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This manuscript is devoted to obtaining a quadruple best proximity point for a cyclic contraction mapping in the setting of
ordinary metric spaces. The validity of the theoretical results is also discussed in uniformly convex Banach spaces.
Furthermore, some examples are given to strengthen our study. Also, under suitable conditions, some quadruple fixed point
results are presented. Finally, as applications, the existence and uniqueness of a solution to a system of functional and integral

equations are obtained to promote our paper.

1. Introduction and Preliminaries

Fixed point (FP) theory has many applications not only in
the nonlinear analysis and its trends, from solutions of dif-
ferential and integral equations, functional equations arising
from dynamical programming, topology, and a dynamical
system, but also in economics, game theory, biological
sciences, computer sciences, and chemistry, etc. [1-4].

The FP technique became more attractive and elegant
when Banach [5] introduced his principle, which is stated
as follows: a mapping I' : Y — Y defined on a complete
metric space (MS) (Y, d) has a unique FP if I is a contrac-
tion, ie, d(I'o,,I'o,) <kd(o,,0,),k € (0,1). He used this
method for studying the existence of solutions for some inte-
gral equations.

The FP technique was extended to a coupled and tripled
FP by Bhaskar and Lakshmikantham [6] and Berinde and
Borcut [7], respectively. Many researchers have worked in
these directions and obtained exciting results and life appli-

cations that serve the scientific communities, which in turn
has led to the fixed points being brilliant and pioneering in
the field of functional analysis until the present time. For
more details, see [8-20].

Not only did the matter stop here, but Karapinar and
Sadarangani [21] were able to generalize the triple point to
the quadruple and generalized the previous results on this
scale in terms of theories and applications. After that, this
trend spreads to others; see, for instance, [22-25].

In 1978, Pathak and B. Fisher [26] were able to merge
the state and decision space to clarify the importance of
the FP methodology in finding the solution to the following
functional system:

n(oy) = supR(0y, 05, 1(3(01,03)))s (1)

0,€D

where S and D are the state space and the decision space,
respectively; 0, €S, 3 denotes the transformation of the
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process; and (0 ) refers to the optimal return function with
the initial state o,. The above system is called a functional
equation arising from dynamical programming which is
commonly used in modeling and optimization problems.
To clarify the participation of fixed and coincidence points
and to delve deeper into this trend, we guide the reader to
read these papers [27-30].

On the other hand, the importance of the FP technique
lies in the fact that it presents a unified process and an
important tool in solving equations that do not have to be
linear. In the case of d(z, I'z) # 0, that is, a contraction map-
ping I" does not possess a FP; it became necessary to search a
pointzthat makesd(z, I'z)the minimum, meaning the pointz
is in close proximity toI'(z).

Assume that Z, O are nonempty closed subsets of a
complete MS Y and I' : Z — O is a given mapping. A point
z€Z is called the best proximity point (BPP, for short) if
d(z,I'z) =d(Z, O), where d(Z,O) is described as

d(Z,0) =inf {d(z,0): z€ Z,0€ O}. (2)

It should be noted that if ZNO+ &, then a BPP
reduces to a usual FP.

The initial paper concerned with the BPP was presented
by Fan [31]. This direction is very interesting in optimiza-
tion, so many researchers have discussed and developed this
direction in several applications; see, [32-36].

Now, we need the definitions below.

Definition 1 (see [37]). A Banach space Y is said to be

(i) strictly convex, if

llo1]| = ||lo,|| = 1 with o} # o, implies

o, +0
1TZH<1, Vo,,0,€Y,

(3)

(ii) uniformly convex, if for any ¢ € (0, 2], there is §>0
so that

o]l <1, ||oy ]| < 1 with [|o, — o, Zsimplies’

al+02H
2

<1-6, Vo,0,¢Y.

(4)

Clearly, a uniformly convex Banach space (UCBS) is
strictly convex, but the opposite does not hold.

Definition 2 (see [21]). Assume that (Y,d) is a MS and
Z# @ is a subset of Y. A point (0}, 0,,05,0,) € Z* is called
a quadruple fixed point (QFP, for short) of the map
0:72'—7Zif
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0,=0(0y,0,,03,0,),0,=0(0,,05,040,),0; (5)

=0(03,04,01,0,),0,=0(04,0,,0,,03).

Our paper is arranged as follows: In Section 2, some new
definitions and supporting examples are presented. Also, the
convergence of quadruple best proximity (QBP, for short)
points for a pair of cyclic contraction mappings without and
with property UC* are obtained in the context of metric
spaces (MSs). Moreover, quadruple fixed point (QFP) results
for cyclic contraction mappings are established, and an exam-
ple for supporting the above results is discussed in Section 3.
In Section 4, the existence of a solution for quadruple func-
tional equations arising in dynamical programming is
discussed, and an example for supporting the results is pre-
sented. Ultimately, in Section 5, the existence of solutions for
a system of quadruple integral equations is given, and an
example is obtained to strengthen this contribution.

2. Main Results

This part is devoted to present the convergence of QBP
points for a pair of cyclic contraction mappings in the setting
of ordinary MSs.

We begin this part with the definitions below.

Definition 3. Let Z and O be two nonempty closed subsets of
a MS (Y, d). The pair (Z, O) is called to satisfy the property
UG, if there exist {07}, {0} cZ and {0%},{0}} c O such
that

d(0%,0%) — d(2, 0),d(0,0%) — d(Z, 0),d(d}, &)
— d(2,0),d(c}, 0%) — d(Z,0),
(6)
as n — 00, then

d(o},0y) — 0,asn — 00. (7)

Example 1. Suppose that Z and O are two nonempty subsets
of a MS (Y,d) with d(Z,0)=0. Then, (Z, O) satisfies the
property UC.

Example 2. Assume that Z,7',0, and O' are nonempty
subsets of a MS (Y,d) with ZcZ',0c0’, and d(Z,0) =
d(Z',0"). If the pair (Z, O) satisfies the property UC, then
the pair (Z',0") satisfies also the property UC.

Example 3. Suppose that Z and O are nonempty subsets of a
UCBS, then the pair (Z, O) satisfies the property UC, if one
of the hypotheses below holds:

(i) Z is convex

(ii) Z is convex relatively compact

Definition 4. Assume that (Y, d) is a MS and Z, O are two
nonempty subsets of Y. We say that the pair (Z,O) has
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the property UC* if (Z, O) has the property UC and the stip-
ulation below is fulfilled:

If the sequences {07 },{0%} in Z and {0} },{0%} in O so
that the following statements are fulfilled:

(t)) d(d},0%) — d(Z,0) and d(d}, 0}) — d(Z, O)

(f,) Ve>0,3N € N so that

d(o,05)<d(Z,0)+e, VYm>nz=N,
(8)
d(o,03)<d(Z,0)+e, VYm>n=N,
then there is N, € N so that
d(o)',04)<d(Z,0)+e, Vm>nz=N,. 9)

Example 4. For nonempty subsets Z and O of a MS (Y, d),
assume that d(Z, O) =0. Then, the pair (Z, O) posses the
property UC*.

Example 5. Assume that all requirements of Example 2 hold.
If the pair (Z, O) has the property UC*, then the pair (', 0")
has the property UC* too.

Example 6. Assume that Z,0 are two nonempty subsets of
a UCBS and Z is convex. Then, (Z, O) verifies the prop-
erty UC”.

Definition 5. Assume that (Y, d) is a MS and Z, O are non-
empty closed subsets of Y. Also assume @ : Z* — O is a
given mapping. We say that a quadruple (0}, 0,,05,0,) € Z*
is a QBP point of ® if,

d(0,,0(0,,0,,03,04)) =

(10)

Clearly, when Z = O in Definition 5, then a QBP point
reduces to a QFP.

Definition 6. Assume that (Y,d) is a MS and Z, O are
nonempty closed subsets of Y. We say that the mappings
©®:7*— 0 and Q:0* — Z are cyclic contractions if
there is € € 0, 1) so that the inequality below holds:

d(©(0,,0,,03,04), Q9,95 95, 9,))
£
< Z<d<01’91) +d(05,9,) +d(05,9;) +d(0,,9,)) (11)
+(1-0)d(Z,0),
for all (0,,0,,03,0,) € Z* and (9,,9,,9;,9,) € O*.

Notice that, if the pair (®, Q) is a cyclic contraction,
then the pair (0, ®) is a cyclic contraction too.

Example 7. Consider Y =R equipped with the distance
d(o,,0,) =|oy—0,]. Let Z=[3,9] and O=[-9,-3]. Obvi-

ously, d(Z,0)=6. Describe two mappings ® : Z* — O
and Q: O — Z as

-0, -0,—05—0,—12
0(0},0,,05,04) = - g3 % >

9,-9,-9,-9,+12 (12)
9(91’92"93’94)2_ L 2_83_ i g

for all (0,,0,,05,0,) €Z* and (9,,9,,9;,9,) € O*, respec-
tively. For each (0,,0,,0;,0,) € Z* and (9,,9,,9,,9,) € O*
and let € = 1/2, we have

d(©(0,,0,,03,04), (9, 9,95, 9y))

—0,-0,-03-0,-12 -9, -9,-9;-9,+12
8 8

|00 =9 + oy -

9|+ o5 -9 +]os—9
2|8|‘73 5| + oy 4|+3

= g(d(ap 9)) +d(03,9;) +d(03,9;) +d(04,9,))
+(1-0)d(Z,0).

(13)

This leads to the pair (®, Q) as a cyclic contraction with
£=1/2.

Example 8. Consider Y = R* endowed with

d((01,05,05,04), (91,9, 95, 9,))
9> |oy = 9,1, o5 =

(14)

= max { o, -

9> |0y =94}
for all (0, 0,,05,0,),(9;,9,,9;,9,) € Y and suppose that

Z={(0,,0,0,0)eR*: 0<0,<1},0

15
={(9,1L,1L,1)eR":0<9, <1}. (13)

Clearly, d(Z,0)=1. Define ®:Z*— O and Q: 0*
— Z by

©((0,,0,0,0), (6,,0,0,0), (63, 0,0,0), (6, 0,0,0))

o,+0,+0,+0
=<%111)

Q9 1,1,1),(9,,1,1,1), (95, 1,1, 1), (9,1, 1, 1))

9, +9, +9,+9 16
=(%,0,0,0), (16)



respectively. Then, we obtain

(@((01, 0,0,0), (05, 0,0,0), (73, 0,0,0), (d,,0,0, 0)),)
d
Q((9,1,1,1), (95,1, 1,1), (95, 1,1, 1), (9,, 1, 1, 1))

:d<<01+02+03+a4 L1 1) (81+82+93+94 0.0 0)>
4 > > > > 4 > > >

=1.
(17)
Also, if

(61,0,0,0), (d,,0,0,0), (03, 0,0,0), (6,,0,0,0) € Z,
(9,1, 1,1), (9, 1,1,1), (95, 1, 1, 1), (9,, 1, 1,1) € O,
(18)

then one can write

(d((0,,0,0,0), (9,, 1, 1, 1)) + d((55,0,0,0), (9, 1,1, 1))

LK)

+d((03,0,0,0), (9, 1,1, 1)) +d((0,,0,0,0), (9,,1,1,1)))
+(1-0)d(Z,0) = z(max {loy =91, 1,1}

+max {|o, - 9,|, 1, 1,1} + max {|o; — 95|, 1, 1,1}
-9, L,1,1})+(1-¢)d(Z,0)= % x 4

+(1-¢)=1,

+max {|o,

(19)
for any € < 1. In addition, let

((61,0,0,0), (0,,0,0,0), (03, 0,0,0), (54, 0,0,0)) € Z*,
(9,9,,95,9) = (9, L, 1, 1), (9, 1,1, 1), (95, 1,1, 1), (9,, 1, 1, 1)) € O,
(20)

(01,05,05,04) =
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then it follows from (17) and (19) that

d(@(al, 0,,03, 04)>

< z(d(al’ 9)) +d(0 9,) +d(05,9;) +d(04,9,)) (21)

+(1-0)d(Z,0).

Q9 9,, 95, 9,))

Thus, the pair (©, Q) is a cyclic contraction.
The lemma below is very important in the sequel.

Lemma 7. Assume that (Y, d) is a MS and Z,0 are nonempty
closed subsets of Y. Let ® : Z* — O and Q : O — Z be two
cyclic contraction mappings. If (09,09, 05,09) € Z* and the
sequences {o"} }, {05}, {0}, {0}}} in Y are defined as follows:

2n+1 2n+2

") 01
)) 2n+2
") 05
") o5

o7, 07", 03", 07 Qo
(o )
, 2n+2 Q( 2n+1 2n+1 2n+1 2n+1)
Q(; )

2n+1 2n+1 2n+1)
>

>

2n+1

1

2n+ 2n+1 2n+1 2n+1
=0(o 2 > 3 > 4 > 1

>

1
2n+1 o) )0_4 )01 ’0_2

2n+1

>

2n+2 2n+1 2n+1 2n+1 2n+1

)01 Y

>

O(o]

2n+1 @(0_2 )O_3n)o_4n’
(03"
ClCr

0'4 ,0'1 ,0‘2 ,0‘3

(22)

for all n> 0, then we get

2n+l _2n+2

d(o7",07"") — d(Z,0),d(07"",07"?) — d(Z,0),
d(o7", 03" — d(2,0),d(07*,07?) — d(Z,0),
d(o7, 07" — d(2,0),d (o7, 077 — d(Z,0),
d(07",07"") —d(Z,0),d (07", 07"?) — d(Z, 0).

Proof. Consider, for each n € N,

2n-1 _2n-1 _2n-1 _2n-1
Q0" 03 03 0",

d(O n J§ﬂ+l) d(O%n,@(0’%”,0’%”,0’?,0’2")) =d o (Q(o_ﬁnl’aénl’aénl’ginl)’Q(ggnl)agnl’o_inl)afnl)’

2n—1 _2n-1 2n-1 _2n-1 2n-1 _2n-1 2n—1 _2n-1
Qo3 Lo ot o)), Qo) L 01" 03 o3 ))

o~

Z [d( 2n—-1 Q( Zn ] %n—l,o_gn—] O_ZV[—I)) +d(0’§n_l,9(0§n_]

271 1 2}’( 1 2n-1 _2n-1 2n-1 2n—1 2n-1 2n-1
+d(03"7, Q03" 07" 0" 0 h)) + d(07 L Q07 07

2}’12 27!2 2n-2 _2n-2
03772077,

-lk\m

o_gn 2 Zn 2 O_%n 2’0_?172)’@(0_2}1 2 U_%n 2 o_;n 2)

-2 22 2n-2 2n-2
@(03" 077201 03",

-2 2n-2 2n-2 _2n-2 _2n-2 _2n-2
n ’Uzn )’®(04n ’Gln ’Uzn )0.3n )

2n2 2n-2 2n-2 _2n-2 2n-2 _2n-2 _2n-2 ~
( ,05"7%,037%,08"72),0(03" %, 03", 04", 0

0)d(Z.

2 -2 2n-2 _2n-2 2n-2 _2n-2 2n-2 _2n-2 2n-2 _2n-2 2n-2 _2n-2 2n-2 _2n-2 _2n-2
,03"72,07"7),0(05" %, 03", 032, 01", +d O(03"%, 0372, 07" %, 01"), 0(03" %, 072, 01", 03"72)
0
-~ 2n-2 2n-2 _2n-2 _2n-2 2n-2 _2n-2 _2n-2 _2n-2
) o ,03"72,03"72),0(01" 2, 03", 03", 07"7?)
-2

o.gn—l ) Gin—l (T%n_] ))

s o))+ (1=

¢)d(2,0)
@(ggn—z) 0%”72, o_irkZ) U%rrZ))

2n-2
3

Oy 50y 1 2

@(Uin Z,U%nfz’al O’%n 2)’

»03 5,04 7,07 »0y 07 5,0,

R +d @(o.in—z’d%n—z) U%n—z’ggn Z) @( ;n—z) ggn—z) Uin—Z)
Q

2n-2 _2n-2 2n-2 _2n-2 2n2 2n-2 2n-2 _2n-2

(o )-©(73 )

(24)
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Using (11), we have

d(o_%n’o_f;ﬂl) < § ;(d(O’%n 2 @( Zn 2,0’%” 2 O_En Z’O_in 2))
( 2n 2 @( 2 2n 2 in—Z’o_%n—Z))
+d(o_§n -2 @( 2 2n 2 %n—ljo_gn—Z))
( 2n 2 @( 2 va 2 2n—2,o_§n—2)))

+(1-0)d(Z,0) + E(d(zrg" %,0(03"%, 03,072, 0772))
+d(0’§n 2 @( Zn 2 ain 2 o_%n 2 O_anz))

+d( 2n 2 @( 2Yl Z’O_%n 2,0’%" Z’Jgn—l))

+d(07"2,0(07" %, 03" 2,072, 07"))) + (1-2)d(Z, 0)
+ E(d(GZn—Z @(O_Zn 2 o_in 2 o.Zn—Z O_ZVI—Z)),d

( 2n 2 @( 2V1 Z)O_%n 2)0_§n 2,0,271 2))

+d( 2n 2 @( Zn 2 0;” 2 o_%n 2 O_in 2))

+d(0’§n -2 @( 2v1 2,0’%” 2,0’2" 2,0‘%" 2)))

e - n—. n—. N Nn—.
+(1—E)d(Z,O)+Z(d(ai 2@( 072012, 03 %, 037))

+ d(o_%n—Z’ @(U%n—z’agn— O_Zn 2))
+ d((f%n_z, @(Ogn—Z’a%n— 0,271 2))
+ d(a_gn—Z) @(O.gn—Z’ain— O_Zn 2)))
+(1-)d(Z,0)| + (1-0)d(2,0)

22
_ Zn 2 Zn 2 2n-2 _2n-2 _2n-2
= ([d(e"6(01" % 03", 03" 0}

+d( Zn 2 @( 2n 2’0?1 2 a_in 2, 2n— 2))))
+d( 2n 2 @( Zn 2 Zn Z’O_%n 2) %n 2))
+d( 2n 2 ®( 2v1 2,0‘%" 2’0_571 2, §n 2)))
+(1-¢%)d(Z,0).

(25)

By mathematical induction, we obtain for each n € IN that

d(o}", 07" < T (d(a ,0(0Y,09,03,03)) +d (0%, O(03, 03,0, 07))
+d (0%, 0 (0%, 0%, 01,03)) +d(0}, O (0}, 07, 03, 09)))
+(1-%)d(Z,0).

(26)
Passing n — 00, we find that
d(ot",07"") —d(Z,0). (27)

Again, for each n € N, by induction, one can write

d(ot™", 07" < i—n (d(0},0(0},03,03,04)) +d(03, O (03, 03, 0}, 01))
+d (03, O (03, 0}, 01,03)) +d(0},0(0},01,0,,03)))
+ (1-2)d(2,0),
(28)

this yields after passing n — oo,

d(o3", 0?"2) — d(Z, 0). (29)

Analogously, we have

d(o2",02") — d(Z, 0), (63, 62"*2) — d(Z, 0),d(0¥", 02"") — d(2,0),
d(og"“,ag"*z) —d(Z, O),d(a 02"“) —d(Z,0), d(of”“,af”*z) —d(Z,0).
(30)

This finishes the required proof. O

Lemma 8. Assume that (Y,d) is a MS and Z, O are non-
empty closed subsets of Y so that (Z,0) and (O, Z) satisfy
the property UC. Let the mappings © : Z* — O and Q
: 0" — Z be cyclic contractions. If (09, 09, 09,09) € Z* and
the sequences {o'},{0%},{0}},{o}} in Y are defined as
(22), Vn € N U {0}, then for each € > 0, there is N, > 0 so that

(d(ojlm 2n+1)+d(0_2 ,O‘§n+1)+d(0‘3 ,0’?’“)
<d(Z,0)+e,

d(o7",07""))

A~

Vm>n>N,.

(31)
Proof. According to Lemma 7, we get

2n+1 2n+2

d(ot", 01" — d(Z,0),d(o]} ) —d(Z,0),
(03", 03" — d(2,0),d (03", 03"?) — d(Z, 0),
(03", 03" — d(2,0),d (03", 03"?) — d(Z, 0),
d(o3",07"") —d(Z,0),d(07", 07""?) — d(Z, 0).

(32)
Because (Z, O) fulfills the property UC, then we have

d(ot",07"?) — 0,d(03",03"*?) — 0,d (03", 03"%)
—0,d(0}",07"?) — 0.
(33)
Also, (O, Z) verifies the property UC, we have

d(o,%nﬂ,a%nﬁ) SN 0 d( 2n+1,0.§n+3) SN 0 d( 2n+1,o.§n+3)
N 0 d( 2n+1)ain+3) —50.

(34)

Assuming (31) is not true. Then, for each k€ N with
my > ny >k, there is &’ >0 so that

1 m n m n, m n,
Z(d(af Lo k“) +d( g2 k“) +d( e §k“)
+d( ka,ai”k“)) >d(Z,0) +¢

(35)

Hence, we can select the smallest integer m;, with m; > n,
tulfilling (35). Therefore,
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1 =2 2m4l Py 24l 22 2m4l 2m+2 2m+2 2m+2 2mp+2 2nk+3 2m+1
4 (d(almk Ulnk+ ) +d( e Gznk+ ) + d( " U3nk+ ) C) 0y » 01 » 03 »03 +d(o » Oy : (39)

+ d( oy oi"*“)) <d(Z,0)+¢'.
Applying (11), we obtain that

(36)
Thus, we obtain i( d(gimk’o_ﬁnkﬂ) v d (Ggmk’o_gnk+l) vd ( o gnk+l)
d(2.0)+e' < 3 (d(o1m o) (07,02 ca(ama)) < gfa(erme?)
+d( o2 O_2nk+1) +d( o2 O_2nk+l)) - l(d(azm" aszz) + g(d( i ZW) ( zmkH)0§"k+2)+d<0§mk+l>agnk+z>
» 03 >0y =3 1 >0

+ d(aimk”,ai"k*z)) +(1-8)d(Z,0) +d( o, af"‘“)
m, m E m, M,
+ d(ai k,ai “2) *3 (d(oi ”1,02 t2

2mk 2my =2
>0y +d(0’§mk+1,0'2nk+2)+d< 2mk+1 Uin“—Z) +d( 2mk+1’0€nk+2>)

+d< ka aink+1) +d( 2mk ;mk ) d( ka a;nkﬂ)

+

2 2 2 2 1
+d( oy, a3 )+d( 2 03"”)+d
2
d

1 -
+d( ka O_ink+1)) < Z (d(ofm" O'fmk +(1 E)d(Z O)+d( an+3’ an+1) +d< i o_gmkﬂ)
+d( 2mk’0§mk ) +d( 2mk’o_§mk )+ (aimk imk_2)) + §<d(0§mk+l)0§nk+2) +d< prins 02"k+2>+d( gl ank+z>
+d(Z’ O) +8,. +d( 2m1<+1 U;"k+2)> +( )d(Z O) +d( an+3 Uinkﬂ) (40)
(37) . d(aimk’oimk+2) N ; (d(aimk+l)aink+2)
As k — 00, one can write + d(afmk“’ ”fwz)*d(”imﬁl’ 05"”2) + d(dgmkﬂﬁénk”»
3 omr1\] _ 1 2mp 2m+2
1 2my 2my— ka 2my— ka 2m—2 +( )d(Z O)+d( ' ’U4k >] B Z[d<al A’al ' )
Z(d(al >0 )+d( >0, )+d( »03 ) +d U%nk+3,0§”k+l)+d( ka’ ;mk+2>
+d( ka imk_2)> —d(z,0) +& +d( o an+l)+d( o2 imku) +d< RIS ggnm)

(
(

(38) +d(aimk, 2m,\+2) +d( PR Ginm)] + 2(11(0?"”1,0%"”2)
(

Applylng the triangle inequality, we get +d U;mwl, a;nwz) . d(0§Mk+l, aink+2> n d((fimkﬂ, Uinkn))
+(1-¢)d(Z, 0).

2mk 2my 2my 2my 2m+1 an+l 2nk+l an+l
( ,Q(o o

1 2mp 2n+l 2mp 2m+l 2mp 2m+l
Z(d(al Kot )+d(02 Koyt )+d( Fo5t )
) It follows that
2m, 2m+1 2m, 2my+2
+d(0“ b >> = Z{d@l ho )
2m+2 2m+3 2nk+3 2m+1 1
+ d(0'1 , 07 ) d( ,07 i (d(a?mk, %nkﬂ) +d(a§m“,a§"“1> +d<0§mk’ §nk+l>
2m, 2m+2 2m +2 2n,+3 1
+d<02 k)az k ) ( k 7, k ) +d( ka 2nk+1)) Z[ <o_?mk)0_?m,\+2)
+d<02nk+3 2nk+l) d( 2mk 2mk+2) +d(0§nk+3 e ) d( o 2mk+2>
2
23 2 2my+2 2m+3 2m+l
+ d(azmkn 2nk+3) ( o 2nk+l>+d<02mk szk+2) +d(a oy ) ( a3, 03" ) +d<03nk+ o3 )
3 4 >0y
2my 2mp+2 2m+3 2m+l ¢
g2 e G2 gl 1 2m 2my+2 +d("4 204 )+d<‘74 204 )] *t3
+d(oy =4l om, 2my  2mp 2 dml 2mHl 2mrl 2mprl
4 {d(@( mk mk,0'3mk U4mk),Q<(71“k+ o o+ ,o_snﬁ nk+ ))
2m+l 2mp+1 2my+l 2my+l
+d(Q<01 k ,02 k a03 i >G4 , )’
(6 »03 04 50 2 203 ))
2m+2 2m+2 2m+2 2m+2 2m+3 2m+l
@(Ul k ,05 k ,0% k L0, k >)+d( k ,07 k )} N (@( zmk,aimk,ofmk,Uﬁmk>,ﬂ(0§"k+l,ai"k+l, 2ka+1 an+l)>
L1 1 d agm",ogmk” +dlo 2mk+1 a;mk+l O'imkﬂ G?mkﬂ X +d(® o2, G2 g2 gmk>’9(gink+1’afnk+1, o2l 2nk+1>):|
4
1 +(1—€)d Z O < 7[ ( ka) ka+2) +d<o_fvx;\+3’o_§nk+l)
® 2m+2 2m+2 2m+2 2m+2 2m+3 2m+l

0, 05 0y, 00 +4d(oy 7,05 " ]+—

4
2m, 2m+2 2m+l 2my+1 2mp+1l 2my+l
' |:d(03 k)US k >+d( ( ' 04 ' )01 ‘ ’02 ‘ )’ 2m, 2my+2 m+3 2n+1 82 2m, 2m+1
+d(a4 Koyt )+da Koyt )]+—<d(01 Kot )

A2 2m2 22 2ma2 243 2mrl 1 4
@(0 Koy o 05k ))+d( Kok )}+—
3 4 1 2 3 4 d(O’;mA, ;nﬁl) +d( ka an+1> +d( ka an+1)) (1_ ) (Z, O)

2m, 2m+2 2mp+1 2my+l 2my+1 2my+l
-[d<04 Koyt >+d( ( L or oy 05t ), (41)

d
+d( ka, imku) < nk+3 an+1>+d< ka azmﬁz) +d( 2nk+3 O_im+1)
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Letting n — 00, we have
d(2,0)+¢' < (d(z, 0) + s’) + (1-0)d(2,0)=d(Z,0) + €€,
(42)

which is a contradiction since € < 1. This implies that (31) is
fulfilled, and this finishes the proof. O

Lemma 9. Assume that (Y,d) is a MS and Z, O are non-

empty closed subsets of Y so that (Z,0) and (O, Z) satisfy

the property UC*. Let the mappings ® : Z* — O and Q

: Z* — O be cyclic contractions. If (09,69, 09,09) € Z* and

for all n e NU {0}, the sequences {d'}, {04}, {03}, {o}} in

Y are defined by (22). Then, {07"},{03"},{03"}, and {o7"

are Cauchy sequences.

Proof. Based on Lemma 7, one can get

d(ot",01"") — d(Z,0),d (07", 07"?) — d(Z, 0).

(43)

As (Z,0) satisfies the property UC, then d(0?", 03")
— 0. Similarly, since (O, Z) verifies the property UC then
d(O’%nH, 0.%;14—3) —0.

Now, we claim that, Ve >0, IN € N so that

d(o7™, 01" ) <d(z,0)+e, ¥m>nzN.  (44)

Assume that (44) is not true. Then, Vk € N, Je > 0, and
my > ny 2 k such that

d(afm", 0?""“) >d(Z,0) +e. (45)

Therefore, we can select a smallest integer my; with
my. > n;, fulfilling (45). Hence, one can get

d(Z, O)+s<d( o, 2""”) <d< ka, ka—2>
+d(o7" 201 ) <d (0™, 01" (46)

+d(Z,0)+¢
Setting k — oo, we have
d(af'”k, af"k“) —d(Z,0) +e. (47)
Using Lemma 8, we can write
i(d(gimk,aﬁnkﬂ) +d( 2mk’G§nk+1) +d< 2mk) gnkﬂ)

+ d( o2, ai”k“)) <d(Z,0)+e,
(48)

for all my > n;, > k. Applying the triangle inequality, we get

2 2 +1 2 2m+2
d(z,0) +e<d(o]™,a}""") <d (o™, a}"?)
2m+2 2m+3 2m+3 2m+1
+d< ot )+d(alk ,aﬁ)
2m, 2my+2 2m+1 2my+l 2my+1 2my+l
—d( ko lk >+d< ( k ’o.zk ’03k )0.4k ))

® <0§nk+2) 02"”2, 0?‘”2, Oink+z)) +d (0%"”3, O,?nkﬂ)
<d( ka’a‘?mk-ﬁ) N L (d(oimk+l’gimk+2)
4
+ ( 2my+1 U;mku) +d< 2m;\+1) ngkﬁ)
+ ( ka+1) Uimk+2>) ( )d(Z O) . d( 2nk+3) U?nku)
_ E d <® (U?mk, G2, G, Uimk) 0 (a?nﬁl g2t gintl o in;\+l>>
( (aﬁ'”k,aﬁ’”k,ai’”k a?mk>)g(0_§nk+l agnkﬂ an+1 an+1>)
d( (agmk’ O'imk, O’fmk, o_?m.) 0 (agnkﬂ’ O_inkJrl’ TnkJrl’ in,grl))
+d( (O_imk’ O_Tm,\, O’;mk, oémk) , Q(O_inkﬂ’ 6%";“"1) ;n,jrl’ ;n,\ﬂ))}

+d( ka, imk+2) +d< 2nk+3)02nk+1) +(1_

ee m n m, Ny m N,
UG RCR R A

(aj’”ﬁ, j”k“)) +(1-0)d(Z,0)+ _( (oj’”k,ai”k”)
+
¢

d(o
d

0)d(Z, 0)

(ka, oy d(o‘ ) i””l) (a?mk’ ?nﬁl))
R HUCRERCR R
+d( ka,af"‘”)er( 3 Z"k“))
+ (- 0d(2,0)+ ¢ (d(oA™ )
+d( ka,af"k”) +d( ka)ainm) +d( o g inkﬂ))
+(1-0d(2,0)) +d(07", 01" ) +d (o], 01"
1-02.0= b (4o ) ()
() (o)) - €
o

( ka) 2mk+2) ( an+3 an+1) < Ez(d(Z, O) n 8)
(1 _ £2) (Z, O) 2mk’ Uka+2> i d((ﬁn,ﬁs’ O_Tnk+l>
s+d A O +d( ka’ %mk+2> ( fﬂk+3,0€nk+l>.

(49)
Letting n — 00, we obtain that
d(Z,0)+e<d(Z,0) + L. (50)

This is a contradiction. This achieves the inequality (44). It fol-
lows from (44), d(03",0?"*') — d(Z, O) and the property

C* of d(Z, O) that {01 } is a Cauchy sequence. By the same
manner, we can show that {03"},{03"}, and {0%"} are
Cauchy sequences. This finishes the proof.

Now, via the property UC*, we shall discuss the exis-
tence and convergence of QBP points.



Theorem 10. Assume that Z and O are nonempty closed sub-
sets of Y so that the property UC* are satisfied on (Z, O) and
(O, Z). Let the mappings © : Z* — O and Q : O — Z be
cyclic contractions. If (09,09 05,09 €Z* and for all
neINU{0}, the sequences {o'},{0%},{0%},{o%} inY are
described as (22). Then, ® has a QBP point (7,, T,, T3, 1)
€ Z* and Q has a QBP point (71}, 71,',71,',71,") € 0. More-
over, we have

ot — 1,05 — T, 05— Ty,07 — T, 07!

2n+1

!
—[1 , 0.2 2n+1

!
—[2 , 0_3 2n+1

! !
— 5,07 — T,

(51)

In addition, if ,="TT;= "1, and 7,="T1;= "), then

d(Tl, 7;) + d(‘lz, -[;) + d(73, 7;) + d(‘u, —[;) =4d(Z,0).
(52)

Proof. Based on Lemma 7, we conclude that d(¢2", 3"*!) —

d(Z,0). From Lemma 9, we find that {0?"}, {03"}, {0%"},
and {02"} are Cauchy sequences. Thus, there are (7T;, T,
T3, T,) € Z so that 03" — Ty, 05" — T,, 03" — 75, and
0" — T1,. Hence, we have

d(Z,0)<d(T,,07"") <d(T,07") +d(07,07""). (53)
Passing n — 00 in (53), we find that
d(T,,01"") —d(Z,0). (54)
By the same method, we have

d(Ty,01"") —d(Z,0),d(T5,03"") —d(2,0),d (T, 05"
—d(Z,0).
(55)

Now, consider

d(a7", 0Ty, Ty Ty 1)) =d(Q(07" 03" 03 0777, O( T Ty, T )
< L@ ). d( ). e, )
(o271,7,)) + (1 - £dZ, 0).

(56)
Passing n — 00, we obtain

d(T, 0T, Ty, T3, ) =d(Z, 0). (57)
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Analogously, we can obtain

d(T O(Ty, T3, Ty, Ty)) =d(Z, 0),d(T3, O( T3, Ty Ty, 1))
=d(Z,0),d(T,0(T, T, Ty T3))
=d(Z,0).

(58)

Therefore, (7Ty, T,, T3, T,) is a QBP point of ©.

Analogously, we can prove that there are 7}, 7., —[;,

! ! ! !
T1,€0 so that o2 — T}, o — T, o — T,

2n+1

!
and o™ — 1. Moreover, we get

d(T0(T. T T ) ) =d(2,0).d( .0 (T T T )
- d(z,0),

d(‘i;, @(7;, T, 7;)) =d(Z,0), d(wg,@(wg, 71,1, 7;))
=d(Z,0)
(59)

Hence, (7T}, Ty, T3, 7T;) is a QBP point of Q.
Ultimately, let T, = 7Ty = 7T, and T, = T1; = 7T,, then we
claim that (52) holds. For each n € N, one can write
d(o.%n)o,%m—l) =d(Q(O’%n_l,O‘gn_l,O‘gn_l,o‘in_l),@((ﬁ", agn)aén)ain))
< S(A(03 0l + d(o3 o) + d(a3 o)
+d(6¥,02) + (1-0)d(Z,0).
(60)

Letting n — o0, we get

d(“[l, 7{) < z (d("ll, —[{) +d(—[2, —[;) +d(—[3, —[;)
+d(“[4, 7;)) + (1-0)d(Z,0).
(61)

Also, Vn € N, we get

d(O’%n,O'gnH) :d(Q(O.gn—l’U%n—l’Uin—l’ain—l))Q(agn, agn)ain)a%n))
< S(d(o3 o) + d(o2 " a3) + d(oh o)
+d(07"",07")) + (1-0)d(Z, 0).
(62)

Passing n — 00, one can obtain

d(wz, 7;) < E(d(wz, 7;> +d(—[3, —[;) +d(—[4, 71) +d(71, 7{))
+(1-0)d(Z,0).
(63)
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Similarly, we obtain

d(“l3, 7;) ( (-13, -I;))+ (74,—[ ) +d(71,—r)

+d(‘[2,‘[ + ,0),
d(14,-[;)_ ((-[4, 1) + (71, 1)+d(‘[2,7;)
+d(—l3, ))+ 1-0)d(Z,0).

(64)

It follows from (61), (63), (64), and (66) that

a7 ) +d (T ) +d (T ) +d (T )
ge(d(“ll, —[;) + d(“[z, -[;) + d(‘l3, 7;) + d(“u, “li))

+4(1-0)d(Z,0).

This leads to
d(‘ll, -r{) + d(“[z, -[;) + d(‘l3, 7;) + d(‘u, —i;) <4d(Z,0).
(66)
Since

d(2,0) < (-[ )d(z O)Sd(—[2 ;),d(z,O) o)
d

d
d(‘l3, 7;), d(Z,0) < (—[4, 7;),

IN

then we have

d(70 ) +d(To ) +d(T5 ) +d (T ) 24d(2, 0.
(68)

According to (66) and (68), we have

d(‘ll, 7{) + d(‘[z, -[;) + d(‘l3, 7;) + d(], T’;) =4d(Z,0).
(69)

This finishes the proof. O

It should be noted that every pair of nonempty closed
subsets Z and O of a UCBS so that Z is convex fulfills the
property UC*, then we can state the result below.

Corollary 11. Assume that Y is a UCBS and Z, O are non-
empty closed subsets of Y. Assume also ® : Z* — O and Q
: O — Z are cyclic contraction mappings. If (69, 6%, 09, 09)
€Z* and the sequences {o"},{o%},{o%}, {0} in Y are
defined as (22), for each n € N U {0}, then ® has a QBP point
(7}, T, 15, 7,) € 2% and Q has a QBP point (7T, T, T3,
1)) € Z*. Moreover, we get

9
o' — T, 07— Ty 03— 5,00 — T, 00
1 1092 203 30y 0
71’ O_2H+1 72’ 0_2n+1 —[3’ O,Zﬂ+1 —[4.
(70)

In addition, if 7,=T;= T, and Ty= Ty =T, then

d(m, —i;) + d(‘[z, 7;) + d(‘l3, -[;) + d(‘l4, —[;) =4d(Z,0).
(71)

The following example supports Corollary 11.

Example 9. Let Y =R be a UCBS equipped with the usual
norm. Take Z=[3,5] and O =[-5,-3]. Obviously, d(Z, O)
=8. Describe two mappings ® : Z* — O and Q : O* —
Z as

—0; =0, =03
8

-9,-9,-9;-9,+16
Q(9,, 95, 93, 9,) = — 83 : ’

-o,—-16

>

©(0,,0,,03,04) =

(72)

for each (0,,0,,05,0,) € Z* and (9,,9,, 95, 9,) € O*, respec-
tively. For all (0,,0,,0;,0,) € Z*, (9,,9,,9;,9,) € 0%, and
fixed £ = 1/2, we have

d(©(0,,0,,03,04), (9, 9y, 95, 9,))
_|-o1-0y-05-0,-16 -9, -9,-9;-9,+16
- 8 8
< |01 = 91| + 10y = 95| + 03 = 95| + |oy — 9 ‘4

8
= g(d(o-l’ 9)) +d(0,,9;) +d(03,95) +d(04,9,))
+(1-0)d(Z,0).
(73)

Thus, the mappings ® and Q are cyclic contractions
with €=1/2. Because Z and O are closed convex, the pairs
(Z,0) and (O, Z) justify the property UC*. Therefore, all
requirements of Corollary 11 are fulfilled. Thus, ® has a
QBP point and Q has a QBP point. We note that a point
(4,4,4,4) € Z* is a unique QBP point of ® and a point
(-4,~4,~4,~4) € V* is a unique QBP point of Q. Therefore,
we obtain

d(4,-4) + d(4,~4) + d(4,-4) + d(4,-4) = 32 = 4d(Z, O).

(74)

In a compact subset of a MS, we can obtain the QBP
point result as follows.

Theorem 12. Assume that (Y, d) is a MS and Z, O are non-
empty compact subsets of Y. Assume also ® : Z* — O and
Q:0"—Z are cyclic mappings. If (09,09, 09, 09) €Z?
and the sequences {o"}, {04}, {0%},{o}} in Y are defined
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in (22), for each n>0. Then ® has a QBP point (7, T,,
T3 1,) € Z* and Q has a QBP point (71,7, 75, 7T,) € Z%
Moreover, we get

2n

2n 2n 2n 2n+1
o' — 1,05 — 1,05 — 3,0, — o

1

2n+1

!
—[1 , 0,2 2n+1

!
—[2 , 0,3 2n+1

! !
— 15,04 — T,

(75)

In addition, if 7,="T,= "1, and Ty="T;="T,, then
d(7 ) +d(T ) +d(T ) + (T, ) =4d(2,0).
(76)

Proof. Since 09,09,09,0}€Z and (22) holds for each
neNU{0}, we get

2n 2n 2n _2n 2n+l  2n+l1  2n+l _2n+l
oy, 05", 05", 0" € Z, 01", 05" 0" 0" €O, (77)

The compactness of Z illustrates that the sequences

0%, 05", 0%, and 03" have the convergent subsequences

2n, 2n 2n, 2n :
07 50,503 % and o, %, respectively, so that

2 2 2 2
o —T,€Z,05" — T, €Z,0" — T, €Z,0,"

— T, €Z.
(78)

Now, we have

d(Z,0) < d(_[p U%mﬂ) = d(_[p U%nk) + d(crfnk, 0?""_1),

(79)

Applying Lemma 7, we find that
d(af"k,a%"“l) —d(Z,0). (80)

Taking n— 0o in (79), we get
d(“[l,af"“l) —d(Z,0). (81)

By the same manner, one can obtain

d(-[z,aj”k‘l) —d(Z,0), d(73,a§”k‘1)
— d(2,0), d(—[4, aj”k‘l) (82)
—d(2,0).

Advances in Mathematical Physics

Notice that

4(2,0) = (07", 0(T,, T T, 1)
(

-d Q(ai”k*l, o o, ai”k’l)@(—ll, Ty, Ty 74))

4 e ne n- n—
sz(d<afkl,‘ll),d(a§ L), d(o2 ), d (o 1,74))
+(

1-0)d(Z,0).
(83)
As n— 00, we have
d(—ll’(—ll’—IZ’ T3 ) =d(Z’ 0). (84)

Analogously, we have

d(“[z,(72,“[3,‘[4,71)):d(Z,O), (—[3’(—[3>—[47—[1’—[2))

(Ta (T T Ty, M)

N
XS}
Y

(85)

Thus, ® has a QBP point (T, T,, 75, 71,) € Z% By
the same argument, since O is compact, we can also
claim that Q has a QBP point (7T}, T, T;, ;) € O%.
To prove

d(“[l, 7;) + d(‘lz, -[;) + d(‘l3, 7;) + d(‘u, -ig) =4d(Z,0).
(86)

we can follow the same approach used in the proof of
Theorem 10. U

3. Quadruple Fixed Point Technique

This part is devoted to present new QFP consequences in the
sense of cyclic contraction mappings.

Theorem 13. Assume that (Y, d) is a MS and Z, O are non-
empty closed subsets of Y. Let the mappings © : Z* — O and
Q:0"—Z be cyclic contractions. If (09,09,09,09) € U
and the sequences {o"},{0%}, {04}, {0%} in Y are described
as (22), for each n> 0. If d(Z, O) = 0, then ® has a QFP point
(T T T3, 71,) € Z* and Q has a QFP point (7T}, Ty, T;,
,) € O*. Moreover, we get

0} — 103 — Ty 03— Ty 07— Ty 07"

2n+1

! 2n+1
—[1’0,2 n+

! 2n+1
—[2’ 0.3 n+

! !
— 5,07 — I,

(87)

In addition, if 7, = T, =TT, and Ty= "1, =T, then © and
Q have a common QFP in (Zn 0)*.

Proof. Because d(Z, O) =0, we find that the pairs (Z, O) and
(O, Z) justify the property UC*. Using Theorem 10, we see
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that ® has a QBP point (7T;, T,, T, 7T,) € Z*, that is,

(7;,9(7;, =4, —[;))

=d
=a(T0(T T T )
=d(Z,0)
(89)
From (88) and since d(Z, O) =0, we obtain
T =0T Ty Ty Ty)s Ty =0Ty, Ty Ty 1), g (90)

=0T Ty T ), Ty =0Ty, Ty, Ty, T3).

This means that (7Ty, T,, T3, T,) is a QFP of ®.
Again, from (89) and since d(Z, O) =0, we get

T =0(T T T ) =e( T T T T T
=Q(—[;, =, —i;), -, =Q(7;, =, —[;).
(91)
This means that (7T}, 7T, T3, 7T;) is a QFP of Q.

Now, let T, = 7T, = T, and 7T, = 7T} = ;. From Theorem
10, one can write

d(7, ) +d(To ) +d(Te ) +d( T ) =4d(2, 0.
(92)

Since d(Z, O) =0, we have

d(‘[l, 7{) + d(“[z, —[;) + d(‘[3, —i;) + d(—[4, 7;) =0.
(93)
It follows that

Ty=T =T =T, Ty = Ty =T =T (94)
Therefore, the quadruple (7,7, 15, 7,) € (Zn0)*

is a common QFP of ® and Q. This is enough to
end the proof. O

11

Example 10. Consider Y = R equipped with the usual norm.
Take Z=[-4,0] and O=]0,4]. Describe two mappings
©:72*—0and Q:0*—7Z as

o, +0,+05+0,
8

O +9+ 95+,

8

O(0,,0,,03,04) =~ >
(95)

Q<‘91’ 95,935 ‘94) =

>

for each (0}, 0,,05,0,) € Z* and (9,,9,,9;,9,) € O, respec-
tively. Then, d(Z, O) = 0 and ®, Q are cyclic contractions with
¢ =1/2. Moreover, for each (0,,0,,0;,0,) € Z* and (9,,9,,
9;,9,) € O*, we get

d(0(0,,0,,03,04), (9, 9,, 9, 9y))
_0y+0,+03+0, . 9, +9,+9;,+9,

8 8
1
< 510y =9, +]0y = %[ + oy = [ +[oy = 8,])  (%0)
0
) (d(01,9,) +d(0,,9,) +d(03,9;) +d(049,))
+(1-0)d(2,0).

Therefore, all postulates of Theorem 13 are justified. Then,
® and Q have a common QFP (0, 0,0,0) € (Zn 0)*.

Putting Z = O in the above theorem, we have the result
below.

Corollary 14. Assume that (Y,d) is a complete MS and Z
# @ is a closed subset of Y. Assume also that © : Z* — Z
and Q:Z*— Z are cyclic contraction mappings so that
if(0%, 09,09, 0%) € Z* and the sequences {o"}, {0}, {o%},
{04} in Y are defined as (22), for each n=0, then ®
has a QFP (T, T, T3 71,) € Z* and Q has a QFP (7},
T, 5, 7T,) € 21 Also, we obtain

o' — 1,07 — T, 03 — 5,07 — 0

! ! ! !
71’ O_gi’l+1 72’ O_§n+1 —[3’ o,in+1 —[4.

(97)

2n+1
1

Moreover, if 1,=";="T, and T,="T,="T,, then ©
and Q have a common QFP in Z*.

The following corollary is very important in the applica-
tion part. We get this result by placing ® = (2 in Corollary 14.

Corollary 15. Let (Y,d) be a complete MS and Z be a
nonempty closed subset of Y. Assume also the mapping
© : Z' — Z verifying

d(©(0,,0503,04),0(9), 95,93, 9,)) < — (d(0,,9))

N e

(98)
+d(0,,9,) +d(03,9;) +d(0,9,)),
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for all (0,,0,,050,),(9,,9,,9;,9,)€Z% and teo,1I).
Then, ® has a unique QFP (7,71, T, 1,) € Z%.

where S and D are a state and decision space, respectively;
0,€859:SXD—R; R:SxDxR*—R;and F: SxD
—> S(where R* =R x Rx R x R).

0,€D
0,€D

0,€D

0,€D

Assume that R is the set of all bounded real-valued
functions on S. Consider

|lv]| = sup|v(oy)], VveRg. (100)

0,€S

Moreover, define a distance on Ry in the form of

v(o,)|, forally,veRg  (101)

O(w,v) = supl#(ffl)

0,€S

Obviously, the pair (R, O) is a complete MS.
In the theorem below, we will discuss the existence of the
solution for the system (99).

Theorem 16. Assume that the following postulates are

fulfilled:
(a;) the functions g:SxD—R and
are bounded

F:SxD—S

O (¥ (13130, (11 1305011 ) :3‘162‘?/(’71’712”73”74)(‘70 A U AICH)
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4. Solving a System of Functional Equations

Here, we apply Corollary 15 to discuss the existence of the
solution for the following quadruple functional equations:

(a,) for each 0,€8,0,€D, and 1,1, 13 Ny 77;, 17;> 11;,
1, € R, we have

11(01) = sup{g(0y, 05) + R(0, 0, 1,(3(01,0,)), 1,(3(01, 0,)), 15(3(01, 03)), 1,(3(01, 03))) }»

1,(01) = sup{g(0y, 0;) + R(0, 05, 1,(3(01, 03)), 1,(3(01, 03)), 1,( (01, 03) ), 1, ([ (01, 03))) }»

(99)

13(01) = sup {g(0}, 02) + R(0, 02, 11;(3(01,02)), 1,(3(01,02)) 1, (3(01,02))> 1, (S(01,02))) },

M4(01) = sup{g(0y, 03) + R(0, 05, 1,(3(01,03)), 1, (I(01,03)), 1,(I(01, 03)), 13(3(01, 03))) }»

(RG22 1111150 113) = R (01,015 115,71,
1
< 5 (I =]+ | = 3] + s = 3]+ |my = 1] ).
(102)

Then, system (99) has a unique bounded solution (UBS).

Proof. Describe an operator ¥ on the space Rg by
F s 1y 115 14)(01) = $up{g(01, 02) + R(01, 02, 1,(S(01, 02)) 1,
0,€

“(8(01,02)), 15(S (01, 2)), 14(S (01, 02))) }»
(103)

for each #,,7,,1;, 1, € Rg and o, € S,0, € D. The existence
solution for system (99) is equivalent to find a QFP of the
operator V.

Clearly, the mapping ¥ is well-defined (because the
functions g and N are bounded).

Hence, by the postulate (a,), we obtain

=sup
g,€S

SuP{g(Ul 0,) + R(01,05,1,(3(01,03)): 1,

a,eD

% (3(01,0,)),15(8(01,02)),1,(S(01,03)))} — sup {!](‘71’02)+N(UpUz’711(5(‘71"72))"I;(5<‘71’Uz))»W;(S(Ul»Uz»’714(5(01’02)0})

0,€D

=3u€g{ggpm<al 0211 (S(01,02)),1(8(01,02)). 15(3(01,0)), 1,(S(01,02))) =R (01, 02,1 (8(01,02)), 15(S(01,0)), (301, )). 14 (S(0,02)) )}

1 1
{ sup (I =+ [ =3 + gy =] + [, - m!)} g

=5 (0 () +0 (1) +0 (1) +0 10

ap{ o =il + s =l + s =l + o =] §

(104)
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This implies that the contractive stipulation of Corollary
15 holds with €=1/2. Then, the mapping ¥ has a unique
QFP, which is a UBS of problem (99). O

The example below justifies Theorem 16.

13

Example 11. Consider a quadruple system of functional
equations below:

1 1 1
-+ —

I1:(3)

1 1 1 3 1 3 1 3 1 S
= sup farctan oy 440+ L L LS L@ L @] 1 @) |
,eR 2+ (0,) 3+69 81+, (V)] 81+en®l  81+1In|n(]) 81+ 1,(3)]
AU 1,(T)]

1
81+~ 81+1n|n,(I)|

= sup
0,€R

arctan (o, +40,) + 25
1

1 1 1

+
3+e3 81+ |1,(T)|

1,(3)

81+emu®  81+In|n (I) 81+ [7,(3)]

@) 1 @) 1

= sup
0,€R

arctan (o, +40,) +

N
+ (o)

for all o, €0, 1].

Clearly, system (105) is comparable to system (99) with
§=10,1] and D=RR. Clearly, the postulate (a;) of Theorem
16 is fulfilled. To achieve the postulate (a,), we have

[R(01,05,1,(3(01,0,)), 1,(8(01,03))s ’73(5(“1 Uz)) Ma( (01 0,)))

~R(01, 0,71 (S(01,02)). 15(S(01,02)), 15(S(01,02)), (S (01,02) ) |
me  ms)] ()| \nzSI)
_8|1+|;11(S)| 1+ |ny(S)] 81+emz<3>\ 1+e\"25’
e Im(ﬁ?)\ 1‘ (S (S
81+In [5(S)]  1+1n [r5(S) S‘H\/Imd)l 1oy /r(s)|
1
§(||m<\s = [+ 11281 = [13(S)] | + 159
= [1a(3)] + [Ina(3)| = ()]
1
< & (=) + n =]+ Iy = 3] + [y =)
(106)

Therefore, the postulate (a,) of Theorem 16 is fulfilled.
Thus, problem (105) has a UBS in Rs.

5. Solving a System of Integral Equations

The existence of solutions for a system of quadruple inte-
gral equations is presented here by using the results of
Corollary 15.

1 1 1

= su arctan o, +40 + +—
%{ A o T 3 e BT (D))
{ 3+e: 81+ 7, ()]

81+em®  81+In |1, (J)|

@) &) 1 () }
(

Consider the following problem:

)
) h(B, ) (B¢, 01(8), 02(£), 05(8), 04(£))dC,

)
h(B,O)I (B8, 05(), 03(£), 04(), () dC,

"W, T (B, 05(0),04(0), 01O 030,

W DT (B 04(0),01(0),02(0), 05 (),

(107)

where f3,{ €[0, D] with © > 0.
Suppose that 2 = C([0, D], R") is endowed with

forallo, € 0. (108)

llow|l= sup |oy(B)],
Be[0.9]

Moreover, define a distance on 1 in the form of

forall#, &1 € 0. (109)

w(i 1) = sup [F(B) —u(P)l,

Be[0,9]

Hence, (1,9) is a complete MS.

Theorem 17. Suppose that the following hypotheses hold:
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(A,) The functions ] : [0,9] x [0,9] x (R")* — R" and
h:[0,9] x[0,D] — R" are continuous so that

° D)
Jh(ﬁ,()d(sﬁ, forall B, € [0,9]. (110)

0
(A,) Forall 0}, 0, 05 0, 0} 05 05 0y € R", we get
7(8.4.01(0),02(0),03(0). 04(8)) - T(B.8.01(0), 0%(2), 050, 04(0) ) |

< é(|a, — o] +]o, -0y + |os— 03| + |oy 70:,‘), forall B,{ €[0,9].

(111)

Advances in Mathematical Physics

Then, problem (107) has a unique solution on C([0, 9],

R").
Proof. Define the mapping A : 2* — 1 by
D
A(0,,05,05,0,)(B) = Jo h(B.O)T(B. 8 01(£), 02(8),05(0), 04(0))ds,  e[0,9].
(112)

The existence solution of (107) corresponds to finding a
QFP of A.
Assume that 0, 05, 03, 0y, 0}, 05, 03, 0 € R”, we get

p(A(ol,02,03,(74),A<0;,0;,a;,o‘fl)) = sup |A(0,0,,05,04)(B) —A(o{,aé,ag,aé) (ﬁ)‘

Be[0,9]

) S
= sup || A(BOT(8.601(0). 02005000 @)= | (01T (B c,oi<<:>,a;<c>,a;<<>,az<c>)dc|

Be[0.9]

< sup
Bel0.9]

< sup
Bef0,9]J0

BB [TB.801(6):02(0):050)040)) =T (B.8:01(0). 440, 03(0). 40) ) |6

(113)

2 l ! ! ! !
h(B, C)al{(5 (‘01 —01‘ + ’az -0y +]o; —a3| + oy —040)

< 1 sup (}01 —a” + |02 —0£| + ]03 —0;| + |04 —ai|>

16 pejo o)

_ g (b(00:0!)40(0203) 4 (92,0%) (1,01 ).

Hence, the stipulation of Corollary 15 holds with € =1/4.
Therefore, A has a QFP, which in turn is considered the
unique solution to (107). O

Example 12. Consider a system of quadruple integral equa-
tions below:

for all S €0, 16].

XCHN (ﬁ o) 6T (oD * T ] 163 +|Ef|f<)c>|>2> “
o <ﬁ3 T o) o) T ll63+|<0|;(f<)c>|>2> i (114)
7s(P)= (ﬁ REATE s53<(\?3|<<r)|> 16 CL?((I(U)J(C)D " |+U|lc£f<)4|'>| “i63 +|53(f<)c>|>2> i
=), (ﬁ R o) e (oD * 6T ] 1_163+|<0|3(3?<>|)2> i
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Problem (114) is another shape of problem (107) with
O =1LA(B,{) = +2¢ and

T(B.60, 0,700 50 40 = oo
+i |02 (9)] +i o5 ()] +i |04 (9)] .
162 +cos (lo,(0)]) 161+ |o5(Q)] 163+(‘G4(()|)2
(115)

Obviously, the hypothesis (A,) of Theorem 17 holds.
For the hypothesis (A,), one can write

7(8:¢,01(0),02(0), 03(0),04(0) =T (8.4, 01(0),03(0), 030, 0%(0)) |

R S I (5]
16 |1+sin (jo7(0)]) 14 sin (!d(m)

<

R A I 1 5]
16(2+cos (|0,(0)]) 2 4 cos <|0£(C)|>
1] @ __[o3©)]
16{1+]03(0)]  1+]03()|

LU @l )

18[54 (@ 3+ (Jos0))

: %(H“MOI- 01O + [lo2(©)] - o) ||
+030)1 = 4@+ [l04©)] - o3

1
< E(|al ~ 0| +|oy = )| + |os o3| + }04—ag|)_

(116)

Hence, the hypothesis (A,) of Theorem 17 is justified
with O = 16. Therefore, the mapping ] has a unique QFP
which in turn is considered the unique solution to (114).

6. Conclusion

One of the central problems in approximation theory is to
determine points that minimize the distance to a given point
or subset. The best approximation has always attracted ana-
lysts because it carries enough potential to be extended espe-
cially with the functional analytic approach in nonlinear
analysis. The best proximity point has many applications such
as obtaining the existence of a unique solution for a variational
inequality problem, integral and differential equations, and
many other directions. The fixed point method is considered
one of the distinguished methods for obtaining these points
under cyclic contraction mappings, due to its smoothness
and clarity. So, in this paper, the existence of a quadruple best
proximity point for a cyclic contraction mapping is introduced
in ordinary metric space. The validity of theoretical results in a
uniformly convex Banach space was also discussed. Moreover,
several examples are given to strengthen the theoretical results.
Finally, our paper has been provided with applications on the
existence and uniqueness of the solution to a system of func-
tional and integral equations.
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