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An integrable variable coeflicient nonlocal nonlinear Schrodinger equation (NNLS) is studied; by employing the Hirota’s bilinear
method, the bilinear form is obtained, and the N-soliton solutions are constructed. In addition, some singular solutions and period
solutions of the addressed equation with specific coefficients are shown. Finally, under certain conditions, the asymptotic behavior

of the two-soliton solution is analyzed to prove that the collision of the two-soliton is elastic.

1. Introduction

In 1998, Bender and coworker first proposed the T - (par-
ity-time-) symmetry for non-Hermitian quantum mechanics
[1]. Now, LT -symmetry has been extensively studied in
diverse areas such as lasers [2], acoustics [3], nonlinear optics
[4], Bose-Einstein condensation [5], and quantum mechanics
[6, 7]. The nonlinear Schrédinger equation has been regarded
as the basic model to describe the propagation of solitons in
optical fiber, and its spatial solitons have become the research
frontier of nonlinear science [8, 9]. In 2013, Ablowitz and
Musslimani incorporated the S -symmetry with nonlinear
integrable systems and proposed the nonlocal or AT -sym-
metry nonlinear Schrédinger equation (NLS) [10],

iq,(% 1) + 4 (%, 1) + 24° (%, )" (=, 1) =0, (1)

where * represents complex conjugation. Obviously, Equation
(1) is invariant under the parity-time (PT) transformation,
and its solution is evaluated at (x, ) and (—x, ). Since Equa-
tion (1) was proposed, many researchers have carried out a
lot of work on it. The integrability [10, 11], the Cauchy prob-
lem [12], the inverse scattering transform [13], and exact solu-
tions, such as breathers, periodic, and rational solutions [14],
general rogue waves [15], multiple bright soliton [16], higher
order rational solutions [17], and N-soliton solutions [18] of

(1) have been derived. Moreover, other nonlocal integrable
systems have also been investigated like nonlocal modified
Korteweg-de Vries equation [19, 20], nonlocal KP equation
[21], nonlocal vector nonlinear nonlinear Schrédinger equa-
tion [22, 23], nonlocal discrete nonlinear Schrédinger equa-
tion [24-26], nonlocal Davey-Stewartson I equation [27], etc.

Although much advance has been made in nonlocal sys-
tems, there are very few studies on nonlocal equations with
variable coefficients. From the realistic point of view, it is
more accurate to describe the physical phenomena by using
the variable coeflicient equations in many physics situations
[28]. So it is a meaningful work to study the exact solutions
for nonlocal equations with variable coefficients. In [29],
authors constructed the soliton solutions for the variable
coefficient nonlocal NLS equation by using Darboux trans-
formation. In [30], analytical matter wave solutions of a
(2 + 1)-dimensional nonlocal Gross-Pitaevskii equation are
investigated. In this paper, we consider the variable coeffi-
cient nonlocal NLS equation,

iq,(x, £) = 8(£)qy (%, 1) = 28()q(x, £)*q" (—x, 1) + &(1)q (%, 1) = 0,
(2)

where the dispersion coefficient §(¢) and the gain/loss coef-
ficient a(t) are arbitrary real continuous even functions of
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variable t. Obviously, Equation (2) keeps the parity-time
transformation x — —x, t— —f, q(x,t) — q*(-x,—t)
invariant, so it is PJ -symmetricc. When &(¢f) =-1 and
a(t) =0, Equation (2) reduces to the constant coefficient
self-focusing nonlocal NLS equation (1). When «(t) =0,
Equation (2) becomes variable coefficient nonlocal NLS
equation which has been solved by Darboux transforma-
tions in [29]. The novelty of this paper is that the vari-
able coefficient NLS equation is firstly solved by Hirota’s
bilinear method, the more general two-soliton solution
and N-soliton solution are reported, and the collision of
the two solitons is firstly discussed.

The paper is organized as follows: In Section 2, the bilin-
ear form and the one-soliton, two-soliton, and N-soliton
solutions of Equation (2) are obtained based on the Hirota’s
direct method. In Section 3, the asymptotic behavior is stud-
ied to prove that the two-soliton collision is elastic. Finally,
conclusions are given in Section 4.

2. The Bilinear Form and Soliton Solutions

We implement the following dependent variable transfor-
mation to Equation (2)

q:e' ? (3)

where g and f are complex functions and f3(t) is a real func-
tion; then, the following bilinear equations of Equation (2)
are obtained as follows:

(iD, - 8(t)D})g - f =0,
[T (=)D - f=2fgg" (-x.1),

J «(t)dt and D is the bilinear operator [24]:

(4)
where f(t) =

DIDf(51)-9(x.0) = (5 - 5)1@ - ) e (s' )

I=x,t=t

x

(5)

2.1. One-Soliton Solution. In order to construct the soliton
solutions for Equation (2), we expend f and g as follows:

f=1+&f, +&*f, + e ft+, ©)
g :Sgl + 83g3 +€5g5+"',

where ¢ is an arbitrary small parameter. Then, substituting
Equation (6) into the bilinear equations (4) and collecting
the same power coefficients in &, we get the following
equations:

e': (iD, - 8(t)D2)g, - 1=0, (7)

82:D92<(f2'1+1'f2) 29,9 (—x 1), (8)

& (iD= 8(t)D3) (g5 1+ g, f,) =0, )
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e DY fy+ fy 1+ fy - fy) 5 (= )DY(L-f, + f, - 1)
=2(9,95 (=% 1) + g{ (=%, 1)g5) + 2/,9,9; (=% 1),
(10)

e (iDt_8(t)D:2c)(g5‘1+93'f2+91'f4)=0’ (11)

& DL fot+fo- 14+ fy - fut fu-fo) + 3 (=0 )DL f,
+fi 1+ L) +fi(-5 ) xDi(1-fo + 1)
=2(g591 (=% 1) + 9,95 (=% 1) + 9,95 (-x 1))
+2£,(0195 (=% 1) + 991 (=% 1)) + 2/, 9,91 (=%, 1)
(12)
Now, we construct the one-soliton solution for
Equation (2). Assuming g, = ¢’ with n = kx + w(t), n* (=x, t)
=—k"x+w*(t), Equation (7) yields the dispersive relation
with w(t) = —ik* | 8(t)dt. Then, substituting the obtained g,

into Equation (8), we get f,=Ae™ (%) with A=1/
(k- k*)*. Hence, g, and f, can be expressed as
_ ik [ 8(t)dt
f = 1 Gk x-i(R k%) [8(t)d (13)
T k=K
Other left equations are satisfied if we set g; = g =--- =0

and f, = f, = --- = 0. Hence, we get the one-soliton solution for
Equation (2) as
iI ( ik J /1+s ll(k ) ) Ja-i(2-ke2 Iar)dt)

(14)

0, we get several special solu-

q=e

Now, settinge = 1 and a(t) =
tions for Equation (2):

(i) If k=-2A,i and —4A,i =y,, where A, is a real num-
ber, Equation (14) turns into the following period
solution which has been reported in [29],

. 4iA2 [ §(r)dt
__4dilyyse o i (15)
9 y%eZi)sz + e 2ihx

(if) If k=a+ib (a,beR, and ab+0), Equation (14)
becomes

ger2ab [ 8(1)dt z( wr [ (at)-(@-12)8(1))dt)

(16)
1- (1/4b2)e4ah f (1) gaiex

q:

Obviously, Equation (16) is the one-soliton solution
with the singular point (x,, t,) = (In/b, t,), where t, satisfies

[ 8(t)dt =—In 4b°/4ab, and I € Z.
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(a) Singular solution (8(t) =-1)

(b) Period solution (8(¢) =-1)

F1GURE 1: (a) Soliton solution with singularity with parameters a =0.12 and b =-0.35. (b) Spatial period soliton solution with parameters

a=0and b=0.2, period M = 57.
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(a) Singular solution (8(t) = %)

(b) Period solution (8(t) = t2)

FIGURE 2: (a) Soliton solution with singularity when a = 0.1 and b = -0.3. (b) Spatial period soliton solution with parameter a=0and b=0.2

, period M =57.

(iii) If k=1ib, beR, and b #0, we get the spatial period
solution

4p?

, (17)
V16b* — 8b* cos 2bx + 1

lq] =

where the period M = 7/b.

To show the characteristics of the one-soliton solution,
we illustrate the singular solution (16) and the period solu-
tion (17) in Figure 1 (when §(¢) =-1) and Figure 2 (when
8(t) =12).

2.2. Two-Soliton Solution. To get the two-soliton solution,

we let g, =eh + €™ with ;= kjx +w;(t), nj(—x.t) = -k x

+wj (t), j=1,2. From Equation (7), we have w;(t) = —ik?
| 8(t)dt, j=1,2. Plugging the obtained g, into Equation

(8) leads to

f,=a(l, 1*)em+'11‘(—x’f) +a(l, 2*)em+r1§(—x,t)

+ a(z, 1*)6’72+’7r(_"’t) + a(z’ 2*)erlz+r];‘(—x,t)’

(18)

where a(l, m*) =1/(k, - k,)*, Lm=1,2.

Then, plugging the known g, and f, into Equation (9)
and Equation (10), we derive g, and f, as

g;=4a(1,2, 1*)em+nz+rﬁ(—x,t) +a(1,2, 2*)e’71+'12+’7§(—x,t)’
£, = a(1,2, 1%, 2% )i (o0 (-6

(19)

where

—,Lm=1,2,

(20)
Other equations are satisfied if we let f, = f; = --- =0 and
gs =g, = --- = 0. Therefore, for £ = 1, we get the two-soliton

solution as
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(a) Two-soliton solution (8(¢) = ?)
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(b) Cross-sectional display diagrams (8(t) = )

FIGURE 3: (a) Double spatial-period soliton solution with parameters: k, = 0.4, k, = 0.6i. (b) Cross-sectional shots of solution (a) at =0

(red), t =5 (blue), and t =10 (green).

(ot < (ot
3 eij' a(t)dr el + el + yle’h"'ﬂz*’h( xt) +y23’h+’12+’72( xt)

1+ p,eh*h + p eh i + p el¥l + p, g™ 4 QTR+ '

(1)

where y, =a(1,2,1%), y,=a(1,2,2%), p,=a(1,1%), p,=
a(1,2%), py=a(2,1%), p,=a(2,2*), ps=a(1,2), and 0=
a(1,2,1%,2*). Specially, if k; =b,i and k, = b,i, the solu-
tion Equation (21) becomes a double spatial-period solu-
tion which is illustrated in Figure 3 (when &(t) = %).

2.3. N-Soliton Solution. The N-soliton solution for Equation
(2) can be shown as follows:

g=é a0 %, (22)

where

()

2N 2N
f=) exp (Z w+ Y m#mAzm)

u=0,1 =1 I<m

()

2N 2N
g= ) exp (Z e MlﬂmAlm>’ (23)

u=0,1 I=1 I<m

I=1 I<m

(9) 2N 2N
g (-xt)= ) exp (Z w+ Y #szAzm)
1

where

1, = kix + wy(t), wy(t) = ik’ J S(t)dt,

My =11 (% 1), Koy = kl*(lz 1,2,---N),

1
=In m(1: 1,2,-,N,m=N + 1,---2N),
-

m

A,

Ay, =In (k= k,)*(Lm=1,2,--N,orl, m=N +1,--2N),
(24)

and for y;=0or1(I=1,2,---N), Z;(;)O,l , ZLO:)O’I , and 24(420,1
satisfy the following conditions, respectively,

N N

N N N N
Z#lz ZHHN’ ZV1=1+ ZZ:P‘1+N’1+ IZ#F IZ Hien-
—1 =1 =1

[ =1 =
(25)

3. Asymptotic Analysis on Two-Soliton Solution

The asymptotic behavior of the two-soliton solution is

dependent on §(t). In this section, under certain assumption

that tlim [8(t)dt = +oo, we investigate the asymptotic
—>+00

behavior of the two-soliton solution. Since &(t) is an even

real function, we have t lim [ &(t)dt = —oo. For simplicity,
———00

we denote —ika. by w; j=1,2, then "= ij+wj f o(t)dt,

i=1,2.
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For fixed #,, we get
k, ( k, > J
==+ lw,-—w S(t)dt,
M k1 m 2 kl 1 ( )
*® k; * * k; *
(0= i )+ (wi - 2 ) o0
1 1
k
B

) J(S(t)dt.

(26)

k
My + 15 (~x.t) =2 Re (k—zfl) +2Re (w2 -
1

where w, — (ky/k,)w, = i(=k; + k,k,).

Suppose that Re (w, — (k,/k,)w,) >0, that is, Im (kj —
k,k,) <0. The two-soliton solution asymptotically tends to
be one-soliton solution as follows:

(n=n; (=x0)=In py/2)+i [ 8(t)dt sec b +1; (—9;’ t)+In p,

, F— =00,

1
q~ Ee
(27)

, t — +00.

(28)

_ P22P5 RURHEDRY (O1p.)2)+i [ 8(1)de sec hsl +& (-x, 1) +1n (0/p,)

K 2

For fixed #,, suppose that Re (w, — (k,/k;)w,) >0, in
a similar way, we get the asymptotic expressions of
Equation (21):

g~ %ewzm;(—x,r)—ln puisi [ o ot (B g,

(29)
q~ 932P5 L3 (eI @1p)2)+i [ S(vdr ( p o+ 1 (=% tz) +1n (0/p,) Lt — +oo.
(30)

We can see that the asymptotic solutions Equation (27)
and Equation (28), Equation (29) and Equation (30) have
the same form, which implies that the two-soliton collision is
elastic. But the two-soliton solution is not a travelling wave.
If we suppose that tinfoo | &(t)dt = —0o0, the same conclusion

can be drawn.

4. Conclusion and Remarks

In the current paper, we studied an integrable variable
coeflicient nonlocal nonlinear Schrédinger equation via the
Hirota’s bilinear method. We first constructed the bilinear
form and then the N-soliton solution. Furthermore, under
certain conditions, we analyzed the asymptotic behavior of
the two-soliton solution and proved that the collision of
the two soliton is elastic. Also, we demonstrated that by
choosing different special parameters, the obtained soliton
solutions can reduce to spatial period solution or singular
solution. We know that sometimes the higher-dimensional
nonlinear systems are more suitable to model the physical
phenomena such as ultrafast nonlinear optics, so we hope
to investigate the (2+ 1)-dimensional variable coefficient
nonlocal partial equations in the future.

Data Availability

All data used to support the findings of this study is included
in the submitted paper.

Conflicts of Interest

The authors declare that they have no conflicts of interest.

Acknowledgments

This work was supported by the National Natural Science
Foundation of China under grant No. 11505090 and PHD
Research Foundation of Liaocheng University under grant
No. 318051431.

References

[1] C.M. Bender and S. Boettcher, “Real spectra in non-Hermitian
Hamiltonians having T -symmetry,” Physical Review Let-
ters, vol. 80, p. 5243, 1998.

[2] S. Longhi, “Bloch oscillations in complex crystals with 2T
-symmetry,” Physical Review Letters, vol. 103, article 123601,
2009.

[3] R.Fleury, D. Sounas, and A. Alu, “An invisible acoustic sensor
based on parity-time symmetry,” Nature Communications,
vol. 6, no. 1, p. 5905, 2015.

[4] Z.Zhang, Y. Zhang, J. Sheng et al., “Observation of parity-time
symmetry in optically induced atomic lattices,” Physical
Review Letters, vol. 117, no. 12, article 123601, 2016.

[5] H. Cartarius and G. Wunner, “Model of a PT -symmetric
Bose-Einstein condensate in a §-function double-well poten-
tial,” Physical Review A, vol. 86, article 013612, 2012.

[6] E. E. Bouzenna, Z. Korichi, and M. T. Meftah, “Solutions of
nonlocal Schrodinger equation via the Caputo-Fabrizio defini-
tion for some quantum systems,” Reports on Mathematical
Physics, vol. 85, no. 1, pp. 57-67, 2020.

[7] K. G. Atman and H. Sirin, “Nonlocal phenomena in quantum
mechanics with fractional calculus,” Reports on Mathematical
Physics, vol. 86, no. 2, pp. 263-270, 2020.

[8] D.Bilman, R. Buckingham, and D. S. Wang, “Far-field asymp-
totics for multiple-pole solitons in the large-order limit,” Jour-
nal of Differential Equations, vol. 297, pp. 320-369, 2021.

[9] C. Q. Daj, R. P. Chen, Y. Y. Wang, and Y. Fan, “Dynamics of
light bullets in inhomogeneous cubic-quintic-septimal nonlin-
ear media with PTJ -symmetric potentials,” Nonlinear
Dynamics, vol. 87, pp. 1675-1683, 2017.

[10] M. J. Ablowitz and Z. H. Musslimani, “Integrable nonlocal
nonlinear Schrodinger equation,” Physical Review Letters,
vol. 110, no. 6, article 064105, 2013.

[11] V.S. Gerdjikov and A. Saxena, “Complete integrability of non-
local nonlinear Schrodinger equation,” Journal of Mathemati-
cal Physics, vol. 58, no. 1, article 013502, 2017.

[12] Y. Rybalko and D. Shepelsky, “Long-time asymptotics for the
nonlocal nonlinear Schrodinger equation with step-like initial
data,” Journal of Differential Equations, vol. 270, pp. 694-724,
2021.

[13] W. X. Ma, “Inverse scattering for nonlocal reverse-time non-
linear Schrodinger equations,” Applied Mathematics Letters,
vol. 102, article 106161, 2020.



(14]

(15]

(16]

(17]

(18]

(19]

[20]

(21]

(22]

(23]

[24]

(25]

(26]

(27]

(28]

X. Huang and L. M. Ling, “Soliton solutions for the nonlocal
nonlinear Schrodinger equation,” The European Physical Jour-
nal Plus, vol. 131, no. 5, p. 148, 2016.

B. Yang and J. K. Yang, “On general rogue waves in the parity-
time-symmetric nonlinear Schrodinger equation,” Journal of
Mathematical Analysis and Applications, vol. 487, no. 2, article
124023, 2020.

J. C. Chen, Q. X. Yan, and H. Zhang, “Multiple bright soliton
solutions of a reverse-space nonlocal nonlinear Schrodinger
equation,” Applied Mathematics Letters, vol. 106, article
106375, 2020.

X. Y. Wen, Z. Yan, and Y. Yang, “Dynamics of higher-order
rational solitons for the nonlocal nonlinear Schrédinger equa-
tion with the self-induced parity-time-symmetric potential,”
Chaos, vol. 26, no. 6, article 063123, 2016.

J. K. Yang, “General N-solitons and their dynamics in several
nonlocal nonlinear Schrodinger equations,” Physics Letters A,
vol. 383, no. 4, pp- 328-337, 2019.

J. L. Ji and Z. N. Zhu, “On a nonlocal modified Korteweg-de
Vries equation: integrability, Darboux transformation and sol-
iton solutions,” Communications in Nonlinear Science and
Numerical Simulation, vol. 42, pp. 699-708, 2017.

W. X. Ma, “Inverse scattering and soliton solutions of nonlocal
complex reverse-spacetime mKdV equations,” Journal of
Geometry and Physics, vol. 157, article 103845, 2020.

X. E. Zhang, Y. Chen, and Y. Zhang, “Breather, lump and X
soliton solutions to nonlocal KP equation,” Computers ¢
Mathematics with Applications, vol. 74, no. 10, pp. 2341-
2347, 2017.

D. Sinha and P. K. Ghosh, “Integrable nonlocal vector nonlin-
ear Schrodinger equation with self-induced parity-time-
symmetric potential,” Physics Letters A, vol. 381, no. 3,
pp. 124-128, 2017.

Z. Y. Yan, “Nonlocal general vector nonlinear Schrodinger
equations: integrability, PT symmetribility, and solutions,”
Applied Mathematics Letters, vol. 62, pp. 101-109, 2016.
L. Y. Ma and Z. N. Zhu, “N-soliton solution for an integrable
nonlocal discrete focusing nonlinear Schrodinger equation,”
Applied Mathematics Letters, vol. 59, pp. 115-121, 2016.

J. C. Chen, B. F. Feng, and Y. Y. Jin, “Gram determinant solu-
tions to nonlocal integrable discrete nonlinear Schrodinger
equations via the pair reduction,” Wave Motion, vol. 93, article
102487, 2020.

Y. Hanif and U. Saleem, “Degenerate and non-degenerate
solutions of PJ -symmetric nonlocal integrable discrete non-
linear Schrodinger equation,” Physics Letters A, vol. 384,
no. 32, article 126834, 2020.

J. G.Rao, J. S. He, D. Mihalache, and Y. Cheng, “PT-symmetric
nonlocal Davey-Stewartson I equation: general lump-soliton
solutions on a background of periodic line waves,” Applied
Mathematics Letters, vol. 104, article 106246, 2020.

Y. Y. Yan, W. Liu, Q. Zhou, and A. Biswas, “Dromion-like
structures and periodic wave solutions for variable-coefficients
complex cubic-quintic Ginzburg-Landau equation influenced
by higher-order effects and nonlinear gain,” Nonlinear Dynam-
ics, vol. 99, no. 2, pp. 1313-1319, 2020.

Advances in Mathematical Physics

[29] X.P.Xin, Y. Xia, H. Liu, and L. Zhang, “Darboux transforma-

tion of the variable coeflicient nonlocal equation,” Journal of
Mathematical Analysis and Applications, vol. 490, no. 1, article
124227, 2020.

[30] Q.Liu, “Analytical matter wave solutions of a (2+1)-dimensional

partially nonlocal distributed-coefficient Gross-Pitaevskii equa-
tion with a linear potential,” Optik, vol. 200, article 163434, 2020.



	The Soliton Solutions and Long-Time Asymptotic Analysis for an Integrable Variable Coefficient Nonlocal Nonlinear Schrödinger Equation
	1. Introduction
	2. The Bilinear Form and Soliton Solutions
	2.1. One-Soliton Solution
	2.2. Two-Soliton Solution
	2.3. N-Soliton Solution

	3. Asymptotic Analysis on Two-Soliton Solution
	4. Conclusion and Remarks
	Data Availability
	Conflicts of Interest
	Acknowledgments

