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This paper discusses a boundary value problem of nonlinear fractional integrodifferential equations of order 1 <a<2and 1< <2
and boundary conditions of the form x(0) =x(1) = ‘DPx(1) = ‘DPx(0) =0. Some new existence and uniqueness results are
proposed by using the fixed point theory. In particular, we make use of the Banach contraction mapping principle and
Krasnoselskii’s fixed point theorem under some weak conditions. Moreover, two illustrative examples are studied to support the

results.

1. Introduction

Fractional differential equations are relevant in many fields of
science, such as chemistry, fluid systems, and electromag-
netic; for more details about the theory of fractional differen-
tial equations and their applications, we invite the readers to
see [1-16] and the references therein.

Some physical applications of fractional differential equa-
tions include viscoelasticity, Schrodinger equation, fractional
diffusion equation, and fractional relaxation equation; for
more details, we refer the readers to [17].

In addition, fractional integrodifferential equations are
used as an important tool to gain insight into some emerging
problems from several science areas, for more details, we give
the following references [18-23].

More recently, in [24], the existence and uniqueness of
positive solutions for the fractional integrodifferential equa-
tion were proved.

In [25], the authors discussed the existence and unique-
ness of solutions for nonlinear integrodifferential equations
of fractional order with three-point nonlocal fractional
boundary conditions. The existence of solutions for nonlin-
ear fractional integrodifferential equations has been studied
in [26].

Motivated by all these works and by the fact that there are
no papers dealing with the new existence results for nonlin-
ear fractional integrodifferential equations, in this work, we
consider the existence and uniqueness of solutions for the
following problem:

D (CDﬁ)x(t) = £(t, (1), x(t), yx(t)), te[0,1],
x(0) = x(1) = “DPx(1)= “DPx(0) = 0,
(1)

where 1 <a<2,1<B<2,D%DF are the Caputo fractional
derivatives, f : [0, 1] x R* — R is a continuous function, and

Dx(t) = Jtl(t, s)x(s)ds,
X (2)

t

yx(t) = J O(t, s)x(s)ds,

0

where 4,6 :[0,1] x [0, 1] - —[0,+00), with ¢* = sup |
te[0,1]

jf)/\(t, s)ds| < 0o, y* = sup \fg(‘)‘(t, s)ds| < oo.
tef0,1]
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This paper is organized as follows. In Section 2, we pres-
ent some preliminaries and notations that will be required for
the later sections. After that, in Section 3, we establish the
main results by using the fixed point theory. And, in the last
section, we give two examples to illustrate the results.

2. Preliminaries and Notations

In this section, we give some notations, definitions, and
lemmas which will be required for the rest of the paper.

Definition 1 [5]. The fractional integral of order a >0 with
the lower limit zero for a function f can be defined as

P = 1 [ (=9 ()

Definition 2 [5]. The Caputo derivative of order « >0 with
the lower limit zero for a function f can be defined as

Py« _ 1 ! n-a—1¢(n
D)= s | (790 )

0

whereneIN,0<n—-1<a<n, t>0.

Theorem 3 [27]. Let M be a bounded, closed, convex, and
nonempty subset of a Banach space X. Let A and B be two
operators such that

(i) Ax + By € M whenever x,y € M
(ii) A is compact and continuous
(iii) B is a contraction mapping

Then, there exists z € M such that z= Az + Bz.

Lemma 4 [5]. Let o, 3 > 0; then, the following relation hold:

ap_ LTB+I) o
Itﬁ_mt B, (5)

Lemma 5 [5]. Let n € Nandn — 1 < a < n. If f is a continuous
function, then we have

I“D*f(t) = f(t) + ap + a;t + a,t>+--+a,_;t"'.  (6)

Lemma 6. Let h € C([0, 1], R). Then, the unique solution of
the problem

D*(DF)x(t)=h(t), telo1],
(DF)x(t) =h(t), tefo.1] .
x(0) = x(1) = DPx(1) =°DPx(0) = 0,
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is given by
x(t) = F(oc1+ 5 Jo(t — )" Th(s)ds
B+1 1
t

—41 — )P 1p(s)ds.
s (1 o

Proof. By applying Lemma 5, we have

CDﬁx(t) =I"h(t) + ay + a;t,

at+f B B ®)
x(t)=1"Fh(t) + I"ay + IPa,t + a, + ast,
where ay, a,,a,,a; € R. So
1 t tP
= —— | (t=5)PF h(s)ds + ———
0= Tz | 9 O gy
(10)
tﬁ+1
+mal+a2+a3t.

And by using DPx(0) = x(0) = 0, we obtain a,=a, =0. As a
result of °DPx(1) = 0, we have that
1 1

a, :—mj (1=9)""h(s)ds. (11)

0

Now, we use x(1) =0 to get
a; = —éjl(l —5)**F 1 h(s)ds
F((X+ﬁ) 0 (12)

1 ! a-1
+ 71"(001"(/3 +2) Jo(l —5)* " h(s)ds.

By substituting the value of a,, a,, a,, a5, we obtain the fol-
lowing

t ! at+f-1
—WJO(I—S) Fh(s)ds.

Conversely, by direct computations, we obtain the desired
result.

3. Main Results

Let X be the Banach space of all continuous functions from

[0,1] — R endowed with the norms ||y|| =sup {|y(¢)]: ¢

€[0,1]} and ||y|l, = sup (|y(t)|/e""), where v> ((1+¢* +
tef0,1]

@*)/(T(a+P)))|lo|, and o will be defined later.



Advances in Mathematical Physics

Theorem 7. Assume that

(H,) for all t € [0, I] and x, x5, X3, V1, ¥ Y5 € R, we have
If (£ xp, x5, x5) _f(t’)’pyz’)’3)| <o (t)(x; =y, + 1%, = y,| +
x5 —y5|) with o € C([0, 1] ; [0,00))

(H,) |f(t,x,y,2)| <6(t), Y(t,x,y,2) € [0, ]| x R? with 0
€ C([0, 1] ; R"). Then, the problem (1) has at least one
solution.

Proof. We consider the ball B, ={y e X : ||y, <r} with r>

(16llv) ((2(e” = )T ()T (B +2))) + ((e")/(I'(@+ B))))

.We define the operators F = F, + F, on B,, where.

1 t
— _etp-1
Fu = rag | (797 6506 99(5) wy(o)ds
(14)
tﬁ+1 —t 1 el
Fyy = _F(‘X)F(Mjo(l =) f(5y(s), ¢y (s) wy(s))ds
1 1
— | (=P (s, v(s), dy(s), wy(s))ds.
e ) (79 509 9906 93(5)
(15)
For x, y € B,, we have
Hle o, tem]e a+ﬁ JO a+,5 Yf (s, x(5), ¢x(s), yx(s))ds
KW F‘Hﬁj (t = )*F116(s)|ds
oc+ lle
01 3 oc+ﬁ J .
o Ol [ s lef, e*-1
< t:[og] e T(a+ ) J ds< tim ol (a+B) e
16,
Tul(a+p)’
B+l _ 1
]VmoUa$5$—;éﬁﬁéaLa—ﬂHﬂsﬂ$@wxwm»m
t ! a+p-1
T | (1 66 (6 (o)
1 2 L et 0]
i?ﬁw’[ (a)F(ﬁ+2)J (1-5) o ds
1 L e [065)]e
Farp )09
“ H ! _ a1 s 1
3$uﬁt{mﬁw+nL“ ST v p)

Jl(l S)Dﬁ-ﬁ—l vsdsj| < su ”6”1; |: 2 Jlevsds
: con) @ [T@I(B+2) )

U] oo 160 [ 2e=1) e
Fla+ ﬁ)J ”’] reou] vef(rw)r(mz)*r(wﬁ))
uen 2" - ¢ -1)
( T(a)T( [3+2 oc+ﬁ)>
(16)

Therefore,

2(e" - 1) N e’

B+ r<a+/3>>' 17)

s Bl < 190
IFe+ Farl, < B0

Then,
F,x+ F,y€B,. (18)

Now, we prove that F, is a contraction. For x, y € B,, we have

1 t
sup ———— | (£ =) P!
te[OFI’] I(a+ et Jo( )

Y(5)> wy(s) = f (s x(s), x(s), yx(s))|ds
=)o (s)(Iy(s) = x(5)]

[Fuy(t) -

X|f(s:y(s) ¢

< su

1 t
te[og] I'(a+p)e” Jo(t
+[gy(s) = ox(s)| + |wy(s) -

Fix(t)

(A=

ya(9))ds s sup 17
refo) I'(or + B)e

t

eyl x =l ey =)
0

(e ey -

<
;1[;1;] oI (a+ ) lly — x|,
_ gty )foflly - xH

= I(a+ P

(19)

By using the condition of the new norm, we conclude that F,
is a contraction.
Next, we will prove that F, is compact and continuous.
Continuity of f implies that the operator F, is continu-
ous. Also, F, is uniformly bounded on B, as

el -y 2 '
[Fyll < " (r(a)r(ﬁ+2) ’ T(“+ﬁ)>. 20

Suppose that 0 < t; < t, < 1. We have

’tgﬂ —t'erl + |t2 -t |J (1 )(x—l
=S
L(L(B+2)  Jo

|t — 1]
(s))|ds + T+ p)

7 F(s2(5), @x(s), yox(s)) s

|Foy(t) = Foy(ty)| <

ICEOR O
. E“ _

Then, [Fy(t,) -
from y € B,.
This shows that the operator F, is relatively compact on
B,. Thus, by the Arzela Ascoli theorem, we obtain that F, is
compact on B,.
By the Krasnoselskii fixed point theorem, the problem (1)
has at least one solution on B,.

(21)

F,y(t;)] — 0, as t; — t, independently



Theorem 8. Suppose that f : [0, 1] x R* — R is a continu-
ous function satisfying

(H;) forallt € [0, 1] and x;, X5, X3, ¥, Y5 V3 € R, we have
(621, x5 23) = (6715 75 y3) | S 0 (8) (|3, =y + |z = o] +
|x; — y5]) with o(t) € L'([0, 1] ;[0,00)).Then, there exists a
unique solution for the problem (1) under the following con-
dition: r; < 1, where r; =2(1+ ¢+ *)o = (/[ (a+ f)) +
(UT()T(B+2))).

witho % = féa(t)dt
Proof. Define F : X — X by

1

Fe(t)= e |, 797 H(6.5(9) 9x(5) x(9) () ds

A

T (1659 g(s) )

t

_ _1 _5)atpl s, x(8), dx(s), wx(s))ds.
F(oc+,8)J0(1 ) S (s, x(s), ¢x(s), yx(s) )d
(22)

Setting sup |f(£,0,0,0)| =P
0<i<1

We consider the set B,={x€X : x| <r}, where r>
(ry/(1=ry)), with

1 1
r2=2P (F(a B TG 2))' (23)

For each t€0,1] and x € B,, we have

|Fx(t)] < )P f (s, x(s), $x(5), wx(s)) | ds

m+m[“
AR

TR J, (19 L6 (9 s

t

71 — )P £ (s, x(s), dx(s), wx(s
o179 L) ) o)

1

(a+ﬁ)J (£ =9 P (1f (5 x(5), ¢x(5)s yx(5))
Bl

F@I(F+2)
: L(l =) X (|f (5 %(5), $x(5), yx(s)) (50,0, 0)]

+1f(s,0,0,0)])ds +

- £(s,0,0,0)| + |f(s,0,0,0)|)ds +

1
I'(e+ )

~([O(t—S)“*ﬁ’l(\f(&x(S)) $x(9), yx(5)) ~ £(5,0,0,0)
1

T'(a+p)
: L(f =) (o (s)(|x(s)| + [¢x(s)| + [yx(s)]) + P)ds

+1f(50,0,0)|)ds <

2

+ WL(I =)o (s)(|x(s)] + |px(s)]

o)) + P+ s | (129 (o(6) (o)
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(L+¢* +y *)||x]|
T(a+p)

o P gy, 208y
L"”“r(wﬁ)jo“ A (D)

! 2P L+ ¢ = +y *)||x
oot e e
. P - 2(1+ ¢ * +y )| x| . 2P

I(a+p) I(a+p) I(a+p)

. 2P 2(1+¢*+1// *)||xH

M@r(B+2) " T(@I(B+2)

1 1
<2008+ +v 0 (o * ey

1 1
| ”P(rmﬁ) ' r<a>r<ﬁ+z>)'

+[¢x(s)] + [yx(s)]) + P)ds <

Then, ||Fx| <r.
Therefore, FB, C B,.
Next, we show that F is a contraction mapping.
For x, y € B,, we have

[Fx(t) - Fy(t)| < ﬁj(r =) (5, x(5) () yix(s)

(AT el
T(@I(B+2) L(l =)
X (£ (s x(s), px(s), wx(s)) = f (5, ¥(s), oy (5)> wy(s))])ds
1

+ wJO(I - S)rx+/3—1(|f(s,x(s), $x(s), yx(s))

6 96 W< L

: L(r = g (5)((x(s) - y(9)] + [9x(5) — d(5)]

= f(s,y(s), y(s), wy(s))|ds +

B+1 t
()~ wy () + ot [ (197 o

X ([x(s) = y(s)] + [dx(s) = dy(s)] + [wx(s) = yy(s)])ds
t 1

) (9O x(9) (6] 45(5) 9909

O e RO
21+ pr sy lxyl [ (g sy lxoy]
T TW@I(B+2) J terts+ T(a+p)

. Joa(s)ds+ F(%—i—ﬁ)J. (1 _ s)a+ﬂ710‘(s)(‘x(s) —y(s)|
+]¢x(s) = ¢y(s)| L (Hgxy x|
2(1+ ¢4y *)|lx -y

I'(a+p)
-Joa(s)ds+ T@I(B+2) X Joa(s)ds

(g sys)x=yl ' 20+ gty -y
e TS
. 2(1 +qu:);1(;/ﬁ*+)|;)c—)’”0* <2(1+¢ % +y % )ox

~(1 R )ux—n
Ta+p)  T@rp+2))" "

+ [yx(s) = wy(s)|)ds
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Since r; < 1, then F is a contraction. Therefore, the system
(1) has a unique solution.

4. Examples

In this section, we give two examples to show the applicabil-
ity of our results.

Example 1. Consider the following problem:

s £ e | (f (t+s) i s s
DR(D)ag = [ BT [ (e POl 00550 0) o) eptopeepitery=o. | )
400 | 1+ |x()|  Jo 400(1 + |x(s)])
te[0,1],
Here, Here,
B- 16 p= 1
=1 7
10
[24 ]
7
17 )
T Fltxyz) = —— (— 1 syt)+20) 30
P = 200 \ 1+ x(t)] 7 ’ (30)
43
£ (x())e” | ()] cos ()  |z(t)] sin (¢) A s)=8(ts) =
t,;; = — N »S) = t)s_ia
$e5:9= 355 (e * 1350 * 14 R0 ) 97009 0
2
)= —.
3 7= 35
B _(t+s)
At s) =6(t,s) = 200 It is clear that
1
t3 = = —
()= 100’ P =9* = 500
1
e L (31)
3 600
(H)= 355+ (27) r, = 0, 0036.
By Theorem 8, we conclude that the problem (29) has a
It follows that y 1 P
unique solution.
15 5. Conclusion
px=yx = 1600°
(28)  In this paper, we proved the existence and uniqueness of
o% = 1 ] solutions for nonlinear fractional integrodifferential equa-
1600

Then, by Theorem 7, we obtain that the problem (26) has at
least one solution.

Example 2. Consider the following system:

D2 (D% x :i; Lt“s%s s
D (D) (0= 355 (1+|x(t)| + 100J0t ()d>) telo, 1],
x(0) = x(1)="D7x(0)=D?x(1) =0.

(29)

tions of order 1 <« <2 and 1 < f3 <2 using the Banach con-
traction mapping principle and Krasnoselskii’s fixed point
theorem under some weak conditions. Furthermore, we pro-
vided two examples to illustrate the main results.
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