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The Painlevé integrability of the higher-order Boussinesq equation is proved by using the standardWeiss-Tabor-Carnevale (WTC)
method. The multisoliton solutions of the higher-order Boussinesq equation are obtained by introducing dependent variable
transformation. The soliton molecule and asymmetric soliton of the higher-order Boussinesq equation can be constructed by the
velocity resonance mechanism. Lump solution can be derived by solving the bilinear form of the higher-order Boussinesq
equation. By some detailed calculations, the lump wave of the higher-order Boussinesq equation is just the bright form. These
types of the localized excitations are exhibited by selecting suitable parameters.

1. Introduction

The soliton molecule as a boundary state is comprised by a
balance of repulsive and attractive forces between solitons
caused by the nonlinear and dispersive effects [1]. The char-
acteristics of the soliton molecule in both experiment and
simulation have attracted considerable attention [2–4]. The
soliton molecules are first discovered by theoretical analysis
of the nonlinear Schröinger equation [5] and the complex
Ginzburg-Landau equation [6]. The theoretical frameworks
to address the soliton molecule have been proposed [7, 8].
Recently, Lou proposed the velocity resonance mechanism
to form the soliton molecule [9]. The high-order dispersive
terms play a key role in the velocity resonance mechanism
[10]. The velocity resonance mechanism is developed to
some integrable systems, the (2+1)-dimensional fifth-order
Korteweg-de Vries (KdV) equation [11], the complex modi-
fied KdV equation [12], the (3+1)-dimensional Boiti-Leon-
Manna-Pempinelli equation [13], and so on [14–16].
Combining the Darboux transformation and the variable
separation approach, some interactions between soliton mol-
ecules and breather solutions and between soliton molecules
and dromions are explored [11–15, 17]. In addition to the
soliton molecule, lump solutions are a kind of rational func-
tion solutions which have become a hot field in nonlinear

systems [18–22]. Lump solutions will decay polynomially in
all directions of space [23]. The Hirota bilinear method is a
useful method to find lump solutions. Lump waves of the
nonlinear systems have been validated by the Hirota bilinear
method [24–29]. In this paper, our objective is to explore a
higher-order Boussinesq equation which is considered as
the combination between the fourth-order and sixth-order
Boussinesq forms. We get lots of interesting results for the
higher-order Boussinesq equation, such as the multisoliton,
the soliton molecule, and lump solution. Particularly, the sol-
iton molecule of the higher-order Boussinesq equation is not
valid for just the fourth-order Boussinesq equation or the
sixth-order Boussinesq equation.

The higher-order Boussinesq equation reads

utt + γuxx − α uxxxx + 6u2x + 6uuxx
� �

− β 15uuxxxx + 30uxuxxxð
+ 15u2xx + 45u2uxx + 90uu2x + uxxxxxxÞ = 0,

ð1Þ

where α, β, and γ are arbitrary constants. The higher-order
Boussinesq equation (1) will become the fourth-order Bous-
sinesq equation and the sixth-order Boussinesq equation
with β = 0 and α = 0, respectively. The higher-order Boussi-
nesq equation (1) can describe the propagation of long waves
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in shallow water. The integrability of the fourth-order Bous-
sinesq equation was handled by the inverse scattering trans-
form method [30]. The group-invariant solutions of the
fourth-order Boussinesq equation were obtained by similar-
ity reductions [31]. The high-dimensional Boussinesq equa-
tions can be constructed by means of the fourth-order
Boussinesq equation [32]. The N-soliton solutions for the
fourth-order [33] and the sixth-order Boussinesq equations
[34] were obtained by the Hirota bilinear method.

This paper is organized as follows. In Section 2, the Pain-
levé integrability of the higher-order Boussinesq equation is
proved by the standard Weiss-Tabor-Carnevale (WTC)
approach. In Section 3, the higher-order Boussinesq equation
can be transformed to the bilinear form by the dependent
variable transformation. The Hirota’s bilinear method is
employed to derive the multisoliton by handling the bilinear
form of the higher-order Boussinesq equation. The soliton
molecule of the higher-order Boussinesq equation is con-
structed by a new resonance condition. In Section 4, lump
solution of the higher-order Boussinesq equation is obtained
by solving the corresponding Hirota bilinear form. Finally,
the conclusions of this paper follow in Section 5.

2. Painlevé Analysis for the Higher-Order
Boussinesq Equation

According to the WTC approach [35], the solution of the
higher-order Boussinesq equation can be written as

u = 〠
∞

j=0
uj f

j−δ, ð2Þ

with δ being a positive integer. The solution of the model is
single valued about the arbitrary movable singularity mani-
fold f . From the leading order analysis, we get

δ = 2, u0 = −2f 2x: ð3Þ

By inserting the expression

u = −
2f 2x
f 2

+
uj

f j−2
, ð4Þ

into (1) and vanishing the coefficient term of f j−8, the poly-
nomial equation in j is derived as

j + 1ð Þ j − 2ð Þ j − 3ð Þ j − 6ð Þ j − 7ð Þ j − 10ð Þ = 0: ð5Þ

The corresponding resonances occur at

j = −1, 2, 3, 6, 7, 10: ð6Þ

The resonance at j = −1 corresponds to the fact that the
singularity manifold f ðx, tÞ = 0 is an arbitrary function. By
vanishing subsequent coefficient terms of f , we infer that
the number of arbitrary functions (f , u2, u3, u6, u7,u10) is
the same as the number of resonances (−1, 2, 3, 6, 7, 10).
The higher-order Boussinesq equation is thus the Painlevé
integrability in the sense of the WTC test.

3. Multisoliton and Soliton Molecule for the
Higher-Order Boussinesq Equation

To determine the multisoliton solutions of the higher-order
Boussinesq equation (1), the dependent variable transforma-
tion reads

u = 2 ln fð Þxx: ð7Þ
By substituting (7) into (1), the bilinear form of the

higher-order Boussinesq equation reads

D2
t + γD2

x − αD4
x − βD6

x

� �
f · f = 0, ð8Þ

where D is bilinear derivative operator [36].

Dl
xD

m
t f · gð Þ = ∂

∂x
−

∂
∂x′

� �l ∂
∂t

−
∂
∂t ′

� �m

f x, tð Þ · g x′, t ′
� ������

x

′=x,t′=t :

ð9Þ

The N-soliton solutions of the higher-order Boussinesq
equation can be calculated as

f = 〠
μ=0,1

exp 〠
N

1≤i<j
μiμj ln Aij

� �
+ 〠

N

i=1
μiηi

 !
, ð10Þ

where ∑μ=0,1 is the summation with possible combinations
of μi = 0, 1ði = 1, 2,⋯,NÞ and ηi = kix + ωit + ci. By substitut-
ing (7) and (10) into (1), the phases shift Aij and the disper-
sion relation read as

Aij =
2α 3kikj − 2M
� �

+ β 15kikjM − 6M2 − 8k2i k2j
� �

+ 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
αk2i + βk4i − γ

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
αk2j + βk4j − γ

q
+ 2γ

−2α 3kikj + 2M
� �

− β 15kikjM + 6M2 + 8k2i k2j
� �

+ 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
αk2i + βk4i − γ

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
αk2i + βk4i − γ

q
+ 2γ

,

M = k2i + k2j ,

ð11Þ

ω2
i + γk2i − αk4i − βk6i = 0: ð12Þ
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We shall study the soliton molecule with a new resonance
condition. The new resonance condition ðki ≠ kjÞ of velocity
resonance reads

ki
kj

= ωi

ωj
=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
αk2i + βk4i − γ

q
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
αk2j + βk4j − γ

q : ð13Þ

By solving the above condition (13), the velocity resonant
condition becomes

kj = ±

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−β α + βk2i
� �q
β

: ð14Þ

A soliton molecule and an asymmetric soliton can be
constructed by selecting appropriate parameters in (13) or
(14). We take two-soliton (N = 2) in (10) and the new reso-

nance condition to describe these phenomena. For the
Figure 1, the parameters are selected as

k1 =
1
6 , k2 =

ffiffiffi
5

p

6 , α = −
1
2 , β = 3, γ = −1, c1 = 0, c2 = 10: ð15Þ

For the Figure 2, the parameters are selected as

k1 =
1
6 , k2 =

ffiffiffi
5

p

6 , α = −
1
2 , β = 3, γ = −1, c1 = 0, c2 = −3:

ð16Þ

The soliton molecule and the asymmetric soliton are
described in Figures 1 and 2, respectively. Two solitons in
molecule are different amplitude, while two solitons in mole-
cule possess the same velocity simultaneously.
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Figure 1: (a) Soliton molecule of the higher-order Boussinesq equation with the parameters (15). (b) Density plot of the corresponding
soliton molecule.
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Figure 2: (a) Asymmetric soliton of the higher-order Boussinesq equation with the parameters (16). (b) The wave propagation pattern along
x-axis by selecting different time t = −50, t = 0, t = 50.
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4. Lump Solution of the Higher-Order
Boussinesq Equation

To obtain lump solution of the higher-order Boussinesq
equation (1), we take a quadratic function f as

f = a2x + a3t + a4ð Þ2 + a5x + a6t + a7ð Þ2 + a1: ð17Þ

By substituting (17) into the Hirota bilinear form (8) and
balancing the different powers of x and t, the parameters are
constrained as

a1 =
3α a22 + a25
� �

γ
, a3 =

ffiffiffi
γ

p
a5:a6 = −

ffiffiffi
γ

p
a2: ð18Þ

The function of u can be localized in ðx, tÞ-plane with the
parameters satisfying

α > 0, γ > 0: ð19Þ

By substituting (17) into (7), a lumpwave of (1) is generated

u = 2A
f

−
4 Ax + Bð Þ2

f 2
, ð20Þ

with a22 + a25 = A, a2a4 + a5a7 = B. To describe the lump wave
of the higher-order Boussinesq equation (1), the parameters
are selected as

α = 16, γ = 1, a2 = 1, a4 = 2, a5 = 3, a7 = 2: ð21Þ

The spatiotemporal structure and the corresponding den-
sity of a lump wave are described in Figures 3(a) and 3(b),
respectively. The critical point of the lump wave can be calcu-
lated by solving

∂u x, tð Þ
∂x

= 0, ∂u x, tð Þ
∂t

= 0: ð22Þ

By solving the above condition (22), we find that the func-
tion u reaches the maximum value at the point ða2a7 − a4a5/ffiffiffi
γ

p
A,−B/AÞ and the minimum values at two points ðða2a7 −

a4a5/
ffiffiffi
γ

p
AÞ, ffiffiffi

γ
p

B ± 3 ffiffiffi
α

p
AÞ. By substituting the above three

points values into (20), the maximum and minimum values of
the function u are 4γ/3α and −4γ2ðA4B2γ3 − 3γαA4 + 2A3B
γ5/2ð3 ffiffiffi

α
p

A2 + BÞ + γ2A2ð3 ffiffiffi
α

p
A2 + BÞ2Þ/ðA 2B2γ3 + 3γαA2 +

2ABγ5/2ð3 ffiffiffi
α

p
A2 + BÞ + γ2ð3 ffiffiffi

α
p

A2 + BÞ2Þ2, respectively. We
can only get the bright lump form of the higher-order Boussi-
nesq equation by the above detail analysis.
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Figure 3: (a) The three-dimensional plot of a lump wave of the higher-order Boussinesq equation with the parameters (21). (b) The
corresponding density plot.
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5. Conclusion

In summary, the Painlevé property, the soliton molecule, and
the lump solution of the higher-order Boussinesq equation
(1) are studied by the standard WTC and the Hirota bilinear
methods. The multisoliton solutions of (1) are obtained by
introducing dependent variable transformation. The soliton
molecule and the asymmetric soliton are constructed by the
velocity resonance mechanism. The lump solution can be
derived by using a positive quadratic function. By detail cal-
culations of the maximum and minimum values of the func-
tion u, lump wave of the higher-order Boussinesq equation is
just the bright form.

In this paper, the higher-order Boussinesq equation
which possesses Painlevé integrability is constructed by
introducing the Hirota bilinear operator D6

x based on the
fourth-order Boussinesq equation. Similar introducing
high-order Hirota bilinear operator procedure, we propose
one equation

D2
t + γD2

x − 〠
n

i=1
αiD

2+2i
x

� � !
f · f = 0, ð23Þ

with αi being arbitrary constants. The integrability-
properties and nonlinear excitations of (23) are worthy to
study further.

Data Availability

The data used to support the findings of this study are
included within the article.

Conflicts of Interest

The authors declare that there are no conflicts of interest
regarding the publication of this paper.

Acknowledgments

This work is supported by the National Natural Science
Foundation of China No. 11775146.

References

[1] L. Gui, P. Wang, Y. Ding et al., “Soliton molecules and multi-
soliton states in ultrafast fibre lasers: intrinsic complexes in
dissipative systems,” Applied Sciences, vol. 8, no. 2, p. 201,
2018.

[2] B. Ortaç, A. Zaviyalov, C. K. Nielsen et al., “Observation of
soliton molecules with independently evolving phase in a
mode-locked fiber laser,” Optics Letters, vol. 35, no. 10,
pp. 1578–1580, 2010.

[3] M. Stratmann, T. Pagel, and F. Mitschke, “Experimental obser-
vation of temporal soliton molecules,” Physical Review Letters,
vol. 95, no. 14, article 143902, 2005.

[4] K. Krupa, K. Nithyanandan, U. Andral, P. Tchofo-Dinda, and
P. Grelu, “Real-time observation of internal motion within
ultrafast dissipative optical soliton molecules,” Physical Review
Letters, vol. 118, no. 24, article 243901, 2017.

[5] B. A. Malomed, “Bound solitons in the nonlinear Schrödinger-
Ginzburg-Landau equation,” Physical Review A, vol. 44, no. 10,
pp. 6954–6957, 1991.

[6] B. A. Malomed, “Bound solitons in coupled nonlinear Schrö-
dinger equations,” Physical Review A, vol. 45, no. 12,
pp. R8321–R8323, 1992.

[7] U. Al Khawaja, “Stability and dynamics of two-soliton mole-
cules,” Physical Review E, vol. 81, no. 5, article 056603, 2010.

[8] L. C. Crasovan, Y. V. Kartashov, D. Mihalache, L. Torner, Y. S.
Kivshar, and V. M. Pérez-García, “Soliton molecules: robust
clusters of spatiotemporal optical solitons,” Physical Review
E, vol. 67, no. 4, article 046610, 2003.

[9] S. Y. Lou, “Soliton molecules and asymmetric solitons in three
fifth order systems via velocity resonance,” Journal of Physics
Communications, vol. 4, no. 4, article 041002, 2020.

[10] D. H. Xu and S. Y. Lou, “Dark soliton molecules in nonlinear
optics,” Acta Physica Sinica, vol. 69, no. 1, article 014208, 2020.

[11] Z. Zhang, S. X. Yang, and B. Li, “Soliton molecules, asymmet-
ric solitons and hybrid solutions for ð2 + 1Þ-dimensional fifth-
order KdV equation,” Chinese Physics Letters, vol. 36, no. 12,
article 120501, 2019.

[12] Z. Zhang, X. Yang, and B. Li, “Soliton molecules and novel
smooth positons for the complex modified KdV equation,”
Applied Mathematics Letters, vol. 103, article 106168, 2020.

[13] C. J. Cui, X. Y. Tang, and Y. J. Cui, “New variable separation
solutions and wave interactions for the ð3 + 1Þ-dimensional
Boiti-Leon-Manna-Pempinelli equation,” Applied Mathemat-
ics Letters, vol. 102, article 106109, 2020.

[14] B. Ren, J. Lin, and P. Liu, “Soliton molecules and the CRE
method in the extended mKdV equation,” Communications
in Theoretical Physics, vol. 72, no. 5, article 055005, 2020.

[15] B. Ren and J. Lin, “Soliton molecules, nonlocal symmetry and
CRE method of the KdV equation with higher-order correc-
tions,” Physica Scripta, vol. 95, no. 7, article 075202, 2020.

[16] B. Ren and J. Lin, “D'Alembert wave and soliton molecule of
the modified Nizhnik-Novikov-Veselov equation,” The Euro-
pean Physical Journal Plus, vol. 136, no. 1, p. 123, 2021.

[17] Z. Yan and S. Lou, “Soliton molecules in Sharma-Tasso-Olver-
Burgers equation,” Applied Mathematics Letters, vol. 104, arti-
cle 106271, 2020.

[18] W. X. Ma, “Lump solutions to the Kadomtsev-Petviashvili
equation,” Physics Letters A, vol. 379, no. 36, pp. 1975–1978,
2015.

[19] X. W. Jin and J. Lin, “Rogue wave, interaction solutions to the
KMM system,” Journal of Magnetism and Magnetic Materials,
vol. 502, article 166590, 2020.

[20] C. Y. Qin, S. F. Tian, X. B. Wang, and T. T. Zhang, “On
breather waves, rogue waves and solitary waves to a general-
ized ð2 + 1Þ-dimensional Camassa-Holm-Kadomtsev-Pet-
viashvili equation,” Communications in Nonlinear Science
and Numerical Simulation, vol. 62, pp. 378–385, 2018.

[21] X. W. Yan, S. F. Tian, M. J. Dong, L. Zhou, and T. T. Zhang,
“Characteristics of solitary wave, homoclinic breather wave
and rogue wave solutions in a ð2 + 1Þ-dimensional generalized
breaking soliton equation,” Computers & Mathematics with
Applications, vol. 76, no. 1, pp. 179–186, 2018.

[22] C. Q. Dai, J. Liu, Y. Fan, and D. G. Yu, “Two-dimensional
localized Peregrine solution and breather excited in a
variable-coefficient nonlinear Schrödinger equation with
partial nonlocality,” Nonlinear Dynamics, vol. 88, no. 2,
pp. 1373–1383, 2017.

5Advances in Mathematical Physics



[23] S. Lou and J. Lin, “Rogue waves in nonintegrable KdV-type
systems,” Chinese Physics Letters, vol. 35, no. 5, article
050202, 2018.

[24] B. Ren, W. X. Ma, and J. Yu, “Rational solutions and their
interaction solutions of the ð2 + 1Þ-dimensional modified dis-
persive water wave equation,” Computers & Mathematcs with
Applications, vol. 77, no. 8, pp. 2086–2095, 2019.

[25] B. Ren, W. X. Ma, and J. Yu, “Characteristics and interactions
of solitary and lump waves of a ð2 + 1Þ-dimensional coupled
nonlinear partial differential equation,” Nonlinear Dynamics,
vol. 96, no. 1, pp. 717–727, 2019.

[26] X. Zhang, Y. Chen, and X. Tang, “Rogue wave and a pair of
resonance stripe solitons to KP equation,” Computers &Math-
ematcs with Applications, vol. 76, no. 8, pp. 1938–1949, 2018.

[27] L. Huang, Y. Yue, and Y. Chen, “Localized waves and interac-
tion solutions to a ð3 + 1Þ-dimensional generalized KP equa-
tion,” Computers & Mathematcs with Applications, vol. 76,
no. 4, pp. 831–844, 2018.

[28] J. P. Yu and Y. L. Sun, “Lump solutions to dimensionally
reduced Kadomtsev-Petviashvili-like equations,” Nonlinear
Dynamics, vol. 87, no. 2, pp. 1405–1412, 2017.

[29] B. Ren, J. Lin, and Z. M. Lou, “Consistent Riccati expansion
and rational solutions of the Drinfel’d-Sokolov- Wilson equa-
tion,” Applied Mathematics Letters, vol. 105, article 106326,
2020.

[30] P. Deift, C. Tomei, and E. Trubowitz, “Inverse scattering and
the Boussinesq equation,” Communications on Pure and
Applied Mathematics, vol. 35, no. 5, pp. 567–628, 1982.

[31] P. A. Clarkson and M. D. Kruskal, “New similarity reductions
of the Boussinesq equation,” Journal of Mathematical Physics,
vol. 30, no. 10, pp. 2201–2213, 1989.

[32] B. Ren and J. Lin, “Painlevé properties and exact solutions for
the high-dimensional Schwartz Boussinesq equation,” Chinese
Physics B, vol. 18, pp. 1161–1167, 2009.

[33] J. J. C. Nimmo and N. C. Freeman, “Amethod of obtaining the
N-soliton solution of the Boussinesq equation in terms of a
Wronskian,” Physics Letters A, vol. 95, no. 1, pp. 4–6, 1983.

[34] A. M. Wazwaz, “Multiple-soliton solutions for the ninth-order
KdV equation and sixth-order Boussinesq equation,” Applied
Mathematics and Computation, vol. 203, no. 1, pp. 277–283,
2008.

[35] J. Weiss, M. Tabor, and G. Carnevale, “The Painlevé property
for partial differential equations,” Journal of Mathematical
Physics, vol. 24, p. 532, 1983.

[36] R. Hirota, The Direct Method in Soliton Theory, Cambridge
University Press, Cambridge, 2004.

6 Advances in Mathematical Physics


	Painlevé Analysis, Soliton Molecule, and Lump Solution of the Higher-Order Boussinesq Equation
	1. Introduction
	2. Painlevé Analysis for the Higher-Order Boussinesq Equation
	3. Multisoliton and Soliton Molecule for the Higher-Order Boussinesq Equation
	4. Lump Solution of the Higher-Order Boussinesq Equation
	5. Conclusion
	Data Availability
	Conflicts of Interest
	Acknowledgments

