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In the present paper, we investigate the nature of Ricci-Yamabe soliton on an imperfect fluid generalized Robertson-Walker
spacetime with a torse-forming vector field ξ. Furthermore, if the potential vector field ξ of the Ricci-Yamabe soliton is of the
gradient type, the Laplace-Poisson equation is derived. Also, we explore the harmonic aspects of η-Ricci-Yamabe soliton on an
imperfect fluid GRW spacetime with a harmonic potential function ψ. Finally, we examine necessary and sufficient conditions
for a 1-form η, which is the g-dual of the vector field ξ on imperfect fluid GRW spacetime to be a solution of the Schrödinger-
Ricci equation.

1. Introduction

Symmetry is a beautiful property of the universe. It is also one
of the fundamental concepts that can describe the laws of
nature such as from general relativity to other physical theo-
ries. In 1915, Albert Einstein introduced the theory, namely,
“General Relativity of gravity” ðGRÞ. InGR, the field of gravity
with its source is the spacetime curvature and energy-
momentum tensor, respectively. Einstein equations which
explain spacetime curvature evolution lead to current particle
physics, equations in nuclear physics [1], astrophysics [2], and
plasma physics [3]. To understand the general theory of rela-
tivity, we study the model of relativistic fluids from the view
of differential geometry. The general theory of relativity is
based on the concept that spacetime is a curved manifold.

According to J. A. Wheeler, “Matter tells spacetime how
to bend and spacetime returns the complement by telling
matter how to move.”

The spacetime of GR and cosmology is modeled as a
connected 4-dimension Lorentzian manifold considered as
a specific subclass of pseudo-Riemannian manifolds among
Lorentzian metric g, where its signatures ð−, + , + , + Þ
play an important role in GR. The geometry of Lorentzian
manifold is connected to the nature of vectors of manifold.
As a result, Lorentzian manifold is the best model to inves-
tigate GR.

Alias et al. [4] presented the concept of generalized
Robertson-Walker spacetime (GRW, in short) that general-
izes the Robertson-Walker ðRWÞ spacetime which is a direct
application of warped product manifolds.

Definition 1 [4]. A Lorentzian manifold M of dimension n
≥ 3 is said to be a GRW spacetime if it is the warped product
M = I × f M

∗ with an open interval ðI,−dt2Þ of ℝ and a Rie-
mannian manifold M∗ with warping function f : I ⟶ℝ+.
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Definition 2 [5]. An n-dimensional Lorentzian manifold is
named GRW spacetime if the metric takes the local form

ds2 = − dtð Þ2 + r tð Þ2g∗ijdxidxj, ð1Þ

where g∗ = g∗ijðxkÞ are functions of xk only ði, j, k = 2, 3,⋯,nÞ
and r is the function of t only. If g∗ij has dimension 3 and has
constant curvature, the space is a Robertson-Walker spacetime.

Definition 3 [6]. A nonflat semi-Riemannian manifold of
dimension n > 2 is known as pseudo quasi Einstein mani-
folds, if its nonzero Ricci tensor satisfies

S U , Vð Þ = ag U , Vð Þ + bη Uð Þη Vð Þ + cD U , Vð Þ, ð2Þ

where a, b, and c are nonzero scalars, η is a nonzero 1-form
associated with the unit timelike vector field ξ defined by η
ðUÞ = gðU , ξÞ, and D is a symmetric tensor with zero trace
defined as DðU , ξÞ = 0.

A GRW spacetime with dimension n is the n-dimen-
sional Lorentzian manifold M. According to Sanchez [7],
the GRW spacetime has applications in the homogeneous
spacetime with an isotropic radiation. O’Neil [8] in his book
listed that an RW spacetime is the imperfect fluid spacetime.
If the dimension of GRW spacetime is n = 4, then it becomes
a perfect fluid spacetime if and only if it is an RW space-
time [5].

In geometry, symmetry is used to describe the distribu-
tion of physical objects, particularly in relation to the geom-
etry of spacetime. In most cases, the metric of symmetry
simplifies the solution in various studies. More specifically,
Ricci curvature has several applications in GR, for instance,
in the solution of Einstein field equations. Solitons are one
of the most important symmetry patterns, which are related
to the geometrical flow of spacetime geometry. For instance,
Ricci flow and Yamabe flow in which vital terms have been
used to understand energy and entropy in GR: Moreover,
various studies in GR show that Ricci soliton and Yamabe
soliton are focused because their curvatures preserve self-
similarity.

In [9], Ali and Ahsan studied the symmetries of space
time manifold via Ricci solitons. However, Blaga [10] dis-
cussed geometrical aspects for the perfect fluid spacetime
by using Einstein solitons and Ricci solitons. In addition,
Venkatesha and Aruna [11] used Ricci solitons in the study
of perfect fluid spacetime admitting the potential vector
field. Many researchers have performed extensive research
on solitons with spacetimes by using different methods (for
more details, see [10, 12–14]).

As a result, we concentrate on the geometry of an imper-
fect fluid spacetime admitting the Ricci-Yamabe soliton and
an eta-Ricci-Yamabe soliton to continue the work initiated
in the past studies. We develop a new notion of Ricci-
Yamabe soliton and its extension η-Ricci-Yamabe soliton
with the help of Ricci-Yamabe maps studied by Güler and
Crasmareanu [15].

2. Development of Ricci-Yamabe Solitons

In 1988, Hamilton [16] first time introduced the concept of
Ricci flow and Yamabe flow simultaneously. Ricci soliton
and Yamabe soliton appear in the limiting case of the Ricci
flow and Yamabe flow, respectively. If dimension of Yamabe
soliton is n = 2, then it turns to Ricci soliton, but when n > 2,
Yamabe and Ricci solitons are not identical in general,
because Yamabe soliton keeps the conformal class of the
metric while Ricci soliton does not.

Over the past twenty years, many geometers and physi-
cists have been fascinated by the theory of geometric flow
such as Ricci flow and Yamabe flow. A singularity study is
a part of the solution where the metric develops through
dilation and diffeomorphism, soliton solution is a common
term for this type of solution.

In 2019, Güler and Crasmareanu [15] introduced the
study of a new geometric flow, namely, Ricci-Yamabe map,
which is a scalar combination of Ricci and Yamabe flow; this
is also called Ricci-Yamabe flow of the type ðα, βÞ. The Ricci-
Yamabe flow is the evolution of metrics at the Riemannian
or semi-Riemannian manifold defined as [15].

∂
∂t

g tð Þ = −2αS tð Þ + βR tð Þg tð Þ, g0 = g 0ð Þ, t ∈ a, bð Þ: ð3Þ

Due to the involvement of scalars α and β, the Ricci-
Yamabe flow may be a Riemannian or semi-Riemannian or
singular Riemannian flow; multiple options like this can be
advantageous in some geometrical or physical models, for
example, relativistic theories. As a result, the Ricci-Yamabe
soliton appears as the limit of soliton for the Ricci-Yamabe
flow; this is a strong motivation for us to develop the concept
of Ricci-Yamabe solitons. In [17], Catino and Mazzieri pre-
sented an interpolation solitons between Ricci and Yamabe
soliton, where the Ricci-Bourguignon soliton corresponds
to Ricci-Bourguignon flow, but it depends on a scalar.

A soliton of Ricci-Yamabe flow which moves just by one
parameter group of diffeomorphism and scaling is named
Ricci-Yamabe soliton. To be precise, the Ricci-Yamabe soli-
ton at Riemannian manifold ðM, gÞ is the structure ðg, V ,
λ, α, βÞ satisfying

LVg + 2αS + 2λ − βRð Þg = 0, ð4Þ

where S is Ricci tensor, R is scalar curvature, LV is Lie-
derivative along the vector field V , and α and β are constant.
The ðM, gÞ is called Ricci-Yamabe shrinker, Ricci-Yamabe
expander, or Ricci-Yamabe steady soliton, depending on
whether λ > 0, λ < 0, or λ = 0, respectively. Therefore, equa-
tion (4) is called Ricci-Yamabe soliton of ðα, βÞ-type, which
is a generalization of Ricci and Yamabe solitons. We note
that Ricci-Yamabe solitons of type ðα, 0Þ and ð0, βÞ-type
are α-Ricci soliton and β-Yamabe soliton, respectively.

A notion for η-Ricci soliton defined as in [18] is an
advance extension for Ricci soliton. Therefore, we can define
a new notion in an analogous fashion by perturbing the
equation (4) that defines the type of soliton using the multi-
plication of the certain ð0, 2Þ-tensor field η ⊗ η; a slightly
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more general notion is obtained, specifically η-Ricci-Yamabe
soliton of type ðα, βÞ defined as:

LVg + 2αS + 2λ − βRð Þg + 2μη ⊗ η = 0: ð5Þ

Again, let us remark that η-Ricci-Yamabe solitons of
type ðα, 0Þ or ð1, 0Þ and ð0, βÞ or ð0, 1Þ-type are α − η-Ricci
soliton (or η-Ricci soliton) and β-η-Yamabe soliton (or η-
Yamabe soliton), respectively; for more details about these
particular cases, one can follow ([19–24]).

Example 4. Let us consider the case of Einstein soliton, that
is generating self-similar solutions of Einstein flow [17],
which is given by

∂
∂t

g tð Þ = −2 S −
R
2 g

� �
: ð6Þ

Therefore, an Einstein soliton appears as the solution
limit of the Einstein flow, which is governed by the following
formula

1
2LVg + S + λ −

R
2

� �
g = 0: ð7Þ

In this case, comparing equation (7) with (4), we have
α = 1 and β = 1, i.e., it is a type of ð1, 1Þ-Ricci-Yamabe
soliton.

Example 5. Let us consider the conformal Ricci flow equa-
tion which was studied in [25], which is characterized by
the following tensorial equation

∂g
∂t

= −2S − p + 2
n

� �
g, ð8Þ

where rðgÞ = −1, t ∈ ða, bÞ, a time interval including gð0Þ,p is
a nondynamical scalar field (time dependent scalar field), r
ðgÞ is the scalar curvature of the manifold, and n is the
dimension of the manifold M: The notion of conformal
Ricci soliton is governed by the following equation

LVg + 2S + 2λ − p + 2
n

� �� �
g = 0: ð9Þ

On comparing equation (9) with (4), we have α = 1 and
β = −1, i.e., it is a type ð1,−1Þ Ricci-Yamabe soliton.

2.1. Geometrical and Physical Effects of Ricci-Yamabe Solitons.
Geometry of Ricci-Yamabe solitons can develop a bridge
between the curvature inheritance symmetry for the imperfect
fluid spacetime (semi-Riemannian manifold) and class of the
Ricci-Yamabe solitons. For this, three mathematical forms
are constructed for semiconformally flat Ricci-Yamabe soliton
manifolds. To investigate the kinematic and dynamic proper-
ties of spacetime in order to apply relativity, the physical
model is presented for the three classes, namely, expanding,

steady, and shrinking of perfect fluid solution for Ricci-
Yamabe soliton spacetime.

To deal with these specific classes of Ricci-Yamabe soli-
tons, specifically shrinking (λ < 0), where it happens on the
maximal time interval −∞ < t < b and b <∞, steady (λ = 0)
where it happens for every time or expanding ðλ > 0Þ that
occurs at maximal time interval a < t <∞, where a > −∞
[26]. These classes yield examples of ancient, eternal, and
immortal solution, in the same order. Additionally, shrinking
or expanding Ricci-Yamabe solitons are linked to Einstein
gravity coupled to a free mass less scalar field with nonzero
cosmological constant.

3. Preliminaries

The energy-momentum tensor is used as a basic tool of the
spacetime, assuming the fluid which have density, pressure,
dynamical, and kinematic quantities such as velocity, accel-
eration, vorticity, shear, and expansion [27]. If the viscosity
terms are non-zero, the fluid is named an imperfect fluid
[28]. Imperfect fluid spacetime can give an adequate details
for cosmological models beyond the standard model like
perfect fluid spacetimes. The complete idea of the nature deals
with the behavior of the perfect fluid and imperfect fluid space-
time in standard cosmological models. The Brans-Dicke-like
field of scalar-tensor gravity is identified as the imperfect fluid
that is described by an effective Einstein equation. In Ein-
stein’s theory, the effective imperfect fluid explanation is
presented for the canonical; GRW spaces applied at Fried-
mannian cosmology [29].

Now, we should state the following definitions, which
will come in handy in the next parts.

Definition 6 [30]. A vector field γ j on the semi-Riemannian
manifold is called torse-forming vector field in case

∇kγj = ωkγj + φgkj, ð10Þ

where φ is the scalar function and ωk is a nonvanishing 1
-form.

Clearly, the unit timelike torse-forming vector field ui on
the semi-Riemannain manifold M is given as:

∇kuj = φ gkj + ukuj

� �
: ð11Þ

In addition, we have some significant results based on
GRW spacetime.

Theorem 7 [22]. A Lorentzian manifoldM with dim ðMÞ ≥ 3
is a GRW spacetime if and only if it admits a timelike concir-
cular vector field.

In 2017, Mantica and Molinari [5] have established
the necessary and sufficient conditions for a Lorentzian
manifold to admit the unit timelike torse-forming vector
field to be GRW spacetime, that is also an eigenvector
of Ricci tensor.
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In a spacetime with Lorentzian metric gij, the stress-
energy-momentum tensor T with heat flow for an imperfect
fluid GRW spacetime can be written as [8, 29, 31]

T U , Vð Þ = pg U ,Vð Þ + σ + pð Þη Uð Þη Vð Þ + P U , Vð Þ, ð12Þ

where σ and p define the energy density and isotropic pres-
sure, respectively, and P defines the tensor of isotropic pres-
sure for the viscous fluid [28].

The Einstein’s gravitational equation which controls the
fluid motion is given by the following relation [8]

S U , Vð Þ + λ −
R
2

� �
g U , Vð Þ = κT U , Vð Þ, ð13Þ

for all U , V ∈ χðMÞ, where λ is the cosmological constant, κ
is the gravitational constant (that is taken 8πG, G represents
the universal gravitational constant), S is Ricci tensor, and R
is scalar curvature of g. Basically, the universe is filled with
the mysterious components, and these are called dark energy
DE and dark matter DM; they are considered to be the main
reason for the accelerated expansion of the universe and
balance the mass-energy ratio.

Also, using equation (12) as well as (13) for an imperfect
fluid GRW spacetime, we get

S U ,Vð Þ = ag U ,Vð Þ + bη Uð Þη Vð Þ + cP U , Vð Þ, ð14Þ

where a = ð−λ + R/2 + κpÞ, b = κðσ + pÞ, and c = κ. Thus, in
the light of (14) and (2), we can state the following result.

Theorem 8. An imperfect fluid GRW spacetime with stress
energy tensor described by (12), obeying Einstein’s field equa-
tion with cosmological constant, is a pseudo quasi-Einstein
GRW spacetime.

4. Imperfect Fluid Generalized Robertson-
Walker Spacetime

Here, we discuss the basic concepts of GRW spacetime.
Suppose ðM4, gÞ is the relativistic imperfect fluid GRW

spacetime satisfying (14), then by (14) and the assumption
that gðξ, ξÞ = −1, we have

R = 4λ − κ 3p − σ + J½ �, ð15Þ

where J = traceðPÞ. Now, we can deduce that

S U ,Vð Þ = λ −
κ

2 p − σ + 2J½ �
� �

g U , Vð Þ + κ σ + pð Þη Uð Þη Vð Þ + κP U ,Vð Þ,

ð16Þ

QU = aU + bη Uð Þξ, ð17Þ

where a = ðλ − κ/2ðp − σ + 2JÞÞ and b = κð1 + σ + pÞ. Also

S ξ, ξð Þ = κ

2 3p + σ + 2 J + Ið Þ½ � − λ, ð18Þ

where I = Pðξ, ξÞ.
It is noted that, in a GRW spacetime, the velocity field of

a perfect fluid or an imperfect fluid described by the stress-
energy tensor (12) is a torse-forming and proportional to
Chen’s vector which is defined in [5, 29].

Motivated by the results of (see [5, 22, 29]) together with
the above facts and Definition 6, regarding to global expres-
sions, the next theorem for an imperfect GRW spacetime is
stated. [32]:

Theorem 9. On an imperfect fluid GRW spacetime with a
unit timelike torse-forming vector field ξ, the following
relations hold

η ∇Uξð Þ = 0, ∇ξξ = 0, ð19Þ

∇Uηð Þ Vð Þ = φ g U , Vð Þ + η Uð Þη Vð Þ½ �, ð20Þ
R U , Vð Þξ = φ η Vð ÞU − η Uð ÞV½ �, ð21Þ
R ξ,Uð ÞV = φ η Vð ÞU − g U ,Vð Þξ½ �, ð22Þ

η R U , Vð ÞW =ð Þ = φ η Uð Þg V ,Wð Þ − η Vð Þg Y ,Wð Þ½ �, ð23Þ
Lξg
� 	

U ,Vð Þ = 2φ g U , Vð Þ + η Uð Þη Vð Þ½ �, ð24Þ

S U , ξð Þ = −3φη Uð Þ: ð25Þ
Proof. To compute ð∇UηÞðVÞ =UðηðVÞ − ηð∇UVÞÞ =Uðgð
V , ξÞ − gð∇UV , ξÞÞ = gðV , ∇UξÞ = φ½gðU , VÞ + ηðUÞηðVÞ�.
In particular ð∇ξηÞðVÞ = 0, equation (19) is given as (11).

Substituting the term of ∇Uξ from (11) into RðU , VÞξ
= ∇U∇Vξ − ∇V∇Uξ − ∇½U ,V�ξ and by direct calculations, we
find the relation (21), (22), and (25).

Here, the Lie derivative of g with respect to ξ is followed
by straight forward computation, which is (24).☐

5. Geometrical Characteristics of Imperfect
Fluid GRW Spacetime

In this section, we discuss the properties of a new curvature
tenor called semiconformal curvature tensor and its relation-
ship with imperfect fluid GRW spacetime.

In 2017, Kim [33] presented curvature like-tensor field
that remains invariant with respect to conharmonic trans-
formation. The new tensor is named as semiconformal
curvature tensor denoted by H. However, for the semi-
Riemannian manifoldM with metric g, the tensor H is given
by the following formula [34]

H U , Vð ÞW = − n − 2ð ÞδC U , Vð ÞW + ε + n − 2ð Þδ½ �L U , Vð ÞW,
ð26Þ

provided the constants ε and δ are not simultaneously zero,
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where C and L are conformal curvature tensor as well as
conharmonic curvature tensor in the same order.

Now, an imperfect fluid GRW spacetime with a unit
timelike torse-forming vector field of dimension 4 named
semiconformally flat imperfect fluid GRW spacetime; if the
semiconformal curvature tensor H vanishes then, we get
the following information by equation (26).

Suppose ðM4, gÞ is the semiconformally flat imperfect
fluid GRW spacetime with a unit timelike torse-forming vec-
tor field ξ.

As HðU , VÞW = 0, it gives div H = 0, where div denotes
the divergence of a vector. Now, (26) leads to

∇USð Þ V ,Wð Þ − ∇VSð Þ U ,Wð Þ = δ

3ε U Rð Þg V ,Wð Þ − V Rð Þg U ,Wð Þ½ �,
ð27Þ

or

g ∇UQð ÞV − ∇VQð ÞU ,Wð Þ = δ

3ε U Rð Þg V ,Wð Þ − V Rð Þg U ,Wð Þ½ �:
ð28Þ

Since, in light of (15), scalar curvature R is constant, and
from (17), equation (28) leads to

0 = ∇UQð Þ − ∇VQð ÞU = b ∇Uηð Þ Vð Þξ + η Vð Þ∇Uξ − ∇Vηð Þ Uð Þξ − η Vð Þ∇Uξ½ �:
ð29Þ

Then, between (11) and (20), we find

b η Vð ÞU − η Uð ÞV½ � = 0, ð30Þ

that gives b = 0 and leads to p = −ðσ + 1Þ; the energy-
momentum tensor is Lorentz-invariant, and in such a case,
we discuss about vacuum.

By (17), it is easy to conclude QU = aU . Therefore, H = 0
, and it leads to

R U ,Vð ÞW = 2δ λ + κ 1/2 + σ + J½ �ð Þ
3ε g V ,Wð ÞU − g U ,Wð ÞV½ �,

ð31Þ

which means ðM4, gÞ is of constant curvature 2δðλ + κ½1/2
+ σ + J�Þ/3ε; by the applications of (31), we have the follow-
ing result:

Theorem 10. If imperfect fluid GRW spacetime with a unit
timelike torse-forming vector field ξ and constant scalar
curvature R is semiconformally flat, then the stress-energy
tensor is Lorentz-invariant and is of constant curvature 2
δðλ + κ½1/2 + σ + J�Þ/3ε.

The pseudo-Riameannian manifold is called a quasi-
constant curvature, if the curvature tensor of the type ð0, 4Þ
satisfies

R U ,V ,W,W ′
� �

=m g V ,Wð Þg U ,W ′
� �

− g U ,Wð Þg V ,W ′
� �h i

+ n
�
g U ,W ′
� �

η Vð Þη Wð Þ − g U ,Wð Þη Vð Þη W ′
� �

+ g V ,Wð Þη Uð Þη W ′
� �

− g V ,W ′
� �

η Uð Þη W ′
� �i

,

ð32Þ

where m and n are scalars and η is nonzero 1-form that is
gðU , ZÞ = ηðUÞ, for any unit vector fields U , Z. The concept
of the manifold with quasi-constant curvature was presented
by Yano [35].

On using equation (31) in (32), we get

Corollary 11. A semiconformally flat imperfect fluid GRW
spacetime with a unit timelike torse-forming vector field ξ is
of quasi-constant curvature with m = 2δðλ + κ½1/2 + σ + J�Þ/
3ε and n = 0.

It is well known that the manifold of constant curvature
is Einstein manifold; now by the application of Theorem 10,
we state the following theorem:

Theorem 12. The semiconformally flat imperfect fluid GRW
spacetime with a unit timelike torse-forming vector field ξ is
an Einstein.

A pseudo-Riemannian manifold ðM, gÞ is called semi-
symmetric and Ricci semisymmetric if ðM, gÞ hold the condi-
tions RðU , VÞ · R = 0 and RðU , VÞ · S = 0, in the same order.
The restriction RðU , VÞ · R = 0 gives RðU , VÞ · S = 0, but the
other does not true in general.

Now, we prove the next theorem;

Theorem 13. A semiconformally flat imperfect fluid GRW
spacetime with a unit timelike torse-forming vector field ξ is
semisymmetric and Ricci semisymmetric.

Proof. From equation (31), it is clear that RðU , VÞ · R = 0,
and this gives RðU , VÞ · S = 0.☐

6. Ricci-Yamabe Soliton Structure in an
Imperfect Fluid GRW Spacetime

In this section, we deal with Ricci-Yamabe soliton of type
ðα, βÞ in an imperfect fluid GRW spacetime whose unit
timelike velocity vector field ξ is torse-forming.

Now, taking V = ξ, equation (4) becomes

Lξg U , Vð Þ + 2αS U , Vð Þ + 2Ω − βRð Þg U , Vð Þ = 0, ð33Þ

where R is scalar curvature. Now using (24), we find

αS U , Vð Þ + Ω −
βR
2 + φ

� �
g U , Vð Þ + φη Uð Þη Vð Þ = 0:

ð34Þ
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Putting U =V = ξ in (34) and using (18), we get

Ω = βR
2


 �
+ α

κ

2 σ + 3p + 2 J + Ið Þf g − λ
h i

: ð35Þ

Hence, we give the following:

Theorem 14. Let an imperfect fluid GRW spacetime with a
unit timelike torse-forming vector field ξ admitting a Ricci-
Yamabe soliton ðg, ξ,ΩÞ of type ðα, βÞ, then the Ricci-
Yamabe soliton is expanding.

Corollary 15. If an imperfect fluid GRW spacetime with a
unit timelike torse-forming vector field ξ admitting the
Ricci-Yamabe soliton ðg, ξ,ΩÞ of type ð0, βÞ, then the β-
Yamabe solitons is expanding.

Corollary 16. If an imperfect fluid GRW spacetime with a
unit timelike torse-forming vector field ξ admitting a Ricci-
Yamabe soliton ðg, ξ,ΩÞ of type ðα, 0Þ, then the Ricci-
Yamabe soliton expands, steady, and shrinks according as

(i) ðκ/2Þfσ + 3p + 2ðJ + IÞg > λ

(ii) ðκ/2Þfσ + 3p + 2ðJ + IÞg = λ and

(iii) ðκ/2Þfσ + 3p + 2ðJ + IÞg < λ, respectively

Moreover, if J = I = 0 for the perfect fluid GRW space-
time, then we turn up the following:

Theorem 17. If a perfect fluid GRW spacetime with a unit
timelike torse-forming vector field ξ admitting a Ricci-
Yamabe soliton ðg, ξ,ΩÞ of type ðα, βÞ, then the Ricci-
Yamabe soliton is expanding.

Remark 18. According to the above corollaries (15) and (16),
we can easily obtain the similar results for perfect fluid GRW
spacetime.

7. η-Ricci-Yamabe Soliton in an Imperfect
Fluid GRW Spacetime

Consider the equation

Lξg + 2αS + 2Ω − βRð Þg + 2μη ⊗ η = 0, ð36Þ

where g is a Lorentzian metric, S is a Ricci curvature, ξ is the
vector field, η is the 1-form, and Ω and μ are real constant.
The structure ðg, ξ,Ω, μ, α, βÞ that satisfies equation (36)
called η-Ricci-Yamabe soliton at M [14]. In particular if μ
= 0, ðg, ξ,ΩÞ becomes Ricci-Yamabe soliton and it is
shrinked, steady, or expanded with respect to Ω that is nega-
tive, zero, or positive, accordingly.

More specific, the Lie derivative Lξg gives

Lξg
� 	

U , Vð Þ = g ∇Uξ, Vð Þ + g U , ∇Vξð Þ, ð37Þ

and form (36) we obtain

αS U , Vð Þ = − Ω −
βR
2

� �
g U , Vð Þ − μη Uð Þη Vð Þ

−
1
2 g ∇Uξ,Vð Þ + g U , ∇Vξð Þ½ �,

ð38Þ

for any U , V ∈ χðMÞ.
On contracting (38), we get

− α − βð ÞR = −4Ω + μ − div ξð Þ: ð39Þ

Let ðM4, gÞ be a general relativistic imperfect fluid GRW
-spacetime and ðg, ξ,Ω, μ, α, βÞ is a η-Ricci-Yamabe soliton
at M, (16) and (38) lead to

α λ −
κ p − σ + 2Jð Þ

2 + Ω −
βR
2

� �� �
g U , Vð Þ

+ ακ σ + pð Þ + μ½ �η Uð Þη Vð Þ + ακP U , Vð Þ

+ 1
2g ∇Uξ, Vð Þ + g U , ∇Vξð Þ = 0,

ð40Þ

for any U , V ∈ χðMÞ.
Considering feig1≤i≤4 is an orthonormal frame and ξ =

∑4
i=1ξ

iei, we have ∑
4
i=1εiiðξiÞ

2 = −1 and ηðeiÞ = εiiξ
i.

By the multiplication of (40) with εii, putting U = V = ei
and summing over i, we have

4αΩ − μ = − α + 2αβð Þ4λ + κ α + 6αβð Þp − 3α + 2αβð Þ σ + Jð Þ½ � − div ξð Þ:
ð41Þ

Writing (40) with X = Y = ξ, which leads to

αΩ − μ = − α + 2α + βð Þλ − κ

2 α − 3αβð Þp + α + αβð Þσ − 2α + αβð ÞJ + αI½ �:

ð42Þ

Therefore

Ω = − 1 + 2βð Þλ + κ

α
c1p − c2σ + c3 J +

I
3

� �
−
div ξð Þ
3α ,

μ = κ

3 3αp − c4σ + c5 J − 4αIð Þ − div ξð Þ
3 ,

8>>><
>>>:

ð43Þ

where c1 = ðα/2 + 3αβ/2Þ, c2 = ð7α − αβÞ, c3 = ð4α + αβÞ, c4
= ð5α + 4αβÞ, and c5 = ð7α + 4αβÞ. Using (43), the coming
results are state.

Theorem 19. If ðM4, gÞ is the general relativistic imperfect
fluid GRW spacetime and let η be the g-dual 1-form of the
gradient vector field ξ = grad ðψÞ. If (36) defines an η-Ricci-
Yamabe soliton with nonvanishing α and β in M4, therefore,
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Laplace-Poisson equation insured by ψ turns to

Δ ψð Þ = −3 μ −
κ

3
3αp − c4σ + c5 J − 4αIð Þ

h i
: ð44Þ

For perfect fluid GRW spacetime J , I and c5 vanishes,
therefore we can turn up the following result.

Corollary 20. Let ðM4, gÞ is the general relativistic perfect
fluid GRW spacetime and let η be the g-dual 1-form of the
gradient vector field ξ = grad ðψÞ. If (36) defines an η-Ricci-
Yamabe soliton with nonvanishing α and β in M4, therefore,
Laplace-Poisson equation insured by ψ turns to

Δ ψð Þ = −3 μ −
κ

3
3αp − c4σð Þ

h i
: ð45Þ

Example 21. An η-Ricci-Yamabe soliton ðg, ξ,Ω, μ, α, βÞ at
the radiation fluid is given as

Ω = − 1 + 2βð Þλ + κ

α
c1p − c2σ + c3 J +

I
3

� �
−
div ξð Þ
3α ,

μ = κ

3 3αp − c4σ + c5 J − 4αIð Þ − div ξð Þ
3 :

8>>><
>>>:

ð46Þ

8. Harmonic Aspects of the η-Ricci-Yamabe
Soliton on an Imperfect Fluid GRW
Spacetime

Let η is a g-dual 1-form of the given vector field ξ, consider-
ing gðX, ξÞ = ηðXÞ and gðξ, ξÞ = −1. Then, ξ is called a solu-
tion of the Schrödinger-Ricci equation if it satisfies

div Lξg
� 	

= 0, ð47Þ

where Lξg is Lie derivative for the vector field ξ. In [36],
Chow et al. studied the divergence of the Lie derivative such
that

div Lξg
� 	

= Δ + Sð Þ ξð Þ + d div ξð Þð Þ, ð48Þ

where Δ represents the Laplace-Hodge operator with respect
to the metric g and S is the Ricci curvature tensor field. Now,
consider the equation

Lξg + 2αS + 2Ω − βRð Þg + 2μη ⊗ η = 0: ð49Þ

Taking trace of equation (49), we have

div ξð Þ + α − 4βð ÞR + 4Ω + μ ξj j2 = 0, ð50Þ

where R is scalar curvature. By direct calculation, we obtain

div η ⊗ ηð Þ = div ξð Þη + ∇ξη: ð51Þ

By taking the divergence of (49) and using (48), we obtain

div Lξg
� 	

+ α − 4βð Þd Rð Þ + 2μ div ξð Þη + ∇ξη
� 

= 0: ð52Þ

For Schrödinger-Ricci solution, we say that a 1-form χ is a
solution of the Schrödinger-Ricci equation if

Δ + Sð Þ χð Þ + d div χð Þð Þ = 0: ð53Þ

Hence, we have next results.

Theorem 22. Let ðg, ξ,Ω, μ, α, βÞ is an η-Ricci-Yamabe soli-
ton on an imperfect fluid GRW spacetime ðM4, gÞ with η the
g-dual of the vector field ξ. Then, η is the solution of the
Schrödinger-Ricci equation if and only if

d σ − 3pð Þ = 2μ
α − 4βð Þ 4 Ω + λð Þ − μ − k 3p − σ + Jð Þ½ �η − ∇ξη

� �
:

ð54Þ

Proof. Using equations (49), (50), (51), and (31) and the fact
that 2 div ðSÞ = ðα − 4βÞdðRÞ, it follows that η is a solution of
the Schrödinger-Ricci equation if and only if (52) holds.☐

Theorem 23. Let ðg, ξ,Ω, μ, α, 0Þ is the η-Ricci soliton on an
imperfect fluid GRW spacetime ðM4, gÞ with η the g-dual of
the vector field ξ. Then, η is a solution of the Schrödinger-
Ricci equation if and only if

d σ − 3pð Þ = 2μ
α

4 Ω + λð Þ − μ − k 3p − σ + Jð Þ½ �η − ∇ξη
� �

:

ð55Þ

Theorem 24. Let ðg, ξ,Ω, μ, 0, βÞ is the η-Yamabe soliton on
an imperfect fluid GRW spacetime ðM4, gÞ with η the g-dual
of the vector field ξ. Then, η is a solution of the Schrödinger-
Ricci equation if and only if

d σ − 3pð Þ = −
μ

2β
4 Ω + λð Þ − μ − k 3p − σ + Jð Þ½ �η − ∇ξη

� �
:

ð56Þ

Furthermore, if J = 0 on the perfect fluid GRW space-
time, then the coming Corollary is stated as follows:

Corollary 25. Suppose ðg, ξ,Ω, μ, α, βÞ is the η-Ricci-Yamabe
soliton on a perfect fluid GRW spacetime ðM4, gÞ with η the
g-dual of the vector field ξ. Then, η is a solution of the
Schrödinger-Ricci equation if and only if

d σ − 3pð Þ = 2μ
α − 4βð Þ 4 Ω + λð Þ − μ − k 3p − σ + Jð Þ½ �η − ∇ξη

� �
:

ð57Þ

By using Theorems (23) and (24) for particular value of
α and β, similarly we can obtain the results for a perfect fluid
GRW spacetime.
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For Schrödinger-Ricci harmonic forms, we say that a 1
-form χ is a Schrödinger-Ricci harmonic form if

Δ + Sð Þ χð Þ = 0: ð58Þ

Furthermore, if σ = 3p, then the fluid is a radiation fluid
if and only if μ = 0, which yields the Ricci-Yamabe soliton

1
α − 4βð Þ 4 Ω + λð Þ − μ − k 3p − σ + Jð Þ½ �η = ∇ξη, ð59Þ

which implies that μ = 4ðΩ + λÞ − kð3p − σ + JÞ. Hence, we
introduce the next results.

Theorem 26. Suppose ðg, ξ,Ω, μ, α, βÞ is an η-Ricci-Yamabe
soliton on an imperfect fluid GRW spacetime ðM4, gÞ with η
the g-dual of the vector field ξ. Then, η is a solution of the
Schrödinger-Ricci harmonic form if and only if μ = 0, which
yields Ricci-Yamabe soliton or

1
α − 4βð Þ 4 Ω + λð Þ − μ − k 3p − σ + Jð Þ½ �η = ∇ξη, ð60Þ

which implies that μ = 4ðΩ + λÞ − kð3p − σ + JÞ.

Theorem 27. Let ðg, ξ,Ω, μ, 0, βÞ is an η-Yamabe soliton on
an imperfect fluid GRW spacetime ðM4, gÞ with η the g-dual
of the vector field ξ. Then, η is a solution of the Schrödinger-
Ricci harmonic form if and only if μ = 0, which yields Yamabe
soliton or

1
−4β

4 Ω + λð Þ − μ − k 3p − σ + Jð Þ½ �η = ∇ξη, ð61Þ

which implies that μ = 4ðΩ + λÞ − kð3p − σ + JÞ.

Remark 28. For J = 0 and particular value of α and β in the
Theorems 26 and 27, we can obtain the Schrödinger-Ricci
harmonic form for a perfect fluid GRW spacetime.

9. Some Applications

Equations (3)–(5) describe the deformations of a Riemann-
ian metric gij with time t. The deformation is driven by Ricci
curvature, so that the part of the manifold with greater Ricci
curvature will undergo greater deformation. However, the
fix points can be computed if the flows are the Ricci flat
manifolds Ric = 0. As a result of Perelman’s significant work
on Ricci-Yamabe (Ricci-Yamabe solitons) [37], the geome-
trization of these flows has experienced tremendous growth.
It is better to see some following physical applications. In
fact, the Ricci-Yamabe soliton is used to understand the idea
of kinematics and thermodynamics in general relativity [28,
38]. Ricci-Yamabe solitons are focused because their curva-
tures keep the self-similarity (self-similar solution).

(1) The spaces are stable or not under geometric flow;
this would have application to tachyon condensation
in string theory [2]

(2) We can explore Ricci-Yamabe soliton on the mani-
folds with boundary; in this context, there are appli-
cations to black hole and thermodynamics as well as
it has some relevance to certain formulations of qua-
silocal mass [38, 39]

(3) Laplace-Poisson equation follows the principal of
relativity; it describes gravitational field. The azi-
muthally symmetric theory of gravitation (ASTG-
model) and Magneto-Hydro-Dynamic (MHD) [39]
modeling of molecular clouds are also based on the
Laplace-Poisson equation

10. Conclusions

In GR, the matter content of the universe is considered to
work like an imperfect fluid in the standard cosmological
models such as a time oriented 4-dimensional Lorentzian
manifold. In this framework, Einstein’s equation plays the
fundamental role to construct the cosmological models. Rel-
ativistic imperfect GRW fluid spacetime [40] models are of
considerable interest in several areas of astrophysics [2, 41,
42], plasma physics [3], and nuclear physics [1, 43, 44].

The propagation of fundamental field on black hole
spacetime [45], which is a relevant case of black hole space-
time in the presence of plasma. An ideal MHD is the realiza-
tion that plasma elements connected by magnetic field line
at a given time will remain connected by a magnetic field
line at any subsequent time, provided that the plasma veloc-
ity field remains smooth. This property arises because a
plasma that satisfies the Ohm’s law moves with a transport
velocity that preserves the magnetic connection between
plasma elements [46]. Moreover, plasma elements can be
cast in a covariant form in a specific foliation spacetime
[47]. Thus, Ohm’s law

FcTab = 0, ð62Þ

where Fc is the four fluid velocity vector field and Tab is the
electromagnetic filed tensor. The above equation provides a
simple and effective constitute relation for large scale and
low frequency plasma dynamics [3].

On the other side, geometric flows are most effective
tools to describe the geometric structures in relativistic
imperfect fluid GRW spacetime (semi-Riemannian geome-
try) [29]. A special class of solutions on which the metric
evolves by dilation and diffeomorphisms plays a crucial role
in the study of singularities of the flows, as they appear as
possible singularity models [16, 37]. They are often called
soliton solutions (Ricci-Yamabe solitons).

A 4-dimensional imperfect fluid GRW spacetime mani-
fold model is conceding Ricci-Yamabe soliton. Ricci-
Yamabe solitons are the natural extension of the Einsteins
metric in semi-Riemannian geometry. Therefore, Einstein
manifolds arose during the study of exact solution of the
Einstein’s field equation. We turn up the condition such as
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semiconformally flat imperfect fluid GRW spacetime, semi-
symmetric, and Ricci semisymmetric imperfect fluid GRW
spacetime with Ricci-Yamabe soliton. Finally, we discuss
some harmonic significance of imperfect fluid GRW space-
time in terms of η-Ricci-Yamabe soliton.
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