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In this paper, we study the Kirchhoff-type equation: —(a +b/; [Vul*dx)Au + V(x)u = Q(x)f (u), in R, where a, b >0, f € C'(
R% R), and V, Qe C}(R* R*). V(x) and Q(x) are vanishing at infinity. With the aid of the quantitative deformation lemma
and constraint variational method, we prove the existence of a sign-changing solution u to the above equation. Moreover, we
obtain that the sign-changing solution u has exactly two nodal domains. Our results can be seen as an improvement of the
previous literature.

1. Introduction (VQ4) there exists p € (2,6) such that

Consider the Kirchhoff-type equation
Q(x)

W — 0as |x| = +00. (3)

—<a+bJR3 |Vu|2dx)Au+V(x)uzQ(x)f(u), x€R?,
(1)

Problem (1) is related to the following Kirchhoft equation

—(a+b| |VuPdx)Au+V(x)u=f(u), xeR’. (4
wherea, b>0,V,Q: R* 5 R*,and f : R?> — R are continu- <a J]R,z‘ o x) ut Vixu=flu), x )

ous functions. Moreover, V and Q are vanishing at infinity.

Similar to [1], we say (V, Q) € @, if Q(x) and V (x) satis
the following condition}s’:( ) ) ) y Problem (4) is nonlocal due to the existence of [,

(VQ1) V(x), Q(x) >0 for any x € R* and Q € L (R?) |Vu|*dx which causes some mathematical analysis difficulties
(VQ2)If {A,}, c R’ is a sequence of Borel sets such that ~ and makes problem (4) more interesting. The nonlocal oper-

their Lebesgue measures |A, | <R for all n € N and some R ator [, |Vu|*dx comes from the Dirichlet problem
> 0, then

—(a+bJQ |Vu|2dx)Au=f(u), x€n,

lim J Q(x) = 0 uniformly inn € IN. (2) (5)
70 ) 4,082 (0) u=0, x €00,
And one of the below conditions holds: where a, b>0, Q=RN or QcRY is a bounded domain.

(VQ3) Q/V € L°(R?) or Equation (5) is related to the following stationary analogue
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of the Kirchhoff-type equation:
Uy — <a + bj |Vu|2dx> Au = f(x, u), (6)
Q

which was introduced by Kirchhoft [2] as generalization of
the famous D’Alembert wave equation

ou (p, E [
Por ~ <h " EJ

for free vibration of elastic strings.

After Lion [3] investigated problem (5) involving an
abstract framework, Kirchhoff-type equations have been
extensively researched by many scholars. Hence, numerous
interesting works to (5) or similar problems are obtained in
the last decades. Please see [4-7] and the references therein.

In particular, many scholars dedicated to searching sign-
changing solutions to (4) and similar problems. Indeed, they
obtained a lot of interesting results. For example, Li et al. [8]
investigated the sign-changing solution to the following
problem by using the constraint variational method

oul?
ox

0*u
dx) 2 =fxu)  (7)

—<a+bJ]R3 |Vu|2dx>Au+V(x)u=f(x,u), xeR? (8)

They supposed that f(x,t) satisfies the following
conditions:

(f1) f(x,t) = o(t) as t — 0 uniformly in x € R

(£2) f(x, t) € C(R® x R, R) and |f (x, t) | <c(|¢]+]t|7") for
some g € [2,2*), where ¢ >0 and 2* =2N/(N - 2)

(f3) f(x, t)/t* — 0o as t — oo uniformly in x € R?

(f4) f(x, t)/£ is an increasing function of € R \ {0}.

In [9], by using a similar main method and theorem,
Wang, Zhang, and Cheng proved that if V and f satisfy
(f1), (f3)-(f4) and

(V1) 3a> 0 such that V(x) > a > 0 for any x € R?

(V2) limy,,,,V(x) =V, =sup, s V(x) < +co

(V3) there exist R, > 0 and p : (R,,00) — (0,00) is a non-
increasing function such that

lim p(r)e’ = co, 9)

r—00

(f5) lim,_, . f (£)/t> = 0, then (4) has a sign-changing solu-
tion with two nodal domains. It is worth pointing out that
they considered the associated “limiting problem”

—(a + bJ | Vu|2dx)Au + Vu=f(u),in R3,
IR3

ueH' (R%),
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with the corresponding energy functional

Joo (1) = %Jnv (a|Vul? + V ) dx

+ Z (Jw |Vu|2dx>2 - LRS F(u)dx.

Moreover, they obtained ¢, <c+c,
show that ./, # &. Where

, which is crucial to
¢, =inf J(u),
0 /%b]( )

oo 2 I (1),

N2 {u ¢ H'(R*) \ {0}: <]0;(u), u> = o},
My 2 {u e H' (R?){0}: <]’(u), u+>
()=o)

%Jw (a|Vu|2 + V(x)uz)dx

+ Z (J]R Vu|2dx)2 - Jw F(u)dx.

For more interesting results, see [10-14].
When a=1, b =0, (4) reduces to

J(u) =
(12)

~Au+ V(x)u=f(u),inR’. (13)

Recently, (13) and similar problems have also been
received far-reaching research. For example, in [15], when
V(x) =0, f(x, u) = f(u), Chen considered (13) on a bounded
domain Q ¢ RN and obtained the sign-changing solution to
(13) under some sufficient hypothesis. Precisely, they
assumed that f(x, t) satisﬁes the following conditions:

(A1) f e C(OxR), Jo s)ds =0 and f(x,t)
=o(|t])as|t| >0 umformly inxe Q

(A2) f(x,t) =V (x)t+ f(x, 1), Voo € C(Q) and f,(x, t)
=o(|t|) as |[t| = + 0o uniformly in x € O

(A3) t— f(x,t)/]t] is strictly increasing on (—00,0) U (
0,00) for every x € Q

(A4) F(x, )= (112)f (x,
uniformly in x € Q

(A5) inf oV (x)>
where

)t — F(x,t) > +00 as t — +00

p 2 inf, oy max {|Vu'[, [Vu[3},

= {ueH(l)(Q): ui;eo,J'Q |u*|2dx=1}. (14)

Besides, letting A, be the first eigenvalue of —A. Then by
(A5) and the definition of y, they concluded A <y < co. By
using variational methods, Liu and Wang [16] obtained the
least energy nodal solution to (13) in RY, when V(x) =AV/(
x) and N >3, where A is a parameter. They discussed two
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situations, the most important of which is that a nodal solu-
tion to (13) can be found for any A € R* under certain condi-
tions, thanks to assumptions.

(S1) Q2int (V1(0)) # @ and 3Q;, Q, € Q such that

Q,nQ, =0, (15)

where Q, and 2, are bounded smooth domains.
(S2) |llim f(t)/it =L € [u,+00),where p=max {u,u,}
t|—00

and p; =inf {f \VulPdx : ue Hy(Q), Ja, wdx=1}, i=1,
2.

It is worth noting that Liu and Wang [16] used the first
eigenfunction of (-4, H(l) (), i=1,2, when they showed
that the constraint set is nonempty. For researching on prob-
lem (4) under conditions similar to [16], see [13]. For more
relevant results, see [17-21] and the references therein.

In fact, not only the sign-changing solutions of
Kirchhoft-type equation has received widespread attention
but also other kinds of solutions. Particularly, many scholars
have investigated positive solutions, ground state solutions,
multiple solutions, etc., for the Kirchhoftf equation. Please
see the literature [22-25]. Moreover, in recent years, there
are also a lot of works on the following Kirchhoff-Schro
dinger-Poisson systems

—<a + bJ |Vu2dx)Au+ V(x)u+¢u=f(x,u), xeR",
]RS

xeRN.

(16)

-Ad =1,

Readers can refer to [26-32]. These results are also help-
ful for us to study (1), since (1) and (16) have a great
correlation.

Motivated by above-mentioned results, we will establish
the existence of sign-changing solution to (1). Throughout
this paper, we will make the following hypothesis about f:

(F1) lim,_,f(£)/£ =0 if (VQ3) holds and lim,_f(¢)/
|t[P~" = 0 for some p € (4,6) if (VQ4) holds

(F2) lim,_, . f(t)/t*=0

(F3) lim, , F(t)/t* = co, where F(t) = [, f(s)ds

(F4) f(t)/£ is nondecreasing for |t | >0.

Obviously, (F2)-(F3) are weaker than (£2)-(f3). In [9], the
authors assume that f satisfies (F1)-(F4), but they have more
other assumptions on V than this paper. This also makes the
problem challenging and more interesting. Moreover, our
hypothesis does not involve eigenvalue problems. Hence,
our results can be regarded as the improvement and comple-
mentary of [15, 16]. In the paper, we use a direct method to
obtain the sign-changing solution.

In this paper, we consider our problem on the following
space:

E= {ueDl’z(]R3): J

N V(x)u dx<oo} (17)

with the norm
llull? =J (a|Vu|2 + V(x)u’)dx. (18)
IR3

Since (V, Q) € @, the embedding E—L{(R?) is compact
for some g € (2,6) (see Lemma 1), where

Lé (IR3) = {u : uismeasurableon]R3andJ Q(x)u|qu<+oo}

(19)

]R3

endowed with the norm

o]l = (JR Q(x)|u|qu> " (20)

It is clear that (E, [|«||) is a Banach space. Let |-[, be the

usual norm in L?(RR?). Hence, the embedding E—L(R?) is
continuous. Set

. flul®
S = uelEan#O (I 64,13
: R U dx)

Similar to [1], we can prove the following lemmas.

Lemma 1. Let (V, Q) € @ . If (VQ3) occurs, then the embed-
ding E°L}(R?) is continuous and compact. If (VQ4) satisfies,
then the embedding E°LY)(R?) is continuous and compact.

Lemma 2. Assume that (V,Q) e @ . If {u,} CE and u, — u
in E, then

JW Q(x)F(un)dx—>J Q(x)F(u)dx,

]R3

J]R3 Q<x)f(u")”“dx_’J Q(x)f (u)udx.

]R3

Our main result is as follows.

Theorem 3. If (V, Q) € @ and (F1)-(F4) hold, then problem
(4) has at least one least-energy sign-changing solution u ,
which has precisely two nodal domains.

Throughout this paper, C,, C,, :-- denote positive con-
stants possibly different in different places.

The rest of this paper is organized as follows: in Section 2,
some frameworks are demonstrated. In Section 3, the proof
of the main result is given.



2. Preliminaries

It is no doubt that the weak solution for (1) corresponds to
the critical point of the energy functional

I(u) = %Ilull2 + Z (JR3 |Vu|2dx)2 - J]Ra Q(x)F(u)dx.
(23)

Meanwhile, I € C'(E, R) and we define

<I'(u), v> = J]R3 (aVuVy + V(x)uv)dx

+ bLR3 |Vu|2de]R3 VuVvdx (24)
-Lowmmm

And if u is a solution to (1) with u* # 0, then u is called
the sign-changing solution of (1), where

u*(x) = max {u(x), 0}, 25)
u”(x) =min {u(x),0}.

Through a straightforward calculation, we obtain

Iu)=I(u")+I(u" )+ EJ |Vu+\2de \Vu_|2dx,
2 IR3 IR3

<1’(u), u+> - <I'(u+), u+> + bJ |Vu+|2de Vu [dsx,
R® R?

<I'(u), u_> = <I’(u_), u_> + bJ]Ra |Vu+|2de]R3 |Vu|*dx.
(26)

The only thing needed to obtain a sigh-changing solution
to (1) is to find a minimizer of the energy of I over the follow-
ing constraint:

M= {u € H'(R): u* #0, <I’(u),u*> = <I'(u),u’> =0}.
(27)

For proving our result, we will adopt a regular process.
First, we need to obtain the existence of a unique pair (s,
t,) such thats,u* + t,u” € M and (s,, t,) is the unique max-
imum point of I(su* + tu~). That is to prove the following
lemma.

Lemma 4. Let (V,Q) € Q. Suppose that (F1)-(F4) hold, if
u € E with u* # 0, then there exists a unique pair (s, t,) of
positive numbers such that s,u* +t,u” € M and

I(s,u™ +t,u")= m;t())({](qur +tu)}. (28)
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Proof. Set u € E with u* # 0. Letting

g(st)= <I'(5Lfr +tu), su+>

= ng [aV(su® +tu )V (su®) + V(x)(su" + tu”)su"]dx

+ bJ
]R3

+ bJ
IR3

- J Qx)f (su™ + tu”)su"dx = Sllut)?
]R3
2
+ bs* (J [Vu™ | 2¢7lx) + bsthJ ‘VuJ' | 2dx
]R3 ]R3

2
J]R3

Vu~| dx—J
h(s,t) = <I'(s1,fr +tu), tu_>

V(su® +tu”) |2de V(su® +tu")V(su")dx

R

V(su" +tu)

2de V(su® + tu")V(su")dx
]R3

Q(x)f (su™)su'dx,

]R3

= J [aV(su® + tu” )V (tu") + V(x) (su™ + tu” ) tu"|dx

V(su® +tu)V(tu”)dx
]R3

+ bJ |V(su® + tu’)\zdxj
IRS

- J Q(x)f (su™ + tu tu dx = Plu|?
]R3

2
+bt* <J |Vu|2dx> + bsztzj |Vu'|dx
R? R?

. J \Vu [dx - Q(x)J f(tu")tu” dx.

R? R?

(29)
First, we will show that there exists 0 < 7 < R such that
g(r,t) >0,

g(R,t) <0, Vte|nR] (30)

h(s,r)>0, h(s,R)<0, Vse[r,R]. (31)

Case 1. If (VQ2) holds, from (F1)-(F2), for each & > 0, there
exists a C, > 0 such that
ftt<et? +CJtl°, VteR. (32)

Then by Sobolev imbedding theorem, one has
2
h(s, t) > Ellu”||* + bt* (J |Vu_|2dx> +bs’t?
IR3
- J Wu+|zdxj |Vu Pdx - sJ Q(x)|tu”|*dx
]R3 IR3 ]R3
- CSJ Q(x)|tu’|6dx > 2w |? - ClsQ(x)tZIIu’ 12
]R3

- Cstéj Q) [u[*dx > (1 - CellQV o) E2llu
]R3

= CSQEx) oo lul®.
(33)
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Case 2. If (VQ4) holds, refer to the argument in [1], there
exists R, C, >0 such that

[ Q(x)\u\pdxsaj (V(x)u2+u6)dx, YueEee€ (0, Cp).
J By(0) By (0)
(34)
Then by (F1)-(F2), we deduce that
h(s,t) = 2w |* - C3th Q(x)|u” [Pdx
R (35)

- ch]R} Q(x)(u)%dx.

According to (34), (VQ1) and Holder inequality, we
obtain

h(s, t) = 2llu | - C4||Q||00t6J (u)dx - Cyet?

R?

o 00 0 1,

pl6
: J (@)°dx ) 2 = Cot®l QS I

Br(0)
= CotPelu | + Gy el ° + CsSe"1Q g6y ) 1 IPH-

R(0)
(36)

From the above discussion and p > 2, we can conclude
that there is f; > 0 enough small such that

h(s,t)>0fort € (0,t,). (37)
Due to u~ # 0, then 3K > 0 such that
meas{x € R*,u~ >K} >0. (38)

Besides, it follows from (F3) that for all L > 0, there exists
M > 0 such that

f(—};) > L, foranyy € (M,00). (39)

Hence, as ¢ satisfies tK > M, we get

Lv Q(x)f (tu” )tu dx = J{u(x)>K}

> Lt4j Q(x)(u™) *dx.
{w (x)>K}

Assume s < t. We have

h(s,t)stzllu'||2+bszt2J |Vu+|zde |Vu~|dx + bt*
IRS ]R3

2
(J |Vu’|2dx) —Lt4J Qx)(u ) dx
R} {u=(x)>K}
b 2 b 2
StZIIu_||2+—s4(J |Vu+\2dx) +—t4(J |Vu’\2dx)
2 R 2 R
2
+bt4(J |Vu’\2dx) —Lt“j Q(x)(u)*dx
R} {u (x)>K}
3b b :
gt2||u*||2+_t4(J Wu’|2dx) +—t4(J |Vu+|2dx)
2 R 2 R
—Lt4J Q(x)(u)*dx.
{w (x)>K}
(41)

And once again, if t <'s, we have

g(s, t)= lut]? - C3tPJ Q(ax)|u” |de - C4t6j Q(x)(u+)6dx,
]R3 ]R3
(42)
or

905 1) 2 Ll I = QU S I° - C
(el 1P+ 52l 1+ 8521 Ql -y (5, 167 P )

(43)

And
2
g(s 1) < Slut? + %54 (J |Vu+|2dx>
2 Up
b 2
+ =st <J |Vu_|2dx> (44)
2" Upe
- LS4J Q(x)(u+)4dx.
{u* (x)>K}

Obviously, we can take L large enough so that

2
LJ Q(x) (ui)4dx >3b (J |V1,f—r ’%lx)
{u*(x)>K} R3

+ b(Jw |vﬂ2dx)2.

By (33), (34), and (41)-(45), we can deduce that (30) and
(31) hold. Then from the point of view of Maranda’s theorem
[2], there exists a pair (s,, t,) of positive numbers such that

(45)

(s, t,)=0,h(s,, t,)=0,1e,5,u" +t,u" € M. (46)

Next, we will prove the uniqueness of (s, t,,).
Without loss of generality, the only thing we need to do is
to show that s, which makes s,u* +t,u” € # is unique.



Assume that there exists another pair (s, ,t,) such that s,
ut+t,u €. Lets, <s,, by the definition of .#, we have

2
sollut|)? + bs, (J |Vu+|2dx) + bsitﬁj |Vu' [Pdx
R R’ (47)
J |Vu|*dx - J Q(x)f (s,u")s,udx =0,
R® R’

2
bsi] (J |Vu+|2dx> + bsﬁl tiJ |Vu+|2de \Vu [*dx
]R3 ]R3 ]R3

+ sy lutl? - J Q(x)f (s,,u")s, u"dx=0.

IR3
(48)
Combining (47) and (48), we have
1 1 +112 2 +2 -2
oo | [P | Vet Pdx | VaPdx
53 551 “ R3 R3
(49)

— f(suu+) _ f(SulM+)> u+ 4d
Jwa<mmf oy )

Thanks to (F4) and s, <s,, the right side of the above
equality is positive, which is a contradiction since the left is
negative. So s, must be equal to s,,, that is, s, is unique. Sim-
ilarly, we can show the uniqueness of ¢,. In short, the pair (
s, t,) is unique.

Next, we prove that I(s,u* +t,u") = max, . {I(su* +1¢
u’)}.
Letting W(s,t)=I(su™ +tu™). It is obvious that W
attains the unique critical value at (s,, t,) in R* x R*. From
(F3), we obtain

W (s, t) — —oo uniformly as (s, t)| — oo, (50)

which implies that a maximum point of W cannot be estab-
lished on the boundary of R" x R*. If we may assume that
(5,0) is a maximum of W, for ¢ small enough, we can easily
obtain that

Wi t) = (IGu’ +tu)),

2
=tu ?+¢ (J Vi~ | de>
]R3

+§2tJ Vu* |2de 2 GL
]R3

Vu™| dx
—JR3 Q(x)f (tu” )u dx > 0.

R3

Then for t small enough, W (5, t) is an increasing function
with respect to t. Hence, according to our discussion, the pair
(5,0) is not a maximum point of W in R* x R*.

Remark 5. For proving the uniqueness of the pair (s, t,,), we
can also discuss it in two situations. Case 1. u € #. We need
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to show that s, =t,=1. The process of proving in Case 1
shall be similar to the proof in Lemma 4. Case 2. u ¢ /. By

Lemma 4, there exists a pair of positive numbers (s, t,) such
that s,u* +t,u™ € # when u ¢ /. Assume that there exists
another pair (s,, ) such that slu® +t/u™ € M. Set v s,u*
+t,u” and v' 25 ut +t\u”. Then, we have

s/ t!

S—“v++ Sy =sut+tu =y e, (52)
u u

which implies s, =5, and ¢, =t.. Since v' =v .4 and by
Case 1, we consider the minimization problem

m2inf {I(u): ue M}. (53)

Lemma 6. Assume that (F1)-(F4) hold and (V,Q) € @, then
m is achieved.

Proof. Step 1. m > 0.

For each u € /, we have (I' (1), u) =0. From (33) and
(36), we derive that

lull? < el QV ! llgolull® + 85> C.llQll oo 1l (54)

or

lul? < C; (suun2 + 85 elul® + S 1Q g 6-p) (5 IIuIIP)

+ Cyll QllooSs> ull
(55)

Choosing &=min {1/2C;, 1/2|QV 7| }. It is easy to
verify that there exists 6 >0 such that ul® > 8. According
to (F4), we have

forallx e R?,t € R.

G(x,t) 2 J Q(x)[f(t) —4F(t)]dx >0,

IR}

(56)

Then,
I(u) =I(u) - ;l<1’(u), u> > iuuu2 + iG(x, u)>0, (57)

ie,m>(1/4)6>0.

Step 2. m is achieved.

Let {u,}c.# such that I(u,) »m. Then, {u,} is
bounded in E. Consequently, there exist u such that u, — u
in E. Due to {u,} € #, then (I' (u,), u®) = 0. That is

) + b(J]R3 |Vuﬁ|2dx> ’ - J]R} Q(x)f (uyy ) uydx = 0.
(58)

Similar to (57), we can find a y > 0 such that [u;[|>y >0
for any n € N*. Moveover, according to (F1)-(F2), for every
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p >0, there is ¢, such that

f(t)t<pt +plt]°+C,Jt%, VieR. (59)

Therefore, from (58), we conclude

y < lluy I
<| | awrte)e

< pJ]R3 Q(x)|ui’2dx+ pJIR3 Q(x

+CPJ Q
]R3

Based on the boundedness of {u, }, there is C, such that

)‘ui|6dx (60)

x)|uy, | dx.

y<pC, + CPJD@ Q(x)|uy | *dx. (61)

Selecting C, = y/2p, by (61), we have

J]R3 ’u |qu> 22 (62)

From (62) and the compactness of embedding E°L1(IR?)
for g € (2, 6), then we have

Jle |u }qu> 22 (63)

ie, u*#0. According to the weak semicontinuity of the
norm, we have

||ui||2+bJ |Vu|2de |Vut|*dx
R? R?

< lim inf (Iluj||2+bJ \Vun|2de \Vuﬂzdx).
n—oo R3 Rr3

(64)
By (58), (64), and Lemma 2, we have
o)) + bJ |Vu|2de ’Vuir lzdx < J Q(x)f (u*)u*dx,
R® R? R}
(65)
0. Then, there

ie, (I'(u),u* ><11m1nfnﬁoo<1'(un) =
exists (s, t,) such that s,u* +t,u” € 4. Suppose that s,

7
t, >0, then
2
llut | + bs’ (J |Vu+|2dx>
IR3
+ bsﬁJ Vu*\zdxj Vu |Pdx
]R3 ]R3
2
> Sf,||u+||2 +bst <J [Vu" | 2dx> (66)
IR3
2
+bsitiJ Vu'| zde Vu~| dx
]R3 ]R3
= J Q(x)f (s,u™)s,utdx.
]R3
From (65) and (66), we have
1 s u* ut
(_2_1>”u+”22j Q(x) f(u 2 _f( 2 (u+)4dx
Su R (s,u7)"  (u)
(67)

Similar to the discussion in Lemma 4, by (67), we obtain
< 1. Letting u=s,u* + t,u”. Then by G(x, t) > 0, we obtain

m<I(u)

= I(7) - i<1’(a), a>

1
=1 {llsuz['||2+||tuu_||2 +J Q(x)(f (s,u™)s,u*
]R3
- 4F(s,u"))dx] + %

j Q) (f(tyu )t u™ — AF (1,7 ))dx

S ZJ i — 4F(u))dx
< lim inf ( n),un>> =m.

(68)

(68) implies that s, =¢,=1. Then, u=wu and I(u) =
The proof is completed.

Lemma 7. Assume (F1)-(F4) hold, then u is a critical point of I.

Proof. Due to u € M, then I' (u)u* =1' (u)u™ = 0. By Lemma
4, for any (s, t) € (R*, R") and (s, ¢) # (1, 1), we have

I(su +tu”)<I(u" +u ) =m. (69)

Assume I' (1) # 0, then there exists 4 > 0 and 6 > 0 such
that [|I' (u)[|>u for every |u—v||<30 and u € E. Let D= (1 -
0,1+0)x(1-0,1+0) and ¢(s,t) 2su’ +tu, (s,t) €D,
where o = min {1/2, 8*/|lu[*}. Then, from Lemma 4, we have

m = Top<m. 70
= maxlop<m (70)



For S,y ={u€E: |lu-v|<20}, Lemma 6 in [2] shows
that there is a deformation # such that

() n(Lu)=uifu¢ I ([c—2¢e c+2e]) NSy
(i) 51, 1N S) C I
(iii) I(n(1,u)) <I(u) for all u € E.

We claim that

(13)331(31(’1(1’90(5) t)) <m. (71)

By Lemma 4 and (iii), we have I(¢(s, t)) <m<m +¢, i.e,
@(s, t) € I'"**. Moveover, from the definition of ¢(s, f), it fol-
lows that

(s, £) = ull < (s = 121 + (¢ = 12w | < ollul’ <62,
(72)

which implies that ¢(s, t) € S, for all (s, t) € D. So ¢(s, t)
€ I"** N Sy. Then by (ii), we can obtain that (71) holds.

Next, we will show that #(1, ¢(D)) N 4 + O.

Letting «(s, t) 2 7(1, ¢(s, 1)),

Yo(s t) 2 (<I'(su+ +tu), u+>, <I,(Su+ +tu), u_>)
2 (Y50, vy(s 1)),

By direct calculation, we get

2
:||u+||2+3b(J |Vu+|2dx>
(1) R®
+bJ |Vu+|2de \Vu |
R} R3

= | Q)
R3
2
:||u_||2+3b(J |Vu_|2dx>
(§8)) R’
+bJ \Vu*|2dxj |Vu~|?
R3 R3

dr— | Quof' () (w e

oy, (s, 1)
0s

0y, (s t)
ot

9y, (s, 1)

ot

oy, (s, 1)
os

:zbJ |Vu+|2dxj \Vu Pdx =
(1,1) R3 R3

(74)
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From (F4), we have

foranyt € R.

(e =3f(t)t>0,

2
dy, (s ) < 2b< J]Rs vu? dx) _, Jw Q)f (u" )u*dx,

Os

oy, (s 1)
ot

(1 <2b <JR IWde> - 2LR3 Q(x)f (u )u”dx.
(75)

Then,

>t _
(1) ‘ Ly < =2llut|? - ZbJ |Vu+|2de |Vu |2dx,
85 R3 R?

W, (s 1) (1)1)S—2||u_||2—2bJ |Vu+\2dxj Vi |*dx.
ot R? R?
(76)
Let
oy (st) Oyy(s1)
e 0s Os , (77)
oy (1) Oyy(s1)
ot ot

then det A > 0. Therefore, (1,1) is the unique isolated
zero point of ¥,. Then by degree theorem, we have that deg
(¥4, D, 0) = 1. From (70) and (i), we have x = ¢. Hence, deg
(¥,,D,0)=deg (¥,,D,0)=1. Then, there is (sy,t,) €D
such that ¥, (s,, t,) =0. Hence, 7(1, (sy, t5)) = ¥ (5o t) €
M, which is a contradiction with (71).

3. Proof of Theorem 3

Proof of Theorem 3. From Lemmas 6 and 7, there is a u € ./
such that I(u) = m and I' (1) = 0. Next, we will prove that u
has exactly two nodal domains.

By a contradiction, let u = u, + u, + s, u; # 0 and (I' (1)
,u;) =0(i=1,2,3), where

u 20, u,<0, Q;N0Q=0,

”3|qu124 =0,
Qy={x€Q:u,(x)<0}.

(78)

Q;:={x€Q:u(x)>0},

Letting v = u; + u,. Then v* =u;, v~ = u,, that is, v* £ 0.
By Lemmas 4 and 6, there exists a unique pair (s, ¢,) € (0,
1] x (0, 1] such that s,v* +t,v~ € #. Then,

I(sv" +tv7)=m. (79)
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Therefore, we have
0= (1
= ('6.m)
1 2
= —||u3||2 + é J |Vu3|2dx + EJ ‘Vu1|2dx
4 4\ 4 g
2
. J 2dx + QJ dx
IR3 4 ]R3
1

~1 J]R} Q(x)f (u3)usdx

Vu, Vu,

Vu, | zde

* (80)

b
<I(us) + ZJW

b
+ —
4JR3

On the other hand, we have

Vu1|2dxj
IR}

Vu3‘2dx

2

Vu,| dx.

Vu, | zde

R3

m<I(s,v"+1,v7)
1
=I(s v +tv7) - 1 <I'(svv+ +EY ), s,V + tvv’>
1 1
< gl + 3 el + | Q) (s,
]R3

~aF(s ) [ QU ()t - 4 (1))

< qhal+ 3| QI ~ 4F () e+ Ll
+ iJ]Rs Q(x)(f (uy)uy — 4F (uy))dx =1(uy + uy)
- ;1<I'(u1 +Uy), Uy + u2>

b
<I(uy) +1(uy) +1I(us) + —J \Vu1|2de |Vu, |*dx
2 Rr3 RrR3

b
+ —
2J]R3

N
(81)

which is impossible. Hence, u has two exactly two nodal
domains. The proof is completed.

Vi, [*dx

Vu, |2de
]R3

2

Vus| dx=1(u)=m,

Vu, | zde

IRS
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