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In the present paper, we define J-cone metric spaces over a Banach algebra which is a generalization of Gpb
-metric space (Gpb

-MS)
and cone metric space (CMS) over a Banach algebra. We give new fixed-point theorems assuring generalized contractive and
expansive maps without continuity. Examples and an application are given at the end to support the usability of our results.

1. Introduction

The notion of a generalized partial b-metric (for short, a Gpb
-metric) space was introduced by Hussain et al. [1] in 2014 by
generalizing the notions of a G-metric space (G-MS) and a
partial b-metric space. They studied the related topological
properties and provided fixed point theorems for some
contractive maps.

Huang and Zhang [2] generalized the notion of metric
spaces to a CMS. Later, the interesting concept of a cone
metric space over a Banach algebra (for short, CMS over a
BA) was proposed by Liu and Xu [3], by replacing a CMS
with a CMS over a BA. Motivated by these ideas, many
authors further considered a CMS over a BA (see [4, 5]).
Also, in [6], the authors introduced the concept of cone b2
-metric space over Banach algebras which generalizes the
notions of b2-metric space and cone metric spaces over
Banach algebra. There are some very recent references (such
as [7, 8]), where it is shown that the fixed point theory
continues to provide useful tools for studying problems of
Mathematical Physics.

The present paper is organized as follows. In Section 2,
we recall some definitions. In Section 3, we generalize the
concepts of a Gpb

-metric space and a CMS over a Banach
algebra by introducing a J-CMS over a Banach algebra (for
short, J-CMS over a BA) with some examples. Section 4 is
devoted to define generalized contractive and expansive
maps. Finally, in Section 5 and Section 6, we prove some fixed
point theorems for such certain contractive and expansive
maps in the framework of a J-CMS over a BA. Our work
generalizes and extends some interesting results of [9]. Two
examples and an application are given to verify the strength
of our main results.

2. Preliminaries

We start with some known concepts. Denote by Y a real
Banach algebra (for short, BA). From now on, assume that
there is a unit element e ∈ Y . An element ω ∈ Y is called
invertible if there is π ∈ Y so that ωπ = πω = e. We denote
by ω−1 the inverse of ω. For more related details, one may
check [10].
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Proposition 1 [10]. Assume that the spectral radius SRðωÞ
of an element ω ∈ Y is less than 1, that is,

SR ωð Þ = lim
n⟶∞

ωnk k1/n = inf ωnk k1/n < 1, ð1Þ

then e − ω is invertible, where e ∈ Y is unit. In addition,

e − ωð Þ−1 = 〠
∞

i=0
ωi: ð2Þ

Remark 2 ([11]). If SRðωÞ < 1, then ∥ωn∥⟶0 as n⟶∞.

A set C ⊂ Y is said to be a cone if

(1) C ≠∅, closed and C ≠ fθg
(2) αC + βC ⊂C for all α, β ≥ 0

(3) C2 =CC ⊂C

(4) ð−CÞ ∩C = fθg,
where θ is the null of Y . The partial ordering on Y is given as
ω≼π iff π − ω ∈C. We write ω ≺ π to indicate ω≼π, but ω ≠ π,
while ω≪ π stands for π − ω ∈ int C (here, int C is the inte-
rior of C).

Definition 3 ([2, 3]). Let M be a nonempty set. If d : M ×
M⟶ Y verifies

(1) θ≼dðω, πÞ for all ω, π ∈M and dðω, πÞ = θ iff ω = π

(2) dðω, πÞ = dðπ, ωÞ for all ω, π ∈M

(3) dðω, πÞ≼dðω, ϖÞ + dðϖ, πÞ for all ω, π, ϖ ∈M

then d is named as a cone metric on M, and ðM, dÞ is
said to be a CMS over the BA Y .

Definition 4 ([1]). Let M be a nonempty set and s ≥ 1.
Assume that the function Gpb

: M ×M ×M⟶ℝ+ is so
that:

ðGpb
1Þω = π = ϖ if Gpb

ðω, π, ϖÞ = Gpb
ðϖ, ϖ, ϖÞ =Gpb

ðπ,
π, πÞ =Gpb

ðω, ω, ωÞ
ðGpb

2ÞGpb
ðω, ω, ωÞ ≤Gpb

ðω, ω, πÞ ≤Gpb
ðω, π, ϖÞ for all

ω, π, ϖ ∈M with ϖ ≠ π
ðGpb

3ÞGpb
ðω, π, ϖÞ =Gpb

ðpfω, π, ϖgÞ, where p is any per-
mutation of ω, π and ϖ (symmetry in all three variables)

ðGpb
4ÞGpb

ðω, π, ϖÞ ≤ s½Gpb
ðω, a, aÞ +Gpb

ða, π, ϖÞ − Gpb
ða

, a, aÞ� + ðð1 − sÞ/3Þ½Gpb
ðω, ω, ωÞ +Gpb

ðπ, π, πÞ +Gpb
ðϖ, ϖ, ϖ

Þ� for all ω, π, ϖ, a ∈M (rectangle inequality).

Then,Gpb
is named as aGpb

-metric and ðM,Gpb
Þ is called

a Gpb
-metric space.

Using (Gpb
4) and s ≥ 1, we have

Gpb
ω, π, ϖð Þ ≤ s Gpb

ω, a, að Þ +Gpb
a, π, ϖð Þ − Gpb

a, a, að Þ
h i

:

ð3Þ

The Gpb
-metric space Gpb

is called symmetric if Gpb
ðω,

ω, πÞ =Gpb
ðω, π, πÞ holds for all ω, π ∈M. Otherwise, Gpb

is
an asymmetric Gpb

−metric.

Example 5 [1]. Let M = ½0,∞Þ and let Gpb
: M ×M ×M

⟶ℝ+ be given by Gpb
ðω, π, ϖÞ = ½max fω, π, ϖg�p where

p > 1.

Obviously, ðM,Gpb
Þ is a symmetric Gpb

-metric space,
which is not a G-metric space. In fact, if ω = π = ϖ > 0, then
Gpb

ðω, π, ϖÞ = ωp > 0. It is easy to see that Gpb
1 −Gpb

4 are
satisfied.

3. A J-CMS over a Banach Algebra

Here, we introduce the notion of a J-CMS over the BA Y , as a
generalization of a generalized partial b-CMS and a CMS
over the BA Y .

Definition 6. LetM be a nonempty set and s ≥ 1. Suppose that
J : M ×M ×M⟶ Y so that:

(J1) ω = π = ϖif Jðω, π, ϖÞ = Jðϖ, ϖ, ϖÞ = Jðπ, π, πÞ = Jðω
, ω, ωÞ

(J2) Jðω, ω, ωÞ≼Jðω, ω, πÞ≼Jðω, π, ϖÞ for all ω, π, ϖ ∈M
with ϖ ≠ π

(J3) Jðω, π, ϖÞ = Jðpfω, π, ϖgÞ, where p is any permuta-
tion of ω, π and ϖ (symmetry in all three variables)

(J4) Jðω, π, ϖÞ≼s½Jðω, a, aÞ + Jða, π, ϖÞ − Jða, a, aÞ� + ðð1
− sÞ/3Þ½Jðω, ω, ωÞ + Jðπ, π, πÞ + Jðϖ, ϖ, ϖÞ� for all ω, π, ϖ, a
∈M (rectangle inequality).

Then, J is called a J-cone metric and ðM, JÞ is called a J
-CMS over the BA Y .

Since s ≥ 1, from ðJ4Þ, we have

J ω, π, ϖð Þ≼s J ω, a, að Þ + J a, π, ϖð Þ − J a, a, að Þ½ �: ð4Þ

The J-CMS J is said to be symmetric if Jðω, ω, πÞ = Jðω
, π, πÞ holds for all ω, π ∈M. Otherwise, J is asymmetric.

We now present some examples.

Example 7. Let Y = C1
R½0,∞Þ which is endowed with the

norm kωk = kωk∞ + ∥ω′∥∞. Under the pointwise multiplica-
tion, Y is a real Banach algebra with unit e = 1. Let C = fðω,
τÞ ∈ Y : ωðtÞ, τðtÞ ≥ 0∀t ∈ ½0,∞Þg. Moreover, P is not normal
(see [12]).

Let Gpb
: ½0,∞Þ3 ⟶ℝ+ be given by Gpb

ðω, π, ϖÞ =
½max fω, π, ϖg�p where p ≥ 1. Let J : M ×M ×M⟶ Y2

be given by
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J ω, π, ϖð Þ tð Þ = Gpb
ω, π, ϖð Þ, αGpb

ω, π, ϖð Þ
� �

et: ð5Þ

Obviously, ðM,Gpb
Þ is not a G-metric space. But ðM, JÞ

is a J-CMS over the BA Υ. Indeed, if ω = π = ϖ > 0, then
Jðω, π, ϖÞðtÞ = ðωp, αωpÞet ≻ θ. Hence, ðJ1Þ − ðJ3Þ are satis-
fied. Now, we show that ðJ4Þ holds. For all ω, π, ϖ, a ∈M,
we have

max ω, π, ϖf g½ �pet≼s max ω, af g½ �p + max a, π, ϖf g½ �p − ap
� �

et

+ 1 − sð Þ
3 ωp + πp + ϖpð Þet ,

ð6Þ

(by Example 12 in [1]). Therefore,

J ω, π, ϖð Þ≼s J ω, a, að Þ + J a, π, ϖð Þ − J a, a, að Þ½ �
+ 1 − sð Þ/3ð Þ J ω, ω, ωð Þ + J π, π, πð Þ + J ϖ, ϖ, ϖð Þ½ �,

ð7Þ

for all ω, π, ϖ, a ∈M (rectangle inequality).
The following examples show that a J-CMS over a BA

need not be a Gb-CMS ([13]).

Example 8. Let M = ½0, 1� and Y be the set of all real-valued
continuously differentiable functions on M with the norm
kωk = kωk∞ + kω′k∞. Define the multiplication in the usual
way. Let C = fω ∈ Y : ωðtÞ ≥ 0, t ∈Mg. Clearly, C is a non-
normal cone and Y is a BA with a unit e = 1. Consider
J : M ×M ×M⟶ Y as

J ω, π, ϖð Þ tð Þ = max ω, πf g2� �
+ max π, ϖf g2� �

+ max ϖ, ωf g2� �� �
et ,
ð8Þ

for all ω, π, ϖ ∈M. Thus, ðM, JÞ is a J-CMS over the BA Y ,
but it is not a Gb-CMS since Jðω, ω, ωÞðtÞ = 3ω2et ≠ θ.

Example 9. Let Y = C1
ℝ½0, 1� and consider a norm on Y as k

ωk = kωk∞ + kω′k∞ for all ω ∈ Y . Let the multiplication on
Y be the pointwise multiplication. Then, Y is a real unit BA
with unit e = 1. Set C = fω ∈ Y : ω ≥ 0g which is a cone in Y .
Let M = ½0,∞Þ and a > 0 be any constant. Consider J : M ×
M ×M⟶ Y as

J ω, π, ϖð Þ tð Þ = max ω, π, ϖf g½ �2 + a
� �

et , ð9Þ

for all ω, π, ϖ ∈M. This ðM, JÞ is a J-CMS over the BA Y , but
it is not a Gb-CMS since Jðω, ω, ωÞðtÞ = ðω2 + aÞet ≠ θ.

Example 10. Let Y = C½a, b� be the set of all continuous func-
tions on ½a, b� with the norm kωk = kωk∞ + kω′k∞. Taking
the usual multiplication, then Y is a BA with a unit 1. Set C
= fω ∈ Y : ωðtÞ ≥ 0, t ∈ ½a, b�g and M =ℝ+. Consider J : M
×M ×M⟶ Y by

J ω, π, ϖð Þ tð Þ = max ω, π, ϖf g½ �2 + ω − πj j2 + π − ϖj j2 + ϖ − ωj j2� �
et ,

ð10Þ

for all ω, π, ϖ ∈M. Then, ðM, JÞ is a J-CMS over the BA Y .
But it is not a Gb-CMS, because Jðω, ω, ωÞðtÞ = ω2et ≠ θ.

In the following, ðM, JÞ is assumed to be a J-CMS over
the BA Y .

Lemma 11. (a) If Jðω, π, ϖÞ = θ, then ω = π = ϖ.
(b) If ω ≠ π, then Jðω, π, πÞ ≻ θ.

Definition 12. For an ω ∈M and c > θ, the J-ball with center
ω and radius c > θ is

BJ ω, cð Þ = π ∈M : J ω, ω, πð Þ≪ J ω, ω, ωð Þ + cf g: ð11Þ

The θ-Cauchyness and convergence are given as follows.

Definition 13.A sequence fωng in ðM, JÞ converges to ω ∈M
, whenever for each c≫ θ, there is an integer N so that Jðωn
, ω, ωÞ≪ c for all n ≥N .

Definition 14. A sequence fωng in M is called a θ-Cauchy
sequence in ðM, JÞ if for every c≫ θ there is n0 ∈N such that
Jðωn, ωm, ωmÞ≪ c for all n,m ≥ n0.

Definition 15. M is said to be θ-complete if every θ-Cauchy
sequence fωng in ðM, JÞ is convergent to ω ∈M so that
Jðω, ω, ωÞ = θ.

Definition 16. Let ðM′, J ′Þ and ðM′, J ′Þ be two J-CMS over
the BA Y . Then, a function f : M⟶M′ is called continu-
ous at ω ∈M iff for each convergent sequence fωng to ω, we
have f fωng is convergent to f ðωÞ.

4. Generalized Contractive and Expansive Maps

In this section, we consider contractive and expansive maps
in a J-CMS over a BA. Some examples are also presented.

Definiton 17. Let ðM, JÞ be a J-CMS over the BA Y and C be
a cone in Y . A map χ : M⟶M is named as a generalized
contractive mapping if there is k ∈C (with SRðkÞ < 1) so
that for all ω, π, ϖ ∈M,

J χω, χπ, χϖð Þ≼kJ ω, π, ϖð Þ: ð12Þ

Example 18. Let Y be a BA and C be a cone (as in Example 8)
and letM =ℝ+. Define a mapping J : M ×M ×M⟶ Y by

J ω, π, ϖð Þ tð Þ = max ω, π, ϖf g½ �2 + ω − πj j2 + π − ϖj j2 + ϖ − ωj j2� �
et ,

ð13Þ

for all ω, π, ϖ ∈M. Then, ðM, JÞ is a J-CMS over the BA Y .
Take χ : M⟶M by χðωÞ = ln ð1 + ðω/2ÞÞ. In view of
ln ð1 + uÞ ≤ u for each u ≥ 0, we have for all ω, π, ϖ ∈M,

3Advances in Mathematical Physics



J χω, χπ, χϖð Þ tð Þ = max ln 1 + ω

2
� �

, ln 1 + π

2
� �

, ln 1 + ϖ

2

� �� 	
 �2 

+ ln 1 + ω

2
� �

− ln 1 + π

2
� ���� ���2 + ln 1 + π

2
� ����

− ln 1 + ϖ

2

� �����
2
+ ln 1 + ϖ

2

� �
− ln 1 + ω

2
� �����

����
2
!
et

≼ max ω

2 ,
π

2 ,
ϖ

2

� 	
 �2
+ ω

2 −
π

2
��� ���2 + π

2 −
ϖ

2

����
����
2
+ ϖ

2 −
ω

2

����
����
2

 !
et

≼
1
4 max ω, π, ϖf g½ �2 + ω − πj j2 + π − ϖj j2 + ϖ − ωj j2� �

et

= 1
4 J ω, π, ϖð Þ tð Þ,

ð14Þ

where k = 1/4. Obviously, χ is a generalized contractive
map on M.

Definition 19. Let ðM, JÞ be a J-CMS over the BA Y and C be
a cone in Y . A map χ : M⟶M is said to be an expansive
mapping if for all ω, π, ϖ ∈M,

J χω, χπ, χϖð Þ ≽ kJ ω, π, ϖð Þ, ð15Þ

where k, k−1 ∈C and are called generalized contractive con-
stants with SRðk−1Þ < 1.

Example 20. Let Y be a BA and C be a cone (as given in
Example 9) and let M =ℝ+. As in Example 18, ðM, JÞ is a
J-CMS over the BA Y . Define χω = 3ω + ω2 for all ω.

J χω, χπ, χϖð Þ tð Þ = max 3ω + ω2, 3π + π2, 3ϖ + ϖ2 �� �2�h
+∣ 3ω + ω2� �

− 3π + π2� ���2 + 3π + π2� �
− 3ϖ + ϖ2� ��� ��2

+ 3ϖ + ϖ2� �
− 3ω + ω2� ��� ��2�iet

= max 3ω + ω2, 3π + π2, 3ϖ + ϖ2 �� �2�
+ 3 ω − πð Þ + ω − πð Þ ω + πð Þj j2
+ 3 π − ϖð Þ + π − ϖð Þ π + ϖð Þj j2
+ 3 ϖ − ωð Þ + ϖ − ωð Þ ϖ + ωð Þj j2�et

= max 3ω + ω2, 3π + π2, 3ϖ + ϖ2 �� �2�
+ ω − πj j2 3 + ω + πð Þj j2 + π − ϖj j2 3 + π + ϖð Þj j2
+ ϖ − ωj j2 3 + ϖ + ωð Þj j2�et

≽ max 3ω, 3π, 3ϖf g½ �2 + 9 ω − πj j2�
+ 9 π − ϖj j2 + 9 ϖ − ωj j2�et

≽ 9 max ω, π, ϖf g½ �2 + ω − πj j2 + π − ϖj j2 + ϖ − ωj j2� �
et

= 9J ω, π, ϖð Þ tð Þ,
ð16Þ

where k = 9. Clearly, χ is an expansive map in M.

Definition 21 ([14]). Let C be a solid cone in a Banach space
E. A sequence fung ⊂C is said to be a c-sequence if for every
c≫ θ there is an integer N so that un ≪ c for all n >N .

Lemma 22 ([5]). If E is a real Banach space with a solid cone
C, then fung is a c-sequence whenever fung ⊂C be a sequence
with kunk⟶ 0ð∞Þ.

Lemma 23 ([10]). Let Y be a BA with a unit e and k ∈ Y . Then,
limkknk1/n exists, and the spectral radius SRðkÞ verifies

SR kð Þ = lim knk k1/n = inf
n

knk k1/n: ð17Þ

Then, ðζe − kÞ is invertible in Y provided that SRðkÞ
< ∣ζ ∣ . Moreover,

ζe − kð Þ−1 = 〠
∞

i=0

ki

ζi+1
ð18Þ

where the constant ζ is complex.

Lemma 24 ([10]). Let Y be a BA with a unit e and ϑ, ϖ ∈ Y .
Then,

SR ϑ + ϖð Þ ≤SR ϑð Þ +SR ϖð Þ,SR ϑϖð Þ ≤SR ϑð ÞSR ϖð Þ,
ð19Þ

provided that ϑ commutes with ϖ.

Lemma 25 ([12]). Let E be a real Banach space with a solid
cone C. Then,

(1) ϑ≪ κ, if ϑ ≤ ϖ≪ κ

(2) ϑ = θ, if ϑ≪ κ for every κ≫ θ

Lemma 26 ([11]). Let C be a solid cone in the BA Y and
suppose that k ∈C. Then, fkung is a c-sequence provided that
fung be a c-sequence in C.

Lemma 27 ([5]). Let Y be a BA with a unit e and let k ∈ Y .
Then,

SR ζe − kð Þ−1
� �

≤
1

ζj j −SR kð Þ , ð20Þ

where ζ is a complex constant with SRðkÞ < jζj.

Lemma 28 ([5]). Let C be a solid cone in the BA Y with a unit
e and let ϑ, k, l ∈C so that l≼k and ϑ≼lϑ. Then, ϑ = θ provided
that SRðkÞ < 1.

In this paper, we prove some fixed-point theorems for
generalized contractive and expansive maps in the setting
of a J-CMS over a BA.

5. Main Results

Theorem 29. Let ðM, JÞ be a θ-complete symmetric J-CMS
over the BA Y and χ : M⟶M be a mapping so that for
all ω, π ∈M
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J χω, χπ, χπð Þ≼kJ ω, π, πð Þ, ð21Þ

where SRðkÞ < 1/s. Then, χ admits a unique fixed point.

Proof. Let ω0 be an arbitrary point in M. Define a sequence
fωng in M by ωn = χnω0. By (21), we have

J ωn, ωn+1, ωn+1ð Þ = J χωn−1, χωn, χωnð Þ≼kJ ωn−1, ωn, ωnð Þ:
ð22Þ

Continuing in the same argument, we will get

J ωn, ωn+1, ωn+1ð Þ≼knJ ω0, ω1, ω1ð Þ: ð23Þ

Moreover, for all n,m ∈N ; n <m, we have

J ωn, ωm, ωmð Þ≼s J ωn, ωn+1, ωn+1ð Þ + J ωn+1, ωm, ωmð Þ − J ωn+1, ωn+1, ωn+1ð Þ½ �
≼sJ ωn, ωn+1, ωn+1ð Þ + sJ ωn+1, ωm, ωmð Þ
≼sJ ωn, ωn+1, ωn+1ð Þ + s2 J ωn+1, ωn+2, ωn+2ð Þ½

+ J ωn+2, ωm, ωmð Þ − J ωn+2, ωn+2, ωn+2ð Þ�
≼sJ ωn, ωn+1, ωn+1ð Þ + s2 J ωn+1, ωn+2, ωn+2ð Þ + s2 J ωn+2, ωm, ωmð Þ
⋮≼sJ ωn, ωn+1, ωn+1ð Þ + s2 J ωn+1, ωn+2, ωn+2ð Þ +⋯

+ sm−nJ ωm−1, ωm, ωmð Þ≼sknJ ω0, ω1, ω1ð Þ
+ s2kn+1 J ω0, ω1, ω1ð Þ +⋯ + sm−nkm−1 J ω0, ω1, ω1ð Þ

= skn e + sk + skð Þ2 +⋯ + skð Þm−n−1� �
J ω0, ω1, ω1ð Þ

≼skn 〠
∞

i=0
skð Þi

 !
J ω0, ω1, ω1ð Þ = e − skð Þ−1sknJ ω0, ω1, ω1ð Þ:

ð24Þ

In view of Remark 2, ksknJðω0, ω1, ω1Þk≼kknkkJðω0, ω1,
ω1Þk⟶ 0ð∞Þ, by Lemma 22, we have fsknJðω0, ω1, ω1Þg
is a c-sequence. Using Lemma 25 and Lemma 26, fωng is a
θ-Cauchy sequence inM. By the θ-completeness of M, there
is ρ ∈M so that

limJ ωn, ϱ, ϱð Þ = lim
n,m⟶∞

J ωn, ωm, ωmð Þ = J ϱ, ϱ, ϱð Þ = θ: ð25Þ

Furthermore, one has

J ϱ, χϱ, χϱð Þ≼sJ ϱ, χωn, χωnð Þ + sJ χωn, χϱ, χϱð Þ − sJ χωn, χωn, χωnð Þ
≼sJ ϱ, χωn, χωnð Þ + sJ χωn, χϱ, χϱð Þ
≼sJ ϱ, ωn+1, ωn+1ð Þ + skJ ωn, ωn+1, ϱð Þ:

ð26Þ

Hence, fJðϱ, ωn+1, ωn+1Þg and fJðωn, ωn+1, ϱÞg are c
-sequences, then by using Lemma 25 and Lemma 26, we get
that χϱ = ϱ. Thus, ϱ is a fixed point of χ. If χζ = ζ, then one
writes

J ϱ, ϱ, ζð Þ = J χϱ, χϱ, χζð Þ = kJ ϱ, ϱ, ζð Þ: ð27Þ

That is,

e − kð ÞJ ϱ, ϱ, ζð Þ≼θ: ð28Þ

The multiplication by

e − kð Þ−1 = 〠
∞

i=0
ki ≥ 0, ð29Þ

yields that Jðϱ, ϱ, ζÞ≼θ. Thus, Jðϱ, ϱ, ζÞ = θ, so ϱ = ζ, a
contradiction. Hence, the fixed point is unique.

Corollary 30. Let ðM, JÞ be a θ-complete symmetric J-CMS
over the BA Y and χ : M⟶M be a mapping so that for
all ω, π, ϖ ∈M

J χω, χπ, χϖð Þ≼a J ω, χω, ϖð Þ + b J ω, χω, πð Þ, ð30Þ

where SRða + bÞ < 1/s. Then, χ has a unique fixed point.

Proof. In view of the proof of Theorem 29, we get the required
result.

Theorem 31. Let ðM, JÞ be a θ-complete symmetric J-CMS
over the BA Y and χ : M⟶M be a mapping so that for
all ω, π ∈M,

J χω, χπ, χ2π
� �

≼a J ω, χω, χ2ω
� �

+ b J π, χπ, χ2π
� �

+ c J ω, χω, χπð Þ + d J π, χπ, χ3ω
� �

,
ð31Þ

where sSRða + cÞ +SRðb + dÞ < 1 and s2SRðc + dÞ +
SRðbsÞ < 1. Then, χ admits a unique fixed point.

Proof. Take ω0 ∈M. We construct fωng in M so that

ωn+1 = χωn, for all n = 0, 1, 2,⋯: ð32Þ

Notice that if ωn′ = ωn′+1 for some integer n′, then there
is a fixed point. Suppose that ωn ≠ ωn+1 for all n ∈N . That is,

J ωn, ωn+1, ωn+2ð Þ > θ: ð33Þ

From (31), with ω = ωn−1 and π = ωn, we have

J χωn−1, χωn, χ2ωn

� �
≼a J ωn−1, χωn−1, χ2ωn−1

� �
+ b J ωn, χωn, χ2ωn

� �
 

+ c J ωn−1, χωn−1, χωnð Þ + d J ωn, χωn, χ3ωn−1
� �

,
ð34Þ

which implies that

J ωn, ωn+1, ωn+2ð Þ≼a J ωn−1, ωn, ωn+1ð Þ + b J ωn, ωn+1, ωn+2ð Þ
+ c J ωn−1, ωn, ωn+1ð Þ + d J ωn, ωn+1, ωn+2ð Þ,

= a + cð ÞJ ωn−1, ωn, ωn+1ð Þ + b + dð ÞJ ωn, ωn+1, ωn+2ð Þ:
ð35Þ

Thus,

e − b − dð ÞJ ωn, ωn+1, ωn+2ð Þ≼ a + cð ÞJ ωn−1, ωn, ωn+1ð Þ: ð36Þ
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Since sSRða + cÞ +SRðb + dÞ < 1 leads to SRðb + dÞ
< 1, by Lemma 23, ðe − b − dÞ is invertible. So

J ωn, ωn+1, ωn+2ð Þ≼ e − b − dð Þ−1 a + cð ÞJ ωn−1, ωn, ωn+1ð Þ:
ð37Þ

Put k = ðe − b − dÞ−1ða + cÞ. Hence,

J ωn, ωn+1, ωn+2ð Þ≼k J ωn−1, ωn, ωn+1ð Þ≼⋯≼knJ ω0, ω1, ω2ð Þ:
ð38Þ

By Lemma 24 and Lemma 27, we have

SR kð Þ =SR e − b − dð Þ−1 a + cð Þ� �
≤SR e − b − dð Þ−1� �

SR a + cð Þ
≤

SR a + cð Þ
1 −SR b + dð Þ <

1
s
:

ð39Þ

Thus, ðe − skÞ is invertible, so kðskÞnk⟶ 0ð∞Þ. Due to
ðJ2Þ,

J ωn, ωn, ωn+1ð Þ≼J ωn, ωn+1, ωn+2ð Þ, ð40Þ

with ωn ≠ ωn+1, and by the symmetry property

J ωn+1, ωn+1, ωnð Þ = J ωn+1, ωn, ωnð Þ = J ωn, ωn, ωn+1ð Þ: ð41Þ

Then, by (38) and (41), we have Jðωn+1, ωn+1, ωnÞ≼kn
Jðω0, ω1, ω2Þ. Moreover, for all n,m ∈N ; n <m, we have

J ωn, ωm, ωmð Þ≼s J ωn, ωn+1, ωn+1ð Þ + J ωn+1, ωm, ωmð Þ − J ωn+1, ωn+1, ωn+1ð Þ½ �
≼sJ ωn, ωn+1, ωn+1ð Þ + sJ ωn+1, ωm, ωmð Þ
≼sJ ωn, ωn+1, ωn+1ð Þ + s2 J ωn+1, ωn+2, ωn+2ð Þ + J ωn+2, ωm, ωmð Þ½

− J ωn+2, ωn+2, ωn+2ð Þ�≼sJ ωn, ωn+1, ωn+1ð Þ
+ s2 J ωn+1, ωn+2, ωn+2ð Þ + s2 J ωn+2, ωm, ωmð Þ

⋮≼sJ ωn, ωn+1, ωn+1ð Þ + s2 J ωn+1, ωn+2, ωn+2ð Þ +⋯ + sm−nJ ωm−1, ωm, ωmð Þ
≼skn J ω0, ω1, ω2ð Þ + s2kn+1 J ω0, ω1, ω2ð Þ +⋯ + sm−nkm−1 J ω0, ω1, ω2ð Þ
= skn e + sk + skð Þ2 +⋯ + skð Þm−n−1� �

J ω0, ω1, ω2ð Þ

≼skn 〠
∞

i=0
skð Þi

 !
J ω0, ω1, ω2ð Þ = skn e − skð Þ−1 J ω0, ω1, ω2ð Þ:

ð42Þ

In view of Remark 2, ksknJðω0, ω1, ω2Þk≼ksknkkJðω0,
ω1, ω2Þk⟶ 0ð∞Þ; by Lemma 22, we have fsknJðω0, ω1,
ω2Þg is a c-sequence. Next, by using Lemma 25 and
Lemma 26, ωn is a θ-Cauchy sequence in M. By the θ
-completeness of M, there is ϖ ∈M so that

limJ ωn, ϖ, ϖð Þ = lim
n,m⟶∞

J ωn, ωm, ωmð Þ = J ϖ, ϖ, ϖð Þ = θ:

ð43Þ

To see that ϖ is a fixed point of χ, we have

J ϖ, χϖ, χ2ϖ
� �

≼s J ϖ, χωn, χωnð Þ + J χωn, χϖ, χ2ϖ
� �

− J χωn, χωn, χωnð Þ� �
= sJ ϖ, χωn, χωnð Þ + sJ χωn, χϖ, χ2ϖ

� �
≼sJ ϖ, χωn, χωnð Þ + s a J ωn, χωn, χ2ωn

� �
+ b J ϖ, χϖ, χ2ϖ

� ��
+ c J ωn, χωn, χϖð Þ + d J ϖ, χϖ, χ3ωn

� ��
:

ð44Þ

Then,

J ϖ, χϖ, χ2ϖ
� �

≼sJ ϖ, ωn+1, ωn+1ð Þ + s a J ωn, ωn+1, ωn+2ð Þ½
+ b J ϖ, χϖ, χ2ϖ

� �
+ c J ωn, ωn+1, χϖð Þ

+ d J ϖ, χϖ, ωn+3ð Þ�
≼sb J ϖ, χϖ, χ2ϖ

� �
+ cs J ϖ, ϖ, χϖð Þ

+ sd J ϖ, χϖ, ϖð Þ,
ð45Þ

which implies that

e − bsð ÞJ ϖ, χϖ, χ2ϖ
� �

≼s c + dð ÞJ ϖ, ϖ, χϖð Þ: ð46Þ

Since s2SRðc + dÞ +SRðbsÞ < 1 leads to SRðbsÞ < 1,
it follows by Lemma 23 that ðe − bsÞ is invertible. So, Jðϖ,
χϖ, χ2ϖÞ≼ðe − bsÞ−1sðc + dÞJðϖ, ϖ, χϖÞ. Put h = ðe − bsÞ−1sðc
+ dÞ. Then

J ϖ, χϖ, χ2ϖ
� �

≼h J ϖ, ϖ, χϖð Þ: ð47Þ

Note that by Lemma 24 and Lemma 27,

SR hð Þ =SR e − bsð Þ−1 sc + sdð Þ� �
≤SR e − bsð Þð Þ−1SR sc + sdð Þ
≤
SR sc + sdð Þ
1 −SR bsð Þ < 1

s
:

ð48Þ

In view of (47), there is a arise 2 cases.

Case I. If χϖ = χ2ϖ, then

J ϖ, χϖ, χϖð Þ≼h J ϖ, ϖ, χϖð Þ
≼h J ϖ, χϖ, χϖð Þ by symmetryð Þ

e − hð ÞJ ϖ, χϖ, χϖð Þ≼θ:
ð49Þ

We multiply by

e − hð Þ−1 = 〠
∞

i=0
hi
� �

≥ 0, ð50Þ

to get Jðϖ, χϖ, χϖÞ = θ, which implies that ϖ = χϖ. Hence, ϖ
is the fixed point of χ.
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Case II. If χϖ ≠ χ2ϖ, then

J ϖ, χϖ, χ2ϖ
� �

≼h J ϖ, ϖ, χϖð Þ
≼h J ϖ, χϖ, χϖð Þ by symmetryð Þ
≼J ϖ, χϖ, χ2ϖ
� �

byJ2ð Þ
e − hð ÞJ ϖ, χϖ, χ2ϖ

� �
≤θ:

ð51Þ

Again, we multiply by

e − hð Þ−1 = 〠
∞

i=0
hi
� �

≥ 0, ð52Þ

to have Jðϖ, χϖ, χ2ϖÞ = θ. So, ϖ = χϖ = χ2ϖ. Hence, ϖ is a
fixed point of χ. Suppose that wð≠ ϖÞ is such that χw =w.
One writes

J ϖ, ϖ, ϖð Þ = J χϖ, χϖ, χϖð Þ

= J χϖ, χw, χwð Þ by symmetryð Þ

= J χϖ, χw, χ2w
� �

≼a J ϖ, χϖ, χ2ϖ
� �

+ b J w, χw, χ2w
� �

+ c J ϖ, χϖ, χwð Þ + d J w, χw, χ3ϖ
� �

≼a J ϖ, ϖ, ϖð Þ + b J w,w,wð Þ + c J ϖ, ϖ,wð Þ + d J w,w, ϖð Þ

≼a J ϖ, ϖ, ϖð Þ + b J w,w,wð Þ + c J ϖ, ϖ,wð Þ + d J w,w, ϖð Þ by J2ð Þ½ �:
ð53Þ

Hence,

J ϖ, ϖ,wð Þ≼ b + c + dð ÞJ ϖ, ϖ,wð Þ: ð54Þ

Since SRðb + c + dÞ ≤ s2SRðc + dÞ +SRðbsÞ < 1, by
Lemma 28, we acquire that Jðϖ, ϖ,wÞ = θ, that is, ϖ =w.

6. Fixed-Point Results of Expansive Maps

Here, the case of expansive mappings in the setting of a J
-CMS over a BA is studied.

Theorem 32. Let ðM, JÞ be a θ-complete J-CMS over the BA
Y and χ : M⟶M be an onto mapping so that for all ω, π
∈M,

J χω, χ2ω, χπ
� �

≽ αJ ω, χω, πð Þ, ð55Þ

whereSRðα−1Þ < 1/s. Then, χ possesses a unique fixed point.

Proof. Let ω0 ∈M. Since χ is onto, there is ω1 ∈M so that
ω0 = χω1. By continuing this process, we get ωn = χωn+1, for
all n ∈N ∪ f0g. If ωn0

= ωn0+1
for some n0 ∈N ∪ f0g, then

ωn0
is a fixed point of χ. Assume that ωn ≠ ωn+1 for all n ∈

N . From (55), with ω = ωn+1 and π = ωn, we have

J ωn, ωn−1, ωn−1ð Þ = J χωn+1, χ2ωn+1, χωn

� �
≽ α J ωn+1, χωn+1, ωnð Þ
= α J ωn+1, ωn, ωnð Þ

ð56Þ

which implies that

J ωn+1, ωn, ωnð Þ≼h J ωn, ωn−1, ωn−1ð Þ≼⋯≼hnJ ω0, ω1, ω1ð Þ,
ð57Þ

where h = α−1. Note that

SR hð Þ =SR α−1
� �

< 1
s
, ð58Þ

so ðe − shÞ−1 =∑∞
i=0ðshiÞ and kshnk⟶ 0ð∞Þ. Following the

lines of the proof of Theorem 29, we derive that fωng is a θ
-Cauchy sequence. Since ðM, JÞ is θ-complete, there is ϖ ∈
M so that ωn ⟶ ϖ, that is,

limJ ωn, ϖ, ϖð Þ = lim
n,m⟶∞

J ωn, ωm, ωmð Þ = J ϖ, ϖ, ϖð Þ = θ:

ð59Þ

Since χ is onto, there is w ∈M so that ϖ = χw. From (55)
with ω = ωn+1 and π =w, we have

J ωn, ωn−1, ϖð Þ = J χωn+1, χ2ωn+1, χw
� �

≽ ±α J ωn+1, χωn+1,wð Þ
= α J ωn+1, ωn,wð Þ:

ð60Þ

So, Jðωn+1, ωn,wÞ≼h Jðωn, ωn−1, ϖÞ:
Now, fJðωn, ωn−1, ϖÞg is a c-sequence; then, by using

Lemma 25 and Lemma 26, it follows that Jðϖ, ϖ,wÞ = θ. That
is, ϖ =w. Then, ϖ = χw = χϖ. To prove the uniqueness,
assume that ϖ ≠ u so that χu = u and χϖ = ϖ. Now, by

J ϖ, ϖ, uð Þ = J χϖ, χ2ϖ, χu
� �

≽ αJ ϖ, χϖ, uð Þ
≽ αJ ϖ, ϖ, uð Þ ≻ J ϖ, ϖ, uð Þ,

ð61Þ

which is a contradiction. Hence, ϖ = u.

Theorem 33. Let ðM, JÞ be a θ-complete J-CMS over the BA
Y and χ : M⟶M be so that for all ω, π ∈M,

J χω, χπ, χ2π
� �

≽ α J ω, χω, χ2ω
� �

, ð62Þ

where SRðα−1Þ < 1/s. Then, χ admits a unique fixed point.

Proof. Let ω0 ∈M. Since χ is onto, there is ω1 ∈M so that
ω0 = χω1. Let ωn = χωn+1, for all n ∈N ∪ f0g. In case ωn0

=
ωn0+1

for some n0 ∈N ∪ f0g, then ωn0
is a fixed point of χ.

Suppose that ωn ≠ ωn+1 for all n ∈N . From (62) with ω =
ωn+1 and π = ωn, we have

J χωn+1, χωn, χ2ωn

� �
≽ α J ωn+1, χωn+1, χ2ωn+1

� �
, ð63Þ
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which implies that

J ωn, ωn−1, ωn−2ð Þ ≽ α J ωn+1, ωn, ωn−1ð Þ, ð64Þ

or

J ωn+1, ωn, ωn−1ð Þ≼α−1 J ωn, ωn−1, ωn−2ð Þ: ð65Þ

Put h = α−1. It is evident that

J ωn+1, ωn, ωn−1ð Þ≼h J ωn, ωn−1, ωn−2ð Þ, ð66Þ

where SRðhÞ < 1/s. By the mimic of the proof of Theorem
36, we can show that ωn is a θ-Cauchy sequence. Since ðM,
JÞ is a θ-complete J-CMS over a BA, there is ϖ ∈M such that

limJ ωn, ϖ, ϖð Þ = lim
n,m⟶∞

J ωn, ωm, ωmð Þ = J ϖ, ϖ, ϖð Þ = θ: ð67Þ

Since χ is onto, there isw ∈M so that ϖ = χw. From (62),
we have for ω =w and π = ωn+1,

J ϖ, ωn, ωn−1ð Þ = J χw, χωn+1, χ2ωn+1
� �

≽ α J w, χw, χ2w
� �

:

ð68Þ

So, Jðw, χw, χ2wÞ≼h Jðϖ, ωn, ωn−1Þ,
where h = α−1. Since fJðϖ, ωn, ωn−1Þg is a c-sequence, by

using Lemma 25 and Lemma 26, it follows that Jðϖ, χw, χ2

wÞ = θ. That is, w = χw = χ2w.

7. Examples

The following examples demonstrate the results obtained in a
J-CMS over Banach algebra Y .

Example 34. Take on Y = C1
ℝ½0, 1� the norm kωk = kωk∞ +

kω′k∞ for ω ∈ Y . Consider in Y a just pointwise multiplica-
tion. Then, Y is a real unit BA with unit e = 1. Set the cone
C = fω ∈ Y : ω ≥ 0g in Y . Moreover, C is not normal (see
[12]). Let M = ½0,∞Þ. Take J : M ×M ×M⟶ Y as

be a J-CMS over a BA on M. Define χ : M⟶M by χω
= ðω/5Þ sin ðω/5Þ. We have

J χω, χπ, χπð Þ tð Þ = J
ω

5 sin ω

5 ,
π

5 sin π

5 ,
π

5 sin π

5
� �

tð Þ

≼max ω

5
� �2

, π

5
� �2

, π

5
� �2� 	

et = 1
25 max ω2, π2 �

et:

ð70Þ

Therefore, Jðχω, χπ, χπÞðtÞ≼ð1/25ÞJðω, ω, πÞðtÞ. Then,
the contractive condition (21) holds, and θ is the unique fixed
point of χ. That is, the conditions of Theorem 36 hold.

Example 35. Let Y be a BA and C be a cone (the same ones as
those in Example 8), and let M =ℝ+. Consider J : M ×M

×M⟶ Y as in Example 8. Then, ðM, JÞ is a J-CMS over
the BA Y . Define χ : M⟶M by χω = 2ω. Choose α = 4,
then all the conditions of Theorem 6 hold and θ is the unique
fixed point of χ. Indeed,

J χω, χ2ω, χπ
� �

tð Þ = max χω, χ2ω
 �2� �

+ max χ2ω, χπ
 �2� ��

+ max χπ, χωf g2� ��
et

= max 2ω, 4ωf g2� �
+ max 4ω, 2πf g2� ��

+ max 2π, 2ωf g2� ��
et

= 16ω2 + 4 max 2ω, πf gð Þ2 + 4 max ω, πf gð Þ2� �
et

= 4 4ω2 + max 2ω, πf gð Þ2 + max ω, πf gð Þ2� �
et ,

J ω, χω, πð Þ tð Þ = max ω, χωf g2� �
+ max χω, πf g2� ��

+ max π, ωf g2� ��
et ,

= max ω, 2ωf g2� �
+ max 2ω, πf g2� ��

+ max π, ωf g2� ��
et ,

= 4ω2 + max 2ω, πf gð Þ2 + max ω, πf gð Þ2� �
et ,

ð71Þ

and so, Jðχω, χ2ω, χπÞðtÞ ≽ 4Jðω, χω, πÞðtÞ.

8. Application to the Existence of a Solution of
Integral Equations

Denote by Cð½0, T�,ℝÞ the class of all continuous functions
on ½0, T� (where T > 0).

Let Y = C½0, T� be considered with the norm kωk =
kωk∞ + kω′k∞. Take the usual multiplication, then Y is a
BA with the unit 1. Set C = fω ∈ Y : ωðtÞ ≥ 0, t ∈ ½a, b�g .

Let J be the J-cone metric given as

J ρ, ϱ, σð Þ tð Þ = sup
t∈ 0,T½ �

ρ tð Þ − ϱ tð Þj j2 + ϱ tð Þ − σ tð Þj j2 + ρ tð Þ − ϱ tð Þj j2� �
et ,

ð72Þ

for all ρ, ϱ, σ ∈Cð½0, T�,ℝÞ. Note that ðCð½0, T�,ℝÞ, JÞ is a
complete J-CMS over BA Cð½0, T�,ℝÞ.

J ω, π, ϖð Þ tð Þ =
θ , if ω = π = ϖ

max ω, π, ϖf g2et� �
, otherwise

(
=

θ , if ω = π = ϖ

max ω2, π2, ϖ2 �
et

� �
, otherwise

(
ð69Þ
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Theorem 36. Let K , f , and a be continuous mappings so that:

(i) supt∈½0,T� ∣ Kðt, sÞ ∣ =M < 1/
ffiffiffiffi
T

p
, where K ∈Cð½0, T�

× ½0, T�,ℝÞ
(ii) a ∈Cð½0, T�,ℝÞ
(iii) f ∈Cð½0, T� ×ℝ,ℝÞ
(iv) j f ðs, ρðsÞÞ − f ðs, ρðsÞÞj ≤ ζjρðsÞ − ϱðsÞj

for all ρ, ϱ ∈Cð½0, T�,ℝÞ, t ∈ ½0, T�, where ζ ∈ ½0, 1/sÞ. Then,
the integral equation

ρ tð Þ =
ðT
0
K t, sð Þ f s, ρ sð Þð Þð Þds + a tð Þ, t ∈ 0, T½ �, ð73Þ

admits a unique solution in Cð½0, T�,ℝÞ.

Proof. Let F : Cð½0, T�,ℝÞ⟶Cð½0, T�,ℝÞ be defined by

F ρð Þ tð Þ =
ðT
0
K t, sð Þf s, ρ sð Þð Þds + a tð Þ, ð74Þ

for all t ∈ ½0, T�. We have

J F ρð Þ,F ϱð Þ, F ϱð Þð Þ tð Þ
= sup

t∈ 0,T½ �
F ρ tð Þð Þ −F ϱ tð Þð Þj j2 + F ϱ tð Þð Þ −F ϱ tð Þð Þj j2 + F ρ tð Þð Þj�

−F ρ tð Þð Þj2�et = 2 sup
t∈ 0,T½ �

F ρ tð Þð Þ −F ρ tð Þð Þj j2� �
et

= 2 sup
t∈ 0,T½ �

ðT
0
K t, sð Þj j2 f s, ρ sð Þð Þ − f s, ρ sð Þð Þj j2� �

ds
� �

et

≼M2T 2 sup
s∈ 0,T½ �

ζ ρ sð Þ − ρ sð Þj j2
 !

et = ζJ ρ, ϱ, ϱð Þ:

ð75Þ

Then, all the conditions of Theorem 29 hold, and hence,
there is a unique fixed point of F . So, (73) has a unique
solution.
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