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In this article, we study the generalized (2 + 1)-dimensional variable-coefficients Boiti-Leon-Pempinelli (vcBLP) equation. Using
Lie’s invariance infinitesimal criterion, equivalence transformations and differential invariants are derived. Applying differential
invariants to construct an explicit transformation that makes vcBLP transform to the constant coefficient form, then transform
to the well-known Burgers equation. The infinitesimal generators of vcBLP are obtained using the Lie group method; then, the
optimal system of one-dimensional subalgebras is determined. According to the optimal system, the (1 + 1)-dimensional
reduced partial differential equations (PDEs) are obtained by similarity reductions. Through ðG′/GÞ-expansion method leads to
exact solutions of vcBLP and plots the corresponding 3-dimensional figures. Subsequently, the conservation laws of vcBLP are
determined using the multiplier method.

1. Introduction

Nonlinear issues are widespread in some natural disciplines,
and many difficult problems in some disciplines can be
reduced to solving a certain PDE or investigating some prop-
erties of a PDE [1, 2]. With the rapid development of research
fields like hydrodynamics and quantum physics, it has
become increasingly important to investigate the exact solu-
tions and certain properties of nonlinear evolution equations
[3–5]. Compared with the PDEs with constant coefficients,
the PDEs with variable coefficients can describe richer natu-
ral phenomena and construct more detailed and complex
physical models [6–8].

In this paper, we focus on the generalized (2 + 1)-dimen-
sional Boiti-Leon-Pempinelli equation with time-part variable
coefficients as

F1 = uyt + a tð Þuxuy + a tð Þuuxy + b tð Þuxxy + c tð Þvxxx = 0,
F2 = vt + d tð Þvxx + e tð Þ uvð Þx = 0,

(

ð1Þ

where aðtÞ, bðtÞ, cðtÞ, dðtÞ, and eðtÞ are any functions with

respect to time t. It represents the development of the compo-
nents in the horizontal velocity in the x and y directions when
the water wave propagates in a channel of unchanging depth
and infinitely small width [9]. The vcBLP is conditionally inte-
grable, and the necessary conditions for it to be Painlevé inte-
grable are d′ðtÞeðtÞ = dðtÞe′ðtÞ and a′ðtÞbðtÞ = aðtÞb′ðtÞ.
Some exact solutions of vcBLP were obtained in [10] by
extended tanh-function method. We can find some periodic
solutions and soliton solutions of vcBLP obtained with the
homogeneous balance method in [11], and the conservation
laws for the constant coefficients BLP were discussed in [9].
By reviewing the relevant literatures, no one has studied vcBLP
using the Lie group method.

The outline of this article is as follows. In Section 2, we
construct the equivalence transformations and differential
invariants of vcBLP. Based on these, we give an explicit
transformation to its constant coefficient form. In Section
3, the infinitesimal generators of vcBLP are obtained using
the Lie group method, and then, the optimal system for
the one-dimensional subalgebras is constructed. In Section
4, we obtain six sets of (1 + 1)-dimensional reduced PDEs
by similarity reductions to vcBLP. In Section 5, some exact
solutions of vcBLP are shown using the ðG′/GÞ-expansion
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method on the basis of the reduced PDEs in above section.
In Section 6, we use the multiplier method to calculate the
conservation laws of vcBLP. We can find the conclusions
of this paper in Section 7.

2. Equivalence Transformations and
Differential Invariants of vcBLP

In this part, we construct the equivalence transformations
[12] of Equation (1). The equivalence transformation of
Equation (1) is a nondegenerate point transformation which
from ðx, y, t, u, vÞ to ð~x, ~y,~t, ~u, ~vÞ [13]. It has the same differ-
ential structure but different coefficient functions ~að~tÞ, ~bð~tÞ
,~cð~tÞ, ~dð~tÞ, ~eð~tÞ than the original equation. First, we assume
that the auxiliary conditions are

au = av = 0, bu = bv = 0, cu = cv = 0, du = dv = 0, eu = ev = 0,
ð2Þ

with the one-parameter group of equivalence transforma-
tions is determined on the basis of

~x = x + ε · ξ x, y, t, u, v, a, b, c, d, eð Þ + o ε2
� �

,

~y = y + ε · η x, y, t, u, v, a, b, c, d, eð Þ + o ε2
� �

,
~t = t + ε · τ x, y, t, u, v, a, b, c, d, eð Þ + o ε2

� �
,

~u = u + ε · ϕ1 x, y, t, u, v, a, b, c, d, eð Þ + o ε2
� �

,

~v = v + ε · ϕ2 x, y, t, u, v, a, b, c, d, eð Þ + o ε2
� �

,

~a = a + ε · Δ1 x, y, t, u, v, a, b, c, d, eð Þ + o ε2
� �

,
~b = b + ε · Δ2 x, y, t, u, v, a, b, c, d, eð Þ + o ε2

� �
,

~c = c + ε · Δ3 x, y, t, u, v, a, b, c, d, eð Þ + o ε2
� �

,
~d = d + ε · Δ4 x, y, t, u, v, a, b, c, d, eð Þ + o ε2

� �
,

~e = e + ε · Δ5 x, y, t, u, v, a, b, c, d, eð Þ + o ε2
� �

,

ð3Þ

and ε is the group parameter. The vector field or generators
of Equation (1) which corresponds to transformations (3) as

Y = ξ
∂
∂x

+ η
∂
∂y

+ τ
∂
∂t

+ ϕ1
∂
∂u

+ ϕ2
∂
∂v

+ Δ1
∂
∂a

+ Δ2
∂
∂b

+ Δ3
∂
∂c

+ Δ4
∂
∂d

+ Δ5
∂
∂e

:

ð4Þ

Since Equation (1) is invariant under the above transfor-
mations (3) and there exists the 3rd derivatives, we have to

use the 3rd prolongation Yð3Þ. We define that

f 1, f 2, f 3, f 4, f 5
� �

≡ a tð Þ, b tð Þ, c tð Þ, d tð Þ, e tð Þð Þ,
x1, x2, x3
� �

≡ x, y, tð Þ, y1, y2
� �

≡ u, vð Þ, ψ1, ψ2, ψ3� �
≡ ξ, η, τð Þ,

yij =
∂yi

∂xj
, yijk =

∂2yi

∂xj∂xk
, j, k = 1, 2, 3, i = 1, 2ð Þ:

ð5Þ

On the basis of the above Equation (5) and Y , the 3rd
prolongation Y ð3Þ can be written as

Y 3ð Þ = Y + ζij
∂
∂yij

+ ζijσ
∂

∂yijσ
+ ζijjσ

∂
∂yijjσ

+ ~ωr
j
∂

∂f rxj

+ �ωr
y j

∂
∂f ry j

, r = 1, 2,⋯,5ð Þ,
ð6Þ

where

ζij =Djϕj − yikDjψ
k, ζijσ =Dσζ

i
j − yijkDσψ

k, ζijjσ =Dσζ
i
jj − yijjkDσψ

k,

~ωr
j = ~Dj Δrð Þ − f rxk ~Dj ψk

� �
− f ryi ~Dj ϕið Þ,

ð7Þ

with

Dj =
∂
∂xj

+ yij
∂
∂yi

+ yijk
∂
∂yik

, ~Dj =
∂
∂xj

+ f rxj
∂
∂f r

, �Dj =
∂
∂yj

+ f ry j
∂
∂f r

:

ð8Þ

Under transformations (3), the invariance of Equation
(1) requires that to satisfy the conditions

Y 3ð Þ F1ð Þ = 0, Y 3ð Þ F2ð Þ = 0, Y 3ð Þ auð Þ = Y 3ð Þ avð Þ = 0,

Y 3ð Þ buð Þ = Y 3ð Þ bvð Þ = 0, Y 3ð Þ cuð Þ = Y 3ð Þ cvð Þ = 0,

Y 3ð Þ duð Þ = Y 3ð Þ dvð Þ = 0, Y 3ð Þ euð Þ = Y 3ð Þ evð Þ = 0:

ð9Þ

We can obtain a determining equation by bringing
Equation (6), Equation (7), and Equation (8) into Equation
(9). Subsequently, solving this determining equation, we get

ξ = C1x + C2, η = ρ yð Þ, τ = β tð Þ, ϕ1 = C3u,
ϕ2 = g yð Þ, Δ1 = a C1 − C3 − βtð Þ, Δ2 = b 2C1 − βtð Þ,

Δ3 = −c ρy + g + βt − 3C1 − C3
� �

, Δ4 = d 2C1 − βtð Þ, Δ5 = e C1 − C3 − βtð Þ,

ð10Þ

where β = βðtÞ, ρ = ρðyÞ, and g = gðyÞ are arbitrary smooth
functions. The corresponding infinite dimensional
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equivalence group is generated by the following operators:

Y1 = x
∂
∂x

+ a
∂
∂a

+ 2b ∂
∂b

+ 3c ∂
∂c

+ 2d ∂
∂d

+ e
∂
∂e

,

Y2 =
∂
∂x

,

Y3 = u
∂
∂u

− a
∂
∂a

+ c
∂
∂c

− e
∂
∂e

,

Yβ = β
∂
∂t

− aβt
∂
∂a

− bβt
∂
∂b

− cβt
∂
∂c

− dβt
∂
∂d

− eβt
∂
∂e

,

Yρ = ρ
∂
∂y

− cρy
∂
∂c

,

Yg = gv
∂
∂v

− cg
∂
∂c

:

ð11Þ

In the following, our task is to derive the zero-order dif-
ferential invariants and the first-order differential invariants.
We assume that the form of the zero-order differential
invariant is

J = J x, y, t, a, b, c, d, eð Þ: ð12Þ

Applying the invariant test YðJÞ = 0 to the operators
(11), we can obtain

Yk Jð Þ = 0, k = 1, 2, 3, β, ρ, gð Þ, ð13Þ

and the above equations can be reduced to

∂J
∂x

= 0, ∂J
∂y

= 0, ∂J
∂c

= 0, ∂J
∂t

= 0,

b
∂J
∂b

+ d
∂J
∂d

= 0, a ∂J
∂a

+ e
∂J
∂e

= 0,
ð14Þ

solving this system, we get that the zero-order differential
invariants are

J 0ð Þ
1 = d

b
, J 0ð Þ

2 = e
a
, ð15Þ

with invariant equations are

a = 0, b = 0, d = 0, e = 0: ð16Þ

Next, we derive the interesting first-order differential
invariants. Similar to the above case, we suppose that the
first-order differential invariant is the form

J = J x, y, t, a, b, c, d, e, at , bt , ct , dt , etð Þ: ð17Þ

In order to get the first-order differential invariants, we
need to make the first prolongation of the operators Yk, ðk
= 1, 2, 3, β, ρ, gÞ using Yð1Þ = Y + ~ωr

jð∂/∂f rx jÞ, and Equation

(11) can be rewritten as

Y 1ð Þ
1 = x

∂
∂x

+ a
∂
∂a

+ 2b ∂
∂b

+ 3c ∂
∂c

+ 2d ∂
∂d

+ e
∂
∂e

+ at
∂
∂at

+ 2bt
∂
∂bt

+ 3ct
∂
∂ct

+ 2dt
∂
∂dt

+ et
∂
∂et

,

Y 1ð Þ
2 = ∂

∂x
,

Y 1ð Þ
3 = u

∂
∂u

− a
∂
∂a

+ c
∂
∂c

− e
∂
∂e

− at
∂
∂at

+ ct
∂
∂ct

− et
∂
∂et

,

Y 1ð Þ
β = β

∂
∂t

− aβt
∂
∂a

− bβt
∂
∂b

− cβt
∂
∂c

− dβt
∂
∂d

− eβt
∂
∂e

− aβtt + 2atβtð Þ ∂
∂at

− bβtt + 2btβtð Þ ∂
∂bt

− cβtt + 2ctβtð Þ ∂
∂ct

− dβtt + 2dtβtð Þ ∂
∂dt

− eβtt + 2etβtð Þ ∂
∂et

,

Y 1ð Þ
ρ = ρ

∂
∂y

− cρy
∂
∂c

− ctρy
∂
∂ct

,

Y 1ð Þ
g = vg

∂
∂v

− cg
∂
∂c

− ctg
∂
∂ct

:

ð18Þ

The invariance test associated with Equation (18) is

Y 1ð Þ
k Jð Þ = 0, k = 1, 2, 3, β, ρ, gð Þ, ð19Þ

solving this system yields

J 1ð Þ
1 = b act − atcð Þ

c abt − atbð Þ , J
1ð Þ
2 = adt − atd

abt − atb
, J 1ð Þ

3 = b aet − ateð Þ
a abt − atbð Þ ,

ð20Þ

with invariant equations are

abt − atb = 0, act − atc = 0, adt − atd = 0, aet − ate = 0: ð21Þ

Based on the above facts, we use differential invariants to
give the transformation of vcBLP to its constant coefficient
form. We take the constant coefficient form of Equation
(1) as

uyt +m1uxuy +m1uuxy +m2uxxy +m3vxxx = 0,
vt +m4vxx +m5 uvð Þx = 0,

ð22Þ

where mi, ði = 1,⋯,5Þ are arbitrary nonzero constants. To
obtain the transformation from Equation (1) to Equation
(22), we need a necessary condition that the coefficient func-
tions of Equation (1) must satisfy the following equations

d
b
= m4
m2

, e
a
= m5
m1

, abt − atb = 0, act − atc = 0, adt − atd = 0, aet − ate = 0:

ð23Þ

Under this condition, the more general form of the
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coefficient functions are

a tð Þ = m1γ3
m5

c tð Þ, b tð Þ = m2γ4
m4

c tð Þ, d tð Þ = γ4c tð Þ, e tð Þ = γ3c tð Þ,

ð24Þ

therefore, Equation (1) becomes

uyt +
m1γ3
m5

c tð Þuxuy +
m1γ3
m5

c tð Þuuxy +
m2γ4
m4

c tð Þuxxy + c tð Þvxxx = 0,

vt + γ4c tð Þvxx + γ3c tð Þ uvð Þx = 0,
ð25Þ

and there exists transformation

u = m5
m4

· γ1γ4
γ3

~u ~x, ~y,~t
� �

, v = δ′ yð Þ~v ~x, ~y,~t
� �

,

~x = γ1x + γ2, ~y =
m2

4
m3m5

· γ3
γ24

δ yð Þ,~t = γ21γ4
m4

ð
c tð Þdt + γ5,

ð26Þ

where γi, ði = 1,⋯,5Þ are arbitrary constants and δðyÞ is an
arbitrary function. It is easy to verify that the above transfor-
mation maps Equation (1) into

~u~y~t +m1~u~x~u~y +m1~u~u~x~y +m2~u~x~x~y +m3~v~x~x~x = 0, ð27Þ

~v~t +m4~v~x~x +m5 ~u~vð Þ~x = 0, ð28Þ
so the constant coefficient form in other literature [9] is a
special case of Equation (1), and it is easy to find that Equa-
tion (24) satisfies the conditions for integrability.

We take ~v = ~u, ~y = ~x, then the above Equation (27) and
Equation (28) become

~u~x~t +m1~u
2
~x +m1~u~u~x~x + m2 +m3ð Þ~u~x~x~x = 0, ð29Þ

~u~t + 2m5~u~u~x +m4~u~x~x = 0, ð30Þ
subsequently, we integrate Equation (29) once with respect
to x yields

~u~t +m1~u~u~x + m2 +m3ð Þ~u~x~x = 0, ð31Þ

therefore, when m1 = 2m5,m4 =m2 +m3, the above Equa-
tion (27) and Equation (28) can be converted into the
well-known constant coefficient Burgers equation.

3. Lie Classical Symmetry Analysis of vcBLP

Lie group method is an effective way to find invariant solu-
tions and to explore certain properties by reducing the
dimensionality of the equations [14]. It has been described
in sufficient detail in many literatures [15–18]. To begin
with, we suppose that the one-parameter ðεÞ Lie group in
Equation (1) is

x∗ = x + ε · ξ x, y, t, u, vð Þ + o ε2
� �

,

y∗ = y + ε · η x, y, t, u, vð Þ + o ε2
� �

,

t∗ = t + ε · τ x, y, t, u, vð Þ + o ε2
� �

,

u∗ = u + ε · ϕ1 x, y, t, u, vð Þ + o ε2
� �

,

v∗ = v + ε · ϕ2 x, y, t, u, vð Þ + o ε2
� �

,

ð32Þ

and Equation (1) remains invariant under transformations
(32).

The vector field or infinitesimal generator of Equation
(1) which corresponds to transformations (32) is

V = ξ x, y, t, u, vð Þ ∂
∂x

+ η x, y, t, u, vð Þ ∂
∂y

+ τ x, y, t, u, vð Þ ∂∂t
+ ϕ1 x, y, t, u, vð Þ ∂

∂u
+ ϕ2 x, y, t, u, vð Þ ∂

∂v
,

ð33Þ

its 3rd prolongation is written as Prð3ÞV . Equation (1)
remains invariant under transformations (32), which
requires that

Pr 3ð ÞV F1ð Þ
���
F1=0

= 0, Pr 3ð ÞV F2ð Þ
���
F2=0

= 0: ð34Þ

Expanding Equation (34), the invariant conditions are
redefined as

where

φ1
x =Dx ϕ1ð Þ −Dx ξð Þux −Dx ηð Þuy −Dx τð Þut , φ2

x

=Dx ϕ2ð Þ −Dx ξð Þvx −Dx ηð Þvy −Dx τð Þvt ,

φ1
y =Dy ϕ1ð Þ −Dy ξð Þux −Dy ηð Þuy −Dy τð Þut , φ2

t

=Dt ϕ2ð Þ −Dt ξð Þvx −Dt ηð Þvy −Dt τð Þvt ,

φ1
yt + τ a′ tð Þ uuy

� �
x
+ b′ tð Þuxxy + c′ tð Þvxxx

h i
+ a tð Þ φ1

xuy + φ1
yux + φ1

xyu + ϕ1uxy
� �

+ b tð Þφ1
xxy + c tð Þφ2

xxx = 0,

φ2
t + τ d′ tð Þvxx + e′ tð Þ uvð Þx

h i
+ e tð Þ ϕ1vx + ϕ2ux + φ1

xv + φ2
xu

� �
+ d tð Þφ2

xx = 0,

8><
>: ð35Þ
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φ1
xx =Dx φ1

x

� �
−Dx ξð Þuxx −Dx ηð Þuxy −Dx τð Þuxt , φ2

xx

=Dx φ2
x

� �
−Dx ξð Þvxx −Dx ηð Þvxy −Dx τð Þvxt ,

φ1
xy =Dy φ1

x

� �
−Dx ξð Þuxy −Dx ηð Þuyy −Dx τð Þuyt , φ1

yt

=Dt φ1
y

� �
−Dy ξð Þuxt −Dy ηð Þuyt −Dy τð Þutt ,

φ1
xxy =Dy φ1

xx

� �
−Dx ξð Þuxxy −Dx ηð Þuxyy −Dx τð Þuxyt , φ2

xxx

=Dx φ2
xx

� �
−Dx ξð Þvxxx −Dx ηð Þvxxy −Dx τð Þvxxt ,

ð36Þ

with Dx, Dy, and Dt are the total differentiation of x, y, and t,
respectively.

Solving Equation (35) yields the following results as

ξ = C1x + C2, η = C1y + C3, ϕ1 = −C1u,

τ = C4
b tð Þ + 2C1

b tð Þ ·
ð
b tð Þdt, ϕ2 = −C1v,

ð37Þ

where Ciði = 1, 2, 3, 4Þ are any constants. Furthermore, the
coefficient functions aðtÞ, bðtÞ, cðtÞ, dðtÞ, and eðtÞ in Equa-
tion (1), which depend on time t and have to satisfy the con-
ditions

a′ tð Þτ + a tð Þτt − 2C1a tð Þ = 0,
b′ tð Þτ + b tð Þτt − 2C1b tð Þ = 0,
c′ tð Þτ + c tð Þτt − 2C1c tð Þ = 0,
d′ tð Þτ + d tð Þτt − 2C1d tð Þ = 0,
e′ tð Þτ + e tð Þτt − 2C1e tð Þ = 0:

ð38Þ

Thus, the infinitesimal generators of Equation (1) are
expanded by the below vector field

V1 =
∂
∂x

, V2 =
∂
∂y

, V3 =
1

b tð Þ
∂
∂t

,

V4 = x
∂
∂x

+ y
∂
∂y

+ 2
b tð Þ

ð
b tð Þdt ∂∂t − u

∂
∂u

− v
∂
∂v

:

ð39Þ

Depending on the Viði = 1, 2, 3, 4Þ, we have the following
four groups

G1 : x, y, t, u, vð Þ⟶ x + ε, y, t, u, vð Þ,
G2 : x, y, t, u, vð Þ⟶ x, y + ε, t, u, vð Þ,

G3 : x, y, t, u, vð Þ⟶ x, y, t + ε

b tð Þ , u, v
� �

,

G4 : x, y, t, u, vð Þ⟶ xeε, yeε, t + 2ε
b tð Þ

ð
b tð Þdt, ue−ε, ve−ε

� �
,

ð40Þ

where Giði = 1, 2, 3, 4Þ are one-parameter Lie point symme-
try groups. It is not difficult to find that G1 and G2 are space
translations and G4 is a dependent variable translation. For
G3, it is a time translation when bðtÞ is an arbitrary constant.
For the combination of G1 and G2 can be understood as a
translation along a certain direction, the group invariant
solutions are the traveling wave solutions. The most impor-
tant application of the traveling wave solutions is to con-
struct soliton solutions of the PDE. The soliton reflects a
rather common nonlinear phenomenon in nature, which is
mainly characterized by its superstability, i.e., the wave
shape remains stable after the collision of two solitary waves
with different velocities. We can also understand solitons as
local traveling wave solutions of nonlinear development
equations. Also, symmetry has a great connection with con-
servation laws in physics; for example, space translation cor-
responds to momentum conservation, and time translation
corresponds to energy conservation.

Generally speaking, it is possible to construct it group-
invariant solutions for arbitrary subgroup or subalgebra.
However, the Lie group has infinitely many subgroups with
the same dimension, and it is impossible to compute the
group-invariant solutions of all subgroups [19]. We have to
sort them into some mutual equivalence, which requires
the optimal system of one-dimensional subalgebras to be
computed.

To get the optimal system, we start by constructing the
commutator table as Table 1 with the help of Lie algebra ½
Vi, Vi� =ViV j −V jVi [15, 20].

With reference to Table 1, the adjoint relationship table
can be acquired as Table 2, where

Ad exp εVið Þð ÞV j =V j − ε Vi, V j

	 

+ ε2

2 Vi, Vi, V j

	 
	 

−⋯,

ð41Þ

with ε is an infinitesimal real number.
Through Tables 1 and 2, it is quite simple to obtain the

optimal system for the one-dimensional subalgebras of
Equation (1), which is given by the following forms

1ð ÞV1 + α1V2 + α2V3,
2ð ÞV2 + α3V3,

3ð ÞV3,
4ð ÞV4:

ð42Þ

4. Similarity Reductions of vcBLP

In the first step, we reduce Equation (1) to the (1 + 1
)-dimensional PDEs based on the above optimal system
using the similarly reductions. The similarity variables and
the (1 + 1)-dimensional reduced PDEs can be found in
Table 3, and the expressions for the coefficient functions
depending on time t can be found in Table 4. We only show
the process of calculation with the example of case V1 + α1
V2 + α2V3; the results of other cases are in Tables 3 and 4.
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For this Lie vector, its corresponding characteristic equa-
tion is

dx
1 = dy

α1
= dt
α2 · τ tð Þ =

du
0 = dv

0 , ð43Þ

solving this equation to obtain the relative similarity vari-
ables are

X = x −
1
α2

ð 1
τ tð Þ dt, Y = y −

α1
α2

ð 1
τ tð Þ dt, u = P X, Yð Þ, v =Q X, Yð Þ:

ð44Þ

Through Equation (44), Equation (1) is reduced to the
following forms:

a tð Þ PPYð ÞX + b tð ÞPXXY + c tð ÞQXXX −
1

α2 · τ tð Þ PXY −
α1

α2 · τ tð Þ PYY = 0,

e tð Þ PQð ÞX + d tð ÞQXX −
α1

α2 · τ tð ÞQY −
1

α2 · τ tð ÞQX = 0,

ð45Þ

here to ensure that there are only two independent variables
X and Y in Equation (45), and the coefficient functions sat-
isfy conditions (38), so the expressions for the coefficient
functions are

a tð Þ = k1
τ tð Þ , b tð Þ = k2

τ tð Þ , c tð Þ = k3
τ tð Þ , d tð Þ = k4

τ tð Þ , e tð Þ = k5
τ tð Þ ,

ð46Þ

where kiði = 1,⋯,5Þ are arbitrary constants. Substituting

Equation (46) to Equation (45) yields the reduced PDEs as

α2k1 PPYð ÞX + α2k2PXXY + α2k3QXXX − α1PYY − PXY = 0,
α2k5 QPð ÞX + α2k4QXX − α1QY −QX = 0:

ð47Þ

5. Exact Solutions of vcBLP

In this section, the exact solutions of corresponding reduced
PDEs are found for some cases in Table 3 using the ðG′/GÞ
-expansion method [21, 22]. For computational simplicity,
we let ki = 1ði = 1,⋯,5Þ for Tables 3 and 4.

Case 1. ðIIÞV1 + α2V3
First, we assume that the traveling wave variables are

[23].

P X, Yð Þ = P ςð Þ,Q X, Yð Þ =Q ςð Þ, ς = X − VY , ð48Þ

where V is the traveling wave speed to be determined.
Next, using Equation (48), the (1 + 1)-dimensional

reduced PDEs are transformed into ordinary differential
equations (ODEs)

−α2VPP′′ − α2VP′′ +VP′′ − α2VP′′′ + α2Q′′′ = 0,
α2PQ′ −Q′ + α2Q′′ + α2QP′ = 0,

ð49Þ

where ð′Þ represents the derivative of ς. Through homoge-
neous balance, we assume that the solutions of the ODEs
(49) can be expressed as

P ςð Þ = a1
G′
G

 !
+ a0, a1 ≠ 0,

Q ςð Þ = b1
G′
G

 !
+ b0, b1 ≠ 0,

ð50Þ

where a0, a1, b0, b1 are coefficients to be determined and G
=GðςÞ satisfies

G′′ + λG′ + μG = 0, ð51Þ

with λ and μ are arbitrary constants.
Substituting Equation (50) and Equation (51) into Equa-

tion (49), then collecting the coefficients of the same order of
ðG′/GÞ and making them equal to zero yields

μb1 + α2 λμb1 − μa0b1 − μa1b0ð Þ = 0,
2α2 b1 − a1b1ð Þ = 0,
b1 + α2 3λb1 − 2λa1b1 − a0b1 − a1b0ð Þ = 0,
λb1 + α2 λ2b1 + 2μb1 − λa0b1 − λa1b0 − 2μa1b1

� �
= 0:

8>>>>><
>>>>>:

ð52Þ

Table 1: Commutator table.

Vi, V j

	 

V1 V2 V3 V4

V1 0 0 0 V1

V2 0 0 0 V2

V3 0 0 0 2V3

V4 −V1 −V2 −2V3 0

Table 2: Adjoint representation table.

Ad V1 V2 V3 V4
V1 V1 V2 V3 V4 − εV1

V2 V1 V2 V3 V4 − εV2

V3 V1 V2 V3 V4 − 2εV3

V4 V1e
ε V2e

ε V3e
2ε V4
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Solving Equation (52), we get

a0 =
1
2 λ +

1
α2

, a1 = 1, b0 =
1
4Vλ, b1 =

1
2V , ð53Þ

with V , λ, μ, α2 are any constants.
By applying Equation (53), Equation (50) can be rewrit-

ten as

P ςð Þ = G′
G

+ 1
2 λ +

1
α2

,

Q ςð Þ = 1
2V

G′
G

 !
+ 1
4Vλ,

ð54Þ

where ς = X − VY . Substituting the solutions of the Equation
(51) into Equation (54), we obtain that the three types of
exact solutions of reduced PDEs are as follows [24]:

When λ2 − 4μ > 0,

P1 ςð Þ = 1
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ2 − 4μ

q l1 sinh 1/2ð Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ2 − 4μ

p
ς + l2 cosh 1/2ð Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ2 − 4μ

p
ς

l1 cosh 1/2ð Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ2 − 4μ

p
ς + l2 sinh 1/2ð Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ2 − 4μ

p
ς

 !
+ 1
α2

,

Q1 ςð Þ = 1
4V

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ2 − 4μ

q l1 sinh 1/2ð Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ2 − 4μ

p
ς + l2 cosh 1/2ð Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ2 − 4μ

p
ς

l1 cosh 1/2ð Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ2 − 4μ

p
ς + l2 sinh 1/2ð Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ2 − 4μ

p
ς

 !
,

ð55Þ

where ς = X − VY , l1, and l2 are any constants.
When λ2 − 4μ < 0,

P2 ςð Þ = 1
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4μ − λ2

q −l1 sin 1/2ð Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4μ − λ2

p
ς + l2 cos 1/2ð Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4μ − λ2

p
ς

l1 cos 1/2ð Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4μ − λ2

p
ς + l2 sin 1/2ð Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4μ − λ2

p
ς

 !
+ 1
α2

,

Q2 ςð Þ = 1
4V

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4μ − λ2

q −l1 sin 1/2ð Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4μ − λ2

p
ς + l2 cos 1/2ð Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4μ − λ2

p
ς

l1 cos 1/2ð Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4μ − λ2

p
ς + l2 sin 1/2ð Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4μ − λ2

p
ς

 !
,

ð56Þ

where ς = X − VY , l1, and l2 are any constants.

When λ2 − 4μ = 0,

P3 ςð Þ = l2
l1 + l2ς

+ 1
α2

,

Q3 ςð Þ = 1
2

l2V
l1 + l2ς

,
ð57Þ

where ς = X −VY , l1, and l2 are any constants.
By substituting the corresponding similarity variables in

Table 3 into the above solutions, the exact solutions of
vcBLP are obtained as follows:

When λ2 − 4μ > 0,

u1 ςð Þ = 1
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ2 − 4μ

q l1 sinh 1/2ð Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ2 − 4μ

p
ς + l2 cosh 1/2ð Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ2 − 4μ

p
ς

l1 cosh 1/2ð Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ2 − 4μ

p
ς + l2 sinh 1/2ð Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ2 − 4μ

p
ς

 !
+ 1
α2

,

v1 ςð Þ = 1
4V

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ2 − 4μ

q l1 sinh 1/2ð Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ2 − 4μ

p
ς + l2 cosh 1/2ð Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ2 − 4μ

p
ς

l1 cosh 1/2ð Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ2 − 4μ

p
ς + l2 sinh 1/2ð Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ2 − 4μ

p
ς

 !
,

ð58Þ

where ς = x − ð1/α2Þ ·
Ð ð1/τðtÞÞdt − Vy, l1, and l2 are any

constants.
When λ2 − 4μ < 0,

u2 ςð Þ = 1
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4μ − λ2

q −l1 sin 1/2ð Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4μ − λ2

p
ς + l2 cos 1/2ð Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4μ − λ2

p
ς

l1 cos 1/2ð Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4μ − λ2

p
ς + l2 sin 1/2ð Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4μ − λ2

p
ς

 !
+ 1
α2

,

v2 ςð Þ = 1
4V

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4μ − λ2

q −l1 sin 1/2ð Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4μ − λ2

p
ς + l2 cos 1/2ð Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4μ − λ2

p
ς

l1 cos 1/2ð Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4μ − λ2

p
ς + l2 sin 1/2ð Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4μ − λ2

p
ς

 !
,

ð59Þ

where ς = x − ð1/α2Þ ·
Ð ð1/τðtÞÞdt − Vy, l1, and l2 are any

constants.

Table 3: Similarity reductions.

Case Similarity variables Reduced PDEs

Ið ÞV1 + α1V2

α1 ≠ 0
X = y − α1x, Y = t,

u = P X, Yð Þ, v =Q X, Yð Þ:
PXY − α1a tð Þ PPXð ÞX + α21b tð ÞPXXX − α31c tð ÞQXXX = 0,

QY − α1e tð Þ PQð ÞX + α21d tð ÞQXX = 0:
IIð ÞV1 + α2V3

α2 ≠ 0
X = x − 1/α2

Ð
1/τ tð Þð Þdt, Y = y,

u = P X, Yð Þ, v =Q X, Yð Þ:
α2k1 PPYð ÞX + α2k2PXXY + α2k3QXXX − PXY = 0,

α2k5 PQð ÞX + α2k4QXX −QX = 0:
IIIð ÞV1 + α1V2 + α2V3

α1 ≠ 0, α2 ≠ 0
X = x − 1/α2

Ð
1/τ tð Þð Þdt, Y = y − α1/α2

Ð
1/τ tð Þð Þdt,

u = P X, Yð Þ, v =Q X, Yð Þ:
α2k1 PPYð ÞX + α2k2PXXY + α2k3QXXX − α1PYY − PXY = 0,

α2k5 PQð ÞX + α2k4QXX − α1QY −QX = 0:
IVð ÞV2 + α3V3

α3 ≠ 0
X = x, Y = y − 1/α3

Ð
1/τ tð Þð Þdt,

u = P X, Yð Þ, v =Q X, Yð Þ:
α3k1 PPYð ÞX + α3k2PXXY + α3k3QXXX − PYY = 0,

α3k5 PQð ÞX + α3k4QXX −QY = 0:

Vð ÞV3
X = x, Y = y,

u = P X, Yð Þ, v =Q X, Yð Þ:
a tð Þ PPYð ÞX + b tð ÞPXXY + c tð ÞQXXX = 0,
d tð ÞQXX + e tð ÞPQX + e tð ÞQPX = 0:

VIð ÞV4
X = xe−

Ð
1/τ tð Þð Þdt , Y = ye−

Ð
1/τ tð Þð Þdt ,

u = P X, Yð Þe
Ð

1/τ tð Þð Þdt , v =Q X, Yð Þe
Ð

1/τ tð Þð Þdt:

−XPXY + k2PXXY + k3QXXX − YPYY − 2PY = 0,
k4QXX − XQX − YQY −Q = 0:
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When λ2 − 4μ = 0,

u3 ςð Þ = l2
l1 + l2ς

+ 1
α2

,

v3 ςð Þ = 1
2

l2V
l1 + l2ς

,
ð60Þ

where ς = x − ð1/α2Þ ·
Ð ð1/τðtÞÞdt −Vy, l1, and l2 are any

constants.

For the other cases, we also obtained three types of exact
solutions of the reduced PDEs by the method of ðG′/GÞ
-expansion, and we will not repeat the calculation process,
just list the results of the calculation.

Case 2. ðIIIÞV1 + α1V2 + α2V3:
When λ2 − 4μ > 0,

u1 ςð Þ = 1
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ2 − 4μ

q l1 sinh 1/2ð Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ2 − 4μ

p
ς + l2 cosh 1/2ð Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ2 − 4μ

p
ς

l1 cosh 1/2ð Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ2 − 4μ

p
ς + l2 sinh 1/2ð Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ2 − 4μ

p
ς

 !
+ 1 − α1V

α2
,

ð61Þ

v1 ςð Þ = 1
4V

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ2 − 4μ

q l1 sinh 1/2ð Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ2 − 4μ

p
ς + l2 cosh 1/2ð Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ2 − 4μ

p
ς

l1 cosh 1/2ð Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ2 − 4μ

p
ς + l2 sinh 1/2ð Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ2 − 4μ

p
ς

 !
,

ð62Þ

where ς = x − 1/α2
Ð ð1/τðtÞÞdt − ðy − α1/α2

Ð ð1/τðtÞÞdtÞ · V ,
l1, l2, and V are any constants. We choose parameters λ =
3, μ = 2, α1 = 1, α2 = 1, l1 = 2, l2 = 1, V = 2, and τðtÞ = t; the
images of (61) and (62) are, respectively, in Figures 1 and 2.

When λ2 − 4μ < 0,

u2 ςð Þ = 1
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4μ − λ2

q −l1 sin 1/2ð Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4μ − λ2

p
ς + l2 cos 1/2ð Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4μ − λ2

p
ς

l1 cos 1/2ð Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4μ − λ2

p
ς + l2 sin 1/2ð Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4μ − λ2

p
ς

 !
+ 1 − α1V

α2
,

ð63Þ

v2 ςð Þ = 1
4V

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4μ − λ2

q −l1 sin 1/2ð Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4μ − λ2

p
ς + l2 cos 1/2ð Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4μ − λ2

p
ς

l1 cos 1/2ð Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4μ − λ2

p
ς + l2 sin 1/2ð Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4μ − λ2

p
ς

 !
,

ð64Þ

where ς = x − 1/α2
Ð ð1/τðtÞÞdt − ðy − α1/α2

Ð ð1/τðtÞÞdtÞ · V ,
l1, l2, and V are any constants. We choose parameters λ =
4, μ = 5, α1 = 2, α2 = 1, l1 = 3:5, l2 = 3, V = 1, and τðtÞ = t2;
the images of (63) and (64) are, respectively, in Figures 3
and 4.

When λ2 − 4μ = 0,

u3 ςð Þ = l2
l1 + l2ς

+ 1
α2

−
α1
α2

V , ð65Þ

v3 ςð Þ = 1
2

l2V
l1 + l2ς

, ð66Þ

where ς = x − 1/α2
Ð ð1/τðtÞÞdt − ðy − α1/α2

Ð ð1/τðtÞÞdtÞ · V ,
l1, l2, and V are any constants. We choose parameters α1 =
2, α2 = 1, l1 = 3, l2 = 2, V = 1, and τðtÞ = t; the images of
(65) and (66) are, respectively, in Figures 5 and 6.

Case 3. ðIVÞV2 + α3V3.
When λ2 − 4μ > 0,

u1 ςð Þ = 1
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ2 − 4μ

q l1 sinh 1/2ð Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ2 − 4μ

p
ς + l2 cosh 1/2ð Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ2 − 4μ

p
ς

l1 cosh 1/2ð Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ2 − 4μ

p
ς + l2 sinh 1/2ð Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ2 − 4μ

p
ς

 !
+ a0 −

1
2 λ,

v1 ςð Þ = 1
8 α3λ −

1
4 α3a0

� � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ2 − 4μ

q l1 sinh 1/2ð Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ2 − 4μ

p
ς + l2 cosh 1/2ð Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ2 − 4μ

p
ς

l1 cosh 1/2ð Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ2 − 4μ

p
ς + l2 sinh 1/2ð Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ2 − 4μ

p
ς

 !
,

ð67Þ

where ς = x − ð1/2Þα3ðλ − 2a0Þ · ðy − 1/α3
Ð ð1/τðtÞÞdtÞ, l1, l2,

and a0 are any constants.

Table 4: The expressions of the coefficient functions.

Case The expressions of the coefficient functions

Ið ÞV1 + α1V2

α1 ≠ 0
a tð Þ, b tð Þ, c tð Þ, d tð Þ, and e tð Þ are any functions that depend on t.

IIð ÞV1 + α2V3

α2 ≠ 0
a tð Þ = k1/τ tð Þ, b tð Þ = k2/τ tð Þ, c tð Þ = k3/τ tð Þ, d tð Þ = k4/τ tð Þ, e tð Þ = k5/τ tð Þ.

IIIð ÞV1 + α1V2 + α2V3

α1 ≠ 0, α2 ≠ 0
a tð Þ = k1/τ tð Þ, b tð Þ = k2/τ tð Þ, c tð Þ = k3/τ tð Þ, d tð Þ = k4/τ tð Þ, e tð Þ = k5/τ tð Þ.

IVð ÞV2 + α3V3

α3 ≠ 0
a tð Þ = k1/τ tð Þ, b tð Þ = k2/τ tð Þ, c tð Þ = k3/τ tð Þ, d tð Þ = k4/τ tð Þ, e tð Þ = k5/τ tð Þ.

Vð ÞV3 a tð Þ, b tð Þ, c tð Þ, d tð Þ, and e tð Þ are any functions that depend on t.

VIð ÞV4 a tð Þ = e tð Þ = 0, b tð Þ = k2
τ tð Þ e

Ð
2/τ tð Þdt , c tð Þ = k3

τ tð Þ e
Ð
2/τ tð Þdt , d tð Þ = k4

τ tð Þ e
Ð
2/τ tð Þdt :
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When λ2 − 4μ < 0,

u2 ςð Þ = 1
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4μ − λ2

q −l1 sin 1/2ð Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4μ − λ2

p
ς + l2 cos 1/2ð Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4μ − λ2

p
ς

l1 cos 1/2ð Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4μ − λ2

p
ς + l2 sin 1/2ð Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4μ − λ2

p
ς

 !
+ a0 −

1
2λ,

v2 ςð Þ = 1
8 α3λ −

1
4 α3a0

� � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4μ − λ2

q −l1 sin 1/2ð Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4μ − λ2

p
ς + l2 cos 1/2ð Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4μ − λ2

p
ς

l1 cos 1/2ð Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4μ − λ2

p
ς + l2 sin 1/2ð Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4μ − λ2

p
ς

 !
,

ð68Þ

where ς = x − ð1/2Þα3ðλ − 2a0Þ · ðy − 1/α3
Ð ð1/τðtÞÞdtÞ, l1, l2,

and a0 are any constants.
When λ2 − 4μ = 0,

u3 ςð Þ = a0 −
λ

2 + l2
l1 + l2ς

,

v3 ςð Þ = 1
4
l2α3 λ − 2a0ð Þ

l1 + l2ς
,

ð69Þ

where ς = x − ð1/2Þα3ðλ − 2a0Þ · ðy − 1/α3
Ð ð1/τðtÞÞdtÞ, l1, l2,

and a0 are any constants.
We can easily find that all the above solutions are travel-

ing wave solutions when τðtÞ takes any constant, and all the
above solutions are group-invariant solutions when τðtÞ is
an arbitrary function of t.

6. Conservation Laws of vcBLP

The conservation law is extremely valuable for studying the
integrability and exploring the exact solutions of PDE
[25–27]. We can use it to explain many physical phenomena
described by PDE [28–30]. In this section, we use the multi-
plier method [31–33] to calculate the conservation laws of
vcBLP. The first order multipliers Λ1 =Λ1ðx, y, t, u, v, ux,
uy , ut , vx, vy, vtÞ and Λ2 =Λ2ðx, y, t, u, v, ux, uy, ut , vx , vy , vtÞ
of vcBLP can be obtained by the following equations with
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Figure 1: Evolution of Equation (61) at (a) t = 10−1, (b) t = 102, and (c) t = 105. (d) Contour plot.

δ

δu
Λ1 · uyt + a tð Þuxuy + a tð Þuuxy + b tð Þuxxy + c tð Þvxxx

� �
+Λ2 · vt + d tð Þvxx + e tð Þ uvð Þx

� �	 

= 0,

δ

δv
Λ1 · uyt + a tð Þuxuy + a tð Þuuxy + b tð Þuxxy + c tð Þvxxx

� �
+Λ2 · vt + d tð Þvxx + e tð Þ uvð Þx

� �	 

= 0,

8>><
>>: ð70Þ
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Figure 2: Evolution of Equation (62) at (a) t = 10−1, (b) t = 102, and (c) t = 105. (d) Contour plot.
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Figure 3: Evolution of Equation (63) at (a) t = 0:293, (b) t = 0:2938, and (c) t = 0:2942.
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Figure 4: Evolution of Equation (64) at (a) t = 0:479, (b) t = 0:48, and (c) t = 0:4815.
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Figure 5: Evolution of Equation (65) at (a) t = 0:4, (b) t = 0:45, and (c) t = 0:5.
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where δ/δu and δ/δv are Euler operators.
By expanding Equation (70) and decomposing them

according to the derivatives of u, v, we can obtain a system
and solve this system can obtain

Λ1 = C1x
2 + C2x

2H tð Þ + G yð Þ,Λ2 = R yð Þ, ð71Þ

where C1 and C2 are arbitrary constants, RðyÞ and GðyÞ are
arbitrary functions about y, and HðtÞ is an arbitrary function
about t.

Therefore, we can obtain the following low-order con-
servation laws and the corresponding multipliers. The
details are discussed as below.

Case 1. Λ1 =GðyÞ,Λ2 = RðyÞ.

Ct = G yð Þuy + R yð Þv,
Cx = G yð Þa tð Þuuy + G yð Þb tð Þuxy +G yð Þc tð Þvxx

+ R yð Þd tð Þvx + R yð Þe tð Þuv,
Cy = 0:

ð72Þ

Case 2. Λ1 = x2 + GðyÞ,Λ2 = RðyÞ.

Ct =G yð Þuy + x2uy + R yð Þv,
Cx = R yð Þe tð Þuv +G yð Þa tð Þuuy +G yð Þc tð Þvxx

+ c tð Þx2vxx − 2c tð Þxvx + 2c tð Þv
+G yð Þb tð Þuxy + R yð Þd tð Þvx ,

Cy = a tð Þx2uux + b tð Þx2uxx,

ð73Þ

Case 3. Λ1 = x2HðtÞ + GðyÞ,Λ2 = RðyÞ.

Ct = G yð Þuy + R yð Þv,
Cx = G yð Þa tð Þuuy + G yð Þb tð Þuxy +G yð Þc tð Þvxx

+H tð Þc tð Þx2vxx − 2H tð Þc tð Þxvx
+ 2H tð Þc tð Þv + R yð Þd tð Þvx + R yð Þe tð Þuv,

Cy =H tð Þx2ut +H tð Þa tð Þx2uux +H tð Þb tð Þx2uxx:

ð74Þ

Case 4. Λ1 = x2 +GðyÞ + x2HðtÞ,Λ2 = RðyÞ.

Ct = x2uy +G yð Þuy + R yð Þv,

Cx = c tð Þx2vxx − 2c tð Þxvx + 2c tð Þv + G yð Þa tð Þuuy
+G yð Þb tð Þuxy + G yð Þc tð Þvxx +H tð Þc tð Þx2vxx
− 2H tð Þc tð Þxvx + 2H tð Þc tð Þv + R yð Þd tð Þvx
+ R yð Þe tð Þuv,

Cy = a tð Þx2uux + b tð Þx2uxx +H tð Þx2ut
+H tð Þa tð Þx2uux +H tð Þb tð Þx2uxx:

ð75Þ

The results obtained above have been verified using
Maple software to ensure that ð∂/∂tÞCt + ð∂/∂xÞCx + ð∂/∂yÞ
Cy = 0 holds.

7. Conclusions of This Article

In this paper, the zero-order and first-order differential
invariants were determined by using the equivalence group
of vcBLP. With the help of these, the explicit transformation
to its constant coefficient form was given. Subsequently, we
have successfully performed the Lie symmetry analysis of
vcBLP, obtained some exact solutions, and plotted the corre-
sponding 3-dimensional figures to describe the evolution of
the solutions. Moreover, the four conservation laws of vcBLP
were obtained using the multiplier method.
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