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In this paper, we gave a form of rational solution and their interaction solution to a nonlinear evolution equation. The rational
solution contained lump solution, general lump solution, high-order lump solution, lump-type solution, etc. Their interaction
solution contained the classical interaction solution, such as the lump-kink solution and the lump-soliton solution. As the
example, by using the generalized bilinear method and symbolic computation Maple, we obtained abundant high-order
lump-type solutions and their interaction solutions between lumps and other function solutions under certain constraints of the
(3 + 1)-dimensional Jimbo-Miwa equation. Via three-dimensional plots, contour plots and density plots with the help of Maple,
the physical characteristics and structures of these waves are described very well. These solutions have greatly enriched the exact

solutions of the (3 + 1)-dimensional Jimbo-Miwa equation on the existing literature.

1. Introduction

Nonlinear phenomena have a lot of significant applications
in different sides of physics with natural and engineering
fields. Basically, all the fundamental equations of physics
are nonlinear and, generally, such types of nonlinear evolu-
tion equations (NLEEs) are often very tough to solve clearly.
The exact solutions of NLEEs play a crucial role in the study
of nonlinear physical or natural phenomena. In the recent
decade, several direct methods for finding the exact solutions
to NLEEs have been proposed [1-9]. Thousands of examples
have shown that these methods are powerful for obtaining
exact solutions of NLEEs, such as soliton [10-14], rogue wave
[15, 16], breather solution [17], periodic wave solution [18—
21], and optical solution [22, 23].

The lump solution has attracted a great deal of attention
since lump solutions were firstly discovered [24]. The
research to lump solution has not been well developed,
because it is very complex to solve the lump solution of
NLEEs. Recently, based on the Hirota bilinear method, Ma
and Zhou introduced a new way to get the lump solution of
NLEEs by using symbolic computation and gave a theoretical

testimony [25, 26]. By using this method, researchers suc-
cessfully obtained the lump solutions and interaction solu-
tions of NLEEs [27-57]. In the present paper, we will
propose the form of rational solution and their interaction
solution to NLEE. The rational solution contains lump solu-
tion, general lump solution, high-order lump solutions,
lump-type solution, etc. Their interaction solution contains
the classical interaction solution, such as the lump-kink solu-
tion and the lump-soliton solution.

The rest of the paper is organized as follows. In Section 2,
we will give the form of rational solution and their interac-
tion solution to NLEE. In Section 3, by using the generalized
bilinear method and symbolic computation Maple, we will
obtain the high-order lump-type solutions of the (3 +1)-
dimensional Jimbo-Miwa equation. In Section 4, by using
the symbolic computation Maple, we will get abundant inter-
action solutions between the high-order lump-type solution
and other function solutions. Via three-dimensional plots,
contour plots, and density plots with the help of Maple, the
physical characteristics and structures of these waves are
described very well. In Section 5, a few of the conclusions
and outlook will be given.
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2. Rational Solution and Their
Interaction Solution

Consider a Kth order NLEE (K >2)
F(x,u,au,azu,n-,aKu) =0, (1)

where x = (x;,%,,---,x,) are n independent variables and
x,;(i# 1) contain time variable t. u is the dependent variable.

2.1. Rational Solution. In order to get the rational solution of
NLEE (1), we take its main steps as follows.

Step 1. Under dependent variable transformation,

' 2
or u(x) = 2[In f(x)],, - )

Equation (1) is transformed into the following bilinear
form:

G(xf,0f.0°f,,'f ) =o. (3)

Step 2. We suppose that Equation (3) has the following gen-
eral positive quadratic function solution:

N
f=ag+ Y&, (4)
i=1
where
§i=a+ Z a;%Xj> (5)
=

where ay,a;;(i=1,-,N;j=0,1,--,n) are arbitrary real
constants.

Step 3. By substituting (4) and (5) into Equation (3), collect-
ing all terms with the same order of x; together, the left-hand
side of Equation (3) is converted into another polynomial in
x;. Equating each coefficient of this different power terms to
zero yields a set of nonlinear algebraic equations for a,, a;.
With the aid of Maple (or Mathematica), we solve the above
nonlinear algebraic equations.

Step 4. By substituting a,, a;; into expression (4) and using
bilinear transformation (2), we can obtain rational solution
(4) of Equation (1).

Remark 1. When choosing N=2,n;=1 in expression (4),
the rational solution is reduced to the lump solution
[24-40, 45-57].

Remark 2. When choosing N = 3, n; = 1 in expression (4), we
obtain the lump-type solution of Refs. [41-43]. When N =3,
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ny =2,n,=1,n; =1, we obtain the high-order lump-type of
Ref. [50].

2.2. General Interaction Solution. In order to obtain the gen-
eral interaction solution, we take its main steps as follows:

Step 1. By using transformation (2), Equation (1) is trans-
formed into bilinear form (3).

Step 2. We suppose that Equation (3) has the following
solution:

N M
feas 28"+ 3 0(n) (6)
i= j=
where ¢; is given in (5), and
n;= by + Z b (7)
k=1

where by (j=1,-M;k=0,1,--,n) are

constants.

arbitrary real

Step 3. By substituting (6) and (7) into Equation (3), collect-
ing all terms with the same order of x;, g;(7;) g]’.(n i) g']'(qj),
.-+ together, the left-hand side of Equation (3) is converted
. . . ! )

into another polynomial in x; g:(1;), 9,(1;), g{n;) -
Equating each coefficient of this different power terms to zero
yields a set of nonlinear algebraic equations for ay, a;;,

With the aid of Maple (or Mathematica), we solve the above
nonlinear algebraic equations.

by

Step 4. By substituting a, a;;,
transformation (2), we can obtain the general interaction
solution (6) of Equation (1).

bjk into (6) and using bilinear

Remark 3. When choosing N=2,n,=n,=1,and M =1, g,
(n,)=¢" or g,(n,)=cosh (1,), interaction solution (6) is

reduced to the lump-kink solution and the lump-soliton
solution [37-40, 42, 47, 48, 52-56].

Remark 4. When choosing N=2,n,=n,=1 and M =1,

g1(n;) =cosn, or g,(n,) =ce" +ce or g,(n,;)=sinh
(n,) or g,(n,) =sin (1,), we obtain the interaction solu-

tions of Refs. [42, 43, 47, 57], respectively.

Remark 5. In Step 3, the connection between g,(#;) and
g}(nj), g;(nj), --- must be considered when we take a coef-

ficient of different power terms to gj(n j), g]'.(nj), g:(nj),
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3. High-Order Lump-Type Solutions of the
(3 + 1)-Dimensional Jimbo-Miwa Equation

We consider the (3 + 1)-dimensional Jimbo-Miwa equation
[58]:

Uppyy T 3yl + 3Uthy, + 20y, — 3u,, = 0. (8)

Equation (8) is the second equation in the well known
KP-hierarchy of integrable systems [11, 12, 58], which are
used to describe certain interesting (3 + 1)-dimensional
waves in physics. Although Equation (8) is nonintegrable,
the exact solutions of the Jimbo-Miwa equation have been
investigated by using various methods [6, 7]. Recently,
researchers studied the solitary wave solutions of Equation
(8) in [13, 14]. Based on the bilinear method, we obtained
several interaction solutions and the periodic lump wave
solutions for Equation (8) [20, 21]. The classes of lump
solutions, lump-type solutions, general lump-type solu-
tions, and interaction solutions for Equation (8) were pre-
sented in [36-41].

3.1. Bilinear Form. Under the Cole-Hopf transformation,

u(x,y,z,t) =2[In f(x, 9,2, t)] .. 9)

Equation (8) becomes the generalized Hirota bilinear
equation:

3
GByy(f) = (DP,XDM +2D, D, - 3DP)XDP)Z) f-f, (10

where p, being an arbitrarily natural number, is often a prime
number. D is a generalized bilinear differential operator as
follows [3]:

Dyt Dy f £ = (3, +0,0,0) " (3, + 0,0, ) Flx )

m n m n
1o
~(x1,x2>|, ) _ZZ
MEXTG =0 =0 \ i J

ool " (x, xz) ax”jf(xl,‘xz)
P daion dx} 9

P

(11)

where m, n >0, o, = (-1, if s = r,(s) mod p.
When taking p = 2, we obtain the Hirota bilinear equation:

GByy(f) = (D;D, +2D,D, = 3D,D, )f - f
=2 ffu = Ffewt2(fof 1)) 2)
#3(fofux Fu oy~ Fuf +£.12)] =0

When taking p = 3, we can obtain the generalized bilinear

Jimbo-Miwa equation:

GB]M (f) = (Dg,xDly + 2D3,yD3,t - 3D3,xD3,z)f f
=2[3fufuy +2(fuf ~£f) 43S~ Fuf)] =0
(13)

By using transformation (9), generalized bilinear Jimbo-
Miwa equation (13) is transformed into the following form:

9 3 3 3 3
GPyy(u) = guzuxv + §u3uy WVt Zuiv + Zuzux},

9 3 3
+ 1 Uu, U, + Euxxuy + Euxuxy +2u,, - 3u,, =0,

(14)

where Uy =V, Transformation (9) is also a characteristic one

in establishing Bell polynomial theories of soliton equations
[59], and an accurate relation is

Hence, if f solves generalized bilinear Jimbo-Miwa equa-
tion (13), Jimbo-Miwa equation (14) will be solved.

GPpy(u) = [

3.2. High-Order Lump-Type Solutions. In the section, we will
study the high-order lump-type solutions of (3 + 1)-dimen-
sional Jimbo-Miwa equation (8) by constructing positive
quadratic function solutions to the corresponding general-
ized bilinear equation (13).

Step 1. By using the Cole-Hopf transformation (9), Equation
(8) is transformed into generalized bilinear equation (13).

Step 2. To get the positive quadratic function solution of gen-
eralized bilinear equation (13), we take N=3,n, =2,n, =1,
n; =1 in expression (4),

f=a,+&+E+&, (16)
where
i=1,2,3.  (17)

& =ay+a,x+a,y+asz+ayt,

where aij(i =1,2,3;j=0,1,2,3,4) are arbitrary real con-
stants, and

4
Y a#0(i=1,2,3),
j=1
J (18)
3
2 .
Y ai#0(j=1,2,3,4).

i=1

Step 3. By substituting (16) and (17) into Equation (13),



collecting all terms with the same order of x, y, z, t together,
the left-hand side of Equation (13) is converted into another
polynomial in x, y, z, t. Equating each coefficient of this dif-
ferent power terms to zero yields a set of nonlinear algebraic

equations for a, a;;.

Solving the algebraic equations by Maple yields the
following sets of solutions,

Case 1.

(19)

Case 2.

A3 = ———, dy03033F0

Case 3.
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as,a
_ G343
A3 = —>
12
3a,;a
13931
a3q = 2 > 12021 #0

(21)

where other parameters in Cases 1-3 are arbitrary real
constants.

If we consider the special solutions a,, =a,, =4a,;=
a4 =0, we obtain the following solutions which are differ-
ent from those solutions given in [36-41],

Case 4.
a, =0,
4 2 3 2
_ 2ay, (2‘110“24 —3a3,a3, + 2“0“24)
a23 - 4 >
9a3,
4
2ay,ay, (‘110 + “0)
A =-"—">3 >
3a3,
4 3
2a,,a,, (2a10a34 +3a3, + 2a0a34)
a3z =~ 7 » a3 #0
9a3,
(22)
Case 5.
4
2a3,a3 (am + ao)
Ap=""""%23
3
3ay,
4 3
203,34 (2a50ay, + 303, +2a,4a,)
a23 - 4 >
9a3,
as, =0,
a3 =0,
4 2 3 2
_ 2ay (2a10a34 —3a3,ay, + 2“0“34)
a3z =~ 1 > Ay #0
9a5,
(23)
Case 6.
2 2 2 2
G = a),033 (“22 + “32) (a3,0,5, +a3,a5)) (‘121 + a31)
23— 4 >
as as (alo + ao) (a3, — aya5,)
2 2 2
o = 3aya3 3 (a21 + a31) (43189, + a3103,)
24 — 4 >
2a5, 2a, (alo + ao) (@103, — a5,05,)
_ Gyof3)
0= >
a)
2 2
a 3az,as3 _ 3(‘121 + ‘131) (@109, + a5,03,)
34 = ,

2as, 2as, (aty +ay)

(“32 (azllo + “0) (@105, — Ay051) # 0)

(24)
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Case 7.

4 14y (agl + a%l)

y=—ajg+ ——— %
0 10 >
431433
__3aya33 — 2454y,
Ay =——"""—— =,
23 3
a3
2 2 25
= 3a3,a33 — 2a5,0,5,a34 + 303,453 (25)
24 = »
20,03,
_ 920431
a =
30 ]
ax
a3 =0, ayana; #0

where other parameters in Cases 4-7 are arbitrary real
constants.

Step 4. By substituting a,, a;; in Cases 1-3 into (16) and (17)
and using transformation (9), we obtain the following high-
order lump-type solutions for Jimbo-Miwa equation (8).

2 i bl bl ’t
ui(x,y, z, t) = M,

i=1,2,3  (26)
fioyot)

where f.(x,y,z,t) are the positive quadratic function
solutions to the generalized bilinear Jimbo-Miwa equation
(13), and

2a,,a 4 3a,;a 2
hHyzt)={apy+ 2 34‘“"110 + 2 31}""‘1232*"120
3as, 2a3,

+ (@3,% + agyt + az) +ay,

4
a,a a,a
13932 31932

Hyzt)= | ——y+asz+a,| +|ayx— ——=y
as3 as

2

3a,,a a;a

e L = P ) 33z+a20
2a3, as

3a;,a33

2
a
+ <a31x+a3zy+ e t+a33z+a30) +a,
asy

a;,a 3a;a
313 203,

fi(oyzt)=(apy+az+ a10)4 + (a21x - >
a s

2
a,305,0 3a,;a
S ) 21 3zz+a20) + (a31x+a32y+ B3y
12471 2a,,
2
as,a
+ﬂz+am) +ap.
ap
(27)

It is also readily observed that at any given time ¢,
the above high-order lump-type solutions u; — 0 if and
only if the corresponding sum of squares & +& +&;
— 00, namely,

lim (%, p,21)=0. (28)

X2 +y+z2—+00

In order to exhibit the dynamical characteristics of
these waves, we plot various three-dimensional, contour,
and density plots as follows. We choose the following
parameters to illustrate the high-order lump-type solu-
tion u,(x,y,z,t) for Jimbo-Miwa equation (8),

a, =2,
ap =1,
a3 =2,
a3 =1,
= (29)
az =2,
as =4,
as, = =5,
a3 =3,
z=y.

The physical properties and structures for the high-
order lump-type solution u,(x,y,z,t) are described in
Figure 1. Figure 1 shows the three-dimensional dynamic
graphs A,, B;, C,, corresponding contour maps A,, B,, C,,
and density plots A;, By, Cy in the (x,y) plane when =
-6, 0, 6, respectively. The three-dimensional graphs reflect
the localized structures, and the density plots show the
energy distribution.

Remark 6. By substituting a,, a;; in Cases 4-7 to (16) and (17)

and using bilinear transformation (9), we obtain the new
lump solutions for Jimbo-Miwa equation (8). Due to the lack
of space, we omit the expressions of lump solutions.

4. Interaction Solutions between Lump and
Soliton Solutions of the (3 + 1)-
Dimensional Jimbo-Miwa Equation

In this section, we will study the general interaction solu-
tions between the high-order lump-type solutions and
other function solutions of (3 + 1)-dimensional Jimbo-Miwa
equation (8).

Step 1. We use generalize bilinear Jimbo-Miwa equation (13).

Step 2. To get general interaction solutions, we take N =3,
M=4,n,=2,n,=1,n;=1in (6), namely,

3 4
f=a,+ Zfzznx + ijgj (’7]‘)7 (30)
i=1 j=1

where &,(i=1,2,3) are given in (17), and

;1j=bj0+bj1x+bj2y+bj3z+bj4t, j=1,2,3,4, (31)
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|
1383
(=]

T T
-10 0 10 20 -10

T 1 =20 T T T 1

10 20 -10 0 10 20

F1GURE 1: Three-dimensional plots, contour plots, and density plots of the wave with the parameters (29) at times t = —6 (A, A,, A;),t =0 (By,

B,, B;),and t =6 (C,, C,, C3).

where m;, by (j=1,2,3,45k=0,1,2,3,4) are arbitrary real
constants. In order to obtain the interaction solution
between the high-order lump-type solution and the double
exponential function, the trigonometric function, and the
hyperbolic function of (3 + 1)-dimensional Jimbo-Miwa
equation (8), we suppose

9,(m,) =€, g,(n,) = €™, g5(115) = tan 115, g, (n,) = tanh ..
(32)

The interaction solution of generalized bilinear equa-
tion (13) is written the following form:

f=ay+E+ G +E +meh + mye (33)
+ m; tan #, + m, tanh 7.

Step 3. By substituting (33) into Equation (13), collecting
all terms with the same order of x,y,z,t, €M, e, tan #;,
tanh #, together, the left-hand side of Equation (13) is
converted into another polynomial in x,y,z,t, €™, e, tan
Ny tanh 77,. Equating each coefficient of this different
power terms to zero yields a set of nonlinear algebraic
equations for ay, a;;, by, m;. Solving the algebraic equations
by Maple, yields the following sets of solutions.
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4.1. Between Lump and a Pair of Line-Soliton Solutions. Case 3.
When m, =m;(m, #0), my =m, =0 in (33), solution (33)

represents the interaction solutions between the high-order
lump-type solution and a pair of line-soliton solution f =

ag + & + E+ &+ mpeh + mpe,

Case 1.

Case 2.

4~ a4y #0 Case 4.

(35)

by, =0,
by; =0,

3a,;b
_ 20130y

Sa. a03#0
a;

as, =0, (36)

by =0,
by; =0,
_ 340y

byy=—=, a30a34#0
as;

a (37)

3a,3b
by, = 22872 40



Case 5.

Case 6.
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Case 7.
all - O: an = O’
2a,,0, Gz 201503,
ap;; = 13= ,
13 3a,, > 3ay,
a4 =0, @y =0,
43193, a,, =0,
as >
22 = 3ay303
22 >
g = 205,03 205,
B 3a, a,, =0,
A3y034 a, =0,
Ay == > 32
42 A, =0
337 Y
_ 2asya5, (40)
3BT 3, 0 by, =0,
a3 (38)
b,,=0 b= 2a34by,
12=0 R
31
bi3=0, by, =0,
b,a
b, = T b,y =byp»
s
by =b bu =0,
20 = 010
by = by,
by = by, 2aub
b = 34912
= 237 T4, 7
by =0, 3as,
by =0, by =0, a3az;#0
b = by1asy . .
= Gy #0 where other parameters in Cases 1-7 are arbitrary real
3 constants.
4.2. Between Lump and One Line-Soliton Solutions. When
m, =0 or m, =0 and m; = m, =0 in (33), solution (33) rep-
a; =0, resents the interaction solutions between the high-order
a,, =0, lump-type solution and one line-soliton solution f = a, + &}
2, g2
+& + & +meh
ay = 0) E2 E3 1 4
= 439 Case 1.
A3 = >
ayz
a4 =0, m, =0,
as; =0, a;; =0,
G = 12433 a;,,=0,
32 = )
a3 _ 93193
Ap=—"""">
as, =0, )|
39 1343143,
blZZO’ ( ) Ay =—"——)
12421
bi; =0, 3,30y,
Ay =—F—>
b = 3ay3by, 2ay, (41)
14 — >
2ay, _ %1393
a3 = 4.
by = by, 12
3a,;a
b — b P 1331
21 11> 34 5
2a,,
b,, =0, _
22 bll =0,
by,; =0, b= ay3by,
3= 7 7
b 3a,3by, 40 a1
4= 5 > G1pl3
2a, biy=0, apay #0
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Case 2.
m, =0,
a;; =0,
20,583
a3 = >
3a;,
a4 =0,
a, =0,
a 3ay3a;3
22 >
2a34 (42)
24 =0,
a3 =0,
a33 =0,
by, =0,
2a.,b
b3 = 7334 2 Case 5.
asz)
by=0, a3a3,#0
Case 3.
m, =0,
a;; =0,
2a,,a
a); = 1294
3a,,
a1, =0,
ay =0,
ay; =0,
4
a3 =0, (43)
G = 2a,,03,
33 30y
a3, =0,
b,=0,
b3 =0,
a,.b
by, = 27 4, #0
as Case 6.
Case 4.
m, =0,
a; =0,
a4 =0,
2a,,ay,
ay = >

9
ay =0,
ay; =0,
G = 20,03,
31 3a,
a3, =0,
a3; =0,
by, =0,
b;; =0,
3a;3by,
b= 2a,, a15a13#0
(44)
m, =0,
a;; =0,
g = 3a,3a3,
27 T,
a1, =0,
ay =0,
e (15
45
a,; =0,
ay =0,
as, =0,
a3 =0,
by, =0,
b;; =0,
azyby,
byy= o 31034 #0
31
m, =0,
a;; =0,
a4 =0,
a3 =0,
a,, =0,
ay; =0,
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a,, =0,
as; =0,
_ 1343
33 = >
ap
as, =0,
b, =0,
bis =0,
3a,,b
13911
b= » a1, #0
2a
12

(46)

where other parameters in Cases 1-6 are arbitrary real
constants.

Remark 7. When m, =0,7, =#,, we can obtain the same
solutions as Cases 1-6.

4.3. Between Lump and Periodic Solitary Wave Solutions.
When #, =#, =n,, m, =ms; =m, =m; #0 in (33), the solu-
tion (33) represents the interaction solutions between
the high-order lump-type solution and periodic solitary
wave solutions f=ay+& +& +& +meh +me +m,
tan 7, + m, tanh 7,

Case 1.
a;; =0,
2a,,a3,
a3 = 3 >
as)
a4 =0,
a, =0,
_ 3ay3a;,
22 2a,, >
a,, =0,
as, =0,

47
a33 =0, )
by, =0,

b 2a3,b,,
13 T3
31
by =0,
by =0,
b= 2a3,by,
437 3 >
asz)

Case 2.

Case 3.
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a;; =0,
a,, =0,
a,, =0,
ay; =0,
_ 3aysay,
Gy = 7 >
ap
_ 2ay,a3
a3 = 3 >
a3
a3, =0, (48)
as; =0,
b,=0,
bj; =0,
b = 3a,5by,
4= >
2a,,
by, =0,
by; =0,
3a,.b
_2a1304
by = 0. apd13#0
apn
a; =0,
a,, =0,
as a
3193
Ap=—"""">
ay
_ 138343
Ay3=———— >
a120;)
_ 3ag3ay
Ayg = 2 >
apn
a,,a
13932
as3 = >
12
3a,3a5 (49)
34 = >
2a,,
b,=0,
b,;=0,
b 3a;3by,
4= 5 >
apn
by, =0,
b, =0,
3a,,b
13941
by = s 01305, F0
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Case 4.

Case 5.

a33 =0, (50)

a;; =0,
_ G1p033
,= 123
as;
a,, =0,
a, =0,
_ 922933
as;
a,, =0,
as; =0,
a3, =0, (51)
b,=0,
bj; =0,

_ 3as3by,
2a3,

by =byys
by, =0,
by; =0,

_ 3as33b4
4= 5

S

2a5,

Case 6.

11
a;; =0,
a,, =0,
a, =0,
a,,a
s = 1392
apn
a3, =0,
as; =0,
a,,a
a, = 12933
a3
a3, =0, (52)
b,=0,
b; =0,
b = 3a,3by,
Y
ar
1741 = b11>
b, =0,
by; =0,
3a,.b
_ 20130,
by = 0. ap,a3 #0,
12

where other parameters are arbitrary real constants.

4.4. Between Lump and Solitary Wave Solutions. When 7,
=n,my=m; #0,m;=0 in (33), the solution (33) repre-
sents the interaction solutions between the high-order
lump-type solution and solitary wave solutions:

f=ay+ 5411 + ’q’% + E§ +myeh +me™ +m,tanhy, (53)

Case 1.

a; =0,
_ 2ay,a3,
a3 = 3 >
as)
a,, =0,
a, =0,
_ 3ayay
Gy = 2 >
sy
a3, =0,
as, =0,
as; =0,
b, =0,
b 2a3,by,
137 73 >
as)
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by =0,
b42 = b12>
2a.,b
bys = 334 2
as)
by =0, a3a3,#0, (54)

where other parameters are arbitrary real constants.

Remark 8. In addition to the above result Case 1, we can also
get the same solutions as Cases 1-4 and 6 in Section 4.3 when
m, =m, and the special result of Case 5 in Section 4.3
when m, =my, a,, =0, respectively.

4.5. Between Lump and Tan Function Solutions. When #, =
1y, my =my #0,m, =0 in (33), the solution (33) represents
the interaction solutions between the high-order lump-type
solution and tan function solutions f =a, + E‘f + E% + £§ +
meh + me + m, tan 15,

Case 1.
a;; =0,
2a,,a
a;; = 12934
3a;,
a4 =0,
ay =0,
3a,;a
a5, 223 3
As4
a4, =0,
a3, =0,
as; =0, (55)
b, =0,
2as,b,,
bz = 3 >
asz)
by =0,
by =0,
by, = by,
2ay,b;,
b=,
asz)
b3y =0, a3a3#0,

where other parameters are arbitrary real constants.

Remark 9. In addition to the above result Case 1, we can also
get the same solutions as Cases 1-6 in Section 4.3 when
ms = my, n; =1, respectively.
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4.6. Between Lump and Tan-Tanh Wave Solutions. When
m, =m, =0, my = m; #0in (33), the solution (33) represents
the interaction solutions between the high-order lump-type
solution and tan-tanh wave solutions f = a, + &} +& + & +
ms tan #, + m; tanh 77,

Case 1.
a;, =0,
2a,,a3,
a3 = 3a.
31
a1, =0,
ay =0,
20,034
ay3 = 3a.
31
a5, =0,
a3 =0, (56)
as;; =0,
by, =0,
by, =0,
a34bs,
b34 = a0
31
b, =0,
by =0,
ayb
by = A, as #0
as
Case 2.
a;, =0,
a1, =0,
ay =0,
ay3d)
Ayy=—">
ar
a,, =0,
a3 =0,
a1303,
az3 = P
12
57
a3, =0, (57)
bs, =0,
by; =0,
3a,3b;,
by, = 5 >
a;
by, =0,
by; =0,
3a,,b
by, = 22374 40
44 2a,, 12
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Case 3.

Case 4.

a,,=0,
a; =0,
201,034
a3 = >
3as;
a4 =0,
as1a3;
)
Ay
_ 2apaz,
ay3 = >
3as;
3034
Ay =—"—">
Ay
_ 205,03
a3z = >
3as;
b, =0,
by, =0,
b az4bs;
34
as;
by =0,
b =0,
asb
_ O3494
by, = o ay,a3 #0
31
ay =0,
a,; =0,
_ 3aysay
ap = a0
A34
a1, =0,
a3143
) =——>>
A
_ 2ay4a5,
Ayy=—F— >
3as
as,a
32434
yy =~ >
A
_ G093,
asp = >
A
_ 2a3a;3
33~ >
3az
by, =0,
by; =0,
be = as,by,
34T — >
as
by, =0,
by =0,
ayb
_ 3404
by = a0 Ay03,034 %0
31

(59)

Case 5.

Case 6.

a,,=0,
a;; =0,
a,, =0,
P 20,054
20T
3a,,
a,, =0,
a,; =0,
dar = 2a,,03
31T T2
a3
as, =0,
a3 =0,
by, =0,
by, =0,
b. = 3a,3b;
34 =
2a,,
b =0,
b, =0,
b 3a,3by
“u=
an
a,,=0,
a; =0,
a,,a
12
a5 3
as;
a4 =0,
a 2ay,a;,
21 =
3as;
ay =0,
ay; =0,
as;; =0,
a3, =0,
bs, =0,
by =0,
b 3as3b3
34 =
2a3,
by, =0,
by =0,
b = 3as3by
W=
asz

where other parameters are arbitrary real constants.

13

(60)

(61)
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Remark 10. In addition to the above results Cases 1-6, we can
also get the same solutions as Cases 1-3 in Section 4.3 when
15 =1, respectively.

Step 4. By substituting the parameters ay, a;;, by, m; in the
Sections 4.1-4.6 into the solution (33) and using transforma-
tion (9), we can obtain abundant interaction solutions of
Jimbo-Miwa equation (1).

These sets of solutions for the parameters generate 42
classes of combination solutions f;, 1 <i<42 to the general-
ized bilinear Jimbo-Miwa equation (13), and then, the result-
ing combination solutions present 42 classes of interaction
solutions u;, 1 < i< 42 to Equation (8) under transformation
(9). Therefore, various kinds of interaction solutions could
be constructed explicitly this way.

As the example, substituting (38) into (33), we can get f
as follows:

2a,,a 4
f(x,y,z,t):a0+ Ay +a,y + 12934
3as;

2
as,a 2a,,a as,a
<a20 31432 4y 294 32434 t)
3a a
A 31 22

2
2a,,a
T 34Z+a34l‘
3a
31

+ <a30 +azXx+ads)y+

+meh +me,

where

by1asy

Hy=by+bx+ 6,1, =byy+bx+ Mt. (63)
31 31
By using transformation (9), we get the interaction solu-
tion between the high-order lump-type solutions and a pair
of line-soliton solution of (3 + 1)-dimensional Jimbo-Miwa
equation (8)

u(x,y,z,t) = Yilxy2t) (64)

fryzt)’

where f(x, y,z,t) is given in (62).

In order to exhibit the dynamical characteristics of these
waves, we plot various three-dimensional, contour, and den-
sity plots as follows. We choose the following parameters to
illustrate interaction solution (64),

a,=0.5,
app =1,
ap=1,
ay =~1,
a, =-1,
az =1,
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a3 =2,

azp = -2,

as, =10,

byy=-1,

b, =13,

m =1,z=y. (65)

The physical properties and structures for interaction
solution (64) are shown in Figure 2. Figure 2 shows the
three-dimensional dynamic graphs A,, B,, C;, corresponding
contour maps A,, B,, C,, and density plots A, B;, C; in the
(x,y)-plane when ¢t =-1,0, and 1, respectively. The three-
dimensional graphs reflect the localized structures, and the
density plots show the energy distribution. We can see that
the high-order lump-type wave and the exponential function
wave react with each other.

When we choose the following parameters and ¢ = -2, we
illustrate interaction solution (64) of (3 + 1)-dimensional
Jimbo-Miwa equation (8),

a,=>5,
ayp =06,
ap =2,
ay =1,
ay =-1,
@0 =1 (66)
a3 =5,
a3 =2,
a3 =1
by=-1,
by, = 1.5,

my=-1,z=y.

The physical properties and structures for interaction
solution (64) are shown in Figure 3. Figure 3 shows the
three-dimensional dynamic graph D,, corresponding con-
tour map D,, and density plot Dy in the (x,y)-plane,
respectively.

5. Conclusion

In this paper, we gave the form of rational solution and their
interaction solution to NLEE. The rational solution con-
tained lump solution, general lump solution, high-order
lump solution, lump-type solution, etc. The general interac-
tion solution contain the classical interaction solution, such
as the lump-kink solution and the lump-soliton solution.
As the example, by using the generalized bilinear method
and symbolic computation Maple, we successfully constructed
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F1GURE 2: Three-dimensional plots, contour plots, and density plots of the wave with parameters (65) at times t = —1 (A, A5, A;), t =0 (B}, B,,

B;),and t =1 (C;, C,, C5).

FI1GURE 3: Three-dimensional plot, contour plot, and density plot of the wave with parameters (66) at time t = 2.
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the high-order lump-type solutions and their interaction solu-
tions between lumps and other function solutions under cer-
tain constraints of (3 + 1)-dimensional Jimbo-Miwa equation.
Three-dimensional plots, contour plots, and density plots of
these waves are observed in Figures 1-3, respectively. We
can find the physical structure and characteristics of the inter-
actions between the high-order lump-type solutions and the
exponential function wave.

Many researchers have studied the exact solutions of
(3 + 1)-dimensional Jimbo-Miwa equation, such as the gen-
eralized solitary solutions [6]; the various travelling wave
solutions [7]; and one-soliton, two-soliton and dromion
solutions [11], and multiple-soliton solutions [12, 13]; peri-
odic solitary wave solutions [14]; several interaction solu-
tions (the interaction phenomenon between the exponential
function, the cosine function, and the hyperbolic cosine func-
tion; the interaction phenomenon between the exponential
function, the sine function, and the hyperbolic sine function)
[20, 21]; lump-type solutions (N =2, n, = n, = 1); lump-kink
solution (N=2,n,=n,=1,M=1,g,(y,) =¢€"); and lump-
soliton solution [36-41]

N=2,n=n,=1,M=1,g,(y,) =cosh #,. (67)

The obtained new high-order lump-type solutions (16)
and their interaction solutions (33) in this paper are different
from the lump-type solutions and the interaction solutions in
[36-41]. These solutions will greatly expand the exact solu-
tions of (3 + 1)-dimensional Jimbo-Miwa equation on the
existing literature [6, 7, 11-14, 20, 21, 36-41, 58]. These
results are significant to understand the propagation pro-
cesses for nonlinear waves in fluid mechanics and the expla-
nation of some special physical problems.
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