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The Cauchy problem for the three-dimensional incompressible flows of liquid crystals in scaling invariant spaces is considered. In
this work, we exhibit three results. First, we prove the global well-posedness of mild solution for the system without the
supercritical nonlinearity |Vd|*d when the norms of the initial data are bounded exactly by the minimal value of the viscosity
coefficients. Our second result is a proof of the global existence of mild solution in the time dependent spaces for the system

including the term |Vd|*d for small initial data. Lastly, we also get analyticity of the solution.

1. Introduction and Main Results

Liquid crystals are substances that exhibit a phase of matter
that has properties between those of a conventional liquid
and those of a solid crystal. A liquid crystal may flow like a
liquid, but its molecules may be oriented in a crystal-like
way. There are many different types of liquid crystal phases,
which can be distinguished based on their different optical
properties. One of the most common liquid crystal phases
is the nematic, where the molecules have no positional order,
but have long-range orientational order. Nematic liquid
crystals are aggregates of molecules which possess same ori-
entational order and are made of elongated, rod-like mole-
cules (see [1-3]). The continuum theory of liquid crystals
was developed by Ericksen [4] and Leslie [5] during the
period of 1958 through 1968, and for more details, see also
the book by de Gennes [6]. Since then, there have been
remarkable research developments in liquid crystals from
both theoretical and applied aspects. When the fluid con-
taining nematic liquid crystal materials is at rest, we have
the well-known Ossen-Frank theory (for static nematic lig-
uid crystals, see Hardt-Lin-Kinderlehrer [7]) on the analysis
of energy minimal configurations of nematic liquid crystals.

In this paper, we mainly study two simplified versions of the
hydrodynamics of nematic liquid crystals, but still retain
most of the interesting mathematical properties of the orig-
inal Ericksen-Leslie model (see [4, 5]).

In 1989, Lin [8] first proposed the following a simplified
three-dimensional Ericksen-Leslie equation modeling incom-
pressible liquid crystal flows

O+ u - Vu — pAu+VII = -0 div (VdeVd),
0,d +u-Vd=v(Ad+|Vd|’d),

divu =0,

(16, d)], = (19> dy),

where u € R? is the velocity and d € S* (the unit sphere in
R?) is the unit-vector field that represents the macroscopic
molecular orientations. The scalar function IT € R is the pres-
sure. The positive constants y, 0, v stand for viscosity, the
competition between kinetic energy and potential energy,
and microscopic elastic relaxation time or the Deborah num-
ber for the molecular orientation field, respectively. The sym-
bol ® denotes the Kronecker tensor product such that
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u®u=(uu) and VdeVd denotes a matrix whose ij-th

1<i,j<3

entry is 0,d- ijd(l <i,j<3). Indeed, Vdevd = (Vd)'Vd,

where (Vd)" denotes the transpose of the 3 x 3 matrix Vd.
We set 0 =1 since their exact values do not play any role in
our analysis.

For system (1), the appearance of the nonlinear term
|Vd|*d with the restriction |d| =1 causes significant mathe-
matical difficulties. In 1990s, Lin and Liu [9, 10] introduced
another simplified three-dimensional Ericksen-Leslie equa-
tion modeling incompressible liquid crystal flows:

O,u+u-Vu— puAu+VII = - div (VdeVd),
0, d+u-Vd=v(Ad-f(d)),

divu=0,

(s d)| g = (10> dy),

where f(d) is a vector valued, smooth, and bounded func-
tion defined for all d € R®.

When d is a constant vector field, systems (1)-(2) reduce
to the three-dimensional incompressible Navier-Stokes
equations, which is an extremely important system to
describe incompressible fluids. It has attracted great interests
among many researchers, and there have been many impor-
tant developments. Leray [11] and Hopf [12] showed the
global existence of weak solutions. Fujita and Kato [13]
established the local well-posedness for large initial data
and the global well-posedness of strong solutions for small
initial data in Sobolev space. Similar results have been estab-
lished in L"(R") by Kato [14], in critical Besov space
B;’IOZ("/P )(]R”)(l < p<oo) by Cannone [15], and in the larger
space BMO™! by Koch and Tataru [16]. In 2011, Lei and
Lin [17] proved global well-posedness results in a new space
X" (see Definition 4) if ||uy|| -+ < p. Based on it, Benameur
[18] proved a large time decay to the Lei-Lin solution, and
Bae [19] presented analyticity of the solution, respectively.

In the past several decades, there are many fruitful
results on the analysis of System (1). In certain Besov spaces,
Li-Wang [20] obtained the local strong solution with large
initial data and the global strong solution with small data.
Hineman and Wang [21] established the global well-
posedness of system (1) in dimensions three with small ini-
tial data (uy,Vd,) in L?, , where L, (R?) is the space of
uniformly locally L*-integrable functions. We would like to
mention that Wang [22] has recently obtained the global
(or local) well-posedness of system (1.1) for initial data (u,
,d,) belonging to possibly the largest space BMO™ x BMO
with V-u, =0, which is a invariant space under parabolic
scaling associated with system (1), with small norms. Tan
and Yin [23] established local well-posedness with large ini-
tial data and the existence of global strong solution to system
(1) with small initial-boundary condition. For system (2),
there are also lots of important conclusions when the func-
tion f(d) = (1/6%)(1 - |d|*)d or f(d) is identically zero (see
[8-10, 24-26]). Especially, when f(d) = 0, although the case
is physically irrelevant, one believes it is of interest from the
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analysis point of view (see [9]). Lin and Liu [9] established
the global existence of classical solutions under the addi-
tional assumption that the initial data are small in a suitable
sense. Hu-Wang [25] obtained the existence and uniqueness
of the global strong solution with small initial data. It should
be emphasized that the norms in corresponding spaces of
the initial data in all these works mentioned above for sys-
tem (2) are smaller than the viscosity coefficients y and v
multiplied by a tiny positive constant ¢. Then, an interesting
question arises, namely, whether it is possible to establish
global existence of solutions for the Cauchy problem to the
hydrodynamics of nematic liquid crystals in 2! x 27, pro-
vided that the norms of the initial data in &' x 2° are
bounded exactly by the minimal value of the viscosity coef-
ficients. The goal of this paper is to give a positive answer
to this question for system (1.2) when f(d) = 0. On the other
hand, for the more complicated system (1) including the
super critical nonlinearity |Vd|’d, we also prove the the
global existence of mild solution in the time dependent
spaces for small initial data in 2! x 2°. Furthermore, we
also prove analyticity of mild solution to system (1). Com-
pared with the known results for the incompressible
Navier-Stokes equations [17-19], the main difficulty of sys-
tem (1) is much more complicate nonlinear system due to
the super critical nonlinearity |Vd|*d in the transported heat
flow of harmonic map equation and the strong coupling
nonlinear term div(VdeVd) in the momentum equation. In
particular, in order to avoid trouble by directly taking Fou-
rier transformations for these nonlinear terms, we exploit
some important nonlinear estimates in some time depen-
dent spaces.

Our first main result on system (2) then reads as follows:

Theorem 1. Let f(d) = 0 in system (2). Suppose that (u,, d,)
e ' x X0 satisfy

[[t4g]| g1 + [|do|| o < min {u, v} (3)
Then, system (2) has a unique global-in-time solution

(u,d) € C((0,+00); X x X°) N L' ((0,400); X' x 7).
(4)

Moreover,

00

sup ([[u(t)]| g+ 1d(t)]30) + (4= lltoll g1 — ||d0||£r0)J
0<t<oco 0
Nu@)llgrdr+ (v=lluoll -1 - ||d0||m)J0 1d(7)[ q2d7

< lltoll g1 + [ldollo-

(5)

Our second main result in the time dependent spaces on
system (1) is the following theorem:
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Theorem 2. Suppose that (u,,d,) € X x X°. There exists a
small enough constant y > 0 such that if

l[uol g1 + [ dollgo <77 (6)

Then, system (1) admits a unique global-in-time solu-
tion

(ud) e Edef = (I (X)L (x") ) n (L' (x") x L' (x?)).

Our third main result on the analyticity of solution for
system (1) is the following theorem.

Theorem 3. Under the assumptions in Theorem 2, then the
solution for system (1) is analytic in the sense that
‘luHim(eMX") + H”u”f(eﬁsz) + ||d||i°°(ev7Axﬂ)

V]l (graxey < Ol + ).

The rest of the paper unfolds as follows. In the next
section, we recall some basic notions and useful properties
of function spaces. In Section 3, we will present the proof
of Theorem 1. Section 4 is devoted to the proof of Theo-
rem 2. At last, we show the analyticity of the solution to
system (1).

2. Preliminaries

In this section, we introduce some common notations and
basic theories about function spaces, and present some aux-
iliary lemmas.

Definition 4. For a € R, we define the function spaces 2 to
be

= {f e (R): |f||w<c0} 9)
with

£

podef = f°[7lae (10)

where @' (R?) represents the space of distributions and f

represents the Fourier transformation of f.

By a straight computation, we have

[1f ()| e

In =24 =Inl*=a. (11)

1 Gl g

For all />0, systems (1)-(2) are invariant under the fol-
lowing transformations:

i=lu(PtIx), [T =PI (Pt Ix), d=d (Pt Ix).  (12)

We say that a function space is the initial critical space
for systems (1)-(2) if the associated norm is invariant under
the transformation (1, dy) — (itg, dy) = (lug (Ix), dy (Ix))
for all [ > 0. Obviously, 2! x 2 is the critical space for sys-
tems (1.1)-(1.2).

In what follows, we present the following time depen-
dent function spaces.

Definition 5. For a € R, we define the function spaces L=
(X%) and I:l(X"‘) to be, respectively:

(00

E7(x%) = {f €9 (R XR): |fllgony<0 ) (13)

with

Il e ef = | [ sup [£[°
R3 [0

<t<0o

F.8) | &
(14

L'(x) = {f €9 (R X R): |[f] 1oy <00}

with

e def = |[er Feplarfae )

Definition 6. For a € R, we define the function spaces L™
(eV"AX*) and I:l(eﬁAX“) to be, respectively:

i@@ﬂxgzprgw&xwywmwﬁwfm}
(16)

with

Je ] e der= | sup el
L(X) R}

0<t<oo

.8) | &

) <oo},
'(xe)
(17)

I (eﬂAX“) = {f €' (R, xRY): Hemf(

with

e

2o % :Jﬂv “:Oeﬁﬂﬂ“ j?(t,f)‘dt]dﬁ. (18)

Here, ¢4 is a Fourier multiplier whose symbol is
given by eVl .

We next present some important properties of the spaces
mentioned the above, which will be frequently used in this

paper.
Lemma 7 [27].

(i) Let f,g € X7, then fg e X° and



15910 < Ifll ol gl o- (19)

(ii) Let f € XN X, then f € L** and

1/2
1fllzzeer < 11l gl - (20)

(iii) Let fe XN, ge L™ NI, then fge X° and

1
1fgllzo < 5 (I laillgla: + 1l lgllg-)- (21)
In particular, if f = g, we have
£ ]l 0 < 1Al 1F g (22)

(iv) If DPf € X, then f € X*F and

g

o= Wfll g (23)

For the time dependent function spaces, we have the fol-
lowing properties.

Lemma 8 [27].

(i) Let f € L°(X°), g € L' (X°), then fg e L' (X) and
19l (xoy < IF Ml (xo) 191172 (x0y- (24)

(i) Let  fel®(X)nL'(X!),gel®Xx)nL (x1),
then fge L' (X°) and

||f9||ﬂ(xo) < é(||f\|1°°(xff)||9||i1(xr) + ||f||ﬂ(xt)H9||i°°(x4))'
(25)

In particular, if f = g we have

170 oy W ey I lr gy @8)

(iii) If DPf € L™ (X%), then f € L (X**F) and
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HDﬁinm(W) = £z ey - (27)

(iv) If DPf € L' (X®), then f e L' (X**) and

g

ey ||f||i1(xa+ﬁ)~ (28)

Lemma 9 [27].

(i) Let f e L (e"4X%), g € il(eﬁAXo), then fg € I:I(e\”A
X", and there exists a positive constant C such that

Hf9||i’(evmxn) < CHsz‘”(MAxO) ||g||i’(emx0)~ (29)

(i) Let fel®(eMx-1)nL' (e X1), ge L™ (e X )
NL'(e/AX1), then fg e L' (e4X°), and there exists
a positive constant C such that

Hngil(evmxn)

< C<|\f|\i°°(e»mx-l)||9||i1(emxl) I Nz oaxy Hngm(eVMX"))‘
(30)

In particular, if f = g we have

171z oy < Cl Mz (oinry 1 gt oy (BD)

(iii) If DPf € L™ (eV"AX%), then f € L™ (/A X**F) and

9% gy = Wi reny 6)

exfrAxa)

(iv) If DPf € L' (e/"AX®), then f € L' (e X**F) and

Dﬁ = [ Ayatf -
[0 gy =Wy, 09
Lemma 10 [27]. Let u satisfy
{ o,u—xAu=f, 1)
Ul,_o = o>
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with k>0, f € iI(X"‘) and u, € XL*. Then, for all T>0
and a positive constant C, the following a priori estimate is

fulfilled:
ol + 1l oy < Ol e+ 1l ) (35)

Lemma 11 [27]. Let u be a solution to system (34) with x > 0,

fe il(eﬁAX“), and vy € L. Then, for all T >0 and a posi-
tive constant C, the following a priori estimate is fulfilled:

||”||i°°(evmx“) + KH““i’(e»MX“*Z) < C(H”OHW + Hf”i’(emx‘*))‘
(36)

3. The Proof of Theorem 1

In this section, we prove the proof of Theorem 1 and divide
it into several steps.

Step 1. The approximate solution sequence. Let p be the
standard mollifier in R’: peCP, 0<p<1, [p(x)dx=1.

Therefore, (u},d") e L®(0,T); X' n2°)NL'(0,T,;
'na?).

Step 2. Global uniform estimates
Taking the Fourier transformations of system (2), we get

0t~ ETT + gV =i (u' ® ) — iE (Va'evd'),

8,? + v|£|2;i7 =— (u’\ . Vd") ,

E b =0,

For A>0, let p*(x) = A p(A7"x) and u} = p* * uy, df = p
«dy. For uye X", dye 2’ since |p(§)|< [p(x)dx=1,
one has

. = |16 1) pOE) e

A .= [[ %@ < o]

= [P I )1 =l
&)= [P0 & 1% < il

(37)

Thus, by slight modifications of the proof of Theorem 3
in [28] or Theorem 2 in [29], we can obtain a unique local
existence for smooth solution (u?*, d ) on some time internal
[0, T,) for the liquid crystal flow system. Furthermore,

o Pl | i es e,
g §1>1 H
= e | rleam aescl],
T, T, - \ — T, (38)
J ) dt:J J |E|‘v7"d5dt+J J €2 VA dEdtsCJ 1] 4
0 ! 0 Jjg<t S 0 H
JTA d’\(t)‘%zdt:JTA‘[ £ ?d&duj J & vaate dEdtsCJTAHv)‘”HAds.
0 0 Jig 1 0

It follows from (39) and Lemma 7(i) (iii) and (iv) that

(2 ) e+~

|+ |[vatevat|| e lut-va
2 2

& =

IN
=
®
=
b

(%-0

IN
<

o 71
! !

vt ‘

.
7 [ 7).

’2'1 2!
o )
‘%*l

dAHW.

IA
<

dA‘

2° 2? 5[’1‘ 2*

2-1
(40)



Note that
oo o<t o)
for ¢ € [0, 8] with 0 < 8 < T). Therefore,
40, o, ) oo

Thus, we obtain from (37)

([ W I
! 2° ! 2° (43)

<|utg|| g1 + [|dg | go < min {p, v}

From a continuity argument in the time variable, we
have

o+

g < ||tg|| g+ + [Ido|| o < min {u, v}, (44)
for all ¢ € [0, T,]. From (40), we get for V¢ € [0, T,]
o g el =) e

A
+ (v=luollz = lldollg0) || < [luoll g1 + [ldoll zo-

L' ([0:27)
(45)

which together with (20) and (45) implies that

[ sl e =2 M
(46)
[ R TR I R
<) |l e
. 2 . z 47)
< Hd/\H . J dA(t)‘ zdt
(0 1,32°) Jo .
_ (ol + 1ol 2)°
T v [luoll g — [1dollge”

where we have used ||Vg|l,o =|F'(ig)]|,- < |li€gl;: =
|91 by the definition of the inverse Fourier transformation.

On the other hand, the standard energy method in [30]
gives that

A A
o), + '] ... = (olle + Idoll ) exp

(o[l ool ol o)

Putting (46) and (47) into (48), we obtain

(48)
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[, + |l O], = Usolle + ol ) exe

2
) l[ollg + [1dollge (Iluolla—1 + lIdoll o)
-{ ¢, min , ,
= [luoll gt = lldollgo ™ v = llttoll g1 = llddo |l g

(49)

forall0 <t < T, and all s > 0. This implies that T = co. More-
over, we obtain the following global uniform estimates for

)

+ (1= Nl = ol 0)

s (@l )

0<t<co

&

.Ll([O,oo);Sl”l) (50)
+ (v = ugll g = eyl o) ||

< [luoll g + Il go-

L' ([0,00):27)

The estimate (50) implies that there exists a subsequence
of (u*, d") (we will still denote it by (4, d")) such that as A

—0,

w' —uinL'(R;2"), u!—uweakly"inL®(R,;2"),
dl—\dinLl(]RJr;.fl’z), dAAdweakly*inLoo(lRJr;fl'o),
(51)

for some,
(u,d) e L°(R,; X' x ) nL (R ;2 x 2%). (52)

Step 3. Strong converges
By straight computations, we obtain

A -1
Uy —u =
Jia=ull =,

) - 1| ()] de

o e - 1w e

[€]>M

<2 sup ‘2(77)_1” |E|71|%(E)’d£
|n|<AM §|<M

' JE>M|£|_1 ’E(AE) - 1’ |1y (§)|dE,

-l =] [cog-1f|d@las | - [fag-1||de)|d
X Jjgem . E|>M
<2 sup [T -1|[ - [doo)]as
[]<AM [E|<M
+ J‘EPM T8 -1/ d ®)] e

(53)

By taking M = A%, and using /C\(O) = [¢(x)dx =1, we
conclude that
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..o -a]  —osa—o.

In what follows, we prove the strong convergences of u*

and d”. Similar to (40), we obtain

i (= e =) = -]

i o (=) g+ 0 (=)
2° 2°

+ HVd*l e (w*' —Vu%) H + HVd*Ze (Vd*l —Vd*z) H
2° 2°

o (vatowa ) (o) v

IA

bl = -]

2 2 a2 27! a2

el = g -]
2 2! a2 Ea 2!
1 1

o 3f[vt g v v e 3ot v
2 ! a2 ! 2!
1 1

LG P Ly P L R
2 ! a7t 2 ! 2!
1 1

b1 Gl W A PR Ul W AL
2 x! a7t 2 a7t Q!

] o P R I e I
2 ! a2 ! a1

IN

1 1
2l ol = o 2 o -
2 2! a2 Eas !

1 1
el ot = o e -
2 2! a2 27! 2!

gl = e -]

1
# gl ol =+ 3 e o -
2 2? Al 22

1
&
EAN)
| G R R I R R
2 2! a2 2 ! 2
R T I T IR T
2 27 a2 2° !

(55)

which together with (50) yields

(drdt)([|uh — e g + (| = d || go) + (4 = [|hg | 1 -
ol o)l = | g + (v = [l g1 = ol o) 1A = = |
22 S12([[ Wt || g + ([ g + (|| o) ||t = 2| g + 172
(d™ (o + |d* | g2 + [l || o) 1Y = d*2]| go.(23)

Thus, we obtain

1, M gh

u"l—u

+
—1

x 2°
A A A A
< | |y —uy' +||dy' —dy
‘%-71

) e
.{2 [[4o]l -1 + [|do| 2o }
min {¢, v} = [[ug]| g1 = [|do| o

(= ol = o) [ ot =] e s6)

(= ol = ) [ -

+ Hdél —dé‘ ) exp
a7 2°

{2 Jutoll g + g }
min {4, v} = [t -~ [allge

dt
5[2

7

Combining (54) with (56), we conclude that (u?, dA) isa
Cauchy sequence in L°(R, ; 7' x 2°) nLY(R, ; X x 2?)
and the convergence in (51) is a strong one. In fact, (56) also
yields the uniqueness of solutions in the space L*°(R, ;
I'x X NLYR, ; 2" x X?) under the assumption (1.1).

Step 4. Time continuity
To get the further time regularity of u(t,x) and d(t, x),

we come back to the Equation (39). We claim that (9,u%,

0,d") are uniformly bounded in L' (R, ; 2! x 2°). In fact,
form

B, + VIT' ~ p ==V- (1 e ) - V- (V' 0 V'),
9,d" —vAd =- (uA : le) ,

Eul =0,
(57)

we have

I,

A
o,u

71dtS‘MJOOHAuAH 71dt+JOOHVH"H Lt
& 0 £ 0 X
+Jij(uA®L¢)Hdet+Jij(VdA@v¢§ngdt
SC(JOOHL/\H,ldt+roHu’\®u’\H Odt+JDOHVdA®VdAH/ dt)
0 Z 0 b 0 Z°
SC(J?)’MAH(Y‘dt-FSL:’p uAH(T_lJ:OHuAHmdt+sgp d’\H?ﬂJ:O

)

(58)

and

0,d*

I,

00
0

| UdtSVJ | Zdt+JOOHuA-Vd’\H dt
Fa X 0 ba

SC(JOOHdAH ,dt +sup ulH 71J00Hd’\H Jdt
0 x ¢ ), x

o] ] )
(59)
which implies that
(atu*, a,d*) eL'(R, ;X x 2. (60)

(60) allows us to improve (52) and to finally conclude

(u, d) eC(R+;,£2”‘1 ><5l”°) ﬂLl(R+;,fl”1 ><5l”2),

61
(0,u,0,d) e L'(R, ; 7' x 27). (61)



4. The Proof of Theorem 2

In this section, we show the proof of Theorem 2. Here, we
only show the global uniform estimates for (1, d) in E, where
the norm of E is defined by

[[(u d) || = [|ullg, + ][5, (62)
with

leelle, = Nellz= ey + ol 0 )
63
141z, = ldllz=xo) + VIl 2y

According to ||uy]| + ||yl < #, for some sufficiently small
1, there exists a positive constant M which will be chosen
later such that

Jw d] < Mn. (64)

Employing Lemmas 8-10 and the boundness of the Fou-
rier multiplier IP, we conclude that

ol oy + el
< C(|lty| g1 + |PV-(u ® u+Vd 0 Vd) | (X,,)>
<

ol + |14 ® urVd © V|1 ) )

S
o
< (ol + 1l ey Il oy + 19y 194l )
< C(l1oll s + =y Il oy + iy Il )

C

(65)

14z (xoy + VIl ey

< C(Hdoﬂzﬂ * - Vg oy + H|Vd|2d”i'(x°))

< C(ldollgo + 11l () 194l ey + Nl ey 19y
oy |19 7 o)

< (ol g + 1l oy Ml gy + 195 o ez o
+ o) 194 oy 19 )

< C(ldollgo + lull oy Ml ey * 1l o Il o
oyl oyl ) ) < €+ M+ M%)

(66)
Combining (65) with (66), we deduce that

|w,d||, < C(n+M*n* + M), (67)

Taking M =4C and then choosing # small enough
such that
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then we infer that

1
1w dl|; < 5 M, (69)

which implies that (u,d) e (LX) x LX) n (L'

x L' (X2)).
At last, we consider the following iteration scheme:

(xh)

t

ut N (¢, x) = ulV) — J e"‘A(t’S)IP<u(k> Vu1y. (Vd(k)eVd(k)>>ds,

0
d® (¢, x) = d - Jt e VA=) <u<k> -vd® - ’vfﬂ") ‘Zd(k)> ds,
0
u = e—MAfuo,
dV) =24,
(70)

Based on (64), we can also get the global uniform esti-

mates for (1, d*)) in E. Due to the similarity to the Steps
3-4, here, we omit the remaining part of the proof.

5. The Proof of Theorem 3

In this section, we show the proof of Theorem 3. Here, we
only present a priori estimate (8) and skip the iteration step.
Introducing the following function spaces

EY (i‘” (eﬁAX’l) x L% <eW‘X°)) n (i‘ (eﬂ"xl> ' (eﬂAX2> )
(71)
The norm of E is defined by

[, dllg = [Jullg, + 4[|, (72)
with

ol = Il ) + 5 e
(73)
Idlle, = el inge) + VIl inge)

Due to the small initial conditions ||ug|| + ||d,]|| < #, there
exists a positive constant M which will be chosen later such
that

l|u, d||z < Mp. (74)

Taking the same procedures (65)-(66), and then employ-
ing Lemmas 9-11 and the boundness of the Fourier multi-
plier IP, we have
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