + aiσj + aiaj − Γk
i,jσk − Γk

i,jak
i

+〠
i,j
gi,j c ∂ið Þc θ′

� �
+ c θ′
� �

c ∂ið Þ
h i

∂j

+〠
i,j
gi,j
h
c θ′
� �

c ∂ið Þσi + c θ′
� �

c ∂ið Þai

+ c ∂ið Þ∂i c θ′
� �� �

+ c ∂ið Þσic θ′
� �

+ c ∂ið Þaic θ′
� �i

−
1
8
〠
ijkl

Rijkl�c eeið Þ�c eej� �
c eekð Þc eelð Þ + 1

4
s

+〠
i

c eeið Þ�c ∇TM
~ei

θ
� �

+ θj j2 − θ′
�� ��2

+�c θð Þc θ′
� �

+ c θ′
� �

�c θð Þ:
ð18Þ

By (8), (9), (10), and (17), we have

ωið ÞD̂∗
D̂ = σi + ai −

1
2

c ∂ið Þc θ′
� �

− c θ′
� �

c ∂ið Þ
h i

,

ED̂
∗
D̂ = −c ∂ið Þσic θ′

� �
− c ∂ið Þaic θ′

� �
+
1
8
〠
ijkl

Rijkl�c eeið Þ�c eej� �
c eekð Þc eelð Þ

−〠
i

c eeið Þ�c ∇TM
~ei

θ
� �

− θj j2 − θ′
�� ��2 − 1

4
s

+ c θ′
� �

�c θð Þ + c θ′
� �

c ∂ið Þσi

+ c θ′
� �

c ∂ið Þai − c ∂ið Þ∂i c θ′
� �� �

+
1
2
∂j c ∂j

� �
c θ′
� �

− c θ′
� �

c ∂j

� �h i
−
1
2

c ∂j

� �
c θ′
� �

− c θ′
� �

c ∂j

� �h i
σj + aj
� �

−
gij

4
c ∂ið Þc θ′

� �
− c θ′
� �

c ∂ið Þ
h i

� c ∂j

� �
c θ′
� �

− c θ′
� �

c ∂j

� �h i
−
1
2
Γk c ∂kð Þc θ′

� �
− c θ′
� �

c ∂kð Þ
h i

−�c θð Þc θ′
� �

−
1
2

σj + aj
� �

� c ∂j

� �
c θ′
� �

− c θ′
� �

c ∂j

� �h i
:

ð19Þ

For a smooth vector field Y on M, let cðYÞ denote the
Clifford action. Since E is globally defined on M, taking
normal coordinates at x0, we have σiðx0Þ = 0, aiðx0Þ = 0,
∂j½cð∂jÞ�ðx0Þ = 0, Γkðx0Þ = 0, and gijðx0Þ = δji , so that

ED̂
∗
D̂ x0ð Þ = 1

8
〠
ijkl

Rijkl�c eeið Þ�c eej� �
c eekð Þc eelð Þ

−〠
i

c eeið Þ�c ∇TM
~ei

θ
� �

−
1
4
s + c θ′

� �
�c θð Þ

−�c θð Þc θ′
� �

− θj j2 − θ′
�� ��2

−
1
4
〠
i

c eeið Þc θ′
� �

− c θ′
� �

c eeið Þ
h i2

−
1
2

c eej� �eej c θ′
� �� �

+ eej c θ′
� �� �

c eej� �h i
=
1
8
〠
ijkl

Rijkl�c eeið Þ�c eej� �
c eekð Þc eelð Þ

−〠
i

c eeið Þ�c ∇TM
~ei

θ
� �

−
1
4
s + c θ′

� �
�c θð Þ

−�c θð Þc θ′
� �

− θj j2 − θ′
�� ��2

−
1
4
〠
i

c eeið Þc θ′
� �

− c θ′
� �

c eeið Þ
h i2

+ g eej , ∇TM
~ej

θ′
� �

:

ð20Þ

Similarly, we have

E
D̂
2 x0ð Þ = 1

8
〠
ijkl

Rijkl�c eeið Þ�c eej� �
c eekð Þc eelð Þ

−〠
i

c eeið Þ�c ∇TM
~ei

θ
� �

−
1
4
s − c θ′

� �
�c θð Þ

−�c θð Þc θ′
� �

− θj j2 + θ′
�� ��2

−
1
4
〠
i

c eeið Þc θ′
� �

+ c θ′
� �

c eeið Þ
h i2

+
1
2

c ∇TM
~ej

θ′
� �

c eej� �
− c eej� �

c ∇TM
~ej

θ′
� �h i

,

ð21Þ

which, together with (7), yields Theorem 1.
The noncommutative residue of a generalized Laplacian

~Δ is expressed as by [7]

n − 2ð ÞΦ2
~Δ
� �

= 4πð Þ− n/2ð ÞΓ
n
2

� �fres ~Δ
− n/2ð Þ+1� �

, ð22Þ

where Φ2ð~ΔÞ denotes the integral over the diagonal part of
the second coefficient of the heat kernel expansion of ~Δ.
Now let ~Δ = D̂

∗
D̂. Since D̂

∗
D̂ is a generalized Laplacian, we

can suppose D̂
∗
D̂ = Δ − E, then we have

Wres D̂
∗
D̂

� �− n−2ð Þ/2ð Þ

=
n − 2ð Þ 4πð Þn/2
n/2ð Þ − 1ð Þ!

ð
M
tr

1
6
s + ED̂

∗
D̂

� �
dVolM ,

ð23Þ

where Wres denotes the noncommutative residue.
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Similarly, we have

Wres D̂
2

� �− n−2ð Þ/2ð Þ

=
n − 2ð Þ 4πð Þn/2
n/2ð Þ − 1ð Þ!

ð
M
tr

1
6
s + E

D̂
2

� �
dVolM ,

ð24Þ

where Wres denotes the noncommutative residue.

Theorem 2. For even n-dimensional compact-oriented mani-
folds without a boundary, the following equalities hold:

Wres D̂
∗
D̂

� �− n−2ð Þ/2ð Þ

=
n − 2ð Þ 4πð Þn/2
n/2ð Þ − 1ð Þ!

ð
M
2n
�
−
1
12

s − θj j2

+ n − 2ð Þ θ′�� ��2 + g eej , ∇TM
~ej

θ′
� ��

dVolM ,

ð25Þ

Wres D̂
2

� �− n−2ð Þ/2ð Þ

=
n − 2ð Þ 4πð Þn/2
n/2ð Þ − 1ð Þ!

ð
M
2n −

1
12

s − θj j2
� �

dVolM ,
ð26Þ

where s is the scalar curvature.

3. A Kastler-Kalau-Walze-Type Theorem for
4-Dimensional Manifolds with Boundary

In this section, we prove the Kastler-Kalau-Walze-type theo-
rem for 4-dimensional compact-oriented manifold with a
boundary. We firstly give some basic facts and formulas
about Boutet de Monvel’s calculus and the definition of the
noncommutative residue for manifolds with a boundary
(see details in Section 2 in [10]).

Let M be a 4-dimensional compact-oriented manifold
with boundary ∂M. We assume that the metric gM on M
has the following form near the boundary,

gM = 1
h xnð Þ g

∂M + dx2n, ð27Þ

where g∂M is the metric on ∂M. hðxnÞ ∈ C∞ð½0, 1ÞÞ = f~hj½0,1Þj
~h ∈ C∞ðð−ε, 1ÞÞg for some ε > 0 and satisfies hðxnÞ > 0, hð0Þ
= 1 where xn denotes the normal directional coordinate. Let
U ⊂M be a collar neighborhood of ∂M which is diffeo-
morphic with ∂M × ½0, 1Þ. By the definition of hðxnÞ ∈ C∞

ð½0, 1ÞÞ and hðxnÞ > 0, there exists ~h ∈ C∞ðð−ε, 1ÞÞ such that
~h∣½0,1Þ = h and ~h > 0 for some sufficiently small ε > 0. Then,
there exists a metric ĝ on M̂ =M

S
∂M∂M × ð−ε, 0� which

has the form on U
S

∂M∂M × ð−ε, 0�

ĝ =
1

~h xnð Þ
g∂M + dx2n, ð28Þ

such that ĝjM = g. We fix a metric ĝ on the M̂ such that
ĝjM = g.

Let

F : L2 Rtð Þ⟶ L2 Rvð Þ, F uð Þ vð Þ =
ð
e−ivtu tð Þdt, ð29Þ

denote the Fourier transformation and ΦðR+Þ = r+ΦðRÞ
(similarly define ΦðR�Þ), where ΦðRÞ denotes the Schwartz
space and

r+ : C∞ Rð Þ⟶ C∞ R+
� �

, f ⟶ f R+
��� ; R+ = x ≥ 0 ; x ∈ Rf g:

ð30Þ

We define H+ = FðΦðR+ÞÞ and H−
0 = FðΦðR�ÞÞ which

are orthogonal to each other. We have the following prop-
erty: h ∈H+ðH−

0 Þ if and only if h ∈ C∞ðRÞ which has an
analytic extension to the lower (upper) complex half-
plane fIm ξ < 0gðfIm ξ > 0gÞ such that for all nonnegative
integer l,

dlh

dξl
ξð Þ ~ 〠

∞

k=1

dl

dξl
ck
ξk

� �
, ð31Þ

as ∣ξ∣⟶ +∞, Im ξ ≤ 0ðImξ ≥ 0Þ.
Let H ′ be the space of all polynomials and H− =H−

0 ⊕H ′
and H =H+ ⊕H−. Denote by π+ðπ−Þ, respectively, the
projection on H+ðH−Þ. For calculations, we take H = ~H =
frational functions having no poles on the real axisg (~H is a
dense set in the topology of H). Then, on ~H,

π+h ξ0ð Þ = 1
2πi

lim
u→0−

ð
Γ+

h ξð Þ
ξ0 + iu − ξ

dξ, ð32Þ

where Γ+ is a Jordan close curve including Im ðξÞ > 0 sur-
rounding all the singularities of h in the upper half-plane
and ξ0 ∈ R. Similarly, define π′ on ~H,

π′h = 1
2π

ð
Γ+
h ξð Þdξ: ð33Þ

So, π′ðH−Þ = 0. For h ∈H ∩ L1ðRÞ, π′h = ð1/2πÞÐ RhðvÞ
dv, and for h ∈H+ ∩ L1ðRÞ, π′h = 0.

An operator of order m ∈ Z and type d is a matrix

A =
π+P +G K

T S

 !
:

C∞ X, E1ð Þ
⊕

C∞ ∂X, F1ð Þ
⟶

C∞ X, E2ð Þ
⊕

C∞ ∂X, F2ð Þ
:

ð34Þ

where X is a manifold with boundary ∂X and E1, E2ðF1, F2Þ
are vector bundles over Xð∂XÞ. Here, P : C∞

0 ðΩ, E1Þ⟶
C∞ðΩ, E2Þ is a classical pseudodifferential operator of order
m on Ω, where Ω is an open neighborhood of X and Ei∣X
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= Ei ði = 1, 2Þ. P has an extension: E ′ðΩ, E1Þ⟶D′ðΩ, E2Þ,
where E ′ðΩ, E1ÞðD′ðΩ, E2ÞÞ is the dual space of C∞ðΩ,
E1ÞðC∞

0 ðΩ, E2ÞÞ. Let e+ : C∞ðX, E1Þ⟶E ′ðΩ, E1Þ denote
extension by zero from X to Ω and r+ : D′ðΩ, E2Þ⟶D′
ðΩ, E2Þ denote the restriction from Ω to X, then define

π+P = r+Pe+ : C∞ X, E1ð Þ⟶D′ Ω, E2ð Þ: ð35Þ

In addition, P is supposed to have the transmission
property; this means that, for all j, k, α, the homogeneous
component pj of order j in the asymptotic expansion of the
symbol p of P in local coordinates near the boundary satisfies

∂kxn∂
α
ξ′pj x′, 0, 0,+1
� �

= −1ð Þj−∣α∣∂kxn∂
α
ξ′pj x′, 0, 0,−1
� �

, ð36Þ

then π+P : C∞ðX, E1Þ⟶ C∞ðX, E2Þ by [19]. LetG and T be,
respectively, the singular Green operator and the trace opera-
tor of order m and type d. K is a potential operator and S is a
classical pseudodifferential operator of order m along the
boundary (for detailed definition, see [13]). Denote by Bm,d

the collection of all operators of order m and type d, and B

is the union over all m and d.
Recall Bm,d is a Fréchet space. The composition of the

above operator matrices yields a continuous map: Bm,d ×
Bm′,d′ ⟶ Bm+m′,maxfm′+d,d′g: Write

A =
π+P +G K

T S

 !
∈ Bm,d , A′

=
π+P′ + G′ K ′

T ′ S′

 !
∈ Bm′,d′:

ð37Þ

The composition AA′ is obtained by multiplication of the
matrices (for more details, see [19]). For example, π+P ∘G′
and G ∘G′ are singular Green operators of type d′ and

π+P ∘ π+P′ = π+ PP′
� �

+ L P, P′
� �

: ð38Þ

Here, PP′ is the usual composition of pseudodifferential
operators, and LðP, P′Þ called the leftover term is a singular
Green operator of typem′ + d. For our case, P, P′ are classical
pseudodifferential operators; in other words, π+P ∈B∞ and
π+P′ ∈B∞ .

Let M be an n-dimensional compact-oriented manifold
with boundary ∂M. Denote byB Boutet deMonvel’s algebra,
we recall the main theorem in [10, 20].

Theorem 3 ([20], Fedosov-Golse-Leichtnam-Schrohe). Let X
and ∂X be connected, dim X = n ≥ 3,

A =
π+P + G K

T S

 !
∈B, ð39Þ

and denote by p, b, and s the local symbols of P,G, and S,
respectively. Define:

gWres Að Þ =
ð
X

ð
S
trE p−n x, ξð Þ½ �σ ξð Þdx

+ 2π
ð
∂X

ð
S

′ trE trb−nð Þ x′, ξ′
� �h in

+ trF s1−n x′, ξ′
� �h io

σ ξ′
� �

dx′:

ð40Þ

Then, (a) gWresð½A, B�Þ = 0, for any A, B ∈B; (b) it is a
unique continuous trace on B/B−∞.

Formulas (2.1.4)–(2.1.8) from paper [10] still hold in the
case when M is an oriented (not necessarily spin) manifold,
since these formulas come from a composition of pseudodif-
ferential operators in Boutet de Monvel algebra (see p.23 in
[20] and p.740 in [8]). These formulas hold for general pseu-
dodifferential operators. Thus, these formulas hold for the
modified Novikov operator.

By (2.1.4)–(2.1.8) in [10], we get

gWres π+D−p1 ∘ π+D−p2½ �
=
ð
M

ð
∣ξ∣=1

trace∧∗T∗M σ−n D−p1−p2ð Þ½ �σ ξð Þdx +
ð
∂M

Φ,
ð41Þ

Φ =
ð

ξ′j j=1

ð+∞
−∞

〠
∞

j,k=0
〠 −ið Þ αj j+j+k+1

α! j + k + 1ð Þ!
× trace∧∗T∗M ∂j

xn
∂α
ξ′∂

k
ξn
σ+r D−p1ð Þ x′, 0, ξ′, ξn

� �h
× ∂αx′∂

j+1
ξn

∂kxnσl D
−p2ð Þ x′, 0, ξ′, ξn
� �i

dξnσ ξ′
� �

dx′,

ð42Þ

where the sum is taken over r + l − k − jαj − j − 1 = −n, r ≤
−p1, l ≤ −p2. D denotes the de Rham operator d + δ. In fact,
for a general one-order elliptic differential operator, (41) and
(42) are also correct.

Since ½σ−nðD−p1−p2Þ�jM has the same expression as σ−n
ðD−p1−p2Þ in the case of manifolds without a boundary,
locally, we can use the computations [5, 6, 10, 19] to compute
the first term.

For any fixed point x0 ∈ ∂M, we choose the normal coor-
dinates U of x0 in ∂M (not in M) and compute Φðx0Þ in the
coordinates ~U =U × ½0, 1Þ ⊂M and the metric ð1/hðxnÞÞ
g∂M + dx2n. The dual metric of gM on ~U is hðxnÞg∂M + dx2n.
Write gMij = gMðð∂/∂xiÞ, ð∂/∂xjÞÞ and gijM = gMðdxi, dxjÞ, then

gM
i,j

h i
=

1
h xnð Þ g∂Mi,j

h i
0

0 1

264
375, gi,j

M

h i

=
h xnð Þ gi,j∂M

h i
0

0 1

24 35,
∂xsg

∂M
ij x0ð Þ = 0, 1 ≤ i, j ≤ n − 1, gM

ij x0ð Þ = δij:

ð43Þ
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For a general Clifford module, the conclusion of Section 2
and the Appendix in [10] is true. In our case, for ∧∗T∗M,
cðdxjÞ = dxj∧−ðdxj ∧ Þ∗ is the Clifford module, so we can
use the conclusion of Section 2 and the Appendix in [10]. We
will give the following three lemmas as computation tools.

Lemma 4 (see [10]). With the metric gM on M near the
boundary

∂x j ξj j2gM
� �

x0ð Þ =
0, if j < n,

h′ 0ð Þ ξ′�� ��2g∂M , if j = n,

8<:
∂xj c ξð Þ½ � x0ð Þ =

0, if j < n,

∂xn c ξ′
� �� �

x0ð Þ, if j = n,

8<:
ð44Þ

where ξ = ξ′ + ξndxn.

Lemma 5 (see [10]). With the metric gM on M near the
boundary

ωs,t eeið Þ x0ð Þ =
ωn,i eeið Þ x0ð Þ = 1

2
h′ 0ð Þ, if s = n, t = i, i < n,

ωi,n eeið Þ x0ð Þ = −
1
2
h′ 0ð Þ, if s = i, t = n, i < n ;

ωs,t eeið Þ x0ð Þ = 0, other cases,

8>>>>><>>>>>:
ð45Þ

where ðωs,tÞ denotes the connection matrix of Levi-Civita con-
nection ∇L.

Lemma 6 (see [10]). When i < n, then

Γn
ii x0ð Þ = 1

2
h′ 0ð Þ ; Γi

ni x0ð Þ = −
1
2
h′ 0ð Þ ; Γi

in x0ð Þ = −
1
2
h′ 0ð Þ,

ð46Þ

in other cases, Γi
stðx0Þ = 0.

By (41) and (42), we firstly compute

gWres π+D̂
−1 ∘ π+ D̂

∗
� �−1	 


=
ð
M

ð
∣ξ∣=1

trace∧∗T∗M σ−4 D̂
∗
D̂

� �−1� �	 

σ ξð Þdx +

ð
∂M

Φ,

ð47Þ

where

Φ =
ð

ξ′j j=1

ð+∞
−∞

〠
∞

j,k=0
〠 −ið Þ αj j+j+k+1

α! j + k + 1ð Þ!

× trace∧∗T∗M

h
∂j
xn
∂α
ξ′∂

k
ξn
σ+r D̂

−1
� �

x′, 0, ξ′, ξn
� �

× ∂αx′∂
j+1
ξn

∂kxnσl D̂
∗

� �−1� �
x′, 0, ξ′, ξn
� �i

dξnσ ξ′
� �

dx′,

ð48Þ

and the sum is taken over r + l − k − j − jαj = −3, r ≤ −1,
l ≤ −1, D̂ denotes the modified Novikov operators.

Locally, we can use Theorem 2 (25) to compute the inte-

rior of gWres½π+D̂
−1 ∘ π+ðD̂∗Þ−1�; we have

ð
M

ð
∣ξ∣=1

trace∧∗T∗M σ−4 D̂
∗
D̂

� �−1� �	 

σ ξð Þdx

= 32π2
ð
M

	
16g eej , ∇TM

~ej
θ′

� �
−
4
3
s

− 16 θj j2 + 32 θ′
�� ��2
dVolM:

ð49Þ

So we only need to compute
Ð
∂MΦ. Let us now turn to

compute the symbols of some operators. By (13)–(18), some
operators have the following symbols.

Lemma 7. The following identities hold:

σ1 D̂
� �

= σ1 D̂
∗

� �
= ic ξð Þ, σ0 D̂

� �
=
1
4
〠
i,s,t

ωs,t eeið Þc eeið Þ�c eesð Þ�c eetð Þ

−
1
4
〠
i,s,t

ωs,t eeið Þc eeið Þc eesð Þc eetð Þ +�c θð Þ

+ c θ′
� �

, σ0 D̂
∗

� �
=
1
4
〠
i,s,t

ωs,t eeið Þc eeið Þ�c eesð Þ�c eetð Þ

−
1
4
〠
i,s,t

ωs,t eeið Þc eeið Þc eesð Þc eetð Þ +�c θð Þ − c θ′
� �

:

ð50Þ

Write

Dα
x = −ið Þ αj j∂αx , σ D̂

� �
= p1 + p0, σ D̂

−1
� �

= 〠
∞

j=1
q−j: ð51Þ

By the composition formula of pseudodifferential opera-
tors, we have
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1 = σ D̂ ∘ D̂−1
� �

=〠
α

1
α!
∂αξ σ D̂

� �� �
Dα
x σ D̂

−1
� �h i

= p1 + p0ð Þ q−1 + q−2 + q−3+⋯ð Þ
+〠

j

∂ξ j p1 + ∂ξ j p0
� �

Dxj
q−1 +Dxj

q−2 +Dxj
q−3+⋯

� �
= p1q−1 + p1q−2 + p0q−1 +〠

j

∂ξ j p1Dxj
q−1

 !
+⋯,

ð52Þ

so

q−1 = p−11 , q−2 = −p−11 p0p
−1
1 +〠

j

∂ξ j p1Dxj
p−11
� �" #

: ð53Þ

By Lemma 7, we have some symbols of operators.

Lemma 8. The following identities hold:

σ−1 D̂
−1

� �
= σ−1 D̂

∗
� �−1� �

=
ic ξð Þ
ξj j2

, σ−2 D̂
−1

� �

=
c ξð Þσ0 D̂

−1
� �

c ξð Þ
ξj j4

+
c ξð Þ
ξj j6

〠
j

c dxj
� �

� ∂xj c ξð Þð Þ ξj j2 − c ξð Þ∂x j ξj j2
� �h i

, σ−2 D̂
∗

� �−1� �

=
c ξð Þσ0 D̂

∗
� �−1� �

c ξð Þ
ξj j4

+
c ξð Þ
ξj j6

〠
j

c dxj
� �

� ∂xj c ξð Þð Þ ξj j2 − c ξð Þ∂x j ξj j2
� �h i

:

ð54Þ

From the remark above, we can now compute Φ (see for-
mula (48) for the definition of Φ). We use tr as shorthand of
trace. Since n = 4, then tr∧∗T∗M½id� = dim ð∧∗ð4ÞÞ = 16, since
the sum is taken over r + l − k − j − ∣α∣ = −3, r ≤ −1, l ≤ −1,
then we have the following five cases:

Case 1. (i) r = −1, l = −1, k = j = 0, and jαj = 1.

By (48), we get

Case 1 ið Þ = −
ð

ξ′j j=1

ð+∞
−∞

〠
αj j=1

tr
h
∂α
ξ′π

+
ξn
σ−1 D̂

−1
� �

× ∂αx′∂ξnσ−1 D̂
∗

� �−1� �i
x0ð Þdξnσ ξ′

� �
dx′:

ð55Þ

By Lemma 4, for i < n, then

∂xi
ic ξð Þ
ξj j2

 !
x0ð Þ = i∂xi c ξð Þ½ � x0ð Þ

ξj j2
−
ic ξð Þ∂xi ξj j2

� �
x0ð Þ

ξj j4
= 0,

ð56Þ

so Case 1 (i) vanishes.

Case 1. (ii) r = −1, l = −1, k = ∣α∣ = 0, and j = 1.

By (48), we get

Case 1 iið Þ = −
1
2

ð
ξ′j j=1

ð+∞
−∞

trace
h
∂xnπ

+
ξn
σ−1 D∧−1� �

× ∂2ξnσ−1 D∧∗ð Þ−1
� �i

x0ð Þdξnσ ξ′
� �

dx′:
ð57Þ

By Lemma 8, we have

∂2ξnσ−1 D̂
∗

� �−1� �
x0ð Þ = i −

6ξnc dxnð Þ + 2c ξ′
� �

ξj j4
+
8ξ2nc ξð Þ

ξj j6

0@ 1A,

ð58Þ

∂xnσ−1 D̂
−1

� �
x0ð Þ =

i∂xn c ξ′
� �

x0ð Þ
ξj j2

−
ic ξð Þ ξ′�� ��2h′ 0ð Þ

ξj j4
:

ð59Þ

By (32), (33), and the Cauchy integral formula, we have

π+
ξn

c ξð Þ
ξj j4

" #
x0ð Þ
�����
ξ′j j=1

= π+
ξn

c ξ′
� �

+ ξnc dxnð Þ

1 + ξ2n

� �2
264

375 =
1
2πi

limu⟶0−

ð
Γ+

·
c ξ′
� �

+ ηnc dxnð Þ
� �

/ ηn + ið Þ2 ξn + iu − ηnð Þ� �� �
ηn − ið Þ2 dηn

= −
iξn + 2ð Þc ξ′

� �
+ ic dxnð Þ

4 ξn − ið Þ2
:

ð60Þ

Similarly, we have,

π+
ξn

i∂xn c ξ′
� �
ξj j2

24 35 x0ð Þ
������
ξ′j j=1

=
∂xn c ξ′

� �h i
x0ð Þ

2 ξn − ið Þ : ð61Þ
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By (59), then

π+
ξn
∂xnσ−1 D̂

−1
� ����

ξ′j j=1 =
∂xn c ξ′

� �h i
x0ð Þ

2 ξn − ið Þ + ih′ 0ð Þ

�
iξn + 2ð Þc ξ′

� �
+ ic dxnð Þ

4 ξn − ið Þ2

24 35:
ð62Þ

By the relation of the Clifford action and trAB = trBA, we
have the equalities:

tr c ξ′
� �

c dxnð Þ
h i

= 0, tr c dxnð Þ2� �
= −16, tr c ξ′

� �2	 

x0ð Þ
����
ξ′j j=1

= −16, tr ∂xnc ξ′
� �

c dxnð Þ
h i

= 0, tr ∂xn c ξ′
� �

c ξ′
� �h i

x0ð Þj ξ′j j=1
= −8h′ 0ð Þ, tr �c eeið Þ�c ~ej

� �
c eekð Þc eelð Þ� �

= 0 i ≠ jð Þ:
ð63Þ

By (61) and a direct computation, we have

h′ 0ð Þtr

"
iξn + 2ð Þc ξ′

� �
+ ic dxnð Þ

4 ξn − ið Þ2
×

 
6ξnc dxnð Þ + 2c ξ′

� �
1 + ξ2n

� �2
−
8ξ2n c ξ′

� �
+ ξnc dxnð Þ

h i
1 + ξ2n

� �3
!#

x0ð Þ

�������
ξ′j j=1

= −16h′ 0ð Þ −2iξ2n − ξn + i

ξn − ið Þ4 ξn + ið Þ3
:

ð64Þ

Similarly, we have

−itr

"
∂xn c ξ′

� �h i
x0ð Þ

2 ξn − ið Þ

0@ 1A ×

 
6ξnc dxnð Þ + 2c ξ′

� �
1 + ξ2n

� �2
−
8ξ2n c ξ′

� �
+ ξnc dxnð Þ

h i
1 + ξ2n

� �3
!#

x0ð Þ

�������
ξ′j j=1

= −8ih′ 0ð Þ 3ξ2n − 1
ξn − ið Þ4 ξn + ið Þ3

:

ð65Þ

Then,

Case 1 iið Þ = −
ð

ξ′j j=1

ð+∞
−∞

4ih′ 0ð Þ ξn − ið Þ2
ξn − ið Þ4 ξn + ið Þ3

dξnσ ξ′
� �

dx′

= −4ih′ 0ð ÞΩ3

ð
Γ+

1
ξn − ið Þ2 ξn + ið Þ3

dξndx′

= −4ih′ 0ð ÞΩ32πi
1

ξn + ið Þ3
" # 1ð Þ������

ξn=i

dx′

= −
3
2
πh′ 0ð ÞΩ3dx′,

ð66Þ

where Ω3 is the canonical volume of S3:

Case 1. (iii) r = −1, l = −1, j = ∣α∣ = 0, and k = 1.

By (48), we get

Case 1 iiið Þ = −
1
2

ð
ξ′j j=1

ð+∞
−∞

trace
h
∂ξnπ

+
ξn
σ−1 D̂

−1
� �

× ∂ξn∂xnσ−1 D̂
∗

� �−1� �i
x0ð Þdξnσ ξ′

� �
dx′:

ð67Þ

By Lemma 8, we have

∂ξn∂xnσ−1 D̂
∗

� �−1� �
x0ð Þ
����
ξ′j j=1

= −ih′ 0ð Þ c dxnð Þ
ξj j4

− 4ξn
c ξ′
� �

+ ξnc dxnð Þ
ξj j6

24 35
−
2ξni∂xnc ξ′

� �
x0ð Þ

ξj j4
,

ð68Þ

∂ξnπ
+
ξn
σ−1 D̂

−1
� �

x0ð Þ
���
ξ′j j=1 = −

c ξ′
� �

+ ic dxnð Þ
2 ξn − ið Þ2

: ð69Þ

Similar to Case 1 (ii), we have

tr

(
c ξ′
� �

+ ic dxnð Þ
2 ξn − ið Þ2

× ih′ 0ð Þ
"
c dxnð Þ
ξj j4

− 4ξn
c ξ′
� �

+ ξnc dxnð Þ
ξj j6

#)
= 8h′ 0ð Þ i − 3ξn

ξn − ið Þ4 ξn + ið Þ3
,

tr
c ξ′
� �

+ ic dxnð Þ
2 ξn − ið Þ2

×
2ξni∂xn c ξ′

� �
x0ð Þ

ξj j4

24 35
= −8ih′ 0ð Þξn

ξn − ið Þ4 ξn + ið Þ2
:

ð70Þ
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So we have

Case 1 iiið Þ = −
ð

ξ′j j=1

ð+∞
−∞

h′ 0ð Þ4 i − 3ξnð Þ
ξn − ið Þ4 ξn + ið Þ3

dξnσ ξ′
� �

dx′

−
ð

ξ′j j=1

ð+∞
−∞

h′ 0ð Þ4iξn
ξn − ið Þ4 ξn + ið Þ2

dξnσ ξ′
� �

dx′

= −h′ 0ð ÞΩ3
2πi
3!

4 i − 3ξnð Þ
ξn + ið Þ3

" # 3ð Þ������
ξn=i

dx′

+ h′ 0ð ÞΩ3
2πi
3!

4iξn
ξn + ið Þ2

" # 3ð Þ������
ξn=i

dx′

=
3
2
πh′ 0ð ÞΩ3dx′:

ð71Þ

Case 2. r = −2, l = −1, and k = j = ∣α∣ = 0.

By (48), we get

Case 2 = −i
ð

ξ′j j=1

ð+∞
−∞

trace
h
π+
ξn
σ−2 D̂

−1
� �

× ∂ξnσ−1 D̂
∗

� �−1� �i
x0ð Þdξnσ ξ′

� �
dx′:

ð72Þ

By Lemma 8, we have

σ−2 D̂
−1

� �
x0ð Þ = c ξð Þσ0 D̂

� �
x0ð Þc ξð Þ

ξj j4
+
c ξð Þ
ξj j6

c dxnð Þ

� ∂xn c ξ′
� �h i

x0ð Þ ξj j2 − c ξð Þh′ 0ð Þ ξj j2∂M
h i

,

ð73Þ

where

σ0 D̂
� �

x0ð Þ = 1
4
〠
s,t,i

ωs,t ~eið Þ x0ð Þc ~eið Þ�c ~esð Þ�c ~etð Þ

−
1
4
〠
s,t,i

ωs,t ~eið Þ x0ð Þc ~eið Þc ~esð Þc ~etð ÞÞ

+�c θð Þ + c θ′
� �

:

ð74Þ

We denote

b10 x0ð Þ = 1
4
〠
s,t,i

ωs,t ~eið Þ x0ð Þc ~eið Þ�c ~esð Þ�c ~etð Þ,

b20 x0ð Þ = −
1
4
〠
s,t,i

ωs,t ~eið Þ x0ð Þc ~eið Þc ~esð Þc ~etð ÞÞ:
ð75Þ

Then,

π+
ξn
σ−2 D̂

−1
x0ð Þ

� ����
ξ′j j=1

= π+
ξn

c ξð Þb10 x0ð Þc ξð Þ
1 + ξ2n

� �2
264

375
+ π+

ξn

c ξð Þ �c θð Þ + c θ′
� �� �

x0ð Þc ξð Þ

1 + ξ2n

� �2
264

375
+ π+

ξn

c ξð Þb20 x0ð Þc ξð Þ + c ξð Þc dxnð Þ∂xn c ξ′
� �h i

x0ð Þ

1 + ξ2n

� �2
264

− h′ 0ð Þ c ξð Þc dxnð Þc ξð Þ
1 + ξ2n

� �3
375:

ð76Þ

By direct calculation, we have

π+
ξn

c ξð Þb10 x0ð Þc ξð Þ
1 + ξ2n

� �2
264

375 = π+
ξn

c ξ′
� �

p10 x0ð Þc ξ′
� �

1 + ξ2n

� �2
264

375
+ π+

ξn

ξnc ξ′
� �

b10 x0ð Þc dxnð Þ

1 + ξ2n

� �2
264

375
+ π+

ξn

ξnc dxnð Þb10 x0ð Þc ξ′
� �

1 + ξ2n

� �2
264

375
+ π+

ξn

ξ2nc dxnð Þb10 x0ð Þc dxnð Þ
1 + ξ2n

� �2
264

375
= −

c ξ′
� �

b10 x0ð Þc ξ′
� �

2 + iξnð Þ
4 ξn − ið Þ2

+
ic ξ′
� �

b10 x0ð Þc dxnð Þ
4 ξn − ið Þ2

+
ic dxnð Þb10 x0ð Þc ξ′

� �
4 ξn − ið Þ2

+
−iξnc dxnð Þb10 x0ð Þc dxnð Þ

4 ξn − ið Þ2
:

ð77Þ

Since

c dxnð Þb10 x0ð Þ = −
1
4
h′ 0ð Þ〠

n−1

i=1
c ~eið Þ�c ~eið Þc ~enð Þ�c ~enð Þ, ð78Þ
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then by the relation of the Clifford action and trAB = trBA,
we have the equalities:

tr c eeið Þ�c eeið Þc eenð Þ�c eenð Þ½ � = 0 i < nð Þ, tr b10c dxnð Þ� �
= 0, tr �c θð Þc dxnð Þ½ �
= 0, tr c θ′

� �
c dxnð Þ

h i
= −16g θ′, dxn

� �
, tr �c ξ′

� �
�c dxnð Þ

h i
= 0:

ð79Þ

Since

∂ξnσ−1 D̂
∗

� �−1� �
= ∂ξnq−1 x0ð Þj ξ′j j=1

= i
c dxnð Þ
1 + ξ2n

−
2ξnc ξ′

� �
+ 2ξ2nc dxnð Þ

1 + ξ2n

� �2
264

375: ð80Þ

By (77) and (80), we have

trπ+
ξn

c ξð Þb10 x0ð Þc ξð Þ
1 + ξ2n

� �2
264

375 × ∂ξnσ−1 D̂
∗

� �−1� �
x0ð Þ

�������
ξ′j j=1

=
1

2 1 + ξ2n

� �2 tr c ξ′
� �

b10 x0ð Þ
h i

+
i

2 1 + ξ2n

� �2 tr c dxnð Þb10 x0ð Þ� �
=

1

2 1 + ξ2n

� �2 tr c ξ′
� �

b10 x0ð Þ
h i

:

ð81Þ

We note that
Ð
jξ′j=1fξi1ξi2 ⋯ ξi2d+1gσðξ′Þ = 0, i < n, so

tr½cðξ′Þb10ðx0Þ� has no contribution for computing Case 2.
By direct calculation, we have

π+
ξn

c ξð Þb20 x0ð Þc ξð Þ + c ξð Þc dxnð Þ∂xn c ξ′
� �h i

x0ð Þ

1 + ξ2n

� �2
264

375
− h′ 0ð Þπ+

ξn

c ξð Þc dxnð Þc ξð Þ
1 + ξnð Þ3

" #
≔ B1 − B2,

ð82Þ

where

B1 =
−1

4 ξn − ið Þ2
h
2 + iξnð Þc ξ′

� �
b20 x0ð Þc ξ′

� �
+ iξnc dxnð Þb20 x0ð Þc dxnð Þ
+ 2 + iξnð Þc ξ′

� �
c dxnð Þ∂xnc ξ′

� �
+ ic dxnð Þb20 x0ð Þc ξ′

� �
+ ic ξ′
� �

b20 x0ð Þc dxnð Þ

− i∂xn c ξ′
� �i

,

ð83Þ

B2 =
h′ 0ð Þ
2

"
c dxnð Þ

4i ξn − ið Þ +
c dxnð Þ − ic ξ′

� �
8 ξn − ið Þ2

+
3ξn − 7i
8 ξn − ið Þ3

ic ξ′
� �

− c dxnð Þ
h i#

:

ð84Þ

By (80) and (84), we have

tr B2 × ∂ξnσ−1 D̂
∗

� �−1� �	 
����
ξ′j j=1

=
i
2
h′ 0ð Þ −iξ2n − ξn + 4i

4 ξn − ið Þ3 ξn + ið Þ2
tr id½ �

= 8ih′ 0ð Þ −iξ2n − ξn + 4i
4 ξn − ið Þ3 ξn + ið Þ2

:

ð85Þ

By (80) and (83), we have

trB1 × ∂ξnσ−1 D̂
∗

� �−1� �����
ξ′j j=1

=
−8ic0
1 + ξ2n

� �2 + 2h′ 0ð Þ ξ2n − iξn − 2

ξn − ið Þ 1 + ξ2n

� �2 , ð86Þ

where b20 = c0cðdxnÞ and c0 = −3/4h′ð0Þ.
By (86) and (85), we have

−i
ð

ξ′j j=1

ð+∞
−∞

trace B1 − B2ð Þ × ∂ξnσ−1 D̂
∗

� �−1� �	 

� x0ð Þdξnσ ξ′

� �
dx′

= −Ω3

ð
Γ+

8c0 ξn − ið Þ + ih′ 0ð Þ
ξn − ið Þ3 ξn + ið Þ2

dξndx′

=
9
2
πh′ 0ð ÞΩ3dx′:

ð87Þ
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Similar to (81), we have

trπ+
ξn

c ξð Þ�c θð Þ x0ð Þc ξð Þ
1 + ξ2n

� �2
264

375 × ∂ξnσ−1 D̂
∗

� �−1� �
x0ð Þ

�������
ξ′j j=1

=
1

2 1 + ξ2n

� �2 tr c ξ′
� �

�c θð Þ x0ð Þ
h i

+
i

2 1 + ξ2n

� �2 tr c dxnð Þ�c θð Þ x0ð Þ½ �

=
1

2 1 + ξ2n

� �2 tr c ξ′
� �

�c θð Þ x0ð Þ
h i

:

ð88Þ

Similar to (83), we have

tr π+
ξn

c ξð Þc θ′
� �

x0ð Þc ξð Þ

1 + ξ2n

� �2
264

375 × ∂ξnσ−1 D̂
∗

� �−1� �
x0ð Þ

264
375
�������
ξ′j j=1

=
i

2 1 + ξ2n

� �2 tr c dxnð Þc θ′
� �

x0ð Þ
h i

:

ð89Þ

By (88) and (89), we have

−i
ð

ξ′j j=1

ð+∞
−∞

trace

"
π+
ξn

c ξð Þ �c θð Þ + c θ′
� �� �

c ξð Þ

1 + ξ2n

� �2
264

375
× ∂ξnσ−1 D̂

∗
� �−1� �#

x0ð Þdξnσ ξ′
� �

dx′

=
π

4
tr c dxnð Þc θ′

� �h i
Ω3dx′ = −4πg θ′, dxn

� �
Ω3dx′:

ð90Þ

By (87) and (90), we have

Case 2 =
9
2
πh′ 0ð ÞΩ3dx′ − 4πg θ′, dxn

� �
Ω3dx′: ð91Þ

Case 3. r = −1, l = −2, and k = j = ∣α∣ = 0.

By (48), we get

Case 3 = −i
ð

ξ′j j=1

ð+∞
−∞

trace
h
π+
ξn
σ−1 D̂

−1� �
× ∂ξnσ−2 D̂

∗
� �−1� �i

x0ð Þdξnσ ξ′
� �

dx′:
ð92Þ

By (32) and (33) and Lemma 8, we have

π+
ξn
σ−1 D̂

−1
� ����

ξ′j j=1 =
c ξ′
� �

+ ic dxnð Þ
2 ξn − ið Þ : ð93Þ

Since

σ−2 D̂
∗

� �−1� �
x0ð Þ =

c ξð Þσ0 D̂
∗

� �
x0ð Þc ξð Þ

ξj j4

+
c ξð Þ
ξj j6

c dxnð Þ
h
∂xn c ξ′

� �h i
x0ð Þ ξj j2

− c ξð Þh′ 0ð Þ ξj j2∂M
i
,

ð94Þ

where

σ0 D̂
∗

� �
x0ð Þ = 1

4
〠
s,t,i

ωs,t eeið Þ x0ð Þc eeið Þ�c eesð Þ�c eetð Þ

−
1
4
〠
s,t,i

ωs,t eeið Þ x0ð Þc eeið Þc eesð Þc eetð ÞÞ

+ �c θð Þ − c θ′
� �� �

x0ð Þ
= b10 x0ð Þ + b20 x0ð Þ + �c θð Þ − c θ′

� �� �
x0ð Þ,

ð95Þ

then

∂ξnσ−2 D̂
∗

� �−1� �
x0ð Þ
����
ξ′j j=1

= ∂ξn

(
c ξð Þ b10 x0ð Þ + b20 x0ð Þ + �c θð Þ − c θ′

� �� �
x0ð Þ

h i
c ξð Þ

ξj j4

+
c ξð Þ
ξj j6

c dxnð Þ ∂xn c ξ′
� �h i

x0ð Þ ξj j2 − c ξð Þh′ 0ð Þ
h i)

= ∂ξn

(
c ξð Þb10 x0ð Þ�c ξð Þ

ξj j4
+
c ξð Þ
ξj j6

c dxnð Þ
h
∂xn c ξ′

� �h i
x0ð Þ ξj j2

− c ξð Þh′ 0ð Þ
i)

+ ∂ξn
c ξð Þb20 x0ð Þc ξð Þ

ξj j4

+ ∂ξn
c ξð Þ �c θð Þ − c θ′

� �� �
x0ð Þc ξð Þ

ξj j4
:

ð96Þ
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By direct calculation, we have

∂ξn
c ξð Þb10 x0ð Þc ξð Þ

ξj j4
=
c dxnð Þb10 x0ð Þc ξð Þ

ξj j4
+
c ξð Þb10 x0ð Þc dxnð Þ

ξj j4

−
4ξnc ξð Þb10 x0ð Þc ξð Þ

ξj j6
,

ð97Þ

∂ξn
c ξð Þ �c θð Þ − c θ′

� �� �
x0ð Þc ξð Þ

ξj j4

=
c dxnð Þ �c θð Þ − c θ′

� �� �
x0ð Þc ξð Þ

ξj j4

+
c ξð Þ �c θð Þ − c θ′

� �� �
x0ð Þc dxnð Þ

ξj j4

−
4ξnc ξð Þ �c θð Þ − c θ′

� �� �
x0ð Þc ξð Þ

ξj j4
:

ð98Þ

We denote

q1−2 =
c ξð Þb20 x0ð Þc ξð Þ

ξj j4
+
c ξð Þ
ξj j6

c dxnð Þ

� ∂xn c ξ′
� �h i

x0ð Þ ξj j2 − c ξð Þh′ 0ð Þ
h i

,
ð99Þ

then

∂ξn q1−2
� �

=
1

1 + ξ2n

� �3 h 2ξn − 2ξ3n
� �

c dxnð Þb20c dxnð Þ

+ 1 − 3ξ2n
� �

c dxnð Þb20c ξ′
� �

+ 1 − 3ξ2n
� �

c ξ′
� �

b20c dxnð Þ − 4ξnc ξ′
� �

b20c ξ′
� �

+ 3ξ2n − 1
� �

∂xnc ξ′
� �

− 4ξnc ξ′
� �

c dxnð Þ∂xn c ξ′
� �

+ 2h′ 0ð Þc ξ′
� �

+ 2h′ 0ð Þξnc dxnð Þ
i

+ 6ξnh′ 0ð Þ c ξð Þc dxnð Þc ξð Þ
1 + ξ2n

� �4 :

ð100Þ

By (93) and (97), we have

tr π+
ξn
σ−1 D̂

−1
� �

× ∂ξn
c ξð Þb10c ξð Þ

ξj j4
" #

x0ð Þ
�����
ξ′j j=1

=
−1

ξ − ið Þ ξ + ið Þ3
tr c ξ′
� �

b10 x0ð Þ
h i

+
i

ξ − ið Þ ξ + ið Þ3
tr c dxnð Þb10 x0ð Þ� �

:

ð101Þ

By (79), we have

tr π+
ξn
σ−1 D̂

−1
� �

× ∂ξn
c ξð Þb10c ξð Þ

ξj j4
" #

x0ð Þj ξ′j j=1

=
−1

ξ − ið Þ ξ + ið Þ3
tr c ξ′
� �

b10 x0ð Þ
h i

:

ð102Þ

We note that
Ð
jξ′j=1fξi1ξi2 ⋯ ξi2d+1gσðξ′Þ = 0, i < n, so

tr½cðξ′Þb10ðx0Þ� has no contribution for computing Case 3.
By (93) and (100), we have

tr π+
ξn
σ−1 D̂

−1
� �

× ∂ξn q1−2
� �h i

x0ð Þj ξ′j j=1

=
12h′ 0ð Þ iξ2n + ξn − 2i

� �
ξ − ið Þ3 ξ + ið Þ3

+
48h′ 0ð Þiξn
ξ − ið Þ3 ξ + ið Þ4

,
ð103Þ

then

−iΩ3

ð
Γ+

12h′ 0ð Þ iξ2n + ξn − 2i
� �

ξn − ið Þ3 ξn + ið Þ3
+

48h′ 0ð Þiξn
ξn − ið Þ3 ξn + ið Þ4

24 35dξndx′
= −

9
2
πh′ 0ð ÞΩ3dx′:

ð104Þ

By (93) and (98), we have

tr π+
ξn
σ−1 D̂

−1
� �

× ∂ξn
c ξð Þ �c θð Þ − c θ′

� �� �
c ξð Þ

ξj j4

24 35 x0ð Þ
������
ξ′j j=1

=
−1

ξ − ið Þ ξ + ið Þ3
tr c ξ′
� �

�c θð Þ − c θ′
� �� �

x0ð Þ
h i

+
i

ξ − ið Þ ξ + ið Þ3
tr c dxnð Þ �c θð Þ − c θ′

� �� �
x0ð Þ

h i
:

ð105Þ

By
Ð
jξ′j=1fξ1 ⋯ ξ2d+1gσðξ′Þ = 0 and (81), we have

−i
ð

ξ′j j=1

ð+∞
−∞

tr

"
π+
ξn
σ−1 D̂

−1
� �

× ∂ξn
c ξð Þ �c θð Þ − c θ′

� �� �
c ξð Þ

ξj j4

#
x0ð Þdξnσ ξ′

� �
dx′

= −i
ð

ξ′j j=1

ð+∞
−∞

i

ξ − ið Þ ξ + ið Þ3
tr
h
c dxnð Þ

�
�c θð Þ

− c θ′
� ��i

x0ð Þdξnσ ξ′
� �

dx′

= −
π

4
tr c dxnð Þ �c θð Þ − c θ′

� �� �h i
Ω3dx′

= −4πg θ′, dxn
� �

Ω3dx′:

ð106Þ
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So we have

Case 3 = −
9
2
πh′ 0ð ÞΩ3dx′ − 4πg θ′, dxn

� �
Ω3dx′: ð107Þ

Since Φ is the sum of Cases 1–3, so Φ = −8πgðθ′, dxnÞ
Ω3dx′.

Theorem 9. LetM be 4-dimensional compact-oriented mani-
folds with the boundary ∂M and the metric gM as above, D̂
and D̂

∗
be modified Novikov operators on M̂, then

gWres π+D̂
−1 ∘ π+ D̂

∗
� �−1	 


= 32π2
ð
M

	
16g ~ej, ∇TM

~ej
θ′

� �
−
4
3
s − 16 θj j2

+ 32 θ′
�� ��2
dVolM − 8π

ð
∂M

g θ′, dxn
� �

Ω3dx′:

ð108Þ

where s is the scalar curvature.

On the other hand, we also prove the Kastler-Kalau-
Walze-type theorem for 4-dimensional manifolds with a

boundary associated to D̂
2
. By (41) and (42), we will

compute

~Wres π+D̂
−1 ∘ π+D̂

−1
h i

=
ð
M

ð
∣ξ∣=1

trace∧∗T∗M σ−4 D̂
−2

� �h i
σ ξð Þdx +

ð
∂M

bΦ ,

ð109Þ

where

bΦ =
ð

ξ′j j=1

ð+∞
−∞

〠
∞

j,k=0
〠 −ið Þ αj j+j+k+1

α! j + k + 1ð Þ!

× trace∧∗T∗M

h
∂j
xn
∂α
ξ′∂

k
ξn
σ+r D̂

−1
� �

x′, 0, ξ′, ξn
� �

× ∂αx′∂
j+1
ξn

∂kxnσl D̂
−1

� �
x′, 0, ξ′, ξn
� �i

dξnσ ξ′
� �

dx′,

ð110Þ

and the sum is taken over r + l − k − j − ∣α∣ = −3, r ≤ −1,
l ≤ −1.

Locally, we can use Theorem 2 (26) to compute the inte-

rior of gWres½π+D̂
−1 ∘ π+D̂

−1�; we haveð
M

ð
∣ξ∣=1

trace∧∗T∗M σ−4 D̂
−2

� �h i
σ ξð Þdx

= 32π2
ð
M

−
4
3
s − 16 θj j2

	 

dVolM:

ð111Þ

So we only need to compute
Ð
∂M
bΦ . From the remark

above, now we can compute bΦ (see formula (110) for the def-

inition of bΦ). We use tr as shorthand of trace. Since n = 4,
then tr∧∗T∗M½id� = dim ð∧∗ð4ÞÞ = 16, since the sum is taken
over r + l − k − j − ∣α∣ = −3, r ≤ −1, l ≤ −1, then we have the
following five cases:

Case 1. (i) r = −1, l = −1, k = j = 0, and ∣α∣ = 1.

By (110), we get

Case 1 ið Þ = −
ð

ξ′j j=1

ð+∞
−∞

〠
∣α∣=1

tr
h
∂α
ξ′π

+
ξn
σ−1 D̂

−1� �
× ∂αx′∂ξnσ−1 D̂

−1
� �i

x0ð Þdξnσ ξ′
� �

dx′:
ð112Þ

Case 1. (ii) r = −1, l = −1, k = ∣α∣ = 0, and j = 1.

By (110), we get

Case 1 iið Þ = −
1
2

ð
ξ′j j=1

ð+∞
−∞

trace
h
∂xnπ

+
ξn
σ−1 D̂

−1
� �

× ∂2ξnσ−1 D̂
−1

� �i
x0ð Þdξnσ ξ′

� �
dx′:

ð113Þ

Case 1. (iii) r = −1, l = −1, j = ∣α∣ = 0, and k = 1.

By (110), we get

Case 1 iiið Þ = −
1
2

ð
ξ′j j=1

ð+∞
−∞

trace
h
∂ξnπ

+
ξn
σ−1 D̂

−1� �
× ∂ξn∂xnσ−1 D̂

−1
� �i

x0ð Þdξnσ ξ′
� �

dx′:
ð114Þ

By Lemma 8, we have σ−1ðD̂−1Þ = σ−1ððD̂∗Þ−1Þ. By (55)-
(71), so Case 1 vanishes.

Case 2. r = −2, l = −1, and k = j = ∣α∣ = 0.

By (110), we get

Case 2 = −i
ð

ξ′j j=1

ð+∞
−∞

trace
h
π+
ξn
σ−2 D̂

−1
� �

× ∂ξnσ−1 D̂
−1

� �i
x0ð Þdξnσ ξ′

� �
dx′:

ð115Þ

By Lemma 8, we have σ−1ðD̂−1Þ = σ−1ððD̂∗Þ−1Þ. By
(72)–(91), we have

Case 2 =
9
2
πh′ 0ð ÞΩ3dx′ − 4πg θ′, dxn

� �
Ω3dx′, ð116Þ

where Ω4 is the canonical volume of S4:

Case 3. r = −1, l = −2, and k = j = ∣α∣ = 0.
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By (110), we get

Case 3 = −i
ð

ξ′j j=1

ð+∞
−∞

trace
h
π+
ξn
σ−1 D̂

−1
� �

× ∂ξnσ−2 D̂
−1� �i

x0ð Þdξnσ ξ′
� �

dx′:
ð117Þ

By (33) and (32) and Lemma 8, we have

π+
ξn
σ−1 D̂

−1
� ����

ξ′j j=1 =
c ξ′
� �

+ ic dxnð Þ
2 ξn − ið Þ : ð118Þ

Since

σ−2 D̂
−1

� �
x0ð Þ = c ξð Þσ0 D̂

� �
x0ð Þc ξð Þ

ξj j4
+
c ξð Þ
ξj j6

c dxnð Þ

� ∂xn c ξ′
� �h i

x0ð Þ ξj j2 − c ξð Þh′ 0ð Þ ξj j2∂M
h i

,

ð119Þ

where

σ0 D̂
� �

x0ð Þ = 1
4
〠
s,t,i

ωs,t eeið Þ x0ð Þc eeið Þ�c eesð Þ�c eetð Þ

−
1
4
〠
s,t,i

ωs,t eeið Þ x0ð Þc eeið Þc eesð Þc eetð ÞÞ

+ �c θð Þ + c θ′
� �� �

x0ð Þ
= b10 x0ð Þ + b20 x0ð Þ + �c θð Þ + c θ′

� �� �
x0ð Þ,

ð120Þ

then

∂ξnσ−2 D̂
−1

� �
x0ð Þ
���
ξ′j j=1

= ∂ξn

(
c ξð Þ b10 x0ð Þ + b20 x0ð Þ + �c θð Þ + c θ′

� �� �
x0ð Þ

h i
c ξð Þ

ξj j4

+
c ξð Þ
ξj j6

c dxnð Þ ∂xn c ξ′
� �h i

x0ð Þ ξj j2 − c ξð Þh′ 0ð Þ
h i)

= ∂ξn

(
c ξð Þb10 x0ð Þ�c ξð Þ

ξj j4
+
c ξð Þ
ξj j6

c dxnð Þ

· ∂xn c ξ′
� �h i

x0ð Þ ξj j2 − c ξð Þh′ 0ð Þ
h i)

+ ∂ξn
c ξð Þb20 x0ð Þc ξð Þ

ξj j4
+ ∂ξn

c ξð Þ �c θð Þ + c θ′
� �� �

x0ð Þc ξð Þ
ξj j4

:

ð121Þ

By direct calculation, we have

∂ξn
c ξð Þb10 x0ð Þc ξð Þ

ξj j4
=
c dxnð Þb10 x0ð Þc ξð Þ

ξj j4
+
c ξð Þb10 x0ð Þc dxnð Þ

ξj j4

−
4ξnc ξð Þb10 x0ð Þc ξð Þ

ξj j6
,

ð122Þ

∂ξn
c ξð Þ �c θð Þ + c θ′

� �� �
x0ð Þc ξð Þ

ξj j4

=
c dxnð Þ �c θð Þ + c θ′

� �� �
x0ð Þc ξð Þ

ξj j4

+
c ξð Þ �c θð Þ + c θ′

� �� �
x0ð Þc dxnð Þ

ξj j4

−
4ξnc ξð Þ �c θð Þ + c θ′

� �� �
x0ð Þc ξð Þ

ξj j4
:

ð123Þ

We denote

q1−2 =
c ξð Þb20 x0ð Þc ξð Þ

ξj j4
+
c ξð Þ
ξj j6

c dxnð Þ

� ∂xn c ξ′
� �h i

x0ð Þ ξj j2 − c ξð Þh′ 0ð Þ
h i

,
ð124Þ

then

∂ξn q1−2
� �

=
1

1 + ξ2n

� �3 h 2ξn − 2ξ3n
� �

c dxnð Þb20c dxnð Þ

+ 1 − 3ξ2n
� �

c dxnð Þb20c ξ′
� �

+ 1 − 3ξ2n
� �

c ξ′
� �

b20c dxnð Þ − 4ξnc ξ′
� �

b20c ξ′
� �

+ 3ξ2n − 1
� �

∂xn c ξ′
� �

− 4ξnc ξ′
� �

c dxnð Þ∂xnc ξ′
� �

+ 2h′ 0ð Þc ξ′
� �

+ 2h′ 0ð Þξnc dxnð Þ
i

+ 6ξnh′ 0ð Þ c ξð Þc dxnð Þc ξð Þ
1 + ξ2n

� �4 :

ð125Þ

By (118) and (122), we have

tr π+
ξn
σ−1 D̂

−1
� �

× ∂ξn
c ξð Þb10c ξð Þ

ξj j4
" #

x0ð Þj ξ′j j=1

=
−1

ξ − ið Þ ξ + ið Þ3
tr c ξ′
� �

b10 x0ð Þ
h i

+
i

ξ − ið Þ ξ + ið Þ3
tr c dxnð Þb10 x0ð Þ� �

:

ð126Þ
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By (79), we have

tr π+
ξn
σ−1 D̂

−1
� �

× ∂ξn
c ξð Þb10c ξð Þ

ξj j4
" #

x0ð Þj ξ′j j=1

=
−1

ξ − ið Þ ξ + ið Þ3
tr c ξ′
� �

b10 x0ð Þ
h i

:

ð127Þ

We note that
Ð
jξ′j=1fξi1ξi2 ⋯ ξi2d+1gσðξ′Þ = 0, i < n, so

tr½cðξ′Þb10ðx0Þ� has no contribution for computing Case 3.
By (118) and (125), we have

tr π+
ξn
σ−1 D̂

−1
� �

× ∂ξn q1−2
� �h i

x0ð Þj ξ′j j=1

=
12h′ 0ð Þ iξ2n + ξn − 2i

� �
ξ − ið Þ3 ξ + ið Þ3

+
48h′ 0ð Þiξn
ξ − ið Þ3 ξ + ið Þ4

,
ð128Þ

then

−iΩ3

ð
Γ+

12h′ 0ð Þ iξ2n + ξn − 2i
� �

ξn − ið Þ3 ξn + ið Þ3
+

48h′ 0ð Þiξn
ξn − ið Þ3 ξn + ið Þ4

24 35dξndx′
= −

9
2
πh′ 0ð ÞΩ3dx′:

ð129Þ

By (118) and (123), we have

tr π+
ξn
σ−1 D̂

−1
� �

× ∂ξn
c ξð Þ �c θð Þ + c θ′

� �� �
c ξð Þ

ξj j4

24 35 x0ð Þj ξ′j j=1

=
−1

ξ − ið Þ ξ + ið Þ3
tr c ξ′
� �

�c θð Þ + c θ′
� �� �

x0ð Þ
h i

+
i

ξ − ið Þ ξ + ið Þ3
tr c dxnð Þ �c θð Þ + c θ′

� �� �
x0ð Þ

h i
:

ð130Þ

By
Ð
jξ′j=1fξ1 ⋯ ξ2d+1gσðξ′Þ = 0 and (79), we have

−i
ð

ξ′j j=1

ð+∞
−∞

tr

"
π+
ξn
σ−1 D̂

−1
� �

× ∂ξn
c ξð Þ �c θð Þ + c θ′

� �� �
c ξð Þ

ξj j4

#
x0ð Þdξnσ ξ′

� �
dx′

= −i
ð

ξ′j j=1

ð+∞
−∞

i

ξ − ið Þ ξ + ið Þ3
tr
h
c dxnð Þ

�
�c θð Þ

+ c θ′
� ��i

x0ð Þdξnσ ξ′
� �

dx′

= −
π

4
tr c dxnð Þ �c θð Þ + c θ′

� �� �h i
Ω3dx′

= 4πg θ′, dxn
� �

Ω3dx′:

ð131Þ

So we have

Case 3 = −
9
2
πh′ 0ð ÞΩ3dx′ + 4πg θ′, dxn

� �
Ω3dx′: ð132Þ

Since bΦ is the sum of Cases 1–3, so bΦ = 0.

Theorem 10. Let M be a 4-dimensional compact-oriented
manifold with the boundary ∂M and the metric gM as above
and D̂ be a modified Novikov operator on M̂, then

gWres π+D̂
−1 ∘ π+D̂

−1
h i

= 32π2
ð
M

−
4
3
s − 16 θj j2

� �
dVolM:

ð133Þ

where s is the scalar curvature.

4. A Kastler-Kalau-Walze-Type Theorem for 6-
Dimensional Manifolds with Boundary

In this section, we prove the Kastler-Kalau-Walze-type theo-
rems for 6-dimensional manifolds with a boundary. An
application of (2.1.4) in [12] shows that

gWres π + D̂
−1 ∘ π + D̂

∗
D̂D̂

∗
� �−1	 


=
ð
M

ð
ξj j=1

trace∧∗T∗M σ−4 D̂
∗
D̂

� �−2� �	 

σ ξð Þdx +

ð
∂M

Ψ,

ð134Þ

where

Ψ =
ð

ξ′j j=1

ð+∞
−∞

〠
∞

j,k=0
〠 −ið Þ αj j+j+k+1

α! j + k + 1ð Þ!

× trace∧∗T∗M

h
∂j
xn
∂α
ξ′∂

k
ξn
σ+r D̂

−1
� �

x′, 0, ξ′, ξn
� �

× ∂αx′∂
j+1
ξn

∂kxnσl D̂
∗
D̂D̂

∗
� �−1� �

� x′, 0, ξ′, ξn
� �i

dξnσ ξ′
� �

dx′,

ð135Þ

and the sum is taken over r + ℓ − k − j − ∣α∣ − 1 = −6, r ≤ −1,
ℓ ≤ −3.

Locally, we can use Theorem 2 (25) to compute the inte-
rior term of (134); we haveð

M

ð
∣ξ∣=1

trace∧∗T∗M σ−4 D̂
∗
D̂

� �−2� �	 

σ ξð Þdx

= 128π3
ð
M

	
64g eej , ∇TM

~ej
θ′

� �
−
16
3
s

− 64 θj j2 + 256 θ′
�� ��2
dVolM:

ð136Þ

So we only need to compute
Ð
∂MΨ. Let us now turn to

compute the specification of D̂
∗
D̂D̂

∗
.
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D̂
∗
D̂D̂

∗ = 〠
n

i=1
c eeið Þ eei , dxlh i −gij∂l∂i∂j

� �
+ 〠

n

i=1
c eeið Þ eei , dxlh i

�
n
− ∂lg

ij� �
∂i∂j − gij 4 σi + aið Þ∂j − 2Γk

ij∂k
� �

∂l
o

+ 〠
n

i=1
c eeið Þ eei , dxlh i

(
−2 ∂lg

ij� �
σi + aið Þ∂j

+ gij ∂lΓ
k
ij

� �
∂k − 2gij ∂lσið Þ + ∂laið Þ½ �∂j

+ ∂lg
ij� �
Γk
ij∂k +〠

j,k

h
∂l
�
c θ′
� �

c eej� �
− c eej� �

c θ′
� ��i

� eej , dxkD E
∂k +〠

j,k

�
c θ′
� �

c eej� �
− c eej� �

c θ′
� ��

� ∂l eej , dxkD Eh i
∂k

)
+ 〠

n

i=1
c eeið Þ eei , dxlh i∂l

�
(
−gij ∂iσj

� ��
+ ∂iaj
� �

+ σiσj + σiaj + aiσj + aiaj

− Γk
i,jσk − Γk

i,jak +〠
i,j
gi,j
h
c θ′
� �

c ∂ið Þσi

+ c θ′
� �

c ∂ið Þai − c ∂ið Þ∂i c θ′
� �� �

− c ∂ið Þσic θ′
� �

− c ∂ið Þaic θ′
� �i

+
1
4
s −

1
8
〠
ijkl

Rijkl�c eeið Þ�c eej� �
c eekð Þc eelð Þ

+〠
i

c eeið Þ�c ∇TM
~ei

θ
� �

+ θj j2 + θ′
�� ��2 −�c θð Þc θ′

� �
+ c θ′
� �

�c θð Þ
)

+ σi + aið Þ + �c θð Þ − c θ′
� �� �h i

� −gij∂i∂j

� �
+ 〠

n

i=1
c eeið Þ eei , dxlh i

(
2〠
j,k

h
c θ′
� �

c eej� �
− c eej� �

c θ′
� �i

× eei , dxkh i
)
∂l∂k +

h
σi + aið Þ

+ �c θð Þ − c θ′
� �� �i(

−〠
i,j
gi,j
h
2σi∂j + 2ai∂j − Γk

i,j∂k

+ ∂iσj

� �
+ ∂iaj
� �

+ σiσj + σiaj + aiσj + aiaj − Γk
i,jσk

− Γk
i,jak
i
−〠

i,j
gi,j
h
c ∂ið Þc θ′

� �
− c θ′
� �

c ∂ið Þ
i
∂j

+〠
i,j
gi,j
h
c θ′
� �

c ∂ið Þσi + c θ′
� �

c ∂ið Þai − c ∂ið Þ∂i

� c θ′
� �� �

− c ∂ið Þσic θ′
� �

− c ∂ið Þaic θ′
� �i

+
1
4
s

+ θ′
�� ��2 − 1

8
〠
ijkl

Rijkl�c eeið Þ�c eej� �
c eekð Þc eelð Þ +〠

i

c eeið Þ

� �c ∇TM
~ei

θ
� �

+ θj j2 −�c θð Þc θ′
� �

+ c θ′
� �

�c θð Þ
)
:

ð137Þ

Then, we obtain

Lemma 11. The following identities hold:

σ2 D̂
∗
D̂D̂

∗
� �

=〠
i,j,l

c dxlð Þ∂l gi,j� �
ξiξj

+ c ξð Þ 4σk + 4ak − 2Γk
� �

ξk

− 2 c ξð Þc θ′
� �

c ξð Þ + ξj j2c θ′
� �h i

+
1
4
ξj j2〠

s,t,l
ωs,t eelð Þ c eelð Þ�c eesð Þ�c eetð Þ½

− c eelð Þc eesð Þc eetð Þ� + ξj j2
�
�c θð Þ

− c θ′
� ��

, σ3 D̂
∗
D̂D̂

∗
� �

= ic ξð Þ ξj j2:
ð138Þ

Write

σ D̂
∗
D̂D̂

∗
� �

= p3 + p2 + p1 + p0, σ D̂
∗
D̂D̂

∗
� �−1� �

= 〠
∞

j=3
q−j:

ð139Þ

By the composition formula of pseudodifferential opera-
tors, we have

1 = σ D̂
∗
D̂D̂

∗
� �

∘ D̂
∗
D̂D̂

∗
� �−1� �

=〠
α

1
α!
∂αξ σ D̂

∗
D̂D̂

∗
� �h i

Dα
x D̂

∗
D̂D̂

∗
� �−1	 


= p3 + p2 + p1 + p0ð Þ q−3 + q−4 + q−5+⋯ð Þ
+〠

j

∂ξ j p3 + ∂ξ j p2 + ∂ξ j p1 + ∂ξ j p0
� �

� Dxj
q−3 +Dxj

q−4 +Dxj
q−5+⋯

� �
= p3q−3 + p3q−4 + p2q−3 +〠

j

∂ξ j p3Dxj
q−3

 !
+⋯,

ð140Þ

by (140), we have

q−3 = p−13 , q−4 = −p−13 p2p
−1
3 +〠

j

∂ξ j p3Dxj
p−13
� �" #

: ð141Þ

By Lemma 11, we have some symbols of operators.
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Lemma 12. The following identities hold:

σ−3 D̂
∗
D̂D̂

∗
� �−1� �

=
ic ξð Þ
ξj j4

,

σ−4 D̂
∗
D̂D̂

∗
� �−1� �

=
c ξð Þσ2 D̂

∗
D̂D̂

∗
� �

c ξð Þ
ξj j8

+
ic ξð Þ
ξj j8
�
ξj j4c dxnð Þ∂xn c ξ′

� �
− 2h′ 0ð Þc dxnð Þc ξð Þ + 2ξnc ξð Þ∂xn c ξ′

� �
+ 4ξnh′ 0ð Þ

�
:

ð142Þ

From the remark above, now we can compute Ψ (see
formula (135) for the definition ofΨ). We use tr as shorthand
of trace. Since n = 6, then tr∧∗T∗M½id� = 64. Since the sum is
taken over r + ℓ − k − j − ∣α∣ − 1 = −6, r ≤ −1, ℓ ≤ −3, then we
have the

Ð
∂M
Ψ as the sum of the following five cases:

Case 1. (i) r = −1, l = −3, j = k = 0, and ∣α∣ = 1.

By (135), we get

Case 1 ið Þ = −
ð

ξ′j j=1

ð+∞
−∞

〠
∣α∣=1

trace
h
∂α
ξ′π

+
ξn
σ−1 D̂

−1
� �

× ∂αx′∂ξnσ−3 D̂
∗
D̂D̂

∗
� �−1� �i

x0ð Þdξnσ ξ′
� �

dx′:

ð143Þ

By Lemma 12, for i < n, we have

∂xiσ−3 D̂
∗
D̂D̂

∗
� �−1� �

x0ð Þ

= ∂xi
ic ξð Þ
ξj j4

" #
x0ð Þ = i∂xi c ξð Þ½ � ξj j−4 x0ð Þ

− 2ic ξð Þ∂xi ξj j2
h i

ξj j−6 x0ð Þ = 0:

ð144Þ

so Case 1 (i) vanishes.

Case 1. (ii) r = −1, l = −3, ∣α∣ = k = 0, and j = 1.

By (135), we have

Case 1 iið Þ = −
1
2

ð
ξ′j j=1

ð+∞
−∞

trace
h
∂xnπ

+
ξn
σ−1 D̂

−1
� �

× ∂2ξnσ−3 D̂
∗
D̂D̂

∗
� �−1� �i

x0ð Þdξnσ ξ′
� �

dx′:

ð145Þ

By Lemma 12 and direct calculations, we have

∂2ξnσ−3 D̂
∗
D̂D̂

∗
� �−1� �

= i
20ξ2n − 4
� �

c ξ′
� �

+ 12 ξ3n − ξn
� �

c dxnð Þ

1 + ξ2n

� �4
264

375: ð146Þ

Since n = 6, tr½−id� = −64. By the relation of the Clifford
action and trAB = trBA, then

tr c ξ′
� �

c dxnð Þ
h i

= 0, tr c dxnð Þ2� �
= −64, tr c ξ′

� �2	 

x0ð Þj ξ′j j=1 = −64,

ð147Þ

tr ∂xn c ξ′
� �h i

c dxnð Þ
h i

= 0, tr ∂xn c ξ′
� �

c ξ′
� �h i

x0ð Þ
���
ξ′j j=1

= −32h′ 0ð Þ:
ð148Þ

By (62), (146), and (147), we get

trace ∂xnπ
+
ξn
σ−1 D̂

−1
� �

× ∂2ξnσ−3 D̂
∗
D̂D̂

∗
� �−1� �	 


x0ð Þ

= 64h′ 0ð Þ−1 − 3ξni + 5ξ2n + 3iξ3n
ξn − ið Þ6 ξn + ið Þ4

:

ð149Þ

Then, we obtain

Case 1 iið Þ = −
1
2

ð
ξ′j j=1

ð+∞
−∞

h′ 0ð Þ dim F

� −8 − 24ξni + 40ξ2n + 24iξ3n
ξn − ið Þ6 ξn + ið Þ4

dξnσ ξ′
� �

dx′

= 8h′ 0ð ÞΩ4

ð
Γ+

4 + 12ξni − 20ξ2n − 122iξ3n
ξn − ið Þ6 ξn + ið Þ4

dξndx′

= h′ 0ð ÞΩ4
πi
5!

8 + 24ξni − 40ξ2n − 24iξ3n
ξn + ið Þ4

" # 5ð Þ������
ξn=i

dx′

= −
15
2
πh′ 0ð ÞΩ4dx′,

ð150Þ

where Ω4 is the canonical volume of S4:

Case 1. (iii) r = −1, l = −3, ∣α∣ = j = 0, and k = 1.
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By (135), we have

Case 1 iiið Þ = −
1
2

ð
ξ′j j=1

ð+∞
−∞

trace
h
∂ξnπ

+
ξn
σ−1 D̂

−1
� �

× ∂ξn∂xnσ−3 D̂
∗
D̂D̂

∗
� �−1� �i

� x0ð Þdξnσ ξ′
� �

dx′:

ð151Þ

By Lemma 12 and direct calculations, we have

∂ξn∂xnσ−3 D̂
∗
D̂D̂

∗
� �−1� �

= −
4iξn∂xn c ξ′

� �
x0ð Þ

1 + ξ2n

� �3 + i
12h′ 0ð Þξnc ξ′

� �
1 + ξ2n

� �4
− i

2 − 10ξ2n
� �

h′ 0ð Þc dxnð Þ

1 + ξ2n

� �4 :

ð152Þ

Combining (69) and (152), we have

trace
	
∂ξnπ

+
ξn
σ−1 D̂

−1
� �

× ∂ξn∂xnσ−3 D̂
∗
D̂D̂

∗
� �−1� �


x0ð Þj ξ′j j=1

= 8h′ 0ð Þ 8i − 32ξn − 8iξ2n
ξn − ið Þ5 ξ + ið Þ4

:

ð153Þ

Then,

Case 1 iiið Þ = −
1
2

ð
ξ′j j=1

ð+∞
−∞

8h′ 0ð Þ

� 8i − 32ξn − 8iξ2n
ξn − ið Þ5 ξ + ið Þ4

dξnσ ξ′
� �

dx′

= −
1
2
h′ 0ð Þ8Ω4

ð
Γ+

8i − 32ξn − 8iξ2n
ξn − ið Þ5 ξ + ið Þ4

dξndx′

= −8h′ 0ð ÞΩ4
πi
4!

8i − 32ξn − 8iξ2n
ξ + ið Þ4

" # 4ð Þ������
ξn=i

dx′

=
25
2
πh′ 0ð ÞΩ4dx′:

ð154Þ

Case 2. r = −1, l = −4, and ∣α∣ = j = k = 0.

By (135), we have

Case 2 = −i
ð

ξ′j j=1

ð+∞
−∞

trace
h
π+
ξn
σ−1 D̂

−1
� �

× ∂ξnσ−4 D̂
∗D̂D̂∗

� �−1� �i
x0ð Þdξnσ ξ′

� �
dx′

= i
ð

ξ′j j=1

ð+∞
−∞

trace
h
∂ξnπ

+
ξn
σ−1 D̂

−1� �
× σ−4 D̂

∗
D̂D̂

∗
� �−1� �i

x0ð Þdξnσ ξ′
� �

dx′:

ð155Þ

In the normal coordinate, gijðx0Þ = δji and ∂xjðgαβÞðx0Þ
= 0, if j < n; ∂xjðgαβÞðx0Þ = h′ð0Þδαβ, if j = n. So by Lemma

A.2 in [10], we have Γnðx0Þ = ð5/2Þh′ð0Þ and Γkðx0Þ = 0 for
k < n. By the definition of δk and Lemma 2.3 in [10], we have
δnðx0Þ = 0 and δk = ð1/4Þh′ð0ÞcðeekÞcðeenÞ for k < n. By Lemma
12, we obtain

σ−4 D̂
∗
D̂D̂

∗
� �−1� �

x0ð Þj ξ′j j=1

=
c ξð Þσ2 D̂

∗
D̂D̂

∗
� �−1� �

x0ð Þj∣ξ′∣=1c ξð Þ
ξj j8

−
c ξð Þ
ξj j4

〠
j

∂ξ j c ξð Þ ξj j2
� �

Dxj

ic ξð Þ
ξj j4

 !

=
1
ξj j8

c ξð Þ
 
1
2
h′ 0ð Þc ξð Þ〠

k<n
ξkc eekð Þc eenð Þ

−
1
2
h′ 0ð Þc ξð Þ〠

k<n
ξk�c eekð Þ�c eenð Þ − 5

2
h′ 0ð Þξnc ξð Þ

−
1
4
h′ 0ð Þ ξj j2c dxnð Þ − 2 c ξð Þc θ′

� �
c ξð Þ + ξj j2c θ′

� �h i
+ ξj j2 ĉ θð Þ − c θ′

� �� �!
c ξð Þ + ic ξð Þ

ξj j8
ξj j4c dxnð Þ∂xnc ξ′

� ��
− 2h′ 0ð Þc dxnð Þc ξð Þ + 2ξnc ξð Þ∂xn c ξ′

� �
+ 4ξnh′ 0ð Þ

�
:

ð156Þ

By (69) and (156), we have

tr ∂ξnπ
+
ξn
σ−1 D̂

−1
� �

× σ−4 D̂
∗
D̂D̂

∗
� �−1	 


x0ð Þj ξ′j j=1

=
1

2 ξn − ið Þ2 1 + ξ2n

� �4� 3
4
i + 2 + 3 + 4ið Þξn

+ −6 + 2ið Þξ2n + 3ξ3n +
9i
4
ξ4n

�
h′ 0ð Þtr id½ �

+
1

2 ξn − ið Þ2 1 + ξ2n

� �4 �−1 − 3iξn − 2ξ2n − 4iξ3n
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− ξ4n − iξ5n
�
tr c ξ′
� �

∂xnc ξ′
� �h i

−
1

2 ξn − ið Þ2 1 + ξ2n

� �4
·

1
2
i +

1
2
ξn +

1
2
ξ2n +

1
2
ξ3n

� �
tr c ξ′
� �

�c ξ′
� �

c dxnð Þ�c dxnð Þ
h i

+
−ξni + 3

2 ξn − ið Þ4 i + ξnð Þ3
tr c θ′
� �

c dxnð Þ
h i

−
3ξn + i

2 ξn − ið Þ4 i + ξnð Þ3
tr c θ′
� �

c ξ′
� �h i

:

ð157Þ

By direct calculation and the relation of the Clifford
action and trAB = trBA, we then have equalities:

tr c θ′
� �

x0ð Þc dxnð Þ
h i

= −64g θ′, dxn
� �

, tr c θ′
� �

x0ð Þc ξ′
� �h i

= −64g θ′, ξ′
� �

,

ð158Þ

tr c eeið Þ�c eeið Þc eenð Þ�c eenð Þ½ � = 0 i < nð Þ: ð159Þ
Then,

tr c ξ′
� �

�c ξ′
� �

c dxnð Þ�c dxnð Þ
h i
= 〠

i<n,j<n
tr ξiξjc eeið Þ�c eej� �

c dxnð Þ�c dxnð Þ� �
= 0:

ð160Þ

So, we have

Case 2 = ih′ 0ð Þ
ð

ξ′j j=1

ð+∞
−∞

64

×
3/4ð Þi + 2 + 3 + 4ið Þξn + −6 + 2ið Þξ2n + 3ξ3n + 9i/4ð Þξ4n

2 ξn − ið Þ5 ξn + ið Þ4

� dξnσ ξ′
� �

dx′ + ih′ 0ð Þ
ð

ξ′j j=1

ð+∞
−∞

32

×
1 + 3iξn + 2ξ2n + 4iξ3n + ξ4n + iξ5n

2 ξn − ið Þ2 1 + ξ2n

� �4 dξnσ ξ′
� �

dx′

+ i
ð

ξ′j j=1

ð+∞
−∞

ξn − i − 2ξni + 1
2 ξn − ið Þ4 i + ξnð Þ3

tr c θ′
� �

c dxnð Þ
h i

� dξnσ ξ′
� �

dx′ − i
ð

ξ′j j=1

ð+∞
−∞

3ξn + i

2 ξn − ið Þ4 i + ξnð Þ3

� tr c θ′
� �

c ξ′
� �h i

dξnσ ξ′
� �

dx′

= −
19
4
i − 15

� �
πh′ 0ð ÞΩ4dx′ + −

3
8
i −

75
8

� �
� πh′ 0ð ÞΩ4dx′ + 120iπg dxn, θ′

� �
Ω4dx′

= −
41
8
i −

195
8

� �
πh′ 0ð ÞΩ4dx′ + 120iπg dxn, θ′

� �
Ω4dx′:

ð161Þ

Case 3. r = −2, l = −3, and ∣α∣ = j = k = 0.

By (135), we have

Case 3 = −i
ð

ξ′j j=1

ð+∞
−∞

trace
h
π+
ξn
σ−2 D̂

−1
� �

× ∂ξnσ−3 D̂
∗
D̂D̂

∗
� �−1� �i

x0ð Þdξnσ ξ′
� �

dx′:

ð162Þ

By Lemmas 11 and 12, we have

σ−2 D̂
−1� �

x0ð Þ = c ξð Þσ0 D̂
� �

c ξð Þ
ξj j4

x0ð Þ + c ξð Þ
ξj j6

〠
j

c dxj
� �

� ∂xj c ξð Þð Þ ξj j2 − c ξð Þ∂xj ξj j2
� �h i

x0ð Þ,
ð163Þ

where

σ0 D̂
� �

=
1
4
〠
i,s,t

ωs,t eeið Þc eeið Þ�c eesð Þ�c eetð Þ

−
1
4
〠
i,s,t

ωs,t eeið Þc eeið Þc eesð Þc eetð Þ + ĉ θð Þ + c θ′
� �

:

ð164Þ

On the other hand,

∂ξnσ−3 D̂
∗
D̂D̂

∗
� �−1� �

=
−4iξnc ξ′

� �
1 + ξ2n

� �3 +
i 1 − 3ξ2n
� �

c dxnð Þ

1 + ξ2n

� �3 :

ð165Þ

By (163), (28), and (32), we have

π+
ξn

σ−2 D̂
−1

� �� �
x0ð Þ
���
ξ′j j=1

= π+
ξn

c ξð Þσ0 D̂
� �

x0ð Þc ξð Þ + c ξð Þc dxnð Þ∂xn c ξ′
� �h i

x0ð Þ

1 + ξ2n

� �2
264

375
− h′ 0ð Þπ+

ξn

c ξð Þc dxnð Þc ξð Þ
1 + ξ2n

� �3
264

375:
ð166Þ
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We denote

σ0 D̂
� �

x0ð Þjξn=i = b0 x0ð Þ = b10 x0ð Þ + b20 x0ð Þ +�c θð Þ + c θ′
� �

:

ð167Þ

Then, we obtain

π+
ξn

σ−2 D̂
−1

� �� �
x0ð Þj ξ′j j=1

= π+
ξn

"
c ξð Þb20 x0ð Þc ξð Þ + c ξð Þc dxnð Þ∂xn c ξ′

� �h i
x0ð Þ

1 + ξ2n

� �2
− h′ 0ð Þ c ξð Þc dxnð Þc ξð Þ

1 + ξ2n

� �3
#
+ π+

ξn

c ξð Þ b10 x0ð Þ� �
c ξð Þ x0ð Þ

1 + ξ2n

� �2
264

375
+ π+

ξn

c ξð Þ �c θð Þ + c θ′
� �h i

c ξð Þ x0ð Þ

1 + ξ2n

� �2
264

375:
ð168Þ

Furthermore,

π+
ξn

c ξð Þ �c θð Þ + c θ′
� �h i

x0ð Þc ξð Þ

1 + ξ2n

� �2
264

375
= π+

ξn

c ξ′
� �

�c θð Þ + c θ′
� �h i

x0ð Þc ξ′
� �

1 + ξ2n

� �2
264

375
+ π+

ξn

ξnc ξ′
� �

�c θð Þ + c θ′
� �h i

x0ð Þc dxnð Þ

1 + ξ2n

� �2
264

375
+ π+

ξn

ξnc dxnð Þ �c θð Þ + c θ′
� �h i

x0ð Þc ξ′
� �

1 + ξ2n

� �2
264

375
+ π+

ξn

ξ2nc dxnð Þ �c θð Þ + c θ′
� �h i

x0ð Þc dxnð Þ

1 + ξ2n

� �2
264

375
= −

c ξ′
� �

�c θð Þ + c θ′
� �h i

x0ð Þc ξ′
� �

2 + iξnð Þ
4 ξn − ið Þ2

+
ic ξ′
� �

�c θð Þ + c θ′
� �h i

x0ð Þc dxnð Þ
4 ξn − ið Þ2

+
ic dxnð Þ �c θð Þ + c θ′

� �h i
x0ð Þc ξ′

� �
4 ξn − ið Þ2

+
−iξnc dxnð Þ �c θð Þ + c θ′

� �h i
x0ð Þc dxnð Þ

4 ξn − ið Þ2
,

π+
ξn

c ξð Þb10 x0ð Þc ξð Þ
1 + ξ2n

� �2
264

375 = π+
ξn

c ξ′
� �

p10 x0ð Þc ξ′
� �

1 + ξ2n

� �2
264

375
+ π+

ξn

ξnc ξ′
� �

b10 x0ð Þc dxnð Þ

1 + ξ2n

� �2
264

375
+ π+

ξn

ξnc dxnð Þb10 x0ð Þc ξ′
� �

1 + ξ2n

� �2
264

375
+ π+

ξn

ξ2nc dxnð Þb10 x0ð Þc dxnð Þ
1 + ξ2n

� �2
264

375
= −

c ξ′
� �

b10 x0ð Þc ξ′
� �

2 + iξnð Þ
4 ξn − ið Þ2

+
ic ξ′
� �

b10 x0ð Þc dxnð Þ
4 ξn − ið Þ2

+
ic dxnð Þb10 x0ð Þc ξ′

� �
4 ξn − ið Þ2

+ −iξnc dxnð Þb10 x0ð Þc dxnð Þ
4 ξn − ið Þ2

:

ð169Þ

By the relation of the Clifford action and trAB = trBA, we
then have equalities:

tr b10c dxnð Þ� �
= 0, tr �c ξ′

� �
�c dxnð Þ

h i
= 0, tr �c θð Þc ξ′

� �h i
= 0:

ð170Þ

Then, we have

tr π+
ξn

c ξð Þb10 x0ð Þc ξð Þ
1 + ξ2n

� �2
0B@

1CA × ∂ξnσ−3 D̂
∗
D̂D̂

∗
� �−1� �

x0ð Þ

264
375
�������
ξ′j j=1

=
2 − 8iξn − 6ξ2n

4 ξn − ið Þ2 1 + ξ2n

� �3 tr b10 x0ð Þc ξ′
� �h i

,

ð171Þ

By direct calculation, we have

π+
ξn

c ξð Þb20 x0ð Þc ξð Þ + c ξð Þc dxnð Þ∂xn c ξ′
� �� �

x0ð Þ

1 + ξ2n

� �2
264

375
− h′ 0ð Þπ+

ξn

c ξð Þc dxnð Þc ξð Þ
1 + ξnð Þ3

" #
≔ B1 − B2,

ð172Þ
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where

B1 =
−1

4 ξn − ið Þ2
h
2 + iξnð Þc ξ′

� �
b20c ξ′
� �

+ iξnc dxnð Þb20c dxnð Þ

+ 2 + iξnð Þc ξ′
� �

c dxnð Þ∂xn c ξ′
� �

+ ic dxnð Þb20c ξ′
� �

+ ic ξ′
� �

b20c dxnð Þ − i∂xnc ξ′
� �i

=
1

4 ξn − ið Þ2
	
5
2
h′ 0ð Þc dxnð Þ − 5i

2
h′ 0ð Þc ξ′

� �
− 2 + iξnð Þc ξ′

� �
c dxnð Þ∂ξn c ξ′

� �
+ i∂ξn c ξ′

� �

,

ð173Þ

B2 =
h′ 0ð Þ
2

"
c dxnð Þ

4i ξn − ið Þ +
c dxnð Þ − ic ξ′

� �
8 ξn − ið Þ2

+
3ξn − 7i
8 ξn − ið Þ3

ic ξ′
� �

− c dxnð Þ
� �#

:

ð174Þ

By (165) and (174), we have

tr B2 × ∂ξnσ−3 D̂
∗
D̂D̂

∗
� �−1� �

x0ð Þ
	 
����

ξ′j j=1

= tr

(
h′ 0ð Þ
2

"
c dxnð Þ

4i ξn − ið Þ +
c dxnð Þ − ic ξ′

� �
8 ξn − ið Þ2

+
3ξn − 7i
8 ξn − ið Þ3

ic ξ′
� �

− c dxnð Þ
h i#

×
−4iξnc ξ′

� �
+ i − 3iξ2n
� �

c dxnð Þ

1 + ξ2n

� �3
)

= 8h′ 0ð Þ 4i − 11ξn − 6iξ2n + 3ξ3n
ξn − ið Þ5 ξn + ið Þ3

:

ð175Þ

Similarly, we have

tr B1 × ∂ξnσ−3 D̂
∗
D̂D̂

∗
� �−1� �

x0ð Þ
	 
����

ξ′j j=1

= tr

(
1

4 ξn − ið Þ2
	
5
2
h′ 0ð Þc dxnð Þ − 5i

2
h′ 0ð Þc ξ′

� �

− 2 + iξnð Þc ξ′
� �

c dxnð Þ∂ξn c ξ′
� �

+ i∂ξn c ξ′
� �


×
−4iξnc ξ′

� �
+ i − 3iξ2n
� �

c dxnð Þ

1 + ξ2n

� �3
)

= 8h′ 0ð Þ 3 + 12iξn + 3ξ2n
ξn − ið Þ4 ξn + ið Þ3

,

tr

"
π+
ξn

 
c ξð Þ �c θð Þ + c θ′

� �h i
x0ð Þc ξð Þ

1 + ξ2n

� �2
!

× ∂ξnσ−3 D̂
∗
D̂D̂

∗
� �−1� �

x0ð Þ

#�������
ξ′j j=1

=
2 − 8iξn − 6ξ2n

4 ξn − ið Þ2 1 + ξ2n

� �3 tr �c θð Þ + c θ′
� �h i

x0ð Þc ξ′
� �h i

=
2 − 8iξn − 6ξ2n

4 ξn − ið Þ2 1 + ξ2n

� �3 tr c θ′
� �

x0ð Þc ξ′
� �h i

=
2 − 8iξn − 6ξ2n

4 ξn − ið Þ2 1 + ξ2n

� �3 −g θ′, ξ′
� �h i

tr id½ �:

ð176Þ

By
Ð
∣ξ
′∣=1ξ1 ⋯ ξ2q+1σðξ′Þ = 0, we have

Case 3 = −ih′ 0ð Þ
ð

ξ′j j=1

ð+∞
−∞

8

×
−7i + 26ξn + 15iξ2n
ξn − ið Þ5 ξn + ið Þ3

dξnσ ξ′
� �

dx′ − i
ð

ξ′j j=1

ð+∞
−∞

� 2 − 8iξn − 6ξ2n
4 ξn − ið Þ2 1 + ξ2n

� �3 −g θ′, ξ′
� �h i

tr id½ �

264
375
�������
ξ′j j=1

� dξnσ ξ′
� �

dx′

= −8ih′ 0ð Þ × 2πi
4!

−7i + 26ξn + 15iξ2n
ξn + ið Þ3

" # 5ð Þ������
������
ξn=i

Ω4dx′

=
55
2
πh′ 0ð ÞΩ4dx′:

ð177Þ

Now Ψ is the sum of Cases 1–3, then

Ψ =
65
8

−
41
8
i

� �
πh′ 0ð ÞΩ4dx′ + 120iπg dxn, θ′

� �
Ω4dx′:

ð178Þ

Theorem 13. Let M be a 6-dimensional compact-oriented
manifold with the boundary ∂M and the metric gM as above
and D̂ and D̂

∗
be modified Novikov operators on M̂, then
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gWres π+D̂
−1 ∘ π+ D̂

∗
D̂D̂

∗
� �−1	 


= 128π3
ð
M

	
64g eej , ∇TM

~ej
θ′

� �
−
16
3
s − 64 θj j2

+ 256 θ′
�� ��2
dVolM +

ð
∂M

	
65
8

−
41
8
i

� �
πh′ 0ð Þ

+ 120iπg dxn, θ′
� �


Ω4dx′:

ð179Þ

where s is the scalar curvature.

On the other hand, we prove the Kastler-Kalau-Walze-
type theorem for a 6-dimensional manifold with a boundary

associated with D̂
3
. An application of (2.1.4) in [12] shows

that

gWres π+D̂
−1 ∘ π+D̂

−3
h i

=
ð
M

ð
∣ξ∣=1

trace∧∗T∗M σ−4 D̂
−4

� �h i
σ ξð Þdx +

ð
∂M

bΨ ,

ð180Þ

where gWres denotes a noncommutative residue onmanifolds
with a boundary,

bΨ =
ð

ξ′j j=1

ð+∞
−∞

〠
∞

j,k=0
〠 −ið Þ αj j+j+k+1

α! j + k + 1ð Þ!

× trace∧∗T∗M

h
∂j
xn
∂α
ξ′∂

k
ξn
σ+r D̂

−1� �
x′, 0, ξ′, ξn
� �

× ∂αx′∂
j+1
ξn

∂kxnσl D̂
−3� �

x′, 0, ξ′, ξn
� �i

dξnσ ξ′
� �

dx′,

ð181Þ

and the sum is taken over r + ℓ − k − j − ∣α∣ − 1 = −6, r ≤ −1,
ℓ ≤ −3.

Locally, we can use Theorem 2 (26) to compute the inte-
rior term of (181); we have

ð
M

ð
∣ξ∣=1

trace∧∗T∗M σ−4 D̂
−4

� �h i
σ ξð Þdx

= 128π3
ð
M

−
16
3
s − 64 θj j2

	 

dVolM:

ð182Þ

So we only need to compute
Ð
∂M
bΨ . Let us now turn to

compute the specification of D̂
3
.

D̂
3 = 〠

n

i=1
c eeið Þ eei , dxlh i −gij∂l∂i∂j

� �
+ 〠

n

i=1
c eeið Þ eei , dxlh i

�
n
− ∂lg

ij� �
∂i∂j − gij 4 σi + aið Þ∂j − 2Γk

ij∂k
� �

∂l
o

+ 〠
n

i=1
c eeið Þ eei , dxlh i

(
−2 ∂lg

ij� �
σi + aið Þ∂j

+ gij ∂lΓ
k
ij

� �
∂k − 2gij ∂lσið Þ + ∂laið Þ½ �∂j + ∂lg

ij� �
Γk
ij∂k

+〠
j,k

∂l c θ′
� �

c eej� �
+ c eej� �

c θ′
� �� �h i eej , dxkD E

∂k

+〠
j,k

c θ′
� �

c eej� �
+ c eej� �

c θ′
� �� �

∂l eej , dxkD Eh i
∂k

)

+ 〠
n

i=1
c eeið Þ eei , dxlh i∂l

(
−gij ∂iσj

� ��
+ ∂iaj
� �

+ σiσj

+ σiaj + aiσj + aiaj − Γk
i,jσk − Γk

i,jak

+〠
i,j
gi,j
h
c θ′
� �

c ∂ið Þσi + c θ′
� �

c ∂ið Þai

+ c ∂ið Þ∂i c θ′
� �� �

+ c ∂ið Þσic θ′
� �

+ c ∂ið Þaic θ′
� �i

+
1
4
s −

1
8
〠
ijkl

Rijkl�c eeið Þ�c eej� �
c eekð Þc eelð Þ +〠

i

c eeið Þ�c ∇TM
~ei

� �
+ θj j2 − θ′

�� ��2 +�c θð Þc θ′
� �

+ c θ′
� �

�c θð Þ
)

+ σi + aið Þ + �c θð Þ + c θ′
� �� �h i

−gij∂i∂j

� �
+ 〠

n

i=1
c eeið Þ eei , dxlh i

(
2〠
j,k

c θ′
� �

c eej� �
+ c eej� �

c θ′
� �h i

× eei , dxkh i
)
∂l∂k + σi + aið Þ + �c θð Þ + c θ′

� �� �h i
�
(
−〠

i,j
gi,j
h
2σi∂j + 2ai∂j − Γk

i,j∂k + ∂iσj

� �
+ ∂iaj
� �

+ σiσ j + σiaj + aiσj + aiaj − Γk
i,jσk − Γk

i,jak
i

+〠
i,j
gi,j c ∂ið Þc θ′

� �
+ c θ′
� �

c ∂ið Þ
h i

∂j

+〠
i,j
gi,j
h
c θ′
� �

c ∂ið Þσi + c θ′
� �

c ∂ið Þai

+ c ∂ið Þ∂i c θ′
� �� �

+ c ∂ið Þσic θ′
� �

+ c ∂ið Þaic θ′
� �i

+
1
4
s − θ′
�� ��2 − 1

8
〠
ijkl

Rijkl�c eeið Þ�c eej� �
c eekð Þc eelð Þ

+〠
i

c eeið Þ�c ∇TM
~ei

θ
� �

+ θj j2 +�c θð Þc θ′
� �

+ c θ′
� �

�c θð Þ
)
:

ð183Þ

Then, we obtain
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Lemma 14. The following identities hold:

σ2 D̂
3

� �
=〠

i,j,l
c dxlð Þ∂l gi,j

� �
ξiξj + c ξð Þ 4σk + 4ak − 2Γk

� �
ξk

− 2 c ξð Þc θ′
� �

c ξð Þ − ξj j2c θ′
� �h i

+
1
4
ξj j2〠

s,t,l
ωs,t eelð Þ c eelð Þ�c eesð Þ�c eetð Þ − c eelð Þc eesð Þc eetð Þ½ �

+ ξj j2 �c θð Þ + c θ′
� �� �

, σ3 D̂
3

� �
= ic ξð Þ ξj j2:

ð184Þ

Write

σ D̂
3� �

= p3 + p2 + p1 + p0, σ D̂
−3� �

= 〠
∞

j=3
q−j: ð185Þ

By the composition formula of pseudodifferential opera-
tors, we have

1 = σ D̂
3 ∘ D̂−3

� �
=〠

α

1
α!
∂αξ σ D̂

3
� �h i

Dα
x σ D̂

−3
� �h i

= p3 + p2 + p1 + p0ð Þ q−3 + q−4 + q−5+⋯ð Þ
+〠

j

∂ξ j p3 + ∂ξ j p2 + ∂ξ j p1 + ∂ξ j p0
� �

� Dxj
q−3 +Dxj

q−4 +Dxj
q−5+⋯

� �
= p3q−3 + p3q−4 + p2q−3 +〠

j

∂ξ j p3Dxj
q−3

 !
+⋯,

ð186Þ

by (186), we have

q−3 = p−13 , q−4 = −p−13 p2p
−1
3 +〠

j

∂ξ j p3Dxj
p−13
� �" #

: ð187Þ

By (183)–(187), we have some symbols of operators.

Lemma 15. The following identities hold:

σ−3 D̂
−3

� �
=
ic ξð Þ
ξj j4

, σ−4 D̂
−3

� �
=
c ξð Þσ2 D̂

3
� �

c ξð Þ
ξj j8

+
ic ξð Þ
ξj j8
�
ξj j4c dxnð Þ∂xnc ξ′

� �
− 2h′ 0ð Þc dxnð Þc ξð Þ + 2ξnc ξð Þ∂xnc ξ′

� �
+ 4ξnh′ 0ð Þ

�
:

ð188Þ

From the remark above, we can now compute bΨ (see for-
mula (181) for the definition of bΨ). We use tr as shorthand of
trace. Since n = 6, then tr∧∗T∗M½id� = 64. Since the sum is
taken over r + ℓ − k − j − ∣α∣ − 1 = −6, r ≤ −1, ℓ ≤ −3, then we
have the

Ð
∂M
bΨ as the sum of the following five cases:

Case 1. (i) r = −1, l = −3, j = k = 0, and ∣α∣ = 1.

By (181), we get

Case 1 ið Þ = −
ð

ξ′j j=1

ð+∞
−∞

〠
∣α∣=1

trace
h
∂α
ξ′π

+
ξn
σ−1 D̂

−1
� �

× ∂αx′∂ξnσ−3 D̂
−3

� �i
x0ð Þdξnσ ξ′

� �
dx′:

ð189Þ

Case 1. (ii) r = −1, l = −3, ∣α∣ = k = 0, and j = 1.

By (181), we have

Case 1 iið Þ = −
1
2

ð
ξ′j j=1

ð+∞
−∞

trace
h
∂xnπ

+
ξn
σ−1 D̂

−1
� �

× ∂2ξnσ−3 D̂
−3

� �i
x0ð Þdξnσ ξ′

� �
dx′:

ð190Þ

Case 1. (iii) r = −1, l = −3, ∣α∣ = j = 0, and k = 1.

By (181), we have

Case 1 iiið Þ = −
1
2

ð
ξ′j j=1

ð+∞
−∞

trace
h
∂ξnπ

+
ξn
σ−1 D̂

−1
� �

× ∂ξn∂xnσ−3 D̂
−3� �i

x0ð Þdξnσ ξ′
� �

dx′:
ð191Þ

By Lemmas 12 and 15, we have σ−3ððD̂∗
D̂D̂

∗Þ−1Þ =
σ−3ðD̂−3Þ; by (143)–(154), we obtain

Case 1 = 5πh′ 0ð ÞΩ4dx′, ð192Þ

where Ω4 is the canonical volume of S4:

Case 2. r = −1, l = −4, ∣α∣ = j = k = 0.

By (181), we have

Case 2 = −i
ð

ξ′j j=1

ð+∞
−∞

trace
h
π+
ξn
σ−1 D̂

−1
� �

× ∂ξnσ−4 D̂
−3� �i

x0ð Þdξnσ ξ′
� �

dx′

= i
ð

ξ′j j=1

ð+∞
−∞

trace
h
∂ξnπ

+
ξn
σ−1 D̂

−1
� �

× σ−4 D̂
−3

� �i
x0ð Þdξnσ ξ′

� �
dx′:

ð193Þ

In the normal coordinate, gijðx0Þ = δji and ∂xjðgαβÞðx0Þ
= 0, if j < n; ∂xjðgαβÞðx0Þ = h′ð0Þδαβ, if j = n. So by Lemma

A.2 in [10], we have Γnðx0Þ = ð5/2Þh′ð0Þ and Γkðx0Þ = 0 for
k < n. By the definition of δk and Lemma 2.3 in [10], we have
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δnðx0Þ = 0 and δk = ð1/4Þh′ð0ÞcðeekÞcðeenÞ for k < n. By Lemma
15, we obtain

σ−4 D̂
−3

� �
x0ð Þ
���
ξ′j j=1

=
c ξð Þσ2 D̂

−3
� �

x0ð Þ
���
ξ′j j=1c ξð Þ

ξj j8

−
c ξð Þ
ξj j4

〠
j

∂ξ j c ξð Þ ∣ ξj2
� �

Dxj

ic ξð Þ
ξj j4

 !

= 1
ξj j8

c ξð Þ
 
1
2
h′ 0ð Þc ξð Þ〠

k<n
ξkc eekð Þc eenð Þ

−
1
2
h′ 0ð Þc ξð Þ〠

k<n
ξk�c eekð Þ�c eenð Þ − 5

2
h′ 0ð Þξnc ξð Þ

−
1
4
h′ 0ð Þ ξj j2c dxnð Þ − 2 c ξð Þc θ′

� �
c ξð Þ − ξj j2c θ′

� �h i
+ ξj j2 ĉ θð Þ + c θ′

� �� �!
c ξð Þ + ic ξð Þ

ξj j8

·
�
ξj j4c dxnð Þ∂xn c ξ′

� �
− 2h′ 0ð Þc dxnð Þc ξð Þ

+ 2ξnc ξð Þ∂xn c ξ′
� �

+ 4ξnh′ 0ð Þ
�
:

ð194Þ

By (69) and (194), we have

tr ∂ξnπ
+
ξn
σ−1 D̂

−1
� �

× σ−4 D̂
−3

� �h i
x0ð Þ
���
ξ′j j=1

=
1

2 ξn − ið Þ2 1 + ξ2n

� �4� 3
4
i + 2 + 3 + 4ið Þξn

+ −6 + 2ið Þξ2n + 3ξ3n +
9i
4
ξ4n

�
h′ 0ð Þtr id½ �

+
1

2 ξn − ið Þ2 1 + ξ2n

� �4 �−1 − 3iξn − 2ξ2n − 4iξ3n

− ξ4n − iξ5n
�
tr c ξ′
� �

∂xnc ξ′
� �h i

−
1

2 ξn − ið Þ2 1 + ξ2n

� �4
·

1
2
i +

1
2
ξn +

1
2
ξ2n +

1
2
ξ3n

� �
· tr c ξ′

� �
�c ξ′
� �

c dxnð Þ�c dxnð Þ
h i

+
−3ξni + 1

2 ξn − ið Þ4 i + ξnð Þ3
tr c θ′
� �

c dxnð Þ
h i

−
ξn + 3i

2 ξn − ið Þ4 i + ξnð Þ3
tr c θ′
� �

c ξ′
� �h i

:

ð195Þ

By (158) and (160), we have

Case 2 = ih′ 0ð Þ
ð

ξ′j j=1

ð+∞
−∞

64

×
3/4ð Þi + 2 + 3 + 4ið Þξn + −6 + 2ið Þξ2n + 3ξ3n + 9i/4ð Þξ4n

2 ξn − ið Þ5 ξn + ið Þ4

� dξnσ ξ′
� �

dx′ + ih′ 0ð Þ
ð

ξ′j j=1

ð+∞
−∞

32

×
1 + 3iξn + 2ξ2n + 4iξ3n + ξ4n + iξ5n

2 ξn − ið Þ2 1 + ξ2n

� �4 dξnσ ξ′
� �

dx′

+ i
ð

ξ′j j=1

ð+∞
−∞

−3ξni + 1
2 ξn − ið Þ4 i + ξnð Þ3

� tr c θ′
� �

c dxnð Þ
h i

dξnσ ξ′
� �

dx′ − i
ð

ξ′j j=1

ð+∞
−∞

� ξn + 3i
2 ξn − ið Þ4 i + ξnð Þ3

tr c θ′
� �

c ξ′
� �h i

dξnσ ξ′
� �

dx′

= −
41
8
i −

195
8

� �
πh′ 0ð ÞΩ4dx′:

ð196Þ

Case 3. r = −2, l = −3, ∣α∣ = j = k = 0.

By (181), we have

Case 3 = −i
ð

ξ′j j=1

ð+∞
−∞

trace
h
π+
ξn
σ−2 D̂

−1
� �

× ∂ξnσ−3 D̂
−3

� �i
x0ð Þdξnσ ξ′

� �
dx′:

ð197Þ

By Lemmas 12 and 15, we have σ−3ððD̂∗
D̂D̂

∗Þ−1Þ =
σ−3ðD̂−3Þ; by (162)–(177), we obtain

Case 3 =
55
2
πh′ 0ð ÞΩ4dx′: ð198Þ

Now bΨ is the sum of Cases 1–3, then

bΨ =
65
8

−
41
8
i

� �
πh′ 0ð Þ

	 

Ω4dx′: ð199Þ

Theorem 16. Let M be a 6-dimensional compact-oriented
manifold with the boundary ∂M and the metric gM as above
and D̂ be a modified Novikov operator on M̂, then

gWres π+D̂
−1 ∘ π+ D̂

−3
� �h i

= 128π3
ð
M

−
16
3
s − 64 θj j2

	 

dVolM

+
ð
∂M

65
8

−
41
8
i

� �
πh′ 0ð Þ

	 

Ω4dx′:

ð200Þ

where s is the scalar curvature.
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5. The Spectral Action for Witten Deformation

In this section, we will compute the spectral action for the
Witten deformation. Let ðM, gMÞ be an n-dimensional
compact-oriented Riemannian manifold. Now we will recall
the definition of the Witten deformation Dθ (see details
in [17]).

Let ∇L denote the Levi-Civita connection about gM which
is a Riemannian metric of M. In the local coordinates fxi,
1 ≤ i ≤ ng and the fixed orthonormal frame fee1,⋯, eeng, the
connection matrix ðωs,tÞ is defined by

∇L ee1,⋯, eenð Þ = ee1,⋯, eenð Þ ωs,tð Þ: ð201Þ

Let εðgej ∗Þ and ιðgej ∗Þ be the exterior and interior multi-
plications, respectively. The Witten deformation is defined
by

Dθ = d + δ +�c θð Þ = 〠
n

i=1
c eeið Þ

� eei + 1
4
〠
s,t
ωs,t eeið Þ �c eesð Þ�c eetð Þ − c eesð Þc eetð Þ½ �

" #
+�c θð Þ:

ð202Þ

By Proposition 4.6 of [17], we have

D2
θ = d + δð Þ2 +〠

i

c eeið Þ�c ∇TM
~ei

θ
� �

+ θj j2: ð203Þ

Let gij = gðdxi, dxjÞ, ξ =∑kξjdxj, and ∇L
∂i
∂j =∑kΓ

k
ij∂k,

we denote

σi = −
1
4
〠
s,t
ωs,t eeið Þc eesð Þc eetð Þ, ai

=
1
4
〠
s,t
ωs,t eeið Þ�c eesð Þ�c eetð Þ, ξj = gijξi, Γk

= gijΓk
ij, σ

j = gijσi, aj = gijai:

ð204Þ

For a smooth vector field X on M, let cðXÞ denote the
Clifford action. Since E is globally defined on M, we can
perform computations of E in normal coordinates. Taking
normal coordinates about x0, then σiðx0Þ = 0, aiðx0Þ = 0,
∂j½cð∂jÞ�ðx0Þ = 0, Γkðx0Þ = 0, and gijðx0Þ = δji , so that

E x0ð Þ = 1
8
〠
ijkl

Rijkl�c eeið Þ�c eej� �
c eekð Þc eelð Þ − 1

4
s

−〠
i

c eeið Þ�c ∇TM
~ei

θ
� �

− θj j2:
ð205Þ

For the Witten deformation Dθ, we will compute the
spectral action for it on a 4-dimensional compact mani-
fold. We will calculate the bosonic part of the spectral
action for the Witten deformation. It is defined to be the

number of eigenvalues of Dθ in the interval ½−∧, ∧ � with
∧∈ℝ+. It is expressed as

I = trF̂
D2
θ

∧2

� �
: ð206Þ

Here, tr denotes the operator trace in the L2 comple-
tion of ΓðM, SðTMÞÞ and F̂ : ℝ+ ⟶ℝ+ is a cut-off func-
tion with support in the interval ½0, 1� which is constant
near the origin. By Lemma 1.7.4 in [21], we have the heat
trace asymptotics, for t⟶ 0,

tr e−tD
2
θ

� �
~ 〠

m≥0
tm− n/2ð Þa2m D2

θ

� �
: ð207Þ

One uses the Seeley-DeWitt coefficients a2mðD2
θÞ and

t = ∧−2 to obtain asymptotics for the spectral action when
dim M = 4,

I = trF̂
D2
θ

∧2

� �
~ ∧

4
F4a0 D2

θ

� �
+ ∧

2
F2a2 D2

θ

� �
+ ∧

0
F0a4 D2

θ

� �
as ∧⟶∞,

ð208Þ

with the first three moments of the cut-off function which
are given by F4 =

Ð∞
0 sF̂ðsÞds, F2 =

Ð∞
0 F̂ðsÞds, and F0 = F̂ð0Þ.

We use Theorem 4.1.6 in [17] to obtain the first three
coefficients of the heat trace asymptotics:

a0 D2
θ

� �
= 4πð Þ− 4/2ð Þ

ð
M
tr idð Þdvol,

a2 D2
θ

� �
= 4πð Þ− 4/2ð Þ

ð
M
tr

s
6
+ E

h i
dvol,

a4 D2
θ

� �
=

4πð Þ− 4/2ð Þ

360

ð
M
tr −12Rijij,kk + 5RijijRklkl

�
− 2RijikRljlk + 2RijklRijkl − 60RijijE + 180E2

+ 60E,kk + 30ΩijΩij

�
dvol:

ð209Þ

By the Clifford action and cyclicity of the trace, we have

tr c eið Þð Þ = 0, tr c eið Þc ej
� �� �

= 0 i ≠ jð Þ, tr �c eeið Þ�c eej� �
c eekð Þc eelð Þ� �

= 0 i ≠ jð Þ, tr 〠
i

c eeið Þ�c ∇TM
~ei

θ
� �" #

= 0:
ð210Þ
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So we obtain

a0 D2
θ

� �
= 4πð Þ− 4/2ð Þ

ð
M
tr idð Þdvol = π−2

ð
M
dvol, a2 D2

θ

� �
= 4πð Þ− 4/2ð Þ

ð
M
tr

s
6
+ E

h i
dvol

= 4πð Þ− 4/2ð Þ
ð
M
tr
"
s
6
+
1
8
〠
ijkl
Rijkl�c eeið Þ�c eej� �

c eekð Þc eelð Þ

−
1
4
s −〠

i

c eeið Þ�c ∇TM
~ei

θ
� �

− θj j2
#
dvol

= −
ð
M

s
12π2 +

θj j2
π2

 !
dvol:

ð211Þ

And we have

ð
M
tr 5RijijRklkl − 60RijijE + 180E2 − 12Rijij,kk + 60Ekk

� �
dvol

=
ð
M

tr 5s2 + 60sE + 180E2� ��
− tr 12Δs½ � + 60 −Δ trEð Þ½ ��dvol

=
ð
M
trace

"
5
4
s2 + 180 〠

i

c eeið Þ�c ∇TM
~ei

θ
� � !2

+
45
16

· 〠
ijkl

Rijkl�c eeið Þ�c eej� �
c eekð Þc eelð Þ

 !2

+ 30s θj j2 + 180 θj j4

− 45〠
ijkl

Rijkl�c eeið Þ�c eej� �
c eekð Þc eelð Þ〠

p

c eep� �
�c ∇TM

~ep
θ

� �
+ 48Δs + 960Δ θj j2� �#

dvol

=
ð
M

"
20s2 + 2880 〠

i

∇TM
~ei

θ
��� ���2 + θj j4

 !

+ 180〠
ijkl

R2
ijkl + 480s θj j2

#
dvol:

ð212Þ

And tr½ΩijΩij� is globally defined, so we only compute it
in normal coordinates about x0 and the local orthonormal
frame ei obtained by parallel transport along geodesics from
x0. Then,

ωs,t x0ð Þ = 0, ∂i c eej� �� �
= 0, eei , eej� �

x0ð Þ = 0: ð213Þ

Then, we have

Ω eei , eej� �
x0ð Þ = ∇∧∗T∗M

~ei
∇∧∗T∗M
~ej

− ∇∧∗T∗M
~ej

∇∧∗T∗M
~ei

− ∇∧∗T∗M
~ei ,~ej½ �

= −
1
4
〠
n

s,t=1
RM
ijst �c eesð Þ�c eetð Þ − c eesð Þc eetð Þ½ �:

ð214Þ

So we have

tr ΩijΩij

� �
x0ð Þ = tr

"
1
16

〠
s,t,s1,t1=1

RM
ijstR

M
ijs1t1

�c eesð Þ�c eetð Þ½

− c eesð Þc eetð Þ� �c fes 1� �
�c fet 1� �

− c fes 1� �
c fet 1� �� �#

= tr
"
1
16

〠
s,t,s1,t1=1
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Proposition 17. The following equality holds:
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where s is the scalar curvature.
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