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In this paper, the motion of a rigid body in a singular case of the natural frequency (w = 1/3) is considered. This case of singularity
appears in the previous works due to the existence of the term [w? — (1/9)] in the denominator of the obtained solutions. For this
reason, we solve the problem from the beginning. We assume that the body rotates about its fixed point in a Newtonian force field
and construct the equations of the motion for this case when w = 1/3. We use a new procedure for solving this problem from the
beginning using a large parameter ¢ that depends on a sufficiently small angular velocity component r,,. Applying this procedure, we
derive the periodic solutions of the problem and investigate the geometric interpretation of motion. The obtained analytical
solutions graphically are presented using programmed data. Using the fourth-order Runge-Kutta method, we find the numerical

solutions for this case aimed at determining the errors between both obtained solutions.

1. Introduction

In [1], the problem of the motion of a fast coherent body
around a fixed point under the influence of a Newtonian field
of attraction at the value w = 1/3 of the natural frequency was
studied. This anomaly appeared in [2] and is specialized in
various bodies classified according to the inertia. Using the
Poincare small-parameter method [3], periodic solutions—-
with basic zero amplitudes—of the semilinear independent
system were obtained in the form of power series expansions
up to the third approximation containing assumed small
parameters. In [4], Poincare’s method that depends on a
small parameter assumed to be inversely proportional to a
high angular velocity component r,, is studied. Some impor-
tant other analytical and numerical solutions besides practi-
cal applications are presented in [5, 6].

In our problem, we assume a slowly rotating body with
low angular velocity r,, so we cannot use the small-
parameter technique. We must look for another technique
to solve the considered problem under the new initial condi-
tions of the motion. We assume a large parameter ¢ directly
proportional to 1/r, [7]. Therefore, we qualify the large-

parameter method [8] to solve the presented problem under
the new initial conditions for the motion. The equations of
motion and their reduction are derived to describe the behav-
ior of the body at any instant in time. The first integrals of the
motion are obtained. Achieving a large parameter depends
on the properties of the motion, and the periodic solutions
are obtained in a new domain using the large-parameter
technique. The geometric interpretation of the motion is
illustrated to describe Euler’s angles in a new domain
depending on the time, the angular velocity, and the large
parameter. Gyroscopic motions are considered for some
values of moments of inertia. Many applications are given.

2. The Considered Problem

The semilinear system of equations of motions is obtained in
suitable symbols in [7] as follows:

9, +py - 9872F(P2’1.72’ V2 V2 €) =0,
V2tys- 572¢(P2’1.’2’ Vo V2 €) =0,
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TaBLE 1: The analytical solutions when w = 1/3.
t P Ji X, Y,
0 1.154701 3.179794 6.67E — 01 2.13E-11
10 1.544112 2.576352 5.72E -01 -1.86373
20 1.866479 9.95E - 01 4.53E-01 -3.02009
30 2.107803 -9.64E - 01 3.15E-01 -3.03018
40 2.257608 -2.55702 1.62E - 01 -1.89017
50 2.309387 -3.17963 2.64E - 03 -3.28E-02
60 2.260894 -2.59541 -1.57E-01 1.837096
70 2.114234 -1.02612 -3.10E - 01 3.009679
80 1.875774 9.33E-01 —-4.49E - 01 3.039946
90 1.555868 2.537413 -5.69E - 01 1.916409
100 1.168407 3.179119 —6.64E - 01 6.55E — 02
110 7.30E - 01 2.614198 -7.30E - 01 -1.81027
120  2.60E-01 1.057064 -7.65E - 01 -2.99895
130 -2.21E-01 -9.01E-01 -7.66E-01 -3.04939
140 -6.92E-01 -2.51754 -7.34E-01 -1.94245
150 -1.13404 -3.17828 -6.71E-01 -9.82E-02
160 -1.52634 -2.63271 —-5.78E - 01 1.783242
170 -1.85237 -1.0879 -4.60E - 01 2.987903
180  -2.09797 870E—01 -322E-01 3058513
190 -2.25248 2.497397 -1.70E - 01 1.968273
200 -2.30918 3.177095 —1.06E - 02 1.31E-01
210 -2.26562 2.650935 1.49E - 01 -1.75603
220 -2.12369 1.118617 3.02E-01 -2.97654
230 -1.88955 -8.38E - 01 443E-01 -3.06731
240 -1.57337 -2.47699 5.64E - 01 -1.99389
250 -1.18886 -3.17558 6.60E - 01 -1.64E - 01
260 —7.53E-01 -2.66888 7.28E -01 1.72863
270 —2.84E-01 -1.14922 7.64E - 01 2.964859
280 1.97E - 01 8.07E-01 7.67E - 01 3.075783
290 6.70E - 01 2.45632 7.37E - 01 2.019302
300 1.113256 3.173723 6.74E - 01 1.96E - 01
where
pa=0(0y)s  (P2Y2)s %’ T= %’
I
F=F2+5*1F3+...,(F¢),e=c :/0 , 0<yo”<1,

0

0) -(0 0) .(0
F(r) = (03" 51 78 ) = B (Fg), (k=2,3).

The symbols like (ab) denote the canceled equations; c is

a constant.

(2)
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F1GURE 1: The analytical solution P against the time .
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F1GURE 2: The analytical solution J against the time ¢.
The following first integral is deduced as [9]

n-2 .2 1 ' 2
0 TYyH26 (Vpy, +VipyY, +5y) tE

.2 . _ . . 05)/ N _
: [Vlzpz - 2)’2Al1 (‘31)’2 TPyt TZH _)’(’)“ !
1

yi=1-y

+ VzP% +5§1 + (285, ‘511)] + 873("')’

(3)
where

0 0 0) .(0 0) .(0 ..
0= (A AT050) Gim12. (@

v, v, Ay, e, y,', and a are constants depending on the
rigid body parameters.

Applying the method of the large parameter [8], we
obtain periodic solutions—with basic zero amplitudes—of
the semilinear independent system in the form of power
series expansions until the second approximation. On the
use of a hypothetical large parameter, we achieve the periodic
solutions in the following form:

p=c\/y, {(M; cos 0.337 + M, sin 0.337)

+& ' (x + ¢ cos 0.337 + m, sin 0.337 + y, M5 cos 7)

7
+e? Z(Rl,- cos 0.33i7 + R, sin 0.33i-r>+~~~}, i#6,
i=0
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TaABLE 2: The numerical solutions when w = 1/3.

t P ] X, Y,

0 1.154701 3.179794 6.67E-01  2.13E-11
10 1.544319 2.576409 573E-01  -1.863584
20 1.866884 9.95E-01  4.54E-01  -3.019916
30 2108389  —-9.63E-01  3.15E—-01  -3.030202
40 2.258349 2556521  1.62E—01  -1.890568
50 2.310252 3179412 281E-03  —3.35E—02
60 2.261844 2595745  —1.57E-01 1.8362
70 2.115229 -1.027045  -3.10E-01 3.00906
80 1.876771 931E-01 -4.49E-01  3.039994
90 1.556824 2536283  —-5.69E—01  1.917292
100 1.169281 3178677  —6.64E—01  6.70E — 02
110 7.31E-01 2.61479 -731E-01  -1.808615
120 2.61E-01 1058642  -7.65E—01  -2.997872
130 —220E-01 -899E—01 —7.67E—01  -3.049446
140 -6.92E-01  -2515767  —7.35E—-01  -1.943798
150 -1.13402 3177588  —6.71E—01 —1.01E—-01
160  -1.52653 2633542  -5.78E—-01  1.780833
170 -1.85276 -1.090117  —4.60E-01 2986351
180  -2.09855 867E—01 -322E-01  3.058559
190 -2.25321 2494973  —-1.70E-01  1.970085
200 -2.31004 3176146  —1.07E-02  1.34E-01
210 -2.26657 2.651998 149E-01  -1752857
220 -2.12469 1.121468 3.02E - 01 -2.9745
230  -1.89055  —8.35E—01  4.43E-01 -3.06733
240 -1.57433 2473905  5.64E-01  -1.996149
250  -1.18975 3174351  6.60E—01  —1.67E—01
260 -7.54E-01 2670157  7.28E-01 1.724689
270 -2.85E-01  -1.152689  7.64E—01 2.96232
280 197E-01  8.02E-01  7.67E—-01 3.075759
290  6.70E-01 2452564 7.37E - 01 2.021988
300 1.113222 3.172203 6.75E—01  2.01E—01

q=c\/y,''{0.33A7" (M, sin 0.337 — M, cos 0.337)
+ A {y(’)u’l + x,M; sin 7 - 0.33(€, sin 0.337 + m, cos 0.331’)}

7
+e? Z (Rzi cos 0.33iT + RZ’,- sin 0.33i‘r> +eee b, 0F6,
i=0

7
r= ”0{1 +0.5E%72 {Z (R3I cos 0.33iT + R;i sin 0.33iT) + R4 cOS 2T

i=0

}+~-}, i#1,

y= yg{M3 cos 7+ & 'a[M, cos 0.337 + M, sin 0.337) — M cos 7

6
+e? {Z <R4,- cos 0.337 + Rii sin 0‘331) + Ry9 cos 31

i=0

}} 42,0

y' = y{,’{fM3 sin T — £7'a[0.5v, (M, sin 0.337 — M, cos 0.337) — aM, sin 1|

i=0

6
+e? [Z (RS,- cos 0.33it + R;[ sin 0.33ir) + Rsq sin 37} +~~-}, i#2,4,
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FIGURE 3: The numerical solution P against the time ¢.
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FIGURE 4: The numerical solution J against the time ¢.

Y" =yo{1+& " M;E[acos 8 +0.5(0.33bA;" - a) cos (8 +0.667)
-0.5(0.33bA;" +a) cos (8 - 1.257)]

4

+e? {Z (Rﬁi cos 0.33iT + Réi sin 0.33i‘r> + Ry cOS 2T:| +-~}, i#1,
i=0

(5)

where M, M,, M, are the basic amplitudes of the initial solu-

tions of p,, p,, y,, respectively, £,, m, are the deviations of the
amplitudes of the solutions p,, p, from their basic amplitudes,
E=(M?+M,>?)"?, 8 =tan"}(M,/M,), and ¢, ¥, X,» X,» and
R;; are constants that depend on the rigid body parameter
and are determined with correspondence by the system (1).

3. Geometric Interpretation of Motion

In this section, we describe the motion by Euler’s angles 0, v,
and ¢ which are determined from the obtained periodic solu-
tions (5). Since the initial system of (1) does not depend
explicitly on time, then the periodic solutions are still so if ¢
is replaced by (f + t,) where £, is an arbitrary interval of time
[10]. Let t = t, be the initial instant of time, and substituting
the periodic solutions (5) into Euler’s angles, we get [11]

@y — 0.5 =71yty+---, tan Oy = Mj,

0 -6, =c"E[0,(t+1y) —0,(t,)] — &> cos B, sin”'6,
(65t + 1) = 6, (tg) ]+

¥ -y, =MgeC'ry ! sin”16,(0.5x, + v, cos’6, sin ')

+0.5¢7 1o sin” Oy [y, ( +to) =y, (£o)]
+&721 cos Oy sin 0y [y, (£ + o) — v, (to)]+++,



Advances in Mathematical Physics

P-axis

0 100

—e—

200 300

t-axis

FiGURE 5: The analytical and numerical solutions P against the time ¢.

P-9p= {ro - 0.5y, MgeC'r,”" <yo" sin "', +aEry "¢ cos 84/ yo">
+0.5MgeC E*Rypy," = vir /v, [ro +acE cos 8sin0y/\/y,"’

+ MgEC’er’lRGOyO”} ~ 0.17EMgeC™\ [y, '[0.5(0.33bA" - a)

. (R;Z cos 8 + R, sin 6) - (0.33bA}" +a) (R;‘1 cos 8 — Ry, sin 6)} }t

+0.56\ [y, [0, (t+ 1) = 9, ()] + €2yt + t0) — @3ty )
(6)

where the functions 0, 0,, 05, ¥, ¥,, 91, ,, v, V5 and the
constants R;; R;‘ are determined from the correspondence
with the system (1) and (5).

4. Numerical and Analytical Solutions of the
Slow Spinning Motion of a Body When w = 1/3

In this section, we will program the analytical solutions to the
problem mentioned above and represent these solutions
graphically. Also, the numerical solutions of the system of
semilinear differential equations are considered and will be
inferred by the Runge-Kutta method [12] of the fourth rank.
The obtained results are represented graphically under the
same conditions. In the end, we have done comparing
analytical solutions with numerical ones through common
graphical representations. We will denote p,,y, by P,J,
respectively, and their derivatives to time by the symbols
X, =dP/dt, Y, =d]/dt.

4.1. The Analytical Solutions. Let us introduce the variables [13]:

p=c Yo”PpY:Yo”Vv (7)

then, using (7) and (5), we get

p, =M, cos 0.337 + M, sin 0.337 + &'

- (x +¢; cos 0.337 +m, sin 0.337 + x, M; cos )

7
w2y (Rh. cos 0.33i7 + R, sin 0.331'1) T
i=0

¥y, =M, cos 7+ & a(M, cos 0.337 + M, sin 0.337 — M cos T)

6
+e? [Z <R4i cos 0.33it + Rii sin 0.331'1") + R,y cos 31} e,

(8)

thus, the analytical solutions p,,y, are achieved using a
computer program (see Table 1). These solutions appear in
the form of numerical values dependent on time and the param-
eters of the coherent body. Assume the following data of the
parameters of the slow spinning gyro obtained for this problem:

A=24,

B=2.4,

C=3.2,

x,=0.0,
¥, =0.0,

zy,=3.0, ®)
Yo =0.3,

A=0.5,

7o = 0.000005,

T =18787751.42E - 6.

We obtain the following graphical representations of the
analytical solutions (see Figures 1 and 2).

4.2. The Numerical Solutions. Using the semilinear system
(1), using the same data (9) and the initial values for the
analytical solutions, and then applying the fourth-order
Runge-Kutta method through another program, we get the
numerical solutions as in Table 2, while the representations
of their graphs are shown (see Figures 3 and 4).

To verify the accuracy of the analytical solutions
and numerical ones, we compare them graphically (see
Figures 5 and 6).

This comparison showed that the deviations between
analytical and numerical solutions are very small and can
be neglected, and this confirms the accuracy of analytical
large-parameter technique and numerical one.



Advances in Mathematical Physics

A
: vmvmv

t-axis

J-axis

00

——

FIGURE 6: The analytical and numerical solutions ] against the
time ¢.

From the figures, we deduce that the periodicity of the
solution J is faster than that for the solution P. Moreover,
the amplitude for solution ] is larger than that for the
solution P.

5. Result and Discussion

The analytical and numerical solutions, their derivatives, and
the comparisons between them are given in Tables 1 and 2
and Figures 1-6 which lead us to the following analysis and
discussion. Solution P rotates slowly, but solution ] rotates
fastly. The amplitude of P is between (-3,3) while the
amplitude of J is between (—4, 4); that is, the amplitude of |
is larger than that for P.

6. Conclusions

We conclude that the equations of motion for a singular case
excluded from the previous works [14] are obtained and
reduced to a semilinear system of the second order of two
variables. New initial conditions of the motion are assumed
like the sufficiently small angular velocity of the body given
initially about the major of the minor axis of the ellipsoid
of inertia. Due to this assumption, we obtain a new parameter
named the large parameter. A new procedure named the
large-parameter technique is given for solving the obtained
system. The geometric interpretations of motions are illus-
trated in this case. Using the fourth-order Runge-Kutta
method, we obtained the numerical solutions for the prob-
lem. A comparison between the analytical and the numerical
solutions is carried out to prove the accuracy of both tech-
niques and solutions obtained. The errors between both tech-
niques are very small and can be neglected. It is possible to
enter the third component of the gyroscopic moment vector
on the movement of the body and deduce the effect of this
rotation on the body as well as its engineering interpretation.
All anomalies that appeared in previous researches [15, 16]
have been treated. The Lagrange gyroscope as a very special
case could also be deduced from the solutions obtained
[17]. The considered techniques give the solutions in a new
domain of motion which is the reflection of one of the previ-
ous works. The numerical and analytical procedures which
are presented in this article can be applied for solving other

problems by reflecting the parameters of the initial condition
of the motion [18-20]. The critical points for this work are
summarized as follows:

(1) The natural frequency value w = 1/3 treats a perma-
nent singular case in the previous works which can-
not be removed

(2) The angular velocity component r, about the z-axis is
assumed to be sufficiently small instead of sufficiently
large value in the previous works

(3) The solutions p, g, 13y, y', y", and Euler’s angles 0, y, ¢
are determined in a new domain (7—00,r, — 0, ¢
—00) instead of (r — 0,7, = co,e — 0) in the
previous works

(4) The required initial energy for the motion is low
compared with that in the previous works, and the
spin is weak which gives a weak oscillation case

(5) The parameter ¢ is large instead of a small one in the
previous works

(6) The body mass center is slightly displaced from the

origin

Nomenclature

OXYZ: The fixed frame in space

Oxyz: The moving frame fixed in the body

w: The natural frequency value

Ty The angular velocity component about the z
-axis

D g1 The components of the angular velocity vector
about the principal axes

v,9',y":  The components of the fixed unit vector in the
direction of the Z-axis

t: The time of the motion

0, v, ¢: Euler’s angles

& The large parameter

A, B, C: The inertia moments

(%4> ¥4 2,): The body mass center coordinates

: The Newtonian attracting center coefficient
The periodic time
The mass of the body
The acceleration of the gravity
The distance between the mass center and the
fixed point O.

~
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