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This paper is concerned with a problem of a logarithmic nonuniform flexible structure with time delay, where the heat flux is given
by Cattaneo’s law. We show that the energy of any weak solution blows up infinite time if the initial energy is negative.

1. Introduction

In this work, we consider the vibrations of an inhomoge-
neous flexible structure system with a constant internal delay
and logarithmic nonlinear source term:

m(x)uy, — (p(x)h, + 20(xX)uy,)  + 40, + pus, (%, £ = 1) =uful’ In [ul?, x€(0,L),t>0,

Or + kg, +1u =0 x€(0,L),t>0,

1q,+PBq+k0,=0 x€(0,L),t>0,

(1)
with boundary conditions
u(0,t) =u(L, t)=0;0(0,t)=0(L, t)=0,t>0, (2)
and initial conditions

u(%, 0) = (%), (%, 0) =, (x) 5 0(x, 0) = 6y (x) 5 4(x, 0) = g (x), x € [0, L],
(3)
where u(x, t) is the displacement of a particle at position x

€ [0, L], and the time ¢>0. # >0 is the coupling constant
depending on the heating effect,p > 2,y, 3, and k are positive

constants, and g is a real number. T > 0 is the relaxation time
describing the time lag in the response for the temperature,
and 7, > 0 represents the time delay in particular if 7= 0(
1.1) reduces to the viscothermoelastic system with delay, in
which the heat flux is given by Fourier’s law instead of Catta-
neo’s law, where g = q(x, t) is the heat flux, and m(x), 8(x),
and p(x) are responsible for the inhomogeneous structure
of the beam and, respectively, denote mass per unit length
of structure, coefficient of internal material damping (visco-
elastic property), and a positive function related to the stress
acting on the body at a point x. The model of heat condition,
originally due to Cattaneo, is of hyperbolic type. We recall the
assumptions of m(x), 8(x), and p(x) in [1, 2] such that

m,8,p € W1’°°(0, L), m(x),5(x)and p(x) > 0,Vx € [0, L].
(4)

In these kinds of problems, Gorain [3] in 2013 has estab-
lished uniform exponential stability of the problem

()i~ (p(x)it, + 20(x)1k,), = £ (x), 0n (0,1) x R”, (5)

which describes the vibrations of an inhomogeneous flexible
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structure with an exterior disturbing force. More recently,
Misra et al. [4] showed the exponential stability of the vibra-
tions of a inhomogeneous flexible structure with thermal
effect governed by the Fourier law.

m(x)u, — (p(x)u, +28(x)u,,), — k0, = f(x),
(0 = (P + 280, K=
0, -0, —ku,=0.

In addition, we can cite other works in the same form like
the system in [5]; Racke studied the exponential stability in
linear and nonlinear 1d of thermoelasticity system with sec-
ond sound given by

m(x)uy, — (p(x)u, +28(x)u,,), — kO, =0,0n(0,L) x R*
0, + kq, +nu,, =0,0n(0, L) x R*
79, + Bq+ kb, =0,0n(0,L) x R",

(7)

Now for the multidimensional system, Messaoudi in [6]
established a local existence and a blow-up result for a multi-
dimensional nonlinear system of thermoelasticity with sec-
ond sound (see in this regard Refs. [7-10]); for the same
problem above, Alves et al. proved that system (7) is polyno-
mial decay (see [1]), with boundary and initial conditions:

(0, t) = u(L, t) = 0;6(0, £) = O(L, £) = 0, £ > 0,
u(x,0) = 1y (x), 14y (x, 0) =y (x) 5 (8)
6(x, 0) =6, (x) 5 4(x 0) = gy(x), x € [0, L].

We know that the dynamic systems with delay terms
have become a significant examination subject in differential
condition since the 1970s of the only remaining century. The
delay effect that is similar to memory processes is important
in the research of applied mathematics such as physics, non-
instant transmission phenomena, and biological motivation;
model (7) is related to the following problem with delay
terms:

m(xX)uy, — (p(X)t, +28(x)uy, ) + 10, +pu, (X, t—75) =0 x€(0,L),t>0,
6, +kq +nu, =0 x€(0,L),t>0,
79, +PBq+k6,=0

u(0,t) =u(L,t)=0;6(0,t)=0(L, t)=0,t >0,
U(x, 0) = g (x), 1y (%, 0) = 1y (x) 5

0(x,0) =0,(x) ; q(x,0) = gy(x), x € [0, L].

x€(0,L),t>0,

©)

The authors prove that the system (9) is well posed and
exponential decay under a small condition on time delay
(see [2]). Now in the presence of source term, the system
(9) becomes the system studied in this work with a logarith-
mic source term; this type of problems is encountered in
many branches of physics such as nuclear physics, optics,
and geophysics. It is well known, from the quantum field the-
ory, that such kind of logarithmic nonlinearity appears natu-

Advances in Mathematical Physics

rally in inflation cosmology and in supersymmetric field
theories (see [11-13]).

This work is organized as follows: In “Statement of Prob-
lem,” we talk briefly about the local existence of the systems
(1), (2), and (3), and we define some space and theorem used.
In “Blow-up of Solution,” the blow-up result is proved.

2. Statement of Problem

Let us introduce the function
z(x, pst) = u,(x, t — p1y), x € (0, L), p€ (0,1),£>0. (10)
Thus, we have

Tz (X% s £) +2,(%, ps ) =0, x € (0,L), p€ (0,1),£>0.

(11)
Then, problems (1)-(3) are equivalent to

m(x)uy = (p(X)uy +20(xX) ), + 1Oy

+uz(x, 1, ) = uufP In ul?, x€(0,L),t>0,
Toz (% ps t) +2,(%, p, 1) =0 x€(0,L),p€(0,1),t>0,
0, +kq, +nu, =0 x€(0,L),t>0,
19, +PBq+k0,=0 x€(0,L),t>0,

(12)
u(0,t) =u(L,t)=0;0(0,t) =0(L,t) =0,t >0,
u(x,0) = uy(x), u,(x,0) = 1y (x) ;0(x,0) =0, (x), x € [0, L]

z(x, p, 0) = fo(x,—p7y), x € (0, L), p€ (0, 1).
(13)

We first state a local existence theorem that can be estab-
lished by combining the arguments of related works '*°.
Let v = u, and denote by

D= (1,,0,q2)", D(0) = Dy = (uy, uy, 0, 4o f,) - (14)
The state space of @ is the Hilbert space
=Hy(0,L) x L*(0, L) x L(0, L) x L*((0, 1) x (0, L)). (15)

Theorem 1. Assume that

2<p<

2n
,if n>3. 16
= if (16)

Then, for every @, €, there exists a unique local solution
in the class ® € C([0, T},).
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3. Blow-up of Solution

In this section, we prove that the solutions for the problems
(12)-(13) blow up in a finite time when the initial energy is
negative. We use the improved method of Salim and Mes-
saoudi [6]. We define the energy associated with problems
(12)-(13) by

E(t) = 5 (Im®) | llu®13) + %(Ilp(x)HoolluxH?)

T 1
] et p0lPde (17)
0

N —

T, ., 1.5
R
L
+ e - EJ |uff In |u)Vdx.
p Plo

Lemma 2. Suppose that

2n
2<p<

,n>3. 18
S (18)

Then, there exists a positive constant C > 0 depending on
[0.L] only, such that

I I
U |ulf In |u|7dx} < CU |ulf In |u|"dx + ||ux||§ , (19)
0 0

for any ueH}(0,L) and 2<s<p, provided that [;|ul’ In
|u|"dx > 0.

Proof. 1f fg|u|P In |u|"dx > 1, then

L 5oL
U |ulf In |u”dx] SJ |ulf In |u|?dx. (20)
0 0

If fg|u|p In |u|"dx < 1, then we set
I ={x€[0,L]||u| >1}, (21)

and, for anyf3 <2, we have

L 3 L £ 5
U |uff In |u|”dx} < U |ulf In |u|”dx} < J |uff In |u|’dx
0 0 r,
P ; s
< || wrras] < | ] =
T, Jo
(22)

We choose 3=2p/(p+1) <2 to get

: ;
[ e ] < g, <ol @)

Combining (20) and (23), the result was obtained.

Lemma 3. There exists a positive constant C > 0 depending on
[0, L] only, such that

L
g | o e ], )
0

for any u € H}(0, L), provided that fs|u|p In |u|"dx > 0.
Proof. We set
I ={xe[0,L]||u] >e}andI'_={x€[0,L]||u|<e}, (25)

thus

P
Huugz |u|de+J \u\deSJ |ulf ln|u|ydx+J eP’E’ dx
I r, r. e

2
<| |up ln|u|ydx+ePJ ‘ﬁ‘ dx
I, r.'e
L L
< | juf In |u|”dx+ep’2J |ul*dx
0 0

L
< C{J |uf? In |u|’dx + Hux||§}.
0

(26)

24p
bl

By using the inequalities||u||5 < CHuH; < C(||u||§) we

have the following corollary.

Corollary 4. There exists a positive constant C > 0 depending
on [0, L] only, such that

L H 4
|u|§scm up 1n|u|?dx) +|ux||z]. @7)
0

provided that [ |ul In [u"dx > 0.

Lemma 5. There exists a positive constant C > 0 depending on
[0, L] only, such that

ol < C [l + i3] (28)
for any ue H)(0,L) and 2<s<p.
Proof. If ||ul|, > 1, then
s P
[ull, < [ullp- (29)

If [ul|,, < 1, then HuH; < HuH; Using the Sobolev embed-
ding theorems, we have

2 2
[ull <l < Cllully- (30)

Now we are ready to state and prove our main result. For



this purpose, we define

() = =E() == 3 (173) oo 1. ()12) = 5 (1000 o )

T Tolu
- = 51012 - 2 [ats ool

1
= ||u||§ + 1—)Jo|u|1’ In |u|"dx.
(31)

Corollary 6. Assume that (18) holds. Then

iy <c{ (- p||p e 1~ () 0
<||||Z )' O~ gyt

0|I4‘ ! Al1Pd
||P 16115 - ) Hz(x’P, )I7dp

L
J luf? In |u|de}
pHp oo 0

(32)
for any ue (HL(0,L))" and 2<s<p.
Theorem 7. Assume that (18) holds. Assume further that

(I ol vol2)
Tol# ‘j j \fo(mpro) Pdpdx

5(0) = 5 (Im ()| (0]2) +

T 2
+ a3+ 51000+

b4 1
+ ol - EL'”O‘P In (11" dx < 0.

(33)
Then, the solution of (12) blows up in finite time.

Proof. we have
E(t) <E(0) <0, (34)
and
H'(t) = =E" () = 2(||8(x)l|oo |4 (1) 13) + Bllall3 + IM\JZIZ(% L t)["dx.
(35)
Hence

H (1) 2 co{ (1360 ol (1) + | 2651 r)dx} > 0t € [0, T).
(36)
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Consequently, we get
L
0<H(0)<H(t) SJ |u|P In |u|’dx;Vt € [0, T), (37)
0
by virtue of (17) and (31). We then introduce

L(t)=H"(t)+ eJ.O {m(x)ut(t)u(t) + 48(x)|ux|2]dx + sJ‘ n ugdx,

o k
(38)
where € > 0 to be specified later and
2(p-2 -2
(P2 ><oc<p <1. (39)
p 2p

A direct differentiation of L(t) gives

L'(t) m(x)|u|*dx

I
—~
—
|
S
=
T
33
—
~
~—
m\
—~
~
~—
+
]
—

e (¢ L L
+STJ qut(t)dx—sj p(x)\ux|2dx+2£11j Ou,dx
0 0

L L ’7[;
—sJ pz(x, 1, t)udx+sj [uff In [u]’ — e~ J qudx,
0

0

(40)
using the inequality of young
' 2
2en Oudz o6 -enu 3, (41
0
L
_£J D) |t doe 2 =el|p (%) oo 142135 (42)
0
L
SJ m(x) o | dx = ]| m(x) | |43 (43)
0
L
i nr nr
R A L T

and

L L
—sJ uz(x, 1, t)udx > —s|,u|{EZ—IJ l2(x, 1, t)|*dx + % ||u||§},\7’f1 >0,

0 0 1
(45)

_snfj qudx>s’7/3 {62 ||q||2 25 ||u||§},V€2>O.

(46)

Substituting (41), (42), (43), (44), (45), and (46) in (40),
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we get

L'(t) = (1= a)H(OH' (1) + & |m()l| o = 2 HIl

— e {[Ip() o + 1} 1113 = 2062
N+ Br& e A5 e
- TR g e 1
L
el S 2 — ellu2d L 4 1P
el [ et 1. Pas— el { K+ L
(47)
We obtain from (35) and (47) the following:
L'(t)> {(1 — ) H™() —s<k§%k’7£2> }H'(t)
11T
+e{lm()l, = 3 Pl = {1 oy + 1}l
—enneuz—e—uqnmj uf In [ufd
zflk 28k >
(48)

We also set £, =&, = H™*(¢) ; hence, (48) gives

!

L (t)z{(l—a)—eC}H-“u)H’(t)+e{||m<x>\|oo Tl

—e{lIp() oo+ 1} ll2ecll3 = HIIIGIIZ—'g HtZIIZ

L
+£J |uf? In [u|"dx — & kH“()HuH;,

0
(49)
where C and M are strictly positive constants depending only

on k, 1, B, |ul.
For 0 <a < 1, we have

L'(tH)={(1-a)-eCYH*(H)H'(t)

re{lm@ll (1+ 5 0-0) - Tl
+8{||P(x)||oo(§(1 —a) - 1) +f1}||ux||§
+8{ PS( . )}”0”2 +saJ |ul? In |u|"dx

+e{ o L e T
P01 Pl

—%H“( 0)Jul + pe(1 - a) H(1)

Using (27), (37) and Young’s inequality, we find

(1)l < (
<C

juf In Ju Wx) Julf

atl L « B
{(J uf? In \uwdx) " <J uf? In \u\ydx> |ux|”2}
0
L 2 =
< C{(I |u[? In \uP’dx) + w3+ <J |uff In |u|ydx> }
Jo

(51)

Exploiting (39), we have

2
P S <p. (52)

2<ap+2<pand2<
Thus, lemma 1 yields
2 t 2
H“(f)lluleC{J |uf” In |u|7dx+||ux||2}. (53)
0

Combining (50) and (53), we obtain

L'(t)2{(1-a)-eCYH*()H'(t)

Po-
+ef Il (1+ £1-a)) - THju|}
I
{1 (G -a) 1) #n-cop
e(l-a
eedon e EEZD oy
L
+s{a—CM}J |ulf In |u|"dx
%S,
_m  pr(l-a) 2, ve(l-a) o
red g P bl 2
op(l-a)
+s%|y|J J |2(x, p, t)[*dpdx + pe(1 — a)H(t).
oJo
(54)
At this point, we choose a > 0 so small that
e+ ps(lz— 9 o,
Py -
(5(1 a) 1)>0, (55)
‘rop(l—a)>0’
2

and k so large that



Il (1-0)-1) +n-c >0

M
a—Cﬁ >0,
p nr
Im)llg (1+5(1-0)) = 2 >0,

S0 prii=a) > 0.
2k 2

(56)

Once C and a are fixed, we pick € so small so that
(1-a)—eC>0. (57)
Hence, (54) becomes

L'(t)2 {(1 - a) = eCYH “()H (t) + eA, |[u |3 + eAs |3

M) (*
+5A3H0||§ +sA4||q||§ +£{a—C—}J |ulf In |u|"dx
0

2k
T.p(l —a Ll
e PP [ | et ) i
0J0
e(l—a
# 028 g+ per - apri(e,

(58)

where A; — A, are strictly positive constants depending only
on p, 7,4, k, a.
Thus, for some A, > 0, estimate (58) becomes

/ 2 2 2 2
L'(t) 2Ao{H(f) ey + lusllz + lliZlall; + 16112

L L ¢l (59)
+J |uff In |uP’dx+J J |z(x, p, t)zdpdx},
0 oo

and
L(t) > L(0) > 0.Vt > 0. (60)

Next, using Hoélder’s inequality and the embedding
[Jull, < C”MHP, we have

< [m ()l 2l [l < Cllull, |l (61)

JLm(x)uutdx

0

and exploiting Young’s inequality, we obtain

L =
J m(x)uu,dx

0

r . 1 1
< C{||u||},“ + ||ut||‘2“},For; + 7 =1.

(62)

To be able to use Lemma 5, we take r' = 2(1 — &) which
gives r/l —a=2/1-2a<p.
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Therefore, for s =2/1 - 2a, estimate (62) yields

L =
J m(x)uu,dx| < C(||u||; + ||u[||§) (63)

0

Hence, Lemma 5 gives

L =
| oy "<y (il + ]+ 3) vE > 0

0

(64)
and with the same way, we get

L
1-a

L
sJ %uqu sCz(l\u|\§+||q||§),vc2>o, (65)
0

L
T-a

L
gJ 48(x)|ug|*dx| < Cs)juy|2VCs > 0. (66)
0

From (64), (65), and (66) we obtain

1
L (8) < CLH(E) + lull + a3 + ] + | v = 0vC >0.

(67)
Combining (67) and (59), we arrive at
L' () 2 agL™s(t),¥t > 0, (68)

where g, is a positive constant depending only on A and C.
A simple integration of (68) over (0, t) yields

« 1
L=<(t) > . 69
®) L™%(0) — aagt/(1 - a) (69)
Therefore, L(t) blows up in time
1-
e % (70)

- aaOLa/l—a (0)
The proof is completed.

4. Conclusion

In this work, we are interested with a problem of a logarith-
mic nonuniform flexible structure with time delay, where
the heat flux is given by Cattaneo’s law. We show that the
energy of any weak solution blows up infinite time if the ini-
tial energy is negative. The delay effect that is similar to mem-
ory processes is important in the research of applied
mathematics such as physics, noninstant transmission phe-
nomena, and biological motivation. In the future work, we
will try to study the local existence for this problem with
respect to some proposal conditions.
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