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We essentially suggest the concept of mutual sequences and Cauchy mutual sequence and utilize the same to prove the existence
and uniqueness of common fixed point results for finite number of self- and non-self-mappings using fuzzy Z*-contractive
mappings in fuzzy metric spaces. Our main result was obtained under generalized contractive condition in the fuzzy metric
spaces. We provide examples to vindicate the claims and usefulness of such investigations. In this way, the present results

generalize and enrich the several existing literature of the fuzzy metric spaces.

1. Introduction

In 1975, Kramosil and Michalek [1] introduced the notion of
fuzzy metric spaces using the theory of fuzzy sets, which
generalizes the metric spaces. Later on, many authors have
introduced the notion of fuzzy metric spaces in different
ways (see [2-5]). The widely accepted definition is given
by George and Veeramani [6]. They presented slight modifi-
cation on the definition of fuzzy metric spaces initiated by
the respective authors by obtaining Hausdorff topology on
the same setting. Utilizing the notion of the fuzzy metric,
many authors proved various interesting common fixed
point result for self- and non-self-mappings using different
contraction in this setting. In 1984, Hadzi¢ [7] proved some
common fixed point theorems for family of mapping. After
that, Bari and Vetro [8] also proved theorems for family of
mappings in fuzzy metric spaces. In 1994, Subrahmanyam
[9] generalized Jungck’s theorem [10] in the setting of fuzzy
metric spaces introduced by Kramosil and Michalek [1].
Vasuki [11] proved common fixed point theorems in the
same setting. In 2002, Rhoades [12] proved common fixed

point  theorems for
quasicontraction.

Jungck and Rhoades [13] introduced the concept of
weak compatibility in metric spaces, which was further stud-
ied by Singh and Jain [14] in the fuzzy metric settings. Sed-
ghi et al. [15] proved common fixed point theorems for four
weakly compatible mappings. For the common fixed point
using the notion of common limit range property, we refer
common fixed point theorems by Chauhan et al. [16]. In this
continuation, Imdad et al. [17] proved common fixed point
theorems in fuzzy metric spaces using common property
(E.A) and Prasad et al. [18] presented some coincidence
point theorems via contractive mappings.

Recently, Roldan and Sintunavarat [19] introduced an
important concept of fuzzy metric spaces on the product

non-self-mappings using

space £ which is induced by a simple fuzzy metric struc-
ture and compare the convergence, Cauchy, and complete-
ness between these two structures. They also proved
common fixed point results using CLRg property in the
same metric setting. On the other hand, Shukla et al. [20]
unify classes of different fuzzy contractive mappings
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presented in [21-24] and introduced a new class of fuzzy Z
-contractive mapping and notions of properties S and S’ to
prove fixed point results in the fuzzy metric spaces.

In this paper, firstly we define the mutual sequences and
Cauchy mutual sequences. The idea behind defining Cauchy
mutual sequence is to collect those Cauchy sequences which
are converging to the same limit. After that, we utilize this
idea to find common fixed points. Indeed, Cauchy mutual
sequences in a fuzzy metric space (2, #,*) are the special
type of Cauchy sequences in fuzzy metric space (2™, .4,
) which converge to the same limit @ € 2, if they are con-
vergent. We also generalize the Z-contraction for finite
number of mappings; using these contractive mappings, we
will prove some unique common fixed point theorems in
fuzzy metric spaces. The main aim of this paper is to prove
unique common fixed point theorems using Z*-contrac-
tion (which is the extension of Z-contraction for finite num-
ber of mappings) in fuzzy metric spaces for self- and non-
self-mappings with the help of mutual sequences. We also
give examples for validity of our claims. In this way, our
results generalize and improve several existing results.

2. Preliminaries

Throughout this paper, //, n, m are natural numbers, i € (1
,2, .5 N); X will denote Cartesian product of .¥-copies
of £ and & is any nonempty set. In the sequel, sometimes
I (@) will be denoted by T¢

Definition 1 (see [6]). An ordered triple (2, #,*) is called a
fuzzy metric space if X is a (nonempty) set, ./ is a fuzzy set
on 27 x (0,00), and * is a continuous ¢-norm satisfying the
following conditions, for all @, p,z € 2 and t,5s> 0:

(1) (e p;t) >

(2) (e p

(@p

(@,p-t)=1,ifand only if g=p
(3) M(Q p> 1) = M (p, @, t)

(

(

(4) M(Q 2z, t+5s)=M(Q,p-t) * M(p,2z5)

(5) (@, p..): (0,00) — (0,1] is continuous

Definition 2 (see [6]).

(i) Let (2, #,*) be a fuzzy metric space. A sequence
(Q,) is said to be converge to @ in 2 if and only if
lim (g, 0, t)=1 for all >0, ie., for each r € (

0,1) and ¢ > 0, there exists n, € N such that .#(g,
,0.t)>1—rforal n>n,

(ii) A sequence (Q,) in a fuzzy metric space (X, #,*) is
a Cauchy sequence if and only if for each € > 0,1 >0
there exists n, € ./ such that #(g,,Q,,t)>1-€
for all n, m > n,. On the other hand, (g,) is called
a Cauchy sequence if nlimoo,/% (Qu> Quepr t) =1 for

almeNand t>0
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(ili) A fuzzy metric space (X, #,*) is said to be com-
plete if every Cauchy sequence in & is convergent
to some Q € X

Lemma 3 (see [19]). Let (X, M,+) be a fuzzy metric space
and X" =X x L x---xL, where N/ €N and define a
-

N times

fuzzy set M on X x X x [0,00) — [0, 1] such that

MY (P, G, t) =+ M (p,q,t), forall P=(p,,p,
=4 nqy) €L t>0.

SPy)s @

(1)
Then, the following hold:

(i) (X, M7 %) is also a fuzzy metric space

(ii) Let (P, =(pL,p2,---,pY)) be a sequence on XL
and P = (p',p?, -, p") € X"; then, sequence (P,
) converges to P on (X, M %) if and only if all
sequences (p')) converge to (p,) on (X, M,*), for
allie(1,2,---, /)

(iii) Let (P, = (pL,p2,---,p)) be a sequence on X*';
then, (P,) is Cauchy sequence on (X, M" ) if
and only if (p!) is Cauchy sequence on (X, M,*),
forallie(1,2,---,N)

(iv) (X, M%) is complete if and only if (X, M ) is
complete

Definition 4 (see [20]). Let Z denote the family of all func-
tions ¢ : (0, 1] x (0, 1] — R satisfying the following condi-
tion: {(¢,s) >s, forallt,s € (0,1).

Definition 5 (see [20]). Let T be a self-mapping and (2
M%) a fuzzy metric space. If there exists { € Z such that

M(TQ T p:t) 2((M(TQ T p:t), M(, p> 1)), (2)

forall g, pe X, T+ T p, t>0, then T is called a fuzzy Z
-contractive mapping with respect to the function { € Z.

Definition 6 (see [20]). Let I be any self-mapping in 2, {
€ Z and (X, M,*) a fuzzy metric space then quadruplet (
X, M, T, () has the property (8", if there exists 0, € X such
that g, =9"g, for all ne N and infﬂ(Qn,Qm, t) < inf,%(

Q11> Qsp» 1), for all n e N, >0 and0< lim 1nfﬂ(Qn,Qm

n—oom>n

,t) <1, for all ¢ > 0 implies that

forallt > 0.

(3)

lim inf{(/

n—oo m>n

(Qn+1’ Q1> t)’ '%(Qn’ Q> t)) = 1’
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3. Proposed Results

For brevity, we observe that Definitions 4 and 6 can be uni-
fied as follows.

Definition 7. Let Z* denote the set of all functions { : (0, 1]
x (0, 1] to R satisfying the following conditions:

() ¢(p, q) > g, for all~p, g € (0, 1)

(ii) Let (p,) and (g,,) be two sequences in (0, 1] such that
p,<q, for all neIN and lim p, €(0,1] and then

lim inf{(q,,p,) =1

n—oom>n

Example 1. Define { : (0,1] x (0, 1] — R such that {(p, q)
=q/lp and gq,=(1/2)-(1/3n), p,=(1/2)+(1/3n), we
observe that { € Z* as lim ((1/2) - (1/3n))/((1/2) + (1/3n

)=1.

Definition 8. Let (X, M,*) be a fuzzy metric space and T,
, T 5+ T 4 are N -mapping on & satisfying following con-
dition:

for all t>0, (%, % --@”") # (p', p>-p?) € X, (T,04 T,
Q% T ") # (T 1pL Toph T yp?), where N €N, (
ez and (X, M %) is a fuzzy metric space induced by
(X, M,*). Then, T ,,F,,-, T , are said to be fuzzy Z*
-contractive mappings.

Observe that for “#" = 1,” Definition 5 is a particular case
of Definition 8.
Definition 9. A sequence (gl @2, Q)) e X" =
XX x---xI is said to be a mutual sequence in a fuzzy
- ——

A times

metric space (X, M,*).

Definition 10. Let (Ql, Q%)) e X" =X x I x - x X

N times
be a mutual sequence in a fuzzy metric space (X, #,*)
and all sequences (Q'), i€(1,2,---/4) converge, then the
sequence (Q;,Qi,-“,QZV ) is said to be convergent mutual
sequence. If the sequence (g},), for all i€ (1,2,---,.#) con-
verge to the unique limit @ € &, then the mutual sequence
is said to be coconvergent mutual sequence and limit @ is
said to be the mutual limit.

Definition 11. A mutual sequence (Q},@2, Q) ) e XN =

I x I x---xZ  is said to be a Cauchy mutual sequence
<

A times

in a fuzzy metric space (2, #,*), if for each € >0, there
exists 1, € N such that for all n, m > n,(n, m € N), we have

/%”((QL,Qﬁ,-~-,Q;V), (an,an,--~,anV, Q:n) t) >1-¢ (5)

for all t >0, i.e,, a mutual sequence is said to be a Cauchy
mutual sequence if as n, m — 00,

‘%‘/V ( (Q:p pr' : '>Qﬁ/> 5 (an) an)" "Q‘V/rll/’ Q,l,n) > t) — 1) (6)

for all t>0, where (2, #" %) is fuzzy metric spaces
induced by (2, 4 ,*).

Now, we are considering the following lemmas to prove
the existence and uniqueness of common fixed points.

Lemma 12. Every Cauchy mutual sequence in (L, M ,*) is a
Cauchy sequence in (X, M ,+).

Proof. Let {(@!, @%--,¢;")} be a mutual sequence. By Defini-
tion 1 and Lemma 3, we have

(el ), (@ @) 1)
z,%”((gﬁ&ﬁ, ...,Q;V>, (Qi,gi, o, Q}()’ ;)
. ./W((Qi@i, < 0lh0h)s (€ @), %)
(7)

Now, we have sequence {(o},@?,--.@’)} a Cauchy
mutual sequence. So, as n, m, k — o, we get

‘%‘/’/((Q;)Qi)"')gﬁf)) (Q;;an,"';QZ{)J') — 1. (8)

Hence, {(a}, @2,--;)} is a Cauchy sequence in (2,
/i k).

The following example shows that the converse of
Lemma 12 may not be true. O

Example 2. Let & =[1,00) define a fuzzy metric space (2,
M%), where

1, ifo=p
Mepn=y 2
2 + max {Q,p}’

forallg, pe R, t>0,
otherwise

)

and * be a continuous ¢-norm defined as a * b = min {a, b}.
Consider a mutual sequence {(1 - (1/n),2 - (1/n),3 - (1/n
)} on fuzzy metric space (X, #”,%), then mutual

sequence is a Cauchy sequence in (2, .#",+) but not



Cauchy mutual sequence because as n, m — 0o, we have

1 1 1 1 1 1 2
/%3((1——,2——,3——),(2——,3——,1——),t) — 2,
n n n m m m 5
(10)

for all £ > 0.

Lemma 13. In a fuzzy metric space, every convergent Cauchy
mutual sequence is coconvergent.

Proof. Let {(@}, @%,---,¢")} be a convergent mutual sequence
which converges to (@', @%-,0”"), where @' € , for i€ (1,
2,+++,N). Since {(@}, @207 )} is a convergent Cauchy
mutual sequence, as #, m — 00, we have

(@ @) ), (@ @) )2 1) — 1, (11)
for all ¢ > 0, which implies that

ﬂﬂ«gl,QZ,...,g/V), (QZ,Q{...,Q/V, Ql))t> -1, (12)

for all t > 0. Hence, o' =@*=---=¢”. O

Theorem 14. Let (X, M ,+) be a complete fuzzy metric space;
T T 55 Ty are N-self mappings on I satisfying

(a) fuzzy Z*-contraction

(b) lim inf."((77(), 75 (@) T %) (T5(@)
t

J3(Q) T (@), TT(@)st) >0, for all t>0, @
ex

Then, T 1, T 5, -+, T 4 have unique common fixed point.
Proof. Let @} € £ and 7,(@") =¢!,,,, forall n e NU {0} and

€(1,2,---4). We get (@}, @%++/) as a mutual sequence
on (X, #,+) and according to Lemma 3, (X7, 4" ,+) is
also a fuzzy metric space.

If ¢/ =@, for all i€ (1,2,-++,/) and for any n€N,
then 7,(}) =@}, =@, ie., @ is the fixed point of T s,
for every i and a fixed n. Suppose that @} #¢@># - #¢/,
for fixed n. From, Definitions 8 and 7

Q;jil’QLl)’t)
-

A 1 v 7 2 g3 - % 1
=M ( T10p T 2Qp T 4Q ): (-7an71>‘739”71>""574/@ —1>71Q ,1)>f>
- 2 3 > 1 v}
)» (yszl’gsgle'Ug»Q -1 ‘/lgn—l)’t) M

2((/%"/((7191”, ToQ e T 40
X , Q"V) (Qi bQp
Qn) (Qn i Qxl

Q{p Q:x—l)’ t))
Qil’QiA)’ t)’

for all £>0. So, @,

fixed point of 7 ;s
Now, assume that no consecutive terms of the sequence

(@) @%@y ) are the same and (@), @3> +@;) ) = (Q,» Q5

=@?=--=q) =q(say) is a common

Advances in Mathematical Physics

Q) for some n<m, ie.,

Qi1 =T 10, =T Q= Q1> (14)

for some n < m and for all i. From Definition 8 and 7, we
have

/W((Qi,w Q> " Qﬁz), (Qi+p Q> 5 Qs Q}m)’ t)
=/%/V(<=O719}1+1’=0729i+1""’9 Qﬁi1)>
x (%Qi,%QZw-u , IQn)> )
Zq(ﬂﬂ((‘cle}Hl’ 2Qn+1>"' )
X (92931’93@2)"' ./VQn > IQn)’ )
x ((Q}Hpgiw "'»Qn+1>’ (Qn,Qn, Q) ,Qn),t)
>/W((QL+1>Qi+p ---,Qﬁl), (prQz) Q) Qi)) f),
(15)

/VQn+1

for all ¢ > 0. Similarly, we get

(o @0l ) (€ @000 ) 1)
,. p ,.
<’ ((Qtl'HZ’ Qi+2’ ) Qn+2>’ <th+1’ Qzﬂ’ T Qfﬂ’ er1+1)’ t)
< </W((Qin+p93n+p-w@ﬁH)» (an,an»-wan“,Qin),t),

(16)

for all £ > 0, which is a contradiction in light of the inequality
(14). Therefore, (@, Q5 +0;' ) # (@) Q)
n<m.

Now consider, (Q;, Q5+ +5Q;) ) # (@ Q@5 )» for all m
# m(€N). Then, from Definitions 8 and 7, we have

@), for some

ﬂm((Q}wl’Qﬁm) "'>anV+1)’ (Qfm’an’ "')Qﬁl’erm)’ t)
:ﬂm((ng;lw*cszfw "'>9menV),
X (9zQi>93Qz) "'MG]/VQZV’ ‘6]19;)’0
2((%/1/((9‘19;114’9293"» "‘)9/1/9;‘/),
X (‘072931"7392’ ""*(7/1/9;'/) 919:,)1‘)-%”
x ((inefnwuefn“), (Qi»Qi»"‘»QZV’QD’t))
>ﬂ”((93n,9,iw-ueﬁ), (Qi7Qi7"'»QZV»Q}1))t>’

(17)

for all >0 and n < m. Taking infimum (over m > n) in the
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above inequality, we have

gﬁ/%”((g;,gfn, Q,:,) (Qﬁ,Qi, e, Q,11>, t)

. N v N
< inf 2 ((le’QiW ~-~»Qin+1)y (Qﬁ+1»93+1> Qs Q;lm)’ t)»
(18)

5 Q) (s Q3
-,@7,al),t)) is a monotonic and bounded sequence, for
all £> 0. So, there exist some s(f) < 1 such that

for all t> 0. Therefore, (infﬂ”((gin,gfﬂ, .
m>n

i (2 (0 2) ) 0
(19)

for all £ > 0.
Denote

Pn=/%”((9;,efn,--~,eﬁ)»(Qi,Qi,---,Qn”,Qi))f), (20)

q,= /W((Qim&fm» ~--»Qf{+1)» (Qi+1>ei+p ~--»Qﬁ“+p931+1), t)»
(21)

for all > 0.

Now, our claim is s(t) =1, for every t>0. Letting on
contrary that s(t,) < 1, for some ¢, >0. In light of (3), we
have p, <g, and by condition (b), hm 1P, € (0, 1]. Applying

Definition 7, we get

lim inf((/%”((gi,,, R an/), (Qﬁ, Qe Qi)> >

n—00 m>n

W/
X <(Qin+l’an+l’ "'>Qf»r+1 > (Qi+1>9i+1> - ’Qn+1’Qn+1> ))

(22)
From (2), we have

rinfi/[m((Qiml’ anﬂ’ T Qﬁ;1>> (Qiu’ Qiu’ T Q;}il’@iwl)’ tl)

> ;ﬂgﬁ((/%"V((%in T 2@ s %@23))

x (92931)9392) T Qs ‘G]lQL)Jl)’/%/V (23)
X ((Q;>an,---,gﬁf)> (Qi@iv--,@;‘ﬂ@i),tl))

> ;g{l/%”((qiw@fw '“’Qﬁﬁ), <pr@?p' 5 Q] ,Qn),tl)'
By (22) and as n — 00, we get

infﬂm«Q:n,an, KRN Qf,,‘/), (Qf,, Qf,, EN QLV»QD’ tl) =s(t;) =1,

m>n

which is a contradiction. We conclude that

lim  lim ﬂﬂ/((Q:n’ an, >Qﬁ>’ <Qf,, Qi, e Q;?/> QL), t) =1,

(25)

for all t > 0. Hence, the mutual sequence (@}, @2, ) is a
Cauchy mutual sequence. Completeness of & and Lemma
12 ensure that there exists (@', %, -+, @") € & such that

lim .ﬂ/’/((Q:‘,Qi,"',Qﬁ/} ((QI,Q2> "',Q/V>> t) =1, (26)

n—a~oo

for all ¢>0. From Lemma 13, sequence (g}, @2,--,@7) is
coconvergent sequence, ie., Q'=g@?=--=¢" =q(say).
Now, we have to prove that @ is a common fixed point of
T1,T T 4. Suppose that T,0#0, i€(L,2,---,H).
Without loss of generality, let us assume that (Q},,Qi,- .

Q) # (e 0) and (g, € Q) # (7,0 T30+
0, 7,Q), for all ne /. So, there exists t, >0 such that ,/%/V

(00 0) (7,070 T 40710 t) <1, A" ((al
Q5 ) (@0 0Q) 1)<1and

ﬂﬂ/((F]lQ}v T,0% ,Gjﬂ/gf/), (97,0930, 40,7 0), tl)
:/%ﬂ((Q:ﬁprm’ ""Q;Krl) ( ZQ’ 3Q> ) A/Q) IQ) ) L,
(27)

for all n € N. Then, we have

(e el ) @)t ) <C (- (T10 Toeh T 1))
X

T Tiet)4" (o)) (e a)h))

as n — 00; from (5) and Lemma 13, we get

M (T10T 20T 4Q) (@0 Q) t) =1, (29)
which is a contradiction. Hence, /" ((7 0, 7,0, - T Q)
,(0,0,-:,0),t) =1, for all t>0. Hence, @ is the common

fixed point of 7 s, for all i € (1,2, ---4).

Now, we have to prove the uniqueness of the common
fixed point of J ;5. Assume on contrary that g, p €2 be
two distinct common fixed points of 7 s, for all i€ (1,2,

-, /) and there exists t, >0 such that .Z" ((g,, -+, @), (

P, P>+ p)> t;) < 1. Then, from Definitions 8 and 7, we get
(@@ @) (P s p)o 1)
:ﬂm((o s T2Q s T Q) (T2 T 3ps - T 4P T 1P)s 1)
(M (T 1@ To0 T 40 (Top Taps s T ypr Tip)s 1), ol
X (@@ ) (prpreens ) 1)) > (@040 (P s P 1)y
(30)
implying thereby .4 ((Q. @, @), (s ps =+ p)> ) = 1, for all
t>0. Hence, Q= p. -

Remark 15. On putting /" =1, in Theorem 14, it reduces to
Theorem 3.19 presented in [20].



Example 3. Let 2 ={0,1/5,1/3,1/2,1,2,12,17,31,45, 60,
71,91,100,111} and (X, #,*) be a fuzzy metric space in
which . is a fuzzy set defined on 2 x (0,00) such that
M=tl(t+|o—p|) for all o, pe X and t >0, * is a continu-
ous f-norm defined as @ * p=Q.p, then (2, #,*) is a com-

plete metric space. Now, let wus define 5-maps
T T 3 Ts: X — M as
1, ifee{12,17,31},
T1(e)= { .
0, otherwise,

if g € {45,60,71},

otherwise,

2, ifge{91,100,111},
T5(0) = .
0, otherwise, ( 31)
111
0, Qe{lyzyg,g,o},
T4(Q) = 1
—, otherwise,
3
) 111
0, lfQé{E,g,g,O}:
T5(Q) =
1 .
—, otherwise,
5

and a function ¢ : (0, 1] x
for all p, g € (0, 1].

(0, 1] — R such that {(p, q) = q/p

Let (Qp» @3> Q3 @> @3) = (31,60,91,1,2) ‘and 7(@},) =
@i, for all ne NU{0}, we get {(31,60,91,1,2),(1,1/2,2,
0,1/5),(0,0,0,0,0),---} as a mutual sequence. We can eas-
ily observe that conditions (a) and (b) of Theorem 14 are
satisfied. Hence, 0 is the unique common fixed point of 7
Ty T

Now, we present the fixed point theorem for non-self-
mappings.

Theorem 16. Let (X, M,x) be a fuzzy metric space, ¥,
Yy Y y are N subset of X. Let T, Y, — YT,

Y=Y Ty Yy — Yy and Ty Yy
— Y, are N mappings satisfying the following conditions:

(i) T.(¥,;) are complete subspace of &

TP TP 1), M (@' Q7

op”s ph) 1)) forall t> 0, # p'(€Y,),
s H)y (T 105 T 5T 4@") # (T 40
T yp), where ¥ €N, {eZ" and (X,
M ) is fuzzy metric spaces induced by (X, M ,*)

(iii) lim_ lnf/%”((m”( 5(Q%) - T (@) (
'

N.T
9‘2”(92),9”?(93% T (Q”), 7(")),t)>0 for
allt>0,Q €Y, ie (1,2, N)

oy

Then, 7 ;, T 5, -+, T 4 have unique common fixed point.
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Proof. Let 1 € %, and 7,(0,) =0 75(0}) =@ T -1
¢,/ ) =0/ and 7 4(@})) =} for all n € N. We get (g,
Q%)) € 2 as a mutual on (2, M ).
If @}, = Q> forall 1 <i< # € N and for any n € N, then
Te) == T2(Q)) =@ =Qrs 0 T (@) ') =
=o', and 7 () =0}, =@.,,- Now, from Lemma
3, Definition 7, and condition (ii), we have

e (0l ), (@ @ 0 €l ) 1)

=" (QMQﬁv--,Qn”), (Qi+p92+p-">Q£1,Qi+1),t)

N v 1 N -1
=n ((J/VQVI ’91Qn""’gﬂ—19n ),
1 2 N-1 N
X <9lQn+1792Qn+1’ ”"9/1/719;%1 ’9WQﬂ )’ t>
N N 1 N =1
> (M ((PMQ” T 1Qp T 1Qy )

1 2 #-1 Ve Ve
X ( 1Qn1> 7 2Qus15 > T 1@t » T 4Q ))O)ﬂ

< (@@ ™) (@ @@l e ) ) )
>t (@) 00l ), (@ @0l @) ) t)

Z%/‘/((Q}p@i’ ,Qﬁ/), (Q;ZﬁszJrl, -~-,Q£1’ Qiﬂ), t)a
(32)

for all ¢ >0, a contradiction, which implies that . ((g.,

Q5 Q) ) (@ Qs 5 Qs Qe o 1) = 1, Les =05 =
=@/ =q(say) is a common fixed point of I;’s
From Lemma 3, Definition 7, and condition (ii), for all
t >0, we have

/%“V((inr Qi»fz’ s Qj;z)) (Qin’ Qf«+1> T Q;ﬁl’ inl)) t)
= /IA/((F]A"Q;KP T Qa5 94/-192&?))
x (91Q}l’l+l’92gfl+l’ "'»9»/V—19ﬁ;711>9¢1/9{)’ t)
= ((/%/V ( (gAfQ;ﬁp T Qa5 ‘07/%1@:«4;1) ’
7l el )t
o)1)
el ))
T /wzQﬁéz)
x (9/VQ:1V>919L+1> ""'9»/1/719?,_1>’t>
S (CIR T
(= 7l ). 1) "
((Qn+1 Q:}:—l" ’Q;j;;z)’ (Q{’ Quens ™ ’Qf»flz Qn )’t)>
> (@l el 0l (@ Qe ) )

>/%“‘”<(QL+1»93H1, --->Qﬂ1)> (Qi)Qw Q) ,QL>J>-

In the light of inequality (6), we observe that the behav-
ior of mutual sequence in the proof of Theorem 14 and

1 2
X (9IQn+l’gZQn+l’ ]
va 1
X ((QY/HI’QVHZ’ ]
N N 1
> M <<Qn+l’Qn+2"“’
=((

o Nl o N
I r-1Qus1 > Q1>

N-1 1 2
Q2 )’ (Qn+l’Qn+1’ T

Qf-;-?)’ (QiH—l’ QfH—l’“.’ (33)

N oo 1
J Q> 1>
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mutual sequence as above is alike. The proof of sequence (
., 0%, ++Q)) to be a Cauchy mutual sequence is immediate
from Theorem 14.

From (i) and Lemma 12, there exist ¢’ € 7,(%,) such
that (!, @2, ") converges to (@', @ -++,@"), and from
Lemma 13, sequence (Q}n, an,'--,anV ) is coconvergent to
some point Q € 2.

Now, we have to prove that @ is a common fixed point of
T ’s. Without loss of generality, let us assume that (g}, @2,

Q) ) # (00 ) and

(Q;,Qi,...,gﬁ’);&( 107305 T 40 T10), forallne 4.

(34)

So, there exists ¢, >0 such that /" ((@, @ - Q) (7,0,
T30 5T 407 1Qh 1) <1,

‘%/V((Q;l«ﬂ pr“” Qf):(Qa Qa"') Q); tl) < 1, (35)

Vi 1
T 4 Q1> 9‘19")) tl)

Q;?:-l)’tl) <1

2 3

T 4Q)s (929n+1»939n+1>
12

T 2@+ T 4Q)s (Qn+1’Qn+1’

(36)

for all n € N. Then, we have

( (Qn+1 Q;LlsQ:l)J])

< (( (( 109305 T 40Q), (929i+1’739i+1’ "

( (Qn+1 Qn+1 Q;ﬁvk’h), tl))

=’ (( 10920 A'Q)»(gzgiﬂ’gﬁiw‘“’

= ((9@, T2 Ty

N 1 N
-‘7A'Qn+p91@n))t1)’/”

s 1
T 4 Q1> 91%) > tl)

N
QrHl)‘ tl)’

Q)> (Qiﬁl’ quv B
(37)

as n — 00, and from (5), we get /" (7,0, 9,0, T 4Q
), (0,0, :»0),t;) = 1, a contradiction. Hence, ﬂ/‘/(( J.0
T,0, T 40), (0,0 -+, Q),t) =1, for all t > 0. Therefore, @
is the common fixed point of 7 s, for all i € (1,2, ---4).
The proof of uniqueness of common fixed point runs

similar to the proof of Theorem 14. Hence, we are through.
O

Example 4. Let X =
space where

(0,1] and (&, #,*) be a fuzzy metric

ifg=
P forallg,pe X, t>0,
otherwise

L,
M(Q, p,t) =
erh {min {e.r}
(38)

* is continuous t-norm defined as a * b =min {a, b}. Let

g f L L L1
17 11000° 600° 200 70°
1 1 1 1

Y= {%%1—00 50°
1

800" 400 90 30

11 1
= _)_)_)_)1 >
g {700 300° 80° 20 }

b
1)
b

1 I 1 1
?3={—) AN’ an’ An’

be subset of 27 we define I,
Y T3 Y — Y,and T,

Y YT Y
Y4, — ¥, such that

(40)

Now, define function { similar to Example 3. We can
easily verify that all conditions of Theorem 16 are satisfied.
If 91 =1/1000 and 7', (Q,) = Q7> T5(03) = Qs T 1 (€5
)=@) and 7 (@) =q.,, for all n e /. We get {(1/1000,
1/900, 1/800, 1/700), (1/600, 1/500, 1/400, 1/300), ---} as
mutual sequence, 1 as unique common fixed point of 7|,
T2 T 5 and T

4. Conclusion

In this paper, the concept of mutual sequences in (2, #,*)
is given, and with the help of induced fuzzy metric structure
(X, M7 %), we define Cauchy mutual sequences in simple
fuzzy metric structure (X, #,*). For brevity, Definitions 2.6
and 2.4 (presented in [20]) are unified as Definition 7. We
also present Z* contraction, which is an extension of Z
-contraction for finite number of mappings. With the help
of mutual sequences, we proved unique common fixed point
theorems for finite numbers of mappings using Z* contrac-
tion. We also provide many examples to show that our
results are meaningful and to support our theorems. The
given results generalize and extend several results in the
existing literature. As perspectives, it would be interesting
that the results presented in this paper proved for other con-
tractive conditions and extend to other nonclassical metric
structure, like bipolar fuzzy metric spaces [5] and relational
fuzzy metric spaces [25].
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