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In this paper, we prove fixed point theorems using orthogonal triangular α-admissibility on orthogonal complete metric spaces.
Some of the well-known outcomes in the literature are generalized and expanded by the obtained results. An instance to help
our outcome is being presented.

1. Introduction

One of the most important results of mathematical analysis
is the famous fixed point result, called the Banach contrac-
tion principle (BCP). In several branches of mathematics,
it is the most commonly used fixed point result, and it is
generalized in many different directions. The substitution
of the metric space by other generalized metric spaces is
one natural way of reinforcing the BCP. As a generalization
of the BCP, Wardowski [1] gave a fixed point result in the
setting of complete metric spaces. In other branches of
mathematics, the notion of an orthogonal set has many
applications and has several kinds of orthogonality. Gordji
et al. [2] have imported the current concept of orthogonality
on metric spaces and established some fixed point results
equipped with the new orthogonality. Furthermore, they
used these results to ensure the presence and uniqueness of

the solution of a first-ordinary differential equation, while
the BCP cannot be applied to this problem. In generalized
orthogonal metric spaces, Eshaghi Gordji and Habibi [3]
continued in this direction and gave further fixed point the-
orems. The new definition of orthogonal F-contraction
mappings was introduced by Sawangsup et al. [4], and some
related fixed point theorems on orthogonal-complete metric
spaces have been proved. Many authors have investigated
orthogonal contractive form mappings, and significant
results have been obtained. For more details, see the works
of Eshaghi and Habibi [5], Gungor and Turkoglu [6],
Yamaod and Sintunavarat [7], Javed et al. [8], Sawangsup
and Sintunavarat [9], Senapati et al. [10], Gunaseelan et al.
[11], Beg et al. [12], Uddin et al. [13], Ali et al. [14], etc. In
this paper, we prove fixed point theorems using orthogonally
triangular α-admissibility on orthogonal metric spaces. At
the end, an application is presented.
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2. Preliminaries

The goal of this section is to immediate some concepts and
results used in the article. In this article, ℧, ℝ+, and ℕ
denote, respectively, the nonempty set, the positive real
numbers, and the set of positive integers.

In 2013, Hussain et al. [15] introduced the concepts of α
-admissible mappings and proved some fixed point
theorems.

On the other hand, the definition of an orthogonal set
(or, O-set), some examples, and some premises of orthogo-
nal sets were introduced by Gordji et al. [2], as follows.

Definition 1 (see [2]). Let ℧≠ ϕ and ⊥⊆℧×℧ be a binary
relation. If ⊥ satisfies the consecutive condition:

∃R0 ∈℧ : ∀R ∈℧,R⊥R0ð Þ or ∀R ∈℧,R0⊥Rð Þ, ð1Þ

then, it is said to be an orthogonal set (briefly O-set). We
indicate this O-set by ð℧, ⊥Þ.

Example 1 (see [2]). Let ℧ = ½0,∞Þ and define R⊥Y if R
Y ∈ fR,Yg. Then, by setting R0 = 0 or R0 = 1, ð℧, ⊥Þ is
an O -set.

Definition 2 (see [2]). The triplet ð℧, ⊥, φÞ is said to be an O
-metric space if ð℧,⊥Þ is an O-set and ð℧, φÞ is a metric
space.

Definition 3 (see [2]). Let ð℧, ⊥, φÞ be an O-metric space.
Then, if every Cauchy O-sequence is convergent, ℧ is said
to be an orthogonal complete (briefly, O-complete).

Definition 4 (see [2]). Let ð℧, ⊥Þ be an O-set. A mapping
G : ℧⟶℧ is said to be ⊥-preserving if GR⊥GY , when-
ever R⊥Y .

Definition 5 (see [16]). Let ð℧, ⊥Þ be an O-set and φ be a
metric on ℧, G : ℧⟶℧ and α : X × X⟶ ½0,∞Þ be two
mappings. We say that G is orthogonally α-admissible
whenever R⊥Y and αðR,YÞ ≥ 1 imply that αðGðRÞ,Gð
YÞÞ ≥ 1:

Definition 6. Let ð℧, ⊥Þ be an O-set and φ be a metric on ℧.
Given G : ℧⟶℧ and α : R ×R⟶ ð−∞,∞Þ. We say
thatG is an orthogonally triangular α-admissible mapping if

(i) R⊥Y and αðR,YÞ ≥ 1 imply that αðGðRÞ,GðYÞÞ
≥ 1

(ii) R⊥Z , αðR,ZÞ ≥ 1 and Z⊥Y , αðZ ,YÞ ≥ 1 imply
that R⊥Y

α G Rð Þ,G Yð Þð Þ ≥ 1: ð2Þ

3. Main Results

Inspired by the α-admissibility and fixed point theorems
proved by Hussain et al. [15], we prove some fixed point the-
orems in an orthogonal complete metric space.

Theorem 7. Let ð℧, ⊥, φÞ be an O-complete metric space.
Given an orthogonal element R0. The mappings G : ℧⟶
℧ and α : ℧×℧⟶ ½0,∞Þ are such that

∀R,Y ∈℧withR⊥Y , φ GR,GYð Þ
> 0⇒ φ GR,GYð Þ + lð Þα R,GRð Þα Y ,GYð Þ

≤ ℏ φ R,Yð Þð Þφ R,Yð Þ + l,
ð3Þ

where l ≥ 1. Suppose there is ℏ : ½0,∞Þ⟶ ½0, 1� so that
for each bounded positive sequence fΩng, ℏðΩnÞ⟶ 1
implies Ωn ⟶ 0. Suppose that

(1) G is ⊥-preserving

(2) G is orthogonally triangular α-admissible

(3) There exists R0 ∈℧ such that R0⊥GR0 and αðR0,
GR0Þ ≥ 1

(4) Either G is orthogonally continuous, or if fRng is a
sequence in ℧ such that Rn ⟶R, αðRn,Rn+1Þ ≥
1 for all n, then Rn⊥R and αðR,GRÞ ≥ 1

Then, G has a fixed point.

Proof. By condition (3), there exists R0 ∈℧ such that R0⊥
GR0 and αðR0,GR0Þ ≥ 1. Let

R1 ≔GR0,R2 ≔GR1 =G2R0 ⋯⋯,Rn+1 ≔GRn =Gn+1R0,
ð4Þ

for all n ≥ 0. Since G is ⊥-preserving, then, fRng is an O
-sequence in ℧. Condition (2) implies that αðRn,Rn+1Þ ≥
1 for all n ≥ 0. If Rn =Rn+1 for some n ≥ 0, then, Rn is a
fixed point of G. Assume that Rn ≠Rn+1, ∀n ≥ 0. Since G

is α-admissible and αðR0,GR0Þ ≥ 1, we deduce that αðR1,
R2Þ = αðGR0,G2R0Þ ≥ 1. By continuing this process, we
get αðRn,GRnÞ ≥ 1 for all n ≥ 0. By the inequality (3), we
obtain

φ GRn−1,GRnð Þ + l ≤ φ GRn−1,GRnð Þ + lð Þα Rn−1,GRn−1ð Þα Rn ,GRnð Þ

≤ ℏ φ Rn−1,Rnð Þð Þφ Rn−1,Rnð Þ + l,
ð5Þ

then

φ Rn,Rn+1ð Þ ≤ ℏ φ Rn−1,Rnð Þð Þφ Rn−1,Rnð Þ: ð6Þ

This implies that φðRn,Rn+1Þ ≤ φðRn−1,RnÞ. It follows
that the sequence defined by ½φðRn,Rn+1Þ� is decreasing,
hence, there is d ≥ 0 so that limn⟶∞φðRn,Rn+1Þ = d. We
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claim that d = 0. From (6), we have

φ Rn,Rn+1ð Þ
φ Rn−1,Rnð Þ ≤ ℏ φ Rn−1,Rnð Þð Þ ≤ 1, ð7Þ

which implies limn⟶∞ℏðφðRn−1,RnÞÞ = 1. We deduce that

lim
n⟶∞

φ Rn,Rn+1ð Þ = 0: ð8Þ

Now, we claim that fRng is a Cauchy. Assume that
there are ε > 0 and subsequences fmðjÞg and fnðjÞg so that

n jð Þ >m jð Þ > j, φ Rn jð Þ,Rm jð Þ
� �

≥ ε and φ Rn jð Þ,Rm jð Þ−1
� �

< ε:

ð9Þ

Consider

ε ≤ φ Rn jð Þ,Rm jð Þ
� �

≤ φ Rn jð Þ,Rm jð Þ−1
� �

+ φ Rm jð Þ−1,Rm jð Þ
� �

< ε + φ Rm jð Þ−1,Rm jð Þ
� �

, j ∈ℕ:

ð10Þ

Taking the limit as j⟶ +∞ and using (8), we get

lim
j⟶+∞

φ Rn jð Þ,Rm jð Þ
� �

= ε: ð11Þ

Again,

φ Rn jð Þ,Rm jð Þ
� �

≤ φ Rm jð Þ,Rm jð Þ+1
� �

+ φ Rm jð Þ+1,Rn jð Þ+1
� �

+ φ Rn jð Þ+1,Rn jð Þ
� �

,

ð12Þ

φ Rn jð Þ+1,Rm jð Þ+1
� �

≤ φ Rm jð Þ,Rm jð Þ+1
� �

+ φ Rm jð Þ,Rn jð Þ
� �

+ φ Rn jð Þ+1,Rn jð Þ
� �

:

ð13Þ

Letting j⟶ +∞, together with (8) and (11), we deduce
that

lim
j⟶+∞

φ Rn jð Þ+1,Rm jð Þ+1
� �

= ε: ð14Þ

Since there exists R0 ∈℧ such that R0⊥GR0 and αð
R0,GR0Þ ≥ 1, using condition (2), we derive that R1⊥R2,
αðR1,R2Þ = αðGR0,G2R0Þ ≥ 1. By continuing this process,
we get

Rn⊥Rn+1, α Rn,Rn+1ð Þ ≥ 1, ð15Þ

for all n ≥ 0. Suppose that m < n. We have

Rm⊥Rm+1, α Rm,Rm+1ð Þ ≥ 1,
Rm+1⊥Rm+2, α Rm+1,Rm+2ð Þ ≥ 1:

(
ð16Þ

Recall that G is orthogonally triangular α-admissible, so
we have

Rm⊥Rm+2, α Rm,Rm+2ð Þ ≥ 1: ð17Þ

Again,

Rm⊥Rm+2, α Rm,Rm+2ð Þ ≥ 1,
Rm+2⊥Rm+3, α Rm+2,Rm+3ð Þ ≥ 1:

(
ð18Þ

G is orthogonally triangular α-admissible, so we have

Rm⊥Rm+3, α Rm,Rm+3ð Þ ≥ 1: ð19Þ

By continuing this process, we get Rm⊥Rn, αðRm,Rn

Þ ≥ 1 and so Rn j
⊥Rm j

αðRn j
,Rm j

Þ ≥ 1.
From (3), (11), and (14), we have

φ Rn jð Þ+1,Rm jð Þ+1
� �

+ l

≤ φ Rn jð Þ+1,Rm jð Þ+1
� �

+ l
� �α Rn jð Þ ,GRn jð Þð Þα Rm jð Þ ,GRm jð Þð Þ

= φ GRn jð Þ,GRm jð Þ
� �

+ l
� �α Rn jð Þ ,GRn jð Þð Þα Rm jð Þ ,GRm jð Þð Þ

≤ ℏ φ Rn jð Þ,Rm jð Þ
� �� �

φ Rn jð Þ,Rm jð Þ
� �

+ l:

ð20Þ

Hence,

φ Rn jð Þ+1,Rm jð Þ+1
� �

φ Rn jð Þ,Rm jð Þ
� � ≤ ℏ φ Rn jð Þ,Rm jð Þ

� �� �
≤ 1: ð21Þ

Letting j⟶ +∞ in the above inequality, we get

lim
j⟶+∞

ℏ φ Rn jð Þ,Rm jð Þ
� �� �

= 1: ð22Þ

That is, at the limit j⟶ +∞, φðRnðjÞ,RmðjÞÞ = 0 < ε,
which is a contradiction. Hence, fRng is a Cauchy sequence
in the complete metric space ℧, hence, there isZ ∈℧ so that
Rn ⟶Z . First, we suppose that G is orthogonally contin-
uous, then, we have

GZ = lim
n⟶∞

GRn = lim
n⟶∞

Rn+1 =Z: ð23Þ

So, Z is a fixed point of G. Assume the condition (4)
holds. Then, Rn⊥Z and αðZ ,GZÞ ≥ 1. Now, by (3), we
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have

φ GZ ,Rn+1ð Þ + l ≤ φ GZ ,GRnð Þ + lð Þα Z ,GZð Þα Rn ,GRnð Þ

≤ ℏ φ Z ,Rnð Þð Þφ Z ,Rnð Þ + l:

ð24Þ

That is, φðGZ ,Rn+1Þ ≤ ℏðφðZ ,RnÞÞφðZ ,RnÞ, and so
we get

φ GZ ,Zð Þ ≤ φ GZ ,Rn+1ð Þ + φ Z ,Rn+1ð Þ
≤ ℏ φ Z ,Rnð Þð Þφ Z ,Rnð Þ + φ Z ,Rn+1ð Þ: ð25Þ

Taking n⟶∞, we find φðGZ ,ZÞ = 0, that is, Z =
GZ .☐

Theorem 8. Let ð℧, ⊥, φÞ be an O-complete metric space.
Given an orthogonal element R0. The mappings G : ℧⟶
℧ and α : ℧×℧⟶ ½0,∞Þ are such that

∀R,Y ∈℧withR⊥Y φ GR,GYð Þ > 0⇒½
� α R,GRð Þα Y ,GYð Þ + 1ð Þφ GR,GYð Þ ≤ 2ℏ φ R,Yð Þð Þφ R,Yð Þ

i
,

ð26Þ

where l ≥ 1. Assume that there exists a function ℏ : ½0,∞Þ
⟶ ½0, 1� such that, for any bounded sequence fΩng of pos-
itive reals, ℏðΩnÞ⟶ 1 implies Ωn ⟶ 0, satisfying the
conditions:

(1) G is ⊥-preserving

(2) G is orthogonally triangular α-admissible

(3) There exists R0 ∈℧ such that R0⊥GR0 and αðR0,
GR0Þ ≥ 1

(4) Either G is orthogonally continuous, or if fRng is a
sequence in ℧ such that Rn ⟶R, αðRn,Rn+1Þ ≥
1 for all n, then Rn⊥R and αðR,GRÞ ≥ 1

Then, G has a fixed point.

Proof. By condition (3), there exists R0 ∈℧ such that R0⊥
GR0 and αðR0,GR0Þ ≥ 1. Let

R1 ≔GR0,R2 ≔GR1 =G2R0 ⋯⋯,Rn+1 ≔GRn =Gn+1R0,
ð27Þ

for all n ≥ 0. Since G is ⊥-preserving, fRng is an O
-sequence in ℧. Condition (2) implies that αðRn,Rn+1Þ ≥
1 for all n ≥ 0. If Rn =Rn+1 for some n ≥ 0, then Rn is a
fixed point of G. Assume that Rn ≠Rn+1, ∀n ≥ 0. By Theo-
rem 7, we conclude that αðRn,GRnÞ ≥ 1 for all n ≥ 0. From

(26), we obtain

2φ GRn−1,GRnð Þ ≤ α Rn−1,GRn−1ð Þα Rn,GRnð Þ + 1ð Þφ GRn−1,GRnð Þ

≤ 2ℏ φ Rn−1,Rnð Þð Þφ Rn−1,Rnð Þ,
ð28Þ

which yields that

φ Rn,Rn+1ð Þ ≤ ℏ φ Rn−1,Rnð Þð Þφ Rn−1,Rnð Þ: ð29Þ

So, we conclude that φðRn,Rn+1Þ ≤ φðRn−1,RnÞ. It fol-
lows that the sequence dn ≔ φðRn,Rn+1Þ is decreasing, so
there is d ≥ 0 so that dn ⟶ d as n⟶∞. We claim that
d = 0. Assume that d > 0. Considering (29), we have

φ Rn,Rn+1ð Þ
φ Rn−1,Rnð Þ ≤ ℏ φ Rn−1,Rnð Þð Þ ≤ 1, ð30Þ

which implies limn⟶∞ℏðφðRn−1,RnÞÞ = 1.
Therefore, d = limn⟶∞dn = limn⟶∞φðRn−1,RnÞ = 0.

It is a contradiction. Thus,

lim
n⟶∞

φ Rn,Rn+1ð Þ = 0: ð31Þ

Now, we claim that fRng is a Cauchy sequence. Assume
there are ε > 0 and sequences fmðjÞg and fnðjÞg so that

n jð Þ >m jð Þ > j, φ Rn jð Þ,Rm jð Þ
� �

≥ ε andφ Rn jð Þ,Rm jð Þ−1
� �

< ε:

ð32Þ

As in the proof of Theorem 7, one writes

lim
j⟶+∞

φ Rn jð Þ,Rm jð Þ
� �

= ε, ð33Þ

lim
j⟶+∞

φ Rn jð Þ+1,Rm jð Þ+1
� �

= ε: ð34Þ

Since there exists R0 ∈℧ such that R0⊥GR0 and αð
R0,GR0Þ ≥ 1, using condition (2), we derive that

R1⊥R2, α R1,R2ð Þ = α GR0,G2R0
� �

≥ 1: ð35Þ

By continuing this process, we get

Rn⊥Rn+1, α Rn,Rn+1ð Þ ≥ 1, ð36Þ

for all n ≥ 0. Suppose that m < n. Recall that

Rm⊥Rm+1, α Rm,Rm+1ð Þ ≥ 1,
Rm+1⊥Rm+2, α Rm+1,Rm+2ð Þ ≥ 1:

(
ð37Þ

Since G is orthogonally triangular α-admissible, we have

Rm⊥Rm+2, α Rm,Rm+2ð Þ ≥ 1: ð38Þ
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Again,

Rm⊥Rm+2, α Rm,Rm+2ð Þ ≥ 1,
Rm+2⊥Rm+3, α Rm+2,Rm+3ð Þ ≥ 1:

(
ð39Þ

G is orthogonally triangular α-admissible, so

Rm⊥Rm+3, α Rm,Rm+3ð Þ ≥ 1: ð40Þ

By continuing this process, we get Rm⊥Rn, αðRm,Rn

Þ ≥ 1 and so Rn j
⊥Rm j

αðRn j
,Rm j

Þ ≥ 1.
Now, from (26), (33), and (34), we have

2φ Rn jð Þ+1,Rm jð Þ+1ð Þ ≤ α Rn jð Þ,GRn jð Þ
� �

α
�

� Rm jð Þ,GRm jð Þ
� �

+ 1
�φ Rn jð Þ+1,Rm jð Þ+1ð Þ

= α Rn jð Þ,GRn jð Þ
� ��

� α Rm jð Þ,GRm jð Þ
� �

+ 1
�φ GRn jð Þ ,GRm jð Þð Þ

≤ 2ℏ φ Rn jð Þ ,Rm jð Þð Þð Þφ Rn jð Þ ,Rm jð Þð Þ:
ð41Þ

Hence,

φ Rn jð Þ+1,Rm jð Þ+1
� �

φ Rn jð Þ,Rm jð Þ
� � ≤ ℏ φ Rn jð Þ,Rm jð Þ

� �� �
≤ 1: ð42Þ

Letting j⟶ +∞, we get

lim
j⟶+∞

ℏ φ Rn jð Þ,Rm jð Þ
� �� �

= 1: ð43Þ

That is, lim j⟶+∞φðRnðjÞ,RmðjÞÞ = 0 < ε. It is a contra-
diction, so fRng is a Cauchy sequence, hence, there is Z
∈℧ so that Rn ⟶Z . First, assume that G is orthogonally
continuous, then

GZ = lim
n⟶∞

GRn = lim
n⟶∞

GRn+1 =Z: ð44Þ

So, Z is a fixed point of G. If (4) is verified, so Rn⊥Z
and αðZ ,GZÞ ≥ 1. Now, by (26), we have

2φ GZ ,Rn+1ð Þ ≤ α Z ,GZð Þα Rn,GRnð Þ + 1ð Þφ GZ ,GRnð Þ

≤ 2ℏ φ Z ,Rnð Þð Þφ Z ,Rnð Þ:

ð45Þ

That is, φðGZ ,Rn+1Þ ≤ ℏðφðZ ,RnÞÞφðZ ,RnÞ, and so
we get

φ GZ ,Zð Þ ≤ φ GZ ,Rn+1ð Þ + φ Z ,Rn+1ð Þ
≤ ℏ φ Z ,Rnð Þð Þφ Z ,Rnð Þ + φ Z ,Rn+1ð Þ: ð46Þ

At the limit n⟶∞, one gets φðGZ ,ZÞ = 0, that is,
Z =GZ .☐

Theorem 9. Let ð℧, ⊥, φÞ be an O-complete metric space.
Given an orthogonal element R0. The mappings G : ℧⟶
℧ and α : ℧×℧⟶ ½0,∞Þ are such that

∀R,Y ∈℧withR⊥Y φ GR,GYð Þ½
> 0⇒ α R,GRð Þα Y ,GYð Þφ GR,GYð Þ
≤ ℏ φ R,Yð Þð Þφ R,Yð Þ�,

ð47Þ

where l ≥ 1. Assume that there exists a function ℏ : ½0,∞Þ
⟶ ½0, 1� such that, for any bounded sequence fΩng of pos-
itive reals, ℏðΩnÞ⟶ 1 implies Ωn ⟶ 0, satisfying the
conditions:

(1) G is ⊥-preserving

(2) G is orthogonally triangular α-admissible

(3) There exists R0 ∈℧ such that R0⊥GR0 and αðR0,
GR0Þ ≥ 1

(4) Either G is orthogonally continuous, or if fRng is a
sequence in ℧ such that Rn ⟶R, αðRn,Rn+1Þ ≥
1 for all n, then Rn⊥R and αðR,GRÞ ≥ 1

Then, G has a fixed point.

Proof. By condition (3), there exists R0 ∈℧ such that R0⊥
GR0 and αðR0,GR0Þ ≥ 1. Let

R1 ≔GR0,R2 ≔GR1 =G2R0,⋯,Rn+1 ≔GRn =Gn+1R0,
ð48Þ

for all n ≥ 0. Since G is ⊥-preserving, fRng is an O
-sequence in ℧. Condition (2) yields that αðRn,Rn+1Þ ≥ 1
for all n ≥ 0. If Rn =Rn+1 for any n ≥ 0, then Rn is a fixed
point of G. Assume that Rn ≠Rn+1, ∀n ≥ 0. By Theorem 7,
we conclude that αðRn,GRnÞ ≥ 1 for all n ≥ 0. From (47),
we obtain

α Rn−1,GRn−1ð Þα Rn,GRnð Þφ GRn−1,GRnð Þ
≤ ℏ φ Rn−1,Rnð Þð Þφ Rn−1,Rnð Þ, ð49Þ

then

φ Rn,Rn+1ð Þ ≤ ℏ φ Rn−1,Rnð Þð Þφ Rn−1,Rnð Þ: ð50Þ

So, we conclude that φðRn,Rn+1Þ ≤ φðRn−1,RnÞ. Thus,
fφðRn,Rn+1Þg is decreasing; hence, there is d ≥ 0 so that
φðRn,Rn+1Þ⟶ d as n⟶∞. Regarding (50), we obtain

φ Rn,Rn+1ð Þ
φ Rn−1,Rnð Þ ≤ ℏ φ Rn−1,Rnð Þð Þ ≤ 1, ð51Þ

which implies that limn⟶∞ℏðφðRn−1,RnÞÞ = 1. Hence,
d = limn⟶∞dn = limn⟶∞φðRn−1,RnÞ = 0, which is a
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contradiction. Hence, we derive that

lim
n⟶∞

φ Rn,Rn+1ð Þ = 0: ð52Þ

We claim that fRng is Cauchy sequence. Assume that
there are ε > 0 and subsequences fmðjÞg and fnðjÞg so that

n jð Þ >m jð Þ > j, φ Rn jð Þ,Rm jð Þ
� �

≥ ε and φ Rn jð Þ,Rm jð Þ−1
� �

< ε:

ð53Þ

As in Theorem 7, one has

lim
j⟶+∞

φ Rn jð Þ,Rm jð Þ
� �

= ε, ð54Þ

lim
j⟶+∞

φ Rn jð Þ+1,Rm jð Þ+1
� �

= ε: ð55Þ

Since there exists R0 ∈℧ such that R0⊥GR0 and αð
R0,GR0Þ ≥ 1, using condition (2), we derive that

R1⊥R2, α R1,R2ð Þ = α GR0,G2R0
� �

≥ 1: ð56Þ

By continuing this process, we get

Rn⊥Rn+1, α Rn,Rn+1ð Þ ≥ 1, ð57Þ

for all n ≥ 0. Suppose that m < n. Recall that

Rm⊥Rm+1, α Rm,Rm+1ð Þ ≥ 1,
Rm+1⊥Rm+2, α Rm+1,Rm+2ð Þ ≥ 1:

(
ð58Þ

Since G is orthogonally triangular α-admissible, we have

Rm⊥Rm+2, α Rm,Rm+2ð Þ ≥ 1: ð59Þ

Again, since

Rm⊥Rm+2, α Rm,Rm+2ð Þ ≥ 1,
Rm+2⊥Rm+3, α Rm+2,Rm+3ð Þ ≥ 1,

(
ð60Þ

using the fact that G is orthogonally triangular α-admissible,
we have

Rm⊥Rm+3, α Rm,Rm+3ð Þ ≥ 1: ð61Þ

By continuing this process, we get Rm⊥Rn, αðRm,Rn

Þ ≥ 1 and so Rn j
⊥Rm j

αðRn j
,Rm j

Þ ≥ 1.

Now, from (47), (54), and (55), we have

φ Rn jð Þ+1,Rm jð Þ+1
� �

≤ α Rn jð Þ,GRn jð Þ
� �

α Rm jð Þ,GRm jð Þ
� �

φ

� Rn jð Þ+1,Rm jð Þ+1
� �

= α Rn jð Þ,GRn jð Þ
� �

α

� Rm jð Þ,GRm jð Þ
� �

φ GRn jð Þ,GRm jð Þ
� �

≤ ℏ φ Rn jð Þ,Rm jð Þ
� �� �

φ Rn jð Þ,Rm jð Þ
� �

:

ð62Þ

Hence,

φ Rn jð Þ+1,Rm jð Þ+1
� �

φ Rn jð Þ,Rm jð Þ
� � ≤ ℏ φ Rn jð Þ,Rm jð Þ

� �� �
≤ 1: ð63Þ

Letting j⟶ +∞, we get

lim
j⟶+∞

ℏ φ Rn jð Þ,Rm jð Þ
� �� �

= 1: ð64Þ

At the limit j⟶ +∞, φðRnðjÞ,RmðjÞÞ = 0. Hence, fRng
is a Cauchy sequence. The completness of ℧ ensures that
there is Z ∈℧ so that Rn ⟶Z . If G is orthogonally con-
tinuous, then

GZ = lim
n⟶∞

GRn = lim
n⟶∞

GRn+1 =Z: ð65Þ

So, Z is a fixed point of G. If (4) is verified, so Rn⊥Z
and αðZ ,GZÞ ≥ 1. Now, by (47), we have

φ GZ ,Rn+1ð Þ ≤ α Z ,GZð Þα Rn,GRnð Þφ GZ ,GRnð Þ
≤ ℏ φ Z ,Rnð Þð Þφ Z ,Rnð Þ:

ð66Þ

That is, φðGZ ,Rn+1Þ ≤ ℏðφðZ ,RnÞÞφðZ ,RnÞ, and so
we get

φ GZ ,Zð Þ ≤ φ GZ ,Rn+1ð Þ + φ Z ,Rn+1ð Þ
≤ ℏ φ Z ,Rnð Þð Þφ Z ,Rnð Þ + φ Z ,Rn+1ð Þ: ð67Þ

Taking n⟶∞, one has φðGZ ,ZÞ = 0, that is, Z =
GZ .☐

Theorem 10. Assume that all the hypotheses of Theorems 7,
8, and 9 hold. Adding the following condition:

(c) If R =GR and Z =GZ then R⊥Z , αðR,GRÞ ≥ 1
and αðZ ,GZÞ ≥ 1, we obtain the uniqueness of the fixed
point of G.

Proof. Suppose that Z and Z∗ are two fixed points of G
such that Z ≠Z∗. Then, Z⊥Z∗αðZ ,GZÞ ≥ 1 and αðZ∗,
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GZ∗Þ ≥ 1. For Theorem 7, we have

φ GZ ,GZ∗ð Þ + l ≤ φ GZ ,GZ∗ð Þ + lð Þα Z ,GZð Þα Z∗ ,GZ∗ð Þ

≤ ℏ φ Z ,Z∗ð Þð Þφ Z ,Z∗ð Þ + l:

ð68Þ

For Theorem 8, we have

2φ GZ ,GZ∗ð Þ ≤ α Z ,GZð Þα Z∗,GZ∗ð Þ + 1ð Þφ GZ ,GZ∗ð Þ

≤ 2ℏ φ Z ,Z∗ð Þð Þφ Z ,Z∗ð Þ:

ð69Þ

For Theorem 9, we have

φ GZ ,GZ∗ð Þ ≤ α Z ,GZð Þα Z∗,GZ∗ð Þφ GZ ,GZ∗ð Þ
≤ ℏ φ Z ,Z∗ð Þð Þφ Z ,Z∗ð Þ:

ð70Þ

We deduce that ℏðφðZ ,Z∗ÞÞ = 1, and so φðZ ,Z∗Þ = 0.
That is, Z =Z∗.☐

Example 2. Let ℧ = ½0,∞Þ be equipped with the metric φð
R,YÞ = jR −Yj for all R,Y ∈℧. Suppose R⊥Y if RY

=R. Let G : ℧×℧⟶℧ be defined by

G Rð Þ =
R

R + 1 if R ∈ 0, 1½ �,
2R if R ∈ 1,∞ð Þ:

8<
: ð71Þ

Define α : R ×R⟶ ½0,∞Þ and ℏ : ½0,∞Þ⟶ ½0, 1� by

α R,Yð Þ =
1 if R,Y ∈ 0, 1½ �,
0 otherwise,

(
ð72Þ

ℏ ϑð Þ = 1
1 + ϑ

: ð73Þ

Clearly, ð℧, φÞ is an O-complete metric space and ⊥
-preserving. We claim that G is an orthogonal triangular α
-admissible mapping. Let R,Y ∈℧. If R⊥Y , αðR,YÞ ≥ 1,
then R,Y ∈ ½0, 1�. Also, for R ∈ ½0, 1�, we have GR ≤ 1. It
yields that αðGR,GYÞ ≥ 1.

Let R,Y ,Z ∈℧. If R⊥Z , αðR,ZÞ ≥ 1 and Z⊥Y , αð
Z ,YÞ ≥ 1, then, R,Y ,Z ∈ ½0, 1�. Also, for R ∈ ½0, 1�, we
get GR ≤ 1. Thus,R⊥Y , αðGR,GYÞ ≥ 1. Hence, the state-
ment is satisfied. Due to the above, αð0,G0Þ ≥ 1.

Now, let fRng be a sequence in ℧ so that αðRn,Rn+1
Þ ≥ 1 for all n ≥ 0 and Rn ⟶R as n⟶∞, then, fRng
⊂ ½0, 1�, hence, R ∈ ½0, 1�. This implies that αðR,GRÞ ≥ 1.

Let R,Y ∈ ½0, 1� and Y ≥R. We get

φ GR,GYð Þ + lð Þα R,GRð Þα Y ,GYð Þ =GY −GR = Y

Y + 1

−
R

R + 1 + l = Y −R

1 +Rð Þ 1 +Yð Þ + l ≤
Y −R

1 +Y −R

+ l = ℏ φ R,Yð Þð Þφ R,Yð Þ + l:

ð74Þ

Otherwise, αðR,GRÞαðY ,GYÞ = 0 and so

φ GR,GYð Þ + lð Þα R,GRð Þα Y ,GYð Þ = 1 ≤ ℏ φ R,Yð Þð Þφ R,Yð Þ + l:

ð75Þ

Hence, all the hypotheses of Theorem 7 are satisfied, and
G has a unique fixed point, R = 0.

4. Application

Let ℧ = C½λ1, λ2� be a set of all real continuous functions on
½λ1, λ2� equipped with metric φðR,YÞ = jR −Yj for all R
,Y ∈ C½λ1, λ2�. Then, ð℧, φÞ is a complete metric space.
Consider the orthogonality relation ⊥ on ℧ given as

R⊥Y ⇐R Ωð ÞY Ωð Þ ≥R Ωð Þ orR Ωð ÞY Ωð Þ ≥Y Ωð Þ,∀Ω ∈ λ1, λ2½ �:
ð76Þ

Now, we consider the nonlinear Fredholm integral equa-
tion

R Ωð Þ = v Ωð Þ + 1
λ2 − λ1

ðλ2
λ1

j Ω, s,R sð Þð Þds, ð77Þ

where Ω, s ∈ ½λ1, λ2�. Assume that j : ½λ1, λ2� × ½λ1, λ2� ×R

⟶ℝ and v : ½λ1, λ2�⟶ℝ continuous, where vðΩÞ is a
given function in ℧.

Theorem 11. Suppose that ð℧, dÞ is an O-complete metric
space equipped with the metric φðR,YÞ = jR −Yj for all
R,Y ∈℧ and G : ℧⟶℧ is an orthogonal continuous
operator on ℧ defined by

GR Ωð Þ = v Ωð Þ + 1
λ2 − λ1

ðλ2
λ1

j Ω, s,R sð Þð Þds, ð78Þ

for allR,Y ∈℧ withR ≠Y and s,Ω ∈ ½λ1, λ2� satisfying the
following inequality

j Ω, s,GR sð Þð Þ − j Ω, s,GY sð Þð Þj j ≤ R −Yj j
1 + R −Yj j , ð79Þ

then, the integral operator defined by (78) has a unique
solution.
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Proof. We define α : R ×R⟶ ½0,∞Þ such that αðR,YÞ
= 1 for all R,Y ∈℧ and ℏ : ½0,∞Þ⟶ ½0, 1� defined by

ℏ tð Þ = 1
1 + t

: ð80Þ

Therefore, G is orthogonally triangular α-admissible.
Now, we show that G is ⊥-preserving. For each, R,Y ∈℧
with R⊥Y and Ω ∈ ½a, b�, we have

GR Ωð Þ = v Ωð Þ + 1
λ2 − λ1

ðλλ2
λ1

j Ω, s,R sð Þð Þds ≥ 1: ð81Þ

Accordingly, ½ðGRÞðΩÞ�½ðGYÞðΩÞ� ≥ ðGYÞðΩÞ and so
ðGYÞðΩÞ⊥ðGYÞðΩÞ. Then, G is ⊥-preserving. Clearly, G
is orthogonally continuous. Let R,Y ∈℧, l ≥ 1 with R⊥Y
. Suppose that GðRÞ ≠GðYÞ. Using (78), we derive

φ GR,GYð Þ + lð Þα R,GRð Þα Y ,GYð Þ = φ GR,GYð Þ

+ l = GR −GYj j + l = 1
λ2 − λ1j j

ðλ2
λ1

j Ω, s,GR sð Þð Þds
�����

−
ðλ2
λ1

j Ω, s,GY sð Þð Þds
����� + l ≤

1
λ2 − λλ1j j

ðλ2
λ1

j Ω, s,GR sð Þð Þj

− j Ω, s,GY sð Þð Þjds + l ≤
1

λ2 − λ1j j
ðλ2
λ1

R −Yj j
1 + R −Yj j ds + l,

= R −Yj j
1 + R −Yj j + l = ℏ φ R,Yð Þð Þφ R,Yð Þ + l:

ð82Þ

Hence, all the conditions of Theorem 7 are satisfied, and
so the integral operator G defined by (78) has a unique solu-
tion.☐

5. Conclusion

The idea of α-admissibility on O-complete metric spaces was
introduced in this article, and some fixed point theorems
were demonstrated. An illustrative example is provided that
shows the validity of the hypotheses and the degree of use-
fulness of our findings.
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