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In this paper, we study the Kirchhoff-type equation: −ða + b
Ð
ℝ3 j∇uj2dxÞΔu +VðxÞu =QðxÞf ðuÞ, inℝ3, where a, b > 0, f ∈ C1ð

ℝ3,ℝÞ, and V ,Q ∈ C1ðℝ3,ℝ+Þ. VðxÞ and QðxÞ are vanishing at infinity. With the aid of the quantitative deformation lemma
and constraint variational method, we prove the existence of a sign-changing solution u to the above equation. Moreover, we
obtain that the sign-changing solution u has exactly two nodal domains. Our results can be seen as an improvement of the
previous literature.

1. Introduction

Consider the Kirchhoff-type equation

− a + b
ð
ℝ3

∇uj j2dx
� �

Δu +V xð Þu =Q xð Þf uð Þ, x ∈ℝ3,

ð1Þ

where a, b > 0, V ,Q : ℝ3 →ℝ+, and f : ℝ3 →ℝ are continu-
ous functions. Moreover, V and Q are vanishing at infinity.

Similar to [1], we say ðV ,QÞ ∈Q, if QðxÞ and VðxÞ satisfy
the following conditions:

(VQ1) VðxÞ, QðxÞ > 0 for any x ∈ℝ3 and Q ∈ L∞ðℝ3Þ
(VQ2) If fAngn ⊂ℝ3 is a sequence of Borel sets such that

their Lebesgue measures ∣An ∣ ≤R for all n ∈ℕ and some R
> 0, then

lim
r→∞

ð
An∩Bc

r 0ð Þ
Q xð Þ = 0 uniformly in n ∈ℕ: ð2Þ

And one of the below conditions holds:
(VQ3) Q/V ∈ L∞ðℝ3Þ or

(VQ4) there exists p ∈ ð2, 6Þ such that

Q xð Þ
V xð Þ 6−pð Þ/4 → 0 as xj j→ +∞: ð3Þ

Problem (1) is related to the following Kirchhoff equation

− a + b
ð
ℝ3

∇uj j2dx
� �

Δu +V xð Þu = f uð Þ, x ∈ℝ3: ð4Þ

Problem (4) is nonlocal due to the existence of
Ð
ℝ3

j∇uj2dx which causes some mathematical analysis difficulties
and makes problem (4) more interesting. The nonlocal oper-
ator

Ð
ℝ3 j∇uj2dx comes from the Dirichlet problem

− a + b
ð
Ω

∇uj j2dx
� �

Δu = f uð Þ, x ∈Ω,

u = 0, x ∈ ∂Ω,

8><
>: ð5Þ

where a, b > 0, Ω =ℝN or Ω ⊂ℝN is a bounded domain.
Equation (5) is related to the following stationary analogue
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of the Kirchhoff-type equation:

utt − a + b
ð
Ω

∇uj j2dx
� �

Δu = f x, uð Þ, ð6Þ

which was introduced by Kirchhoff [2] as generalization of
the famous D’Alembert wave equation

ρ
∂2u
∂t2

−
ρ0
h

+ E
2L

ðL
0

∂u
∂x

����
����
2
dx

 !
∂2u
∂x2

= f x, uð Þ ð7Þ

for free vibration of elastic strings.
After Lion [3] investigated problem (5) involving an

abstract framework, Kirchhoff-type equations have been
extensively researched by many scholars. Hence, numerous
interesting works to (5) or similar problems are obtained in
the last decades. Please see [4–7] and the references therein.

In particular, many scholars dedicated to searching sign-
changing solutions to (4) and similar problems. Indeed, they
obtained a lot of interesting results. For example, Li et al. [8]
investigated the sign-changing solution to the following
problem by using the constraint variational method

− a + b
ð
ℝ3

∇uj j2dx
� �

Δu + V xð Þu = f x, uð Þ, x ∈ℝ3: ð8Þ

They supposed that f ðx, tÞ satisfies the following
conditions:

(f1) f ðx, tÞ = oðtÞ as t→ 0 uniformly in x ∈ℝ3

(f2) f ðx, tÞ ∈ Cðℝ3 ×ℝ,ℝÞ and ∣f ðx, tÞ ∣ ≤cð∣t∣+jtjq−1Þ for
some q ∈ ½2, 2∗Þ, where c > 0 and 2∗ = 2N/ðN − 2Þ

(f3) f ðx, tÞ/t4 →∞ as t→∞ uniformly in x ∈ℝ3

(f4) f ðx, tÞ/t3 is an increasing function of t ∈ℝ \ f0g.
In [9], by using a similar main method and theorem,

Wang, Zhang, and Cheng proved that if V and f satisfy
(f1), (f3)-(f4) and

(V1) ∃a > 0 such that VðxÞ ≥ a > 0 for any x ∈ℝ3

(V2) lim∣x∣→+∞VðxÞ = V∞ ≔ supx∈ℝ3VðxÞ < +∞
(V3) there exist R0 > 0 and ρ : ðR0,∞Þ→ ð0,∞Þ is a non-

increasing function such that

lim
r→∞

ρ rð Þeδr =∞, ð9Þ

(f5) limt→∞ f ðtÞ/t5 = 0, then (4) has a sign-changing solu-
tion with two nodal domains. It is worth pointing out that
they considered the associated “limiting problem”

− a + b
ð
ℝ3

∣ ∇uj2dx
� �

Δu + V∞u = f uð Þ, inℝ3,

u ∈H1 ℝ3� �
,

8><
>:

ð10Þ

with the corresponding energy functional

J∞ uð Þ = 1
2

ð
ℝ3

a ∇uj j2 +V∞u2
� �

dx

+ b
4

ð
ℝ3

∇uj j2dx
� �2

−
ð
ℝ3

F uð Þdx:
ð11Þ

Moreover, they obtained c0 ≤ c + c∞, which is crucial to
show that Mb ≠∅. Where

c0 ≜ inf
Mb

J uð Þ,

c∞ ≜ inf
M∞

b

J∞ uð Þ,

N∞ ≜ u ∈H1 ℝ3� �
\ 0f g: J∞′ uð Þ, u

D E
= 0

n o
,

Mb ≜ u ∈H1 ℝ3� �
0f g: J ′ uð Þ, u+
D En

= J ′ uð Þ, u−
D E

= 0
o
,

J uð Þ = 1
2

ð
ℝ3

a ∇uj j2 +V xð Þu2� �
dx

+ b
4

ð
ℝ3

∇uj j2dx
� �2

−
ð
ℝ3

F uð Þdx:
ð12Þ

For more interesting results, see [10–14].
When a = 1, b = 0, (4) reduces to

−Δu +V xð Þu = f uð Þ, inℝ3: ð13Þ

Recently, (13) and similar problems have also been
received far-reaching research. For example, in [15], when
VðxÞ ≡ 0, f ðx, uÞ = f ðuÞ, Chen considered (13) on a bounded
domain Ω ⊂ℝN and obtained the sign-changing solution to
(13) under some sufficient hypothesis. Precisely, they
assumed that f ðx, tÞ satisfies the following conditions:

(A1) f ∈ CðΩ ×ℝÞ, Fðx, tÞ ≜ Ð t0 f ðx, sÞds ≥ 0 and f ðx, tÞ
= oð∣t ∣ Þ as ∣t ∣→ 0 uniformly in x ∈Ω

(A2) f ðx, tÞ =V∞ðxÞt + f1ðx, tÞ, V∞ ∈ CðΩÞ and f1ðx, tÞ
= oð∣t ∣ Þ as ∣t ∣→ +∞ uniformly in x ∈Ω

(A3) t↦ f ðx, tÞ/∣t ∣ is strictly increasing on ð−∞,0Þ ∪ ð
0,∞Þ for every x ∈Ω

(A4) ~Fðx, tÞ≔ ð1/2Þf ðx, tÞt − Fðx, tÞ→ +∞ as t→ +∞
uniformly in x ∈Ω

(A5) inf x∈ΩV∞ðxÞ > μ ≜ infu∈Π max fj∇u+j22, j∇u−j22g,
where

Π≔ u ∈H1
0 Ωð Þ: u± ≠ 0,

ð
Ω

u±
�� ��2dx = 1

� �
: ð14Þ

Besides, letting λ1 be the first eigenvalue of −Δ. Then by
(A5) and the definition of μ, they concluded λ ≤ μ <∞. By
using variational methods, Liu and Wang [16] obtained the
least energy nodal solution to (13) in ℝN , when VðxÞ = λVð
xÞ and N ≥ 3, where λ is a parameter. They discussed two
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situations, the most important of which is that a nodal solu-
tion to (13) can be found for any λ ∈ℝ+ under certain condi-
tions, thanks to assumptions.

(S1) Ω ≜ int ðV−1ð0ÞÞ ≠∅ and ∃Ω1, Ω2 ⊂Ω such that

�Ω1 ∩ �Ω2 =∅, ð15Þ

where Ω1 and Ω2 are bounded smooth domains.
(S2) lim

∣t∣→∞
f ðtÞ/t = L ∈ ½μ,+∞Þ,where μ =max fμ1, μ2g

and μi = inf fÐ
Ωi

j∇uj2dx : u ∈H1
0ðΩÞ, Ð

Ωi
u2dx = 1g, i = 1,

2.
It is worth noting that Liu and Wang [16] used the first

eigenfunction of ð−Δ,H1
0ðΩiÞÞ, i = 1, 2, when they showed

that the constraint set is nonempty. For researching on prob-
lem (4) under conditions similar to [16], see [13]. For more
relevant results, see [17–21] and the references therein.

In fact, not only the sign-changing solutions of
Kirchhoff-type equation has received widespread attention
but also other kinds of solutions. Particularly, many scholars
have investigated positive solutions, ground state solutions,
multiple solutions, etc., for the Kirchhoff equation. Please
see the literature [22–25]. Moreover, in recent years, there
are also a lot of works on the following Kirchhoff-Schr€o
dinger-Poisson systems

− a + b
ð
ℝ3

∇uj j2dx
� �

Δu + V xð Þu + ϕu = f x, uð Þ, x ∈ℝN ,

−Δϕ = u2, x ∈ℝN :

8><
>:

ð16Þ

Readers can refer to [26–32]. These results are also help-
ful for us to study (1), since (1) and (16) have a great
correlation.

Motivated by above-mentioned results, we will establish
the existence of sign-changing solution to (1). Throughout
this paper, we will make the following hypothesis about f :

(F1) limt→0 f ðtÞ/t3 = 0 if (VQ3) holds and limt→0 f ðtÞ/
jtjp−1 = 0 for some p ∈ ð4, 6Þ if (VQ4) holds

(F2) limt→∞ f ðtÞ/t6 = 0
(F3) limt→∞FðtÞ/t4 =∞, where FðtÞ = Ð t0 f ðsÞds
(F4) f ðtÞ/t3 is nondecreasing for ∣t ∣ >0.
Obviously, (F2)-(F3) are weaker than (f2)-(f3). In [9], the

authors assume that f satisfies (F1)-(F4), but they have more
other assumptions on V than this paper. This also makes the
problem challenging and more interesting. Moreover, our
hypothesis does not involve eigenvalue problems. Hence,
our results can be regarded as the improvement and comple-
mentary of [15, 16]. In the paper, we use a direct method to
obtain the sign-changing solution.

In this paper, we consider our problem on the following
space:

E ≜ u ∈D1,2 ℝ3� �
:
ð
ℝ3

V xð Þu2dx<∞
� �

ð17Þ

with the norm

∥u∥2 =
ð
ℝ3

a ∇uj j2 +V xð Þu2� �
dx: ð18Þ

Since ðV ,QÞ ∈Q, the embedding E↪LqQðℝ3Þ is compact
for some q ∈ ð2, 6Þ (see Lemma 1), where

LqQ ℝ3� �
= u : uismeasurableonℝ3and

ð
ℝ3

Q xð Þ uj jqdx<+∞
� �

ð19Þ

endowed with the norm

uk kQ =
ð
ℝ3

Q xð Þ uj jqdx
� �1/q

: ð20Þ

It is clear that ðE, k∙kÞ is a Banach space. Let j·jp be the
usual norm in Lpðℝ3Þ. Hence, the embedding E↪L6ðℝ3Þ is
continuous. Set

S6 = inf
u∈E,u≠0

∥u∥2Ð
ℝ3 u6dx

� �1/3 : ð21Þ

Similar to [1], we can prove the following lemmas.

Lemma 1. Let ðV ,QÞ ∈Q . If (VQ3) occurs, then the embed-
ding E°LqQðℝ3Þ is continuous and compact. If (VQ4) satisfies,

then the embedding E°LpQðℝ3Þ is continuous and compact.

Lemma 2. Assume that ðV ,QÞ ∈Q . If fung ⊂ E and un ⇀ u
in E , then

ð
ℝ3

Q xð ÞF unð Þdx→
ð
ℝ3

Q xð ÞF uð Þdx,
ð
ℝ3

Q xð Þf unð Þundx→
ð
ℝ3

Q xð Þf uð Þudx:
ð22Þ

Our main result is as follows.

Theorem 3. If ðV ,QÞ ∈Q and (F1)-(F4) hold, then problem
(4) has at least one least-energy sign-changing solution u ,
which has precisely two nodal domains.

Throughout this paper, C1, C2, ⋯ denote positive con-
stants possibly different in different places.

The rest of this paper is organized as follows: in Section 2,
some frameworks are demonstrated. In Section 3, the proof
of the main result is given.
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2. Preliminaries

It is no doubt that the weak solution for (1) corresponds to
the critical point of the energy functional

I uð Þ = 1
2 ∥u∥

2 + b
4

ð
ℝ3

∇uj j2dx
� �2

−
ð
ℝ3

Q xð ÞF uð Þdx:

ð23Þ

Meanwhile, I ∈ C1ðE,ℝÞ and we define

I ′ uð Þ, v
D E

=
ð
ℝ3

a∇u∇v + V xð Þuvð Þdx

+ b
ð
ℝ3

∇uj j2dx
ð
ℝ3

∇u∇vdx

−
ð
ℝ3

Q xð Þf uð Þvdx:

ð24Þ

And if u is a solution to (1) with u± ≠ 0, then u is called
the sign-changing solution of (1), where

u+ xð Þ =max u xð Þ, 0f g,
u− xð Þ =min u xð Þ, 0f g:

ð25Þ

Through a straightforward calculation, we obtain

I uð Þ = I u+ð Þ + I u−ð Þ + b
2

ð
ℝ3

∇u+j j2dx
ð
ℝ3

∇u−j j2dx,

I ′ uð Þ, u+
D E

= I ′ u+ð Þ, u+
D E

+ b
ð
ℝ3

∇u+j j2dx
ð
ℝ3

∇u−j j2dx,

I ′ uð Þ, u−
D E

= I ′ u−ð Þ, u−
D E

+ b
ð
ℝ3

∇u+j j2dx
ð
ℝ3

∇u−j j2dx:

ð26Þ

The only thing needed to obtain a sigh-changing solution
to (1) is to find a minimizer of the energy of I over the follow-
ing constraint:

M = u ∈H1 ℝ3� �
: u± ≠ 0, I ′ uð Þ, u+

D E
= I ′ uð Þ, u−
D E

= 0
n o

:

ð27Þ

For proving our result, we will adopt a regular process.
First, we need to obtain the existence of a unique pair ðsu,
tuÞ such that suu

+ + tuu
− ∈M and ðsu, tuÞ is the unique max-

imum point of Iðsu+ + tu−Þ. That is to prove the following
lemma.

Lemma 4. Let ðV ,QÞ ∈Q. Suppose that (F1)-(F4) hold, if
u ∈ E with u± ≠ 0, then there exists a unique pair ðsu, tuÞ of
positive numbers such that suu

+ + tuu
− ∈M and

I suu
+ + tuu

−ð Þ =max
s,t≥0

I su+ + tu−ð Þf g: ð28Þ

Proof. Set u ∈ E with u± ≠ 0. Letting

g s, tð Þ = I ′ su+ + tu−ð Þ, su+
D E

=
ð
ℝ3

a∇ su+ + tu−ð Þ∇ su+ð Þ + V xð Þ su+ + tu−ð Þsu+½ �dx

+ b
ð
ℝ3

∇ su+ + tu−ð Þj2dx
ð
ℝ3

∇ su+ + tu−ð Þ∇ su+ð Þdx
����

+ b
ð
ℝ3

����∇ su+ + tu−ð Þ 2dx
ð
ℝ3

∇ su+ + tu−ð Þ∇ su+ð Þdx
����

−
ð
ℝ3

Q xð Þf su+ + tu−ð Þsu+dx = s2∥u+∥2

+ bs4
ð
ℝ3

∣∇u+ ∣ 2dx
� �2

+ bs2t2
ð
ℝ3

∇u+ ∣ 2dx
��

�
ð
ℝ3

����∇u−j
2
dx −

ð
ℝ3

Q xð Þf su+ð Þsu+dx,

h s, tð Þ = I ′ su+ + tu−ð Þ, tu−
D E

=
ð
ℝ3

a∇ su+ + tu−ð Þ∇ tu−ð Þ + V xð Þ su+ + tu−ð Þtu−½ �dx

+ b
ð
ℝ3

∇ su+ + tu−ð Þj j2dx
ð
ℝ3

∇ su+ + tu−ð Þ∇ tu−ð Þdx

−
ð
ℝ3

Q xð Þf su+ + tu−ð Þtu−dx = t2∥u−∥2

+ bt4
ð
ℝ3

∇u−j j2dx
� �2

+ bs2t2
ð
ℝ3

∇u+j j2dx

�
ð
ℝ3

∇u−j j2dx −Q xð Þ
ð
ℝ3

f tu−ð Þtu−dx:

ð29Þ

First, we will show that there exists 0 < r < R such that

g r, tð Þ > 0, g R, tð Þ < 0, ∀t ∈ r, R½ � ð30Þ

h s, rð Þ > 0, h s, Rð Þ < 0, ∀s ∈ r, R½ �: ð31Þ
Case 1. If (VQ2) holds, from (F1)-(F2), for each ε > 0, there
exists a Cε > 0 such that

f tð Þt ≤ εt2 + Cε tj j6, ∀t ∈ℝ: ð32Þ

Then by Sobolev imbedding theorem, one has

h s, tð Þ ≥ t2∥u−∥2 + bt4
ð
ℝ3

∇u−j j2dx
� �2

+ bs2t2

�
ð
ℝ3

∇u+j j2dx
ð
ℝ3

∇u−j j2dx − ε
ð
ℝ3

Q xð Þ tu−j j2dx

− Cε

ð
ℝ3

Q xð Þ tu−j j6dx ≥ t2∥u−∥2 − C1εQ xð Þt2∥u−∥2

− Cεt
6
ð
ℝ3

Q xð Þ u−j j6dx ≥ 1 − C1ε∥QV
−1∥∞

� �
t2∥u−∥2

− C2S
−3
6 t6∥Q xð Þ∥∞∥u∥6:

ð33Þ
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Case 2. If (VQ4) holds, refer to the argument in [1], there
exists R, Cp > 0 such that

ð
Bc
R 0ð Þ

Q xð Þ uj jpdx ≤ ε
ð
Bc
R 0ð Þ

V xð Þu2 + u6
� �

dx, ∀u ∈ E, ε ∈ 0, Cp

� �
:

ð34Þ

Then by (F1)-(F2), we deduce that

h s, tð Þ ≥ t2∥u−∥2 − C3t
p
ð
ℝ3

Q xð Þ u−j jpdx

− C4t
6
ð
ℝ3

Q xð Þ u−ð Þ6dx:
ð35Þ

According to (34), (VQ1) and H€older inequality, we
obtain

h s, tð Þ ≥ t2∥u−∥2 − C4∥Q∥∞t6
ð
ℝ3

u−ð Þ6dx − C3εt
p

�
ð
Bc
R 0ð Þ

V xð Þ u−ð Þ2 + u−ð Þ6� �
dx − C3t

p∥Q∥6/6−p BR 0ð Þð Þ

�
ð
BR 0ð Þ

u−ð Þ6dx
 !p/6

≥ t2∥u−∥2 − C4t
6∥Q∥∞S−36 ∥u−∥6

− C3t
pε∥u−∥2 + C3S

−3
6 tpε∥u−∥6 + C3S

−p/2
6 ∥Q∥ 6/ 6−pð Þð Þ BR 0ð Þð Þ∥u−∥ptp:

ð36Þ

From the above discussion and p > 2, we can conclude
that there is t1 > 0 enough small such that

h s, tð Þ > 0 for t ∈ 0, t1ð Þ: ð37Þ

Due to u− ≠ 0, then ∃K > 0 such that

meas x ∈ℝ3, u− > K
	 


> 0: ð38Þ

Besides, it follows from (F3) that for all L > 0, there exists
M > 0 such that

f yð Þ
y3

≥ L, for any y ∈ M,∞ð Þ: ð39Þ

Hence, as t satisfies tK >M, we get

ð
ℝ3

Q xð Þf tu−ð Þtu−dx ≥
ð

u− xð Þ>Kf g
Q xð Þ f tu−ð Þ

tu−ð Þ3 tu−ð Þ4

≥ Lt4
ð

u− xð Þ>Kf g
Q xð Þ u−ð Þ4dx:

ð40Þ

Assume s ≤ t. We have

h s, tð Þ ≤ t2∥u−∥2 + bs2t2
ð
ℝ3

∇u+j j2dx
ð
ℝ3

∇u−j j2dx + bt4

�
ð
ℝ3

∇u−j j2dx
� �2

− Lt4
ð

u− xð Þ>Kf g
Q xð Þ u−ð Þ4dx

≤ t2∥u−∥2 + b
2 s

4
ð
ℝ3

∇u+j j2dx
� �2

+ b
2 t

4
ð
ℝ3

∇u−j j2dx
� �2

+ bt4
ð
ℝ3

∇u−j j2dx
� �2

− Lt4
ð

u− xð Þ>Kf g
Q xð Þ u−ð Þ4dx

≤ t2∥u−∥2 + 3b
2 t4

ð
ℝ3

∇u−j j2dx
� �2

+ b
2 t

4
ð
ℝ3

∇u+j j2dx
� �2

− Lt4
ð

u− xð Þ>Kf g
Q xð Þ u−ð Þ4dx:

ð41Þ

And once again, if t ≤ s, we have

g s, tð Þ ≥ ∥u+∥2 − C3t
p
ð
ℝ3

Q xð Þ u+j jpdx − C4t
6
ð
ℝ3

Q xð Þ u+ð Þ6dx,

ð42Þ

or

g s, tð Þ ≥ s2∥u+∥2 − C4s
6∥Q∥∞S−36 ∥u+∥6 − C3

� ε∥u+∥2 + S−36 ε∥u+∥6 + S−p/26 ∥Q∥ 6/ 6−pð Þð Þ BR 0ð Þð Þ∥u+∥p
� �

sp:

ð43Þ

And

g s, tð Þ ≤ s2∥u+∥2 + 3b
2 s4

ð
ℝ3

∇u+j j2dx
� �2

+ b
2 s

4
ð
ℝ3

∇u−j j2dx
� �2

− Ls4
ð

u+ xð Þ>Kf g
Q xð Þ u+ð Þ4dx:

ð44Þ

Obviously, we can take L large enough so that

L
ð

u± xð Þ>Kf g
Q xð Þ u±

� �4dx ≥ 3b
ð
ℝ3

∇u±
�� ��2dx� �2

+ b
ð
ℝ3

∇u∓
�� ��2dx� �2

:

ð45Þ

By (33), (34), and (41)–(45), we can deduce that (30) and
(31) hold. Then from the point of view of Maranda’s theorem
[2], there exists a pair ðsu, tuÞ of positive numbers such that

g su, tuð Þ = 0, h su, tuð Þ = 0, i:e:,suu+ + tuu
− ∈M: ð46Þ

Next, we will prove the uniqueness of ðsu, tuÞ.
Without loss of generality, the only thing we need to do is

to show that su which makes suu
+ + tuu

− ∈M is unique.
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Assume that there exists another pair ðsu1 , tuÞ such that su1
u+ + tuu

− ∈M. Let su1 < su, by the definition of M, we have

s2u∥u
+∥2 + bs4u

ð
ℝ3

∇u+j j2dx
� �2

+ bs2ut
2
u

ð
ℝ3

∇u+j j2dx

·
ð
ℝ3

∇u−j j2dx −
ð
ℝ3

Q xð Þf suu
+ð Þsuu+dx = 0,

ð47Þ

bs4u1

ð
ℝ3

∇u+j j2dx
� �2

+ bs2u1 t
2
u

ð
ℝ3

∇u+j j2dx
ð
ℝ3

∇u−j j2dx

+ s2u1∥u
+∥2 −

ð
ℝ3

Q xð Þf su1u
+� �
su1u

+dx = 0:

ð48Þ
Combining (47) and (48), we have

1
s2u

−
1
s2u1

 !
∥u+∥2 + bt2u

ð
ℝ3

∇u+j j2dx
ð
ℝ3

∇u−j j2dx
 �

=
ð
ℝ3

Q xð Þ f suu
+ð Þ

suu+ð Þ3 −
f su1u

+� �
su1u

+� �3
 !

u+ð Þ4dx:
ð49Þ

Thanks to (F4) and su1 < su, the right side of the above
equality is positive, which is a contradiction since the left is
negative. So su1 must be equal to su, that is, su is unique. Sim-
ilarly, we can show the uniqueness of tu. In short, the pair ð
su, tuÞ is unique.

Next, we prove that Iðsuu+ + tuu
−Þ =maxs,t≥0fIðsu+ + t

u−Þg.
Letting Wðs, tÞ = Iðsu+ + tu−Þ. It is obvious that W

attains the unique critical value at ðsu, tuÞ in ℝ+ ×ℝ+. From
(F3), we obtain

W s, tð Þ→ −∞ uniformly as ∣ s, tð Þ∣→∞, ð50Þ

which implies that a maximum point of W cannot be estab-
lished on the boundary of ℝ+ ×ℝ+. If we may assume that
ð~s, 0Þ is a maximum of W, for t small enough, we can easily
obtain that

Wt′ ~s, tð Þ = I ~su+ + tu−ð Þð Þt′

¼ t∥u−∥2 + t3
ð
ℝ3

∣∇u− ∣ 2dx
� �2

þ~s2t
ð
ℝ3

∇u+ ∣ 2dx
ð
ℝ3

����
����∇u−

����
2
dx

−
ð
ℝ3

Q xð Þf tu−ð Þu−dx > 0:

ð51Þ

Then for t small enough,Wð~s, tÞ is an increasing function
with respect to t. Hence, according to our discussion, the pair
ð~s, 0Þ is not a maximum point of W in ℝ+ ×ℝ+.

Remark 5. For proving the uniqueness of the pair ðsu, tuÞ, we
can also discuss it in two situations. Case 1. u ∈M. We need

to show that su = tu = 1. The process of proving in Case 1
shall be similar to the proof in Lemma 4. Case 2. u ∉M. By
Lemma 4, there exists a pair of positive numbers ðsu, tuÞ such
that suu

+ + tuu
− ∈M when u ∉M. Assume that there exists

another pair ðsu′ , tu′Þ such that su′u+ + tu′u− ∈M. Set v ≜ suu
+

+ tuu
− and v′ ≜ su′u+ + tu′u−. Then, we have

su′
su
v+ + tu′

tu
v− = su′u+ + tu′u− = v′ ∈M, ð52Þ

which implies su = su′ and tu = tu′. Since v′ = v ∈M and by
Case 1, we consider the minimization problem

m ≜ inf I uð Þ: u ∈Mf g: ð53Þ

Lemma 6. Assume that (F1)-(F4) hold and ðV ,QÞ ∈Q , then
m is achieved.

Proof. Step 1. m > 0.
For each u ∈M, we have hI ′ðuÞ, ui = 0. From (33) and

(36), we derive that

∥u∥2 ≤ ε∥QV−1∥∞∥u∥2 + S−36 Cε∥Q∥∞∥u∥6 ð54Þ

or

∥u∥2 ≤ C3 ε∥u∥2 + S−36 ε∥u∥6 + S−p/26 ∥Q∥ 6/ 6−pð Þð Þ BR 0ð Þð Þ∥u∥p
� �

+ C4∥Q∥∞S−36 ∥u∥6:
ð55Þ

Choosing ε =min f1/2C3, 1/2∥QV−1∥∞g. It is easy to
verify that there exists δ > 0 such that ∥u∥2 > δ. According
to (F4), we have

G x, tð Þ ≜
ð
ℝ3

Q xð Þ f tð Þ − 4F tð Þ½ �dx ≥ 0, for all x ∈ℝ3, t ∈ℝ:

ð56Þ

Then,

I uð Þ = I uð Þ − 1
4 I ′ uð Þ, u
D E

≥
1
4 ∥u∥

2 + 1
4G x, uð Þ > 0, ð57Þ

i.e., m ≥ ð1/4Þδ > 0.
Step 2. m is achieved.
Let fung ⊂M such that IðunÞ→m. Then, fung is

bounded in E. Consequently, there exist u such that un ⇀ u
in E. Due to fung ∈M, then hI ′ðunÞ, u±ni = 0. That is

∥u±n∥
2 + b

ð
ℝ3

∇u±n
�� ��2dx� �2

−
ð
ℝ3

Q xð Þf u±n
� �

u±ndx = 0:

ð58Þ

Similar to (57), we can find a γ > 0 such that ∥u±n∥>γ > 0
for any n ∈ℕ+. Moveover, according to (F1)-(F2), for every

6 Advances in Mathematical Physics



ρ > 0, there is cρ such that

f tð Þt ≤ ρt2 + ρ tj j6 + Cρ tj jq, ∀t ∈ℝ: ð59Þ

Therefore, from (58), we conclude

γ ≤ ∥u±n∥
2

<
ð
ℝ3

Q xð Þf u±n
� �

u±n

≤ ρ
ð
ℝ3

Q xð Þ u±n
�� ��2dx + ρ

ð
ℝ3

Q xð Þ u±n
�� ��6dx

+ Cρ

ð
ℝ3

Q xð Þ u±n
�� ��qdx:

ð60Þ

Based on the boundedness of fung, there is C7 such that

γ ≤ ρC7 + Cρ

ð
ℝ3

Q xð Þ u±n
�� ��qdx: ð61Þ

Selecting C7 = γ/2ρ, by (61), we have

ð
ℝ3

Q xð Þ u±n
�� ��qdx ≥ γ

2Cρ

: ð62Þ

From (62) and the compactness of embedding E°Lqðℝ3Þ
for q ∈ ð2, 6Þ, then we have

ð
ℝ3

Q xð Þ u±�� ��qdx ≥ γ

2Cρ

, ð63Þ

i.e., u± ≠ 0. According to the weak semicontinuity of the
norm, we have

∥u±∥2 + b
ð
ℝ3

∇uj j2dx
ð
ℝ3

∇u±
�� ��2dx

≤ lim
n→∞

inf ∥u±n∥
2 + b

ð
ℝ3

∇unj j2dx
ð
ℝ3

∇u±n
�� ��2dx� �

:

ð64Þ

By (58), (64), and Lemma 2, we have

∥u±∥2 + b
ð
ℝ3

∇uj j2dx
ð
ℝ3

∇u±
�� ��2dx ≤ ð

ℝ3
Q xð Þf u±

� �
u±dx,

ð65Þ

i.e., hI ′ðuÞ, u±i ≤ liminfn→∞hI ′ðunÞ, u±ni = 0: Then, there
exists ðsu, tuÞ such that suu

+ + tuu
− ∈M. Suppose that su ≥

tu > 0, then

s2u∥u
+∥2 + bs4u

ð
ℝ3

∇u+j j2dx
� �2

þ bs4u

ð
ℝ3

∇u+j2dx
ð
ℝ3

����
����∇u− 2dx

��
≥ s2u∥u

+∥2 + bs4u

ð
ℝ3

∣∇u+ ∣ 2dx
� �2

þbs2ut
2
u

ð
ℝ3

∇u+ ∣ 2dx
ð
ℝ3

����
����∇u−

����
2
dx

=
ð
ℝ3

Q xð Þf suu+ð Þsuu+dx:

ð66Þ

From (65) and (66), we have

1
s2u

− 1
� �

∥u+∥2 ≥
ð
ℝ3

Q xð Þ f suu
+ð Þ

suu+ð Þ3 −
f u+ð Þ
u+ð Þ3

 !
u+ð Þ4dx:

ð67Þ

Similar to the discussion in Lemma 4, by (67), we obtain
su ≤ 1. Letting �u = suu

+ + tuu
−. Then by Gðx, tÞ ≥ 0, we obtain

m ≤ I �uð Þ = I �uð Þ − 1
4 I ′ �uð Þ, �u
D E

= 1
4 ∥suu

+∥2+∥tuu−∥2 +
ð
ℝ3

Q xð Þ f suu
+ð Þsuu+ð



− 4F suu
+ð ÞÞdx� + 1

4
�
ð
ℝ3

Q xð Þ f tuu
−ð Þtuu− − 4F tuu

−ð Þð Þdx

≤
1
4 ∥u∥

2 + 1
4

ð
ℝ3

Q xð Þ f uð Þu − 4F uð Þð Þdx

≤ lim
n→∞

inf I unð Þ − 1
4 I ′ unð Þ, un
D E� �

=m:

ð68Þ

(68) implies that su = tu = 1. Then, �u = u and IðuÞ =m.
The proof is completed.

Lemma 7. Assume (F1)-(F4) hold, then u is a critical point of I.

Proof. Due to u ∈M, then I ′ðuÞu+ = I ′ðuÞu− = 0. By Lemma
4, for any ðs, tÞ ∈ ðℝ+,ℝ+Þ and ðs, tÞ ≠ ð1, 1Þ, we have

I su+ + tu−ð Þ < I u+ + u−ð Þ =m: ð69Þ

Assume I ′ðuÞ ≠ 0, then there exists μ > 0 and θ > 0 such
that ∥I ′ðuÞ∥≥μ for every ∥u − v∥≤3θ and u ∈ E. Let D = ð1 −
σ, 1 + σÞ × ð1 − σ, 1 + σÞ and φðs, tÞ ≜ su+ + tu−, ðs, tÞ ∈D,
where σ =min f1/2, θ2/∥u∥2g. Then, from Lemma 4, we have

�m ≜max
∂D

I ∘ φ <m: ð70Þ
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For S2θ = fu ∈ E : ∥u − v∥≤2θg, Lemma 6 in [2] shows
that there is a deformation η such that

(i) ηð1, uÞ = u if u ∉ I−1ð½c − 2ε, c + 2ε�Þ ∩ S2θ

(ii) ηð1, Ic+ε ∩ SÞ ⊂ Ic−ε

(iii) Iðηð1, uÞÞ ≤ IðuÞ for all u ∈ E.
We claim that

max
s,tð Þ∈�D

I η 1, φ s, tð Þð Þð Þ <m: ð71Þ

By Lemma 4 and (iii), we have Iðφðs, tÞÞ ≤m <m + ε, i.e.,
φðs, tÞ ∈ Im+ε. Moveover, from the definition of φðs, tÞ, it fol-
lows that

∥φ s, tð Þ − u∥2 ≤ s − 1ð Þ2∥u+∥2 + t − 1ð Þ2∥u−∥2 ≤ σ∥u∥2 ≤ θ2,
ð72Þ

which implies that φðs, tÞ ∈ Sθ for all ðs, tÞ ∈ �D. So φðs, tÞ
∈ Im+ε ∩ Sθ. Then by (ii), we can obtain that (71) holds.

Next, we will show that ηð1, φðDÞÞ ∩M ≠∅.
Letting κðs, tÞ ≜ ηð1, φðs, tÞÞ,

Ψ0 s, tð Þ ≜ I ′ su+ + tu−ð Þ, u+
D E

, I ′ su+ + tu−ð Þ, u−
D E� �

≜ ψ1 s, tð Þ, ψ2 s, tð Þð Þ,

Ψ1 s, tð Þ ≜ 1
s

I ′ κ s, tð Þð Þ, κ+ s, tð Þ
D E

, 1
t

I ′ κ s, tð Þð Þ, κ− s, tð Þ
D E� �

:

ð73Þ

By direct calculation, we get

∂ψ1 s, tð Þ
∂s

����
1,1ð Þ

= u+k k2 + 3b
ð
R3

∇u+j j2dx
� �2

+ b
ð
R3

∇u+j j2dx
ð
R3

∇u�j j2

� dx �
ð
R3
Q xð Þf ′ u+ð Þ u+ð Þ2dx,

∂ψ2 s, tð Þ
∂t

����
1,1ð Þ

= u�k k2 + 3b
ð
R3

∇u�j j2dx
� �2

+ b
ð
R3

∇u+j j2dx
ð
R3

∇u�j j2

� dx �
ð
R3
Q xð Þf ′ u�ð Þ u�ð Þ2dx,

∂ψ1 s, tð Þ
∂t

����
1,1ð Þ

= 2b
ð
R3

∇u+j j2dx
ð
R3

∇u�j j2dx = ∂ψ2 s, tð Þ
∂s

:

ð74Þ

From (F4), we have

f ′ tð Þt2 − 3f tð Þt > 0, for any t ∈ℝ:

∂ψ1 s, tð Þ
∂s 1,1ð Þ

��� < 2b
ð
ℝ3

∇u+j j2dx
� �2

− 2
ð
ℝ3

Q xð Þf u+ð Þu+dx,

∂ψ2 s, tð Þ
∂t 1,1ð Þ

��� < 2b
ð
ℝ3

∇u−j j2dx
� �2

− 2
ð
ℝ3

Q xð Þf u−ð Þu−dx:

ð75Þ

Then,

∂ψ1 s, tð Þ
∂s 1,1ð Þ

��� ≤ −2∥u+∥2 − 2b
ð
ℝ3

∇u+j j2dx
ð
ℝ3

∇u−j j2dx,

∂ψ2 s, tð Þ
∂t 1,1ð Þ

��� ≤ −2∥u−∥2 − 2b
ð
ℝ3

∇u+j j2dx
ð
ℝ3

∇u−j j2dx:

ð76Þ

Let

A ≜

∂ψ1 s, tð Þ
∂s

∂ψ2 s, tð Þ
∂s

∂ψ1 s, tð Þ
∂t

∂ψ2 s, tð Þ
∂t

2
664

3
775, ð77Þ

then det A > 0. Therefore, ð1, 1Þ is the unique isolated
zero point of Ψ0. Then by degree theorem, we have that deg
ðΨ0,D, 0Þ = 1. From (70) and (i), we have κ = φ. Hence, deg
ðΨ1,D, 0Þ = deg ðΨ0,D, 0Þ = 1. Then, there is ðs0, t0Þ ∈D
such that Ψ1ðs0, t0Þ = 0. Hence, ηð1, φðs0, t0ÞÞ =Ψðs0, t0Þ ∈
M, which is a contradiction with (71).

3. Proof of Theorem 3

Proof of Theorem 3. From Lemmas 6 and 7, there is a u ∈M
such that IðuÞ =m and I ′ðuÞ = 0. Next, we will prove that u
has exactly two nodal domains.

By a contradiction, let u = u1 + u2 + u3, ui ≠ 0 and hI ′ðuÞ
, uii = 0ði = 1, 2, 3Þ, where

u1 ≥ 0, u2 ≤ 0, Ω3 ∩Ω4 =∅, u3jΩ3∪Ω4
= 0,

Ω3 ≔ x ∈Ω : u1 xð Þ > 0f g, Ω4 ≔ x ∈Ω : u2 xð Þ < 0f g:
ð78Þ

Letting v = u1 + u2. Then v+ = u1, v
− = u2, that is, v

± ≠ 0.
By Lemmas 4 and 6, there exists a unique pair ðsv, tvÞ ∈ ð0,
1� × ð0, 1� such that svv

+ + tvv
− ∈M. Then,

I svv
+ + tvv

−ð Þ ≥m: ð79Þ
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Therefore, we have

0 = 1
4 I ′ uð Þ, u3
D E

= 1
4 ∥u3∥

2 + b
4

ð
ℝ3

∇u3j j2dx
� �2

+ b
4

ð
ℝ3

∇u1j2dx
��

�
ð
ℝ3

����∇u3 2dx + b
4

ð
ℝ3

∇u2 ∣
2dx
ð
ℝ3

����
����∇u3

����
����
2
dx

−
1
4

ð
ℝ3

Q xð Þf u3ð Þu3dx

< I u3ð Þ + b
4

ð
ℝ3

∇u1j2dx
ð
ℝ3

����
����∇u3 2dx

��
+ b
4

ð
ℝ3

∇u2 ∣
2dx
ð
ℝ3

����
����∇u3

����
2
dx:

ð80Þ

On the other hand, we have

m ≤ I svv
+ + tvv

−ð Þ
= I svv

+ + tvv
−ð Þ − 1

4 I ′ svv+ + tvv
−ð Þ, svv+ + tvv

−
D E

≤
1
4 s

2
v∥u1∥

2 + 1
4 t

2
v∥u2∥

2 + 1
4

ð
ℝ3

Q xð Þ f svu1ð Þsvu1ð

− 4F svu1ð ÞÞdx + 1
4

ð
ℝ3

Q xð Þ f tvu2ð Þtvu2 − 4F tvu2ð Þð Þdx

≤
1
4 ∥u1∥

2 + 1
4

ð
ℝ3

Q xð Þ f u1ð Þu1 − 4F u1ð Þð Þdx + 1
4 ∥u2∥

2

+ 1
4

ð
ℝ3

Q xð Þ f u2ð Þu2 − 4F u2ð Þð Þdx = I u1 + u2ð Þ

−
1
4 I ′ u1 + u2ð Þ, u1 + u2
D E

≤ I u1ð Þ + I u2ð Þ + I u3ð Þ + b
2

ð
ℝ3

∇u1j j2dx
ð
ℝ3

∇u2j j2dx

+ b
2

ð
ℝ3

∇u1j2dx
ð
ℝ3

����
����∇u3 2dx

��
+ b
2

ð
ℝ3

∇u2 ∣
2dx
ð
ℝ3

����
����∇u3

����
2
dx = I uð Þ =m,

ð81Þ

which is impossible. Hence, u has two exactly two nodal
domains. The proof is completed.
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