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The conformable fractional triple Laplace transform approach, in conjunction with the new Iterative method, is used to examine
the exact analytical solutions of the (2 + 1)-dimensional nonlinear conformable fractional Telegraph equation. All the fractional
derivatives are in a conformable sense. Some basic properties and theorems for conformable triple Laplace transform are
presented and proved. The linear part of the considered problem is solved using the conformable fractional triple Laplace
transform method, while the noise terms of the nonlinear part of the equation are removed using the novel Iterative method’s
consecutive iteration procedure, and a single iteration yields the exact solution. As a result, the proposed method has the
benefit of giving an exact solution that can be applied analytically to the presented issues. To confirm the performance,
correctness, and efficiency of the provided technique, two test modeling problems from mathematical physics, nonlinear
conformable fractional Telegraph equations, are used. According to the findings, the proposed method is being used to solve
additional forms of nonlinear fractional partial differential equation systems. Moreover, the conformable fractional triple

Laplace transform iterative method has a small computational size as compared to other methods.

1. Introduction

The fractional formulation of differential equations is a develop-
ment of the fractional calculus, which was initially introduced in
1695 when L’Hoépital and Leibniz addressed the expansion of
the integer-order derivative to the order 1/2 derivative. Both
Euler and Lacroix researched the fractional-order derivative
and defined it using the power function’s n™ derivative formula-
tion [1]. Fractional partial differential equations (FPDEs) have
become increasingly important in recent years for modeling a
wide range of applications in real-world sciences and engineer-
ing, including fluid dynamics, mathematical biology, electrical
circuits, optics, and quantum mechanics [2]. As a result, many
researchers have focused on solving FPDEs in recent decades
[3, 4]. Since many physical and mechanical systems contain
internal damping, which makes it impossible to derive equations
describing the physical behavior of a non-conservative system
using the traditional energy-based approach, fractional deriva-

tive formulations can be used to model them more accurately.
In non-conservative systems, fractional derivative formulations
can be constructed by minimizing specific functionals contain-
ing fractional derivative terms using techniques from the calcu-
lus of variations [5]. Many definitions of fractional derivatives
and integrals have been published in the literature, including
Riemann-Liouville fractional definitions [6], Caputo fractional
definitions [7], Griinwald-Letnikov fractional derivatives [8],
and Hadamard fractional integral [9]. All known fractional
derivatives satisfy one of the well-known properties of classical
derivatives, namely, the linear property. However, the other
properties of classical derivatives, such as the derivatives of a
constant are zero, the product rule, quotient rule, and the chain
rule either do not hold or are too complicated for many frac-
tional derivatives. For instance, D%(1) =0 does not fulfill the
Riemann-Liouville definition. In Caputo’s definition, f(x) is
assumed to be differentiable; otherwise, one cannot use such a
definition. Moreover, Liouville’s theorem in the fractional
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setting does not hold. Therefore, it is clear that all definitions of
fractional derivatives seem deficient regarding certain mathe-
matical properties, such as Rolle’s theorem and the mean value
theorem [10].

To resolve these issues, Khalil et al. [11] recently introduced
anovel fractional derivative called conformable fractional deriv-
ative (CFD) in 2014. This definition is formulated as follows:

Definition 1 (see [12-14]). For the initial real value a, the
conformable fractional derivative DSf(x) of a real
functionf : [a,00) — R, a € (0, 1] is defined as

DR (x) = lim f(x+h(x- a)l"") —f(x)

Jim 7 ,forallx >a,a € (0,1].

(1)

The initial value a can be zero, and if the limit exists, f(x)
is said to be partially « — differentiable at t > 0.

The CFD’s Definition 1 is very similar to the classical
derivative. It depends upon the basic limit definition and
consequently allows the easier extension of some typical the-
orems in calculus that the existing definitions of fractional
derivatives did not allow, due to its simple nature. Along
with the CFD’s Definition 1, various classical properties,
such as the mean value theorem and the product, quotient,
and chain rules, are fulfilled. Moreover, this definition is
provided by the Leibniz rule, which other fractional deriva-
tives cannot achieve (see [15]). Another study [16] con-
ducted by Abdeljawad presented the left and right
conformable fractional derivatives and fractional integrals
of higher order concepts. In addition, the authors also
defined the fractional chain rule, fractional integration by
parts formulae, Gronwall inequality, fractional power series
expansion, and fractional Laplace transform. Following this
definition, a new approach for finding fractional operators
was introduced by Antagan and Baleanu [17] with a nonsin-
gular Mittag-Leffler kernel with a memory effect. Growing
attention has been paid to exploring the conformable frac-
tional derivative due to the enormous number of its mean-
ingful applications in many fields of science. Recently, in
[18], Rabha et al. introduced different vitalization of the
growth of COVID-19 by using controller terms based on
the concept of conformable calculus. Ghanbari et al. [19]
studied the dynamic behavior of allelopathic stimulator phy-
toplankton species with Mittag-Leftler (ML) law by using the
Atangana-Baleanu fractional derivative (ABC). The inter-
ested reader might consult the monograph [20-22] for more
information.

The conformable telegraph equations have a wide range
of applications in science and engineering, with the most
common application being in optimizing propagation-
oriented and propagating electrical communication systems
[23, 24]. Therefore, as one of the crucial equations in differ-
ent fields of sciences, many scholars have recently focused
their efforts on investigating the solutions of conformable
fractional telegraph equations using various methodologies.
Using a double conformable Sumudu matching transfor-
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mation approach, [25] discovered accurate and convergent
numerical solutions of linear space-time matching tele-
graph fractional equations in 2021. Using the cosine family
of linear operators, Bouaouid et al. [26] established the
existence, uniqueness, and stability of the integral solution
of a nonlocal telegraph equation in the conformable time-
fractional derivative (see [12, 27-30] for more related work
on the solution of conformable telegraph equations).

Because the Laplace transform method (LTM) [13, 14,
31] is an integral transform method for getting the
approximate and precise solutions of FDEs, many authors
are still working hard to develop and generalize this trans-
form so that it can be used with the newly created frac-
tional derivatives and integrals. For instance, the authors
of the paper [32] present a fractional Laplace transform
in terms of conformable fractional-order Bessel functions
(CFBFs). They also established several important formulas
of the fractional Laplace integral operator acting on the
CFBFs and give the solutions of a generalized class of frac-
tional kinetic equations associated with the CFBFs in view
of the fractional Laplace transform method. Ozan 6zkan
and Ali Kurt in 2018 proposed a new generalization of
the double Laplace transform called the conformable dou-
ble Laplace transform (CDLT), which they used to solve
the conformable fractional partial heat equation and the
conformable fractional partial Telegraph equation [33].
This method was later used by many authors to handle
a variety of real-world challenges resulting from various
occurrences such as conformable fractional partial differ-
ential equations, Singular conformable pseudoparabolic
equations, and system of conformable fractional differen-
tial equations [34-36].

Several researchers have recently extended the conform-
able double Laplace transform method to the conformable
triple Laplace transform method (CTLTM) to obtain the
exact/approximate solution of two-dimensional nonlinear
CFDEs that occur in a variety of natural events. The
conformable triple Laplace transform reduces a linear differ-
ential equation to an algebraic equation, which can then be
solved by the formal rules of algebra. The original differen-
tial equation can then be solved by applying the inverse
triple conformable Laplace transform. In comparison to
other known approaches, the conformable triple Laplace
transform method provides rapid convergence of the exact
solution without any restrictive assumptions about the
answer. Unfortunately, some complex nonlinear partial
differential equations that arise in mathematical physics,
engineering, and other relevant branches of research that
involve nonlinear phenomena are not solved by this tech-
nique. In such cases, the conformable triple Laplace trans-
form method is frequently used with other efficient
approaches, such as the Adomian decomposition method
and homotopy analysis method to tackle a similar problem.
For example, the conformable triple Laplace transform
decomposition was employed by the authors in [37] to dis-
cover the solution of linear and nonlinear homogeneous
and nonhomogeneous partial fractional differential equa-
tions. This method’s important result and theorems are also
discussed. In 2022, [38] gives some key discoveries on
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conformable fractional partial derivatives and shows how to
solve nonlinear partial differential equations in two dimen-
sions using the conformable triple Laplace and Sumudu
transform method in conjunction with the Adomian decom-
position approach. In paper [39], the authors present the
solution of the incompressible second-grade fluid models
by using the generalized p-Laplace transform method in
conjunction with the homotopy analysis method in the sense
of the Liouville-Caputo fractional derivative.

The main objective of this paper is to introduce the new
method called the conformable triple Laplace transform iter-
ative method (CTLTIM) to investigate an accurate solution
to the two-dimensional nonlinear conformable telegraph
equation under the given initial and boundary conditions.
This method is the combination of the two powerful tech-
niques, the conformable triple Laplace transform method
(CTLTM) and the new iterative method (NIM) introduced
by Daftardar-Gejji and Jafari [40]. In practical scientific
areas, solving integer and fractional-order nonlinear differ-
ential equations with linear and nonlinear ordinary and par-
tial differential equations utilizing the NIM is a fascinating
problem [41]. The iterative strategy employed in this
method produces a series that can be summed to obtain an
analytical formula or utilized to construct an appropriate
approximation with a faster convergent series solution [42,
43]. The approximation error can be reduced by properly
truncating the series [44]. Recently, the NIM is combined
with other known methods like the Sumudu transform
method and Laplace transform method to obtain the
approximate or exact solution of the nonlinear partial differ-
ential equation. The authors of the paper [45] successfully
implemented the combined double Sumudu transform with
the iterative method to get the approximate analytical solu-
tion of the one-dimensional coupled nonlinear sine-
Gordon equation (NLSGE) subject to the appropriate initial
and boundary conditions which cannot be solved by apply-
ing double Sumudu transform only. Through this approach,
the solution of the linear part was solved by the double
Sumudu transform method, and the nonlinear part of the
problem was solved by a successive iterative method.
Deresse et al. [46] present the triple Laplace transform
coupled with an iterative method to obtain the exact solu-
tion of the two-dimensional nonlinear sine-Gordon equa-
tion (NLSGE) subject to the appropriate initial and
boundary conditions. The noise term in this equation van-
ished by a successive iterative method. As a result, the pro-
posed technique has the advantage of producing an exact
solution, and it is easily applied to the given problems ana-
Iytically. However, the amalgamation of the conformable
triple Laplace transform method and the new iterative
method that is CTLTIM has not previously been studied
to solve the two-dimensional nonlinear fractional telegraph
equations; this is the main motivation of the current
research work.

The proposed CTLTIM has been utilized to solve the
problems as follows. First, the source term f((xF/B), (y"1y),
(t*/a)) of the considered problem (2) is decomposed into
two functions namely f,((x/B), (y'1y), (t*/)) and f,((xP/
B), ()7 1y), (t*/«)). The importance of this decomposition

is that the part f,((x?/B), (y'/y), (t*/a)) with the terms in
Equation (2) always leads to the simple algebraic expression
while applying the conformable triple Laplace transform
and the part f,((x/B), (”/y), (t*/a)) is combined with
the nonlinear term of Equation (2) to avoid noise terms
in the iteration process. Next, the conformable triple
Laplace transform method is applied to the linear part of
the problem. Finally, the successive iterative method is
applied to the nonlinear part of the problem as it intro-
duced in Section 4. While applying this iterative method,
the noise terms in the iteration process are avoided, and a
single iteration gives the exact solution. Therefore, using
the described method one can obtain the exact solution to
nonlinear partial fractional derivatives with less computa-
tional size. Moreover, the proposed approach allows the
user with analytical approximation, and it is applied directly
to the problems without requiring any discretization, linear-
ization, or perturbation parameters like Adomian polyno-
mials and SOS polynomials ([42, 47] see the references
therein). This is the main advantage of the proposed
method CFTLTIM over the other existing approaches in
the literature.

The following two-dimensional nonlinear conformable
telegraph equation was the subject of the current study (for
a=f=1 see [30]):

*u  0u xF oy e
—— +a— +bN(u|—,—, —
ot ot® By a
28 2y By g\ xB gy @
0T O (2R T X ()
ox?F  oyH By a) By «
> 0&a, B,y € (0, 1],
depending on the starting conditions
By By « By
u<x,y,o):¢1(X,y),%u<X,y,o>
By B v/ ot \B vy
B yY
(67)
Y
and boundary conditions (Cauchy type BCs)
Yoo Yo B -
(0,2, 5 2 g (2, 5), L ufo, 2,2
y o« y a) 0xP y o« (4)
_a (1 E
—gz ?’E >
u(xﬁ 0 t"‘) g (x/3 t"‘) ol u(xﬁ 0 t“)
,8”06 3 /3’06’6)” ﬁ’ ’(X (5)

xF
:g4 f:; >

where a,b and ¢ are known real constants; u((x*/B), (y*/y),
(t*/a)) denotes either the voltage or current through the



two-dimensional conductor at position (x,y) at the time t; N
is the general continuous nonlinear resorting term; and f
((xP1B), (3"1y), (t*/a)) is the source term which is
assumed to be analytic in time t. Equation (2) reduces
to the undamped telegraph equation in two space variables
when a=0, and to the damped one when « > 0.

The rest of the paper is organized as follows: Section 2
covers the definitions, properties, and theorems of conform-
able fractional derivatives. Section 3 contains some basic
CFTLTM definitions, properties, and theorem proofs. In
Section 4, the details of the new iterative method and its con-
vergence are discussed. Section 5 displays the model’s
description and how CTLTIM is used to obtain the exact
analytical solutions to the specified conformable fractional
telegraph equations. In Section 6, we demonstrate the pro-
posed method’s reliability, convergence, and efficiency using
two exemplary instances. Finally, Section 7 outlines conclud-
ing observations.

2. Conformable Fractional Derivative

This section introduces the essential definitions and features
of conformable fractional partial derivatives, which are then
applied to the current topic.
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Definition 2 (see [48]). The fractional derivative of a suitable
mapping f by Riemann-Liouville is given as

Df(x) = F(nl_“) (i{)nE(x —)"*Mf()dtn-1<a<n.

(6)

Caputo fractional derivative of a suitable mapping f is
given as

Df(x) =

J (x—t)"* ™ (t)dt,n-1<a<n, (7)

I'in-a)J,

where « is the order of fractional derivative and a € Z".
If this limit exists, f is said to be partially « — differen-
tiable at t > 0.

Definition 3 (see [37, 38]). Given a function f : R* x R* x
R*, then the conformable partial fractional derivatives
(CPFDs) of f((xP/B), (31y), (t*/a)) having order o, Band y
are defined by.

b P (xﬁ y ta) Ly f((x[’/[a’) +hx'F, (1), (t"‘/oc)) —f((xﬁ/ﬁ), (1Y), (t°1a))

alX

TP\ By h—0 h ’
arf (ﬁ v ﬁ) _ i L(GPIB) 7 1y) + Ry, (1210)) = F((1B), (71y). (t°1)) (8)
Yoo\ By a) k—o0 k

o= 55 (5 &

where 0 < a, B,y <1,xP1B,y" Iy, t*Ia> 0, and afff = (0F/oxP
M ((F1B), (57 1y), (t1a)), O)f = (3% 13y")f ((xF1B), (y"1y), (£
/), and 0%f = (3%/0t*)f((xP/B), (3'Iy), (t*/ax)) are called
the fractional partial derivatives of orders «, fandy,
respectively.

Theorem 4 (see [37, 38]). Let , B,y € (0, 1] and f((xP/B),
(y'1y), (t*/a)) be differentiable at a point forxPiB, y' Iy, t%/
a> 0. Then,

oy t“):hm F((PIB), 01y), (t¥10) + et' ™) = f((xF1B), (1), (t°1a))

>

&

(1) EF((<PIB), (y'1y), (t1e)) = (3F13xP)f ((xPIP), (3" 1y
), (t/a)) = x1P(3/0x) f (P 1B), (1), (t°1a)).

(2) OYF((<F1B), (771y), (t41a)) = (3" 10y ) f((xF 1), ("I
), (t°1a)) =y (310y)f((<F1B), (1Y), (¥1a0)).
)

(3) Of((P1B), (W 1y), (%1a)) = (3“10t%)f ((xP1B), (3 1y
), (/@) = t17(2/10)f ((xP1B), (¥ 1), (t*/a)).

Proof (1). With the help of CFPD definition, we have

B By
o = g f<x r t)zlim
By a) h—o

F(GH18) + hx'™2. (1), (110)) = £ (1), (7). (1)

h
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Using A = hx'* in the above equation, we get

B’y «a

5

xF oy e CF((EPIBY + A, (1y), (t%1a)) = £ ((xP1B), O 1y), (t¥1a)

o = MJ( 2 < iy L) ) /(1) ),
S(PIB) + A (0 1y)s (#1e)) = £ ((F1B)> (1), (t°1a)) (10)

=x"# lim

A—0

A

o353

We can prove the results of (2) and (3) in the same way.
O

Proposition 5. Let o, 3,y € (0, 1] and a,b,c € R, [, m,n € N.
Then, we have the following:

(i) (aﬁ/axf‘xaf((xﬁ/ﬁ), (1y), (t%10)) + bg((xF1B), ("
1), (t*1a))) = a(0"10xF)f ((xP1B), (y'17), (t*1a)) +
b(0F10xF) g((xP1B), (y'1y), (t°1a1))

(i) (aﬁ/axﬂﬂfg)((xﬁ/ﬁ), 1Y), (t1a)) = g((P1P), ("
1), (£10)) (3P 19xP ) f (<P 1), (37 1y)s (£21a)) + f((xP
IB), ("1y), (t°1a)) (3P 19xF) g((xP1B), (' 1), (t*1ax))

(iii) (9%19xF)(f19) ((xP1B), (3 17). (1°1a)) = g((xIB). (
Y1), (t%1a)) (0P 10xF ) f ((xP1B), (" 1y), (1)) = £((
xB1B), (57 1y), (1%10)) (9P 10xF) g (P 1B), (3" 1y), 1/t
NIg((F1B), (1), (1))

provided that g((xP/B), (y'Iy), (t*/e))#0.

(iv) (9°10t°)f((<PIB), (y1y), (t°1a)) = 0, if ((xFIP),
(y'1y), (t%Ia)) was a function depending only on

(*P1B)&(1y)
(v) (3P 7+ 10xPay01%) (xP1B)" (3 1y)" (t%/a)") = mnl
(P1B)" Py 1y) " (1)

(vi) (9P10xF)((xF1B)" (' 1y)" (t*1)') =
(1) (e1a)', (37 10y7) (xP1B)" (7 1y)" (¢%1e0)') =
n(xP1B)" (W 1y)" (1) and (D /at"‘)((xﬁ/ﬁ)m
O y)" (1)) = 1P IB)" (7 )" (1)

(vii) (aﬁ/axﬁ)( a(xP1B) +b(yV/y)+c(t”‘/a)) _

ae?PIB)+b( Iy)+e(1*a) (a}//ayy)( a xﬁ/[j’)+b(y"/y)+c(t°‘/a))

= be P IBIbO Iy)e(t1er) and (0%/0t%)(
ea(xﬁ/ﬁ)+b(yy/y)+c(t“/oc)) — Cea(xﬁ/ﬁ)er(yV/y)Jrc(t“/tx)

m(xF1p)"

(viii) (0P10xF) sin (xP1B) cos (t*/a) = cos (xP1B) cos (t*
/o)) and(9"/9y") sin (xF/p) cos (y"/y) cos (t*/a) =
—sin (x#/pB) sin (y?/y) cos (t*/a).

3. Some Results and Theorems of the
Conformable Triple Laplace Transform

In this section, we will go over the fundamental concepts of
fractional conformable Laplace transforms as well as certain
results that will be useful later. The conformable triple
Laplace transform is also defined (see [36-39, 46] for more
information).

Definition 6. Let the function u : (0,00) — Rand 0<a < 1.
The conformable Laplace transform (CLT) of the exponen-
tial of order « function u(t*/«) is thus defined and denoted

by

Le <u (g)) =U,(s)= J:Oe‘s(%)u (g) t“'dt, t>0. (11)

Definition 7. Let u((xP/B), (y'1y)) be a piece-wise continu-
ous function of exponential order on the domain D of R*
x R*. After that, the conformable double Laplace transform
(FCDLT) of u((xP1B), (y'1y)) is defined and denoted by

LEL§< (’;jyy >> Ug, (kp) = J?J?eﬁ(%)%’%)u

xﬁyy)
. B-1yv=1 dxd
Xyt oaxay,
(/3 Y

where xP/B,y'1y > 0,k,p € C, B,y € (0, 1].

Now, we define fractional conformable triple Laplace
transform, for «,f3,9€(0,1] and k,p,seC are the
Laplace variables.

Definition 8. Let u((xP/B), (y'1y), (t*/a)) be a piece-wise
continuous function of exponential order on the domain D
of R* x R* x R*. After that, the conformable triple Laplace
transform (FCDLT) of u((xP/B), (y'1y), (t*/a)) is defined
and denoted by



(3. 5) -
- J°° J“’J‘”gk (5)+ ()=,

0 Jo Jo
xP » t)
: Ly ldxdydt,
(ﬁ Yy o« 4
(13)

where k, p,s€ C are Laplace variables of x#/f, (y'/y)and
(t*/a) > 0, respectively, and a, B,y € (0,1].

The conformable inverse triple Laplace transform, abbre-
viated by u((xP/B), (4" Iy), (t%/«)), is defined as follows:

xF )’y t 1 1
u<ﬁ 'S Z oc> L'L, L (Ua)ﬁ’y(k,p,s))
- 1 B+ico k(ﬁ) 1 [yico (ﬂ) 1 [otioo s(’-)
- EJﬁfiooe ' ﬁjyﬁ'ooe‘l7 {Eju ico aﬁ}/(k P S)d5:| dp

(14)

Definition 9. The following is the definition of a unit step or
Heaviside unit step function:

(15)

Theorem 10. If LELILE (u((xP1B), (y'1y), (1°1a))) = Ugpy(k,
p.s) LRLJLEW((PIB), (71y), (#41@))) = V5, 5(k, p, s), and

a, b and c are constants then the followings hold:

(1) Linearity property:

By o By o
o (au(>, 2, ) v S, 2 =
g By « By «a
KBy SRV 16
—aLﬁLVL“ <F y_)t_>+bLﬁLVL?V<x_,y_)t_> (16)

y o«
= aUmﬁ,y(k,p, s)+ bVa,ﬁ’y(k,p, s)

(2) LfL;L‘t"(c) = c/kps, where c is the constant

(3) LELIL((<P1B)" (7 1y)"(t*1&)') = T (m + D)T'(n + 1)T
(I+ 1)/K™  p1s1 where I'(.) is the gamma func-
tion. Note that [(n+ 1) =n!, forn=0,1,2,3,---.

(4) LfL})/’Lttx(ea(xﬁ/ﬁ)+b(y”/y)+c(t"‘/a)) — LxLth(eax+by+ct) — 1/(
k— a)(p _ b) (S _ C) and LEL}/’L(tx(ea(xﬁ/ﬁ)—b(yy/)’)ic(rx/a))
=L L L(e™ ) = 1/(k+a)(p+b)(s+c)

(5) The conformable triple Laplace transform’s first shift-
ing theorem:
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If LELJLE(u((5P1B), (771y), (£91@))) = Uy s, (ks py ), then
LELJ L (e B0 sl (o1 B), (37 1y), (1a0))) = U
(k—a,p-b,s—c).

By

(6) LEL}’L?‘(sin (a(xP1B)) sin (b(y?/y)) sin (c(t*/a))) = a
bel (K + a®)(p? + 1) (s + &),

LEL}L‘;‘(COS (a(xP1PB)) cos (b(y'1y)) cos (c(t*/a))) =
kps/ (K> + a?) (p? + b%) (s* + &)

() I LELJL (1), (71y), (1)) = Uy (ks ),
then LELJLE((<P1B)" (5 y)" (#10) u((xP1B), (57 1y), (
ta/“)» ( )m+n+l(dm+n+l/dkmdpnds) txﬁy(k pys )

Proof (7). Using the definition of the conformable triple
Laplace transform method, the demonstration of outcomes
1-6 is simple. As a result, we will show how to prove result
7 using the conformable triple Laplace transform definition.

LPLYLe| u x_ﬁ,y_y,ﬁ
x Tyt ﬁ y o

= Urx,,B,y (k’ b S)

[ [ et (17)

0Jo Jo

xﬁ)ﬂ’t
ﬁlylaldddt
n X X
(ﬁ Y’ 06) g g

Differentiating with respect to k, m — times, we get

i LA NN CHORS
WU“"B’V(k’p’S)_W{J J J e \F u

0

xﬁ );Y t*
. x xP 1y e dxdydt),
By’ 06)

:ro J J ‘Z{_Z[e-k(*f)-z’(&y)-s(‘i)
xu@ﬁyyy Dxﬁ Lyl l}dxdydt
(18)

This suggests that
am 00 (0O (0O P m
LU (ko s)= (X
dk™ sty (P3) Jo Jo Jo ( (ﬁ))

By
X U (x’ y—, t> xﬁ_ly”_lt“_l} dxdydt.
By «

(19)
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Differentiating (19) with respect to p, n — times, produces
i 00 OO OO yy n
i veerter=], | ], (5)
dp #a ) 0Jo Jo 14
: [ek(%w(%) ()

xP » t)
B-1,y-1 a-1
XU xP YTt ]dxdydt

(/3 y o«
(20)

Again, differentiating (20) with respect to s,1— times,
we obtain

dl 00 (00 OO o 1
— U, z.,(kp,s)= - =
ds' >B,y( ps) Jo ,[0 Jo ( <(x>)

B a
(x y— ! )xﬁ Lyr-tges 1]dxdydt

By
(21)
Using Equations (19), (20), and (21), we get

warn-[ L CG) (G )

dm+n+l

dk™dp"ds'

HEE s () () (5)

PN g1yl acl
— ) xPY
o

dxdydt.

o[

(22)

This suggests that

dm+n+l

W Ugpykspss) = (_I)WMLEL};L?

(@ ©E2D)

Multiplying both sides of the Equation (23) by
(=1)™"™ we obtain

(ONGICE)

dm+n+l

(_l)m+n+l

—— Uy, (k p,s).
dkmdpndSl >/3>V( p )

O

Theorem 11. If LEL}L‘;‘(u
then

((P1B), (57 1y), (t°10))) = Uy (s p, 5),

where the Heaviside unit step function H(x, y, t)is defined as
in Equation (15)
(see [37, 38] for the proof).

Theorem 12. For a, B, y € (0, 1]. Let u((xP/B), (5" 1y), (t*/«))
be the real-valued piece-wise continuous function defined on
the domain (0,00) x (0,00) x (0,00). The CFTLT of the con-
formable partial fractional derivatives of order a, 3, andy is
given bySS

(1) LELILE (0P 10xP) (u((xP1B), (B Iy), (t1a)))) = KU (K,
ps)=U(0,p,s)

U(
@) Lﬁ L)VL“((aylay;)(u((xﬁ/ﬁ), ('hy), (t*1a)))) = pU(k,
k,0,s

U(
(3) LELYLE((9%106%) (u((xP1B), (57 1y), (t*1@))) = sU (k,
p,s) = U(k, p, 0)

(4) LELsz*((aZﬁ/axZﬁ)<u<<xﬁ/ﬁ>, (1), (t°1a)))) =K*U
(k, p,s) —kU(0, p,s) — (0/10x)U(0, p, s)

(5) LELJLE((819y™) (u((<P1B), (7"1y), (£1a0)))) = p?U(
k,p,s)-pU(k, 0,s) - (0/0y)U(k, 0,
), 071y

s)
(6) LELILE((0%1012) (u((xPIB ) (t%1a)))) = 2U(
k,p,s) —sU(k, p,0) — (0/0t)U(k, p, 0)

(7) LELILE((@%F12F) (u((xP1PB), (3 1y), (t°1a)))) = KU
(k,p,s) = KU(0,p,s) — (3/0x)U(0, p, s) — (3°/0x*)U
(0,p,)

(8) LELILE((0P**10xPay0) (u( (1), (7). (t°/00))
) =kpsU(k, p,s) —kU(k, 0,0) — pU(0, p, 0) —sU(0,0
,s) —kpU(k, p,0) —ksU(k, 0,s) — psU(0, p, s) — U(0,
0,0)

_~ = =



Proof (1). Using the CFTLT definition (6), we have

e (5 (55 %))
_ J °° J‘” J:"ek%)p(y:) (©) aafﬁ (26)

By
,%(x rot )xﬁ Ly dxdydt.
B’y «a
By using Theorem 4, we have
B B oy o B oy o
LA Capists T g (505 @)
oxPF \B y « B’y «a
Then, Equation (26) reduced to
LﬁLVL“ o xﬁ y_y ﬁ
oxP /3 "y«

_ J°° J:"e—p(y:) (%) ( J jek(%) ai

Sy dydt.

By g
(575
B v «a

(28)

Taking integration by parts and Theorem 4 to the inte-
grals inside the bracket produces

[t 2

0 ox

xP yy t
<ﬁ . >dx kU(k,y,t) = U(0, 5, t).

(29)

We get the needed outcome by substituting Equation
(29) into Equation (28), then simplifying LELIL%((0F/0xF)
(u((+F1B), 4'1y), (t°1a)))) =kU(k, p,5) = U(0,p;s),  and

this result can be generalized to

LArrre amﬁ W20
x Tyt a ﬁ Y o

kp’ kaln

(30)
U(0,p, s).

The process outlined above can be used to receive
verification of the remaining results. O

4. Basic Idea of the New Iterative Method(NIM)

Consider the following general functional equation [40] for
the main principle of the new iterative method:

(5D 5

(31)

Advances in Mathematical Physics

where N is a nonlinear operator in a Banach space such that
N :B— Band f is a known function.

We are looking for a solution u of the Equation (31)
having the series form:

(G500 @

The nonlinear operation N can then be decomposed as

o{5(5)1(5)}

(33)

2

I
—

N(i ui> =N(ug) +

i=0

From Equations (33) and (32), Equation (31) is
equivalent to

S = + N(wy) + f{N<z> _N<z> }

r=0 r=0
(34)

Equation (34) yields the following recurrence relation:

Gy =g = fo (35)

Gy =u; = N(u), (36)

Gm:umﬂ :N(u0+“'+um) (37)
= N(ug+--+u,, ;),m=1,2, -
Then,
Uyttt = N(ugt--+u,,),m=1,2, -, (38)

and hence,

u—iu,—f+N<Z ) (39)

i=1

As a result, the m —term approximate solution of
Equation (31) is defined as follows:

U= Uy + Uy + Uyt |, m> 1. (40)

4.1. Convergence of the NIM. The conditions for the

series (32) convergence are presented in this subsection.
And [41] is a good place to start for more information.

Theorem 13. If N is a continuously differentiable functional
in a neighborhood of u, and |[N" (u,)|| < L, for each n and
for some real L>0 and |u;||<M<1/e,i=1,2,3,-, then
the series Y .,G, is absolutely convergent and moreover,
|G, || <LM" e (e-1),n=1,2,--.
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Theorem 14. If N is a continuously differentiable functional
in a neighborhood of u, and [N (u,)|| <M < 1/e for all n,
then the series ), G, is absolutely convergent.

5. Description of the Model

To solve the problem (2)-(5) by using the proposed method
first, the source term f((x#/B), (y'/y), (t*/)) must be decom-
posed into two functions namely f,((xF/B), ()"1y), (t*/a))
and f,((x/B), (y'1y), (t*/a)) as explained in the introduction
section. The part f,((xF/B), (y?1y), (t*/a)) with the terms in
Equation (2) always leads to the simple algebraic expression
while applying the fractional conformable triple Laplace
transform. The part f,((x?/B), (y'1y), (t*/a)) is combined
with the nonlinear term of Equation (2) to avoid noise
terms in the iteration process.

The following are the steps to determine the analytical
solution of Equations (2)-(6) using the proposed techniques:

Step 1. On both sides of Equation (2), we use the properties
of the conformable triple Laplace transform and Theorem
(12) to obtain

*U(k,p,s) =sU(k,p,0) = = U (k. p,0)
+a(sU(k,p,s) - (k>P’ 0))

By g
— bIPLYL® oy v
bLELYLS (N(u<ﬁ, > a)))

Uk, p,s) =

2+ as — ck* — cp?

Step 5. Taking Equation (43) and applying the inverse
conformable triple Laplace transform, we get

. 1

u(x,)/, t) = nyt m

Step 6. Applying the iterative process to Equation (46),
assume that the given problem (2) has the series solution
of the form:

1 —c(kg,(p>s) + G,(p>s) + g5 U (k. s) + g, U (k. 9))

sien s (5 (5. 2.5) (o (5.2 5))

—c(kgy(p>s) + G, (p>5) + PG5 U (k. 5) + g, U (k. 9))

+f 1k prs) + LELJLE (fz (i; yyy toc) bN(”(;Tﬁ’ y?V %»)

9
= c(k2 U(k,p,s) - kU(0,p,s) = —U(0,p,s)
+p*U(k,p,s) - pU(k,0,s) - aay U(k,0, s))
_ xB gy g
+f1(k,p,s)+L§L;L“<f2(ﬂ yy a))
(41)

Here, f,(k,p,s) is the conformable triple Laplace
transform of f,((xP/B), (3"1y), (t*/a))..

Step 2. We get the following result by applying the
conformable double Laplace transform to the initial
circumstance (2):

Uk p0) =i (6p) S UK D0 =03 (kp).  (42)

Step 3. The conformable double Laplace transform is applied
to the boundary Conditions (4) and (5) to obtain

(43)

_ d _
U(0.9.5) = G1(p: ) 5-U(0:p:5) = G3(p: ),

U(k,0,5)=75(k,s), aay U(k, 0,s) =g,(k,s). (44)

Step 4. Using Equations (42), (43), and (44) into the
Equation (41), and simplifying, we obtain

(s+a)p,(k.p) +9,(k p)

(s+a)py(k p) + 9, (k. p)

(46)

(47)

u<x.3 )’Y t“) iu(xﬁ y}’ toc)
By a) S \Bya
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Step 7. Plugging Equation (47) into Equation (46), we obtain

(s +a)gy (k. p) + 9y (k: p) + f1(k s s)
—c(kgy(p>s) + G, (p>s) +Pg5U (k. 5) + g, U (k. 9))

1

oy [
V|2 as - ok - op?

By«

0
2.t
i=|

Step 8. Decomposing the nonlinear term N (u((x?/B), (y*/y),
(t*/a))) in Equation (48) as follows:

Advances in Mathematical Physics

(48)

(55 (G 5-5)

By «

2 i) (o5 9) Eale T O
N Ul —>—, — =N(uy|—>— —) )+ ) uy|l—>=,—|<N .
(;(ﬁya By a ;ﬁya ,zoﬁya =]
(49)
Step 9. Using the Equation (49) in Equation (48) produces
(s + @)@ (k. p) + @ (k. p) + f1 (k- p, )
—c(kgy(p>3) + G, (p>5) + PG5 U (k. s) + g, U (k. )
iu(xﬁ Yy ta)— - ! N(u)
pard i ﬁ, y: o xyt 52+ﬂS—Ck2—Cp2 x,B ¢ 0
+LBLYLY| £, (_, z, _> b ® i i1
g By « +Zu,~ N Zu, -N u,
i=1 r=0 r=0
(50)
Step 10. The following recurrence relations are defined from
Equation (50) according to iteration ((35)-(37)):
SYCAEA T - (s + a1 £) + 950k p) + 11 2.3 -
By a) AP ras—ck —cp? | —c(kgy(ps) + G (pr5) + pgU (ko s) + G5 U (ko 5))
xP yy e 1 xP yV t* oy
V=L Y bN | u ., , 52
(ﬁ y’ “) t L2+as—ck2—cp2{ <z(ﬂ Y’ “) (0(/; Y “)))H 52)
xP yY t
5y 1 & (ﬁ )
(x rt > o oL n=1. (53)
By a $2 +as — ck® — cp? 7 i-1
-b ul Z Z u,
i= r=0 r=0
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Step 11. The series solution to the given problem (2)-(5) can
be found by using (40) as follows:

By e By g By e
u(’L,Lﬁ:uo(’L,Lf)Wl(’L,Lf)
By « By « By «

By e By e
G e )

(54)

6. Application

Two test instances will be examined in this part to assess the
performance of the suggested method.

Example 1. Consider the following two-dimensional nonlin-

ear conformable telegraph equation in the region Q = [0, 2]*
as follows:

*u . u *u  oMu
ot " T ot 0x2B 9y
— 2o (FIB) (-2t )

_u2+e2(xﬁ/ﬁ)+2(y"/y)—4(t“/a)

(55)

with preliminary conditions
u<x_B y 0) = 1By a_au<ﬁ i 0)
By o\ By (56)
— _zex/‘/[%ﬂﬂ/y
and boundary conditions

5
w020 B 2 oz O (g P
y «a oxP y « (57)

_ (072,

u(ﬁ 0 ﬁ) :e(x“/ﬁ)—z(ta‘/a) a_yu(ﬁ 0 ﬁ)
ﬁ bl bl “ bl ay,y B bl bl (x (58)

_ e(xﬁ/ﬁ)—z(t“/oc).

s+2

11

Solution: To both sides of Equation (55), we use the
properties of the conformable triple Laplace transform and
Theorem (12) to get

sSU(k, p,s) = sU(k, p, 0) - %U(k, p,0)
+2(sU(k, p,s) — U(k, p, 0))
=K*U(k, p,s) - kU(0, p, s)

0 2
-3 U(0,p,s) +p°U(k,p,s)

)
-pU(k,0,5) - 3 U(k,0,5)
2
C(k=-D)(p-1)(s+2)
By a
(59)

We get the following results by applying the conform-
able fractional double Laplace transform to the initial
condition (56).

U(k,p,0) = k,p,O)z—m.

(60)

1 aU
=1)p-1)" at "

The boundary conditions (57) and (58) are transformed
using the conformable double Laplace transform as follows:

1 0 1
U.p:5) = P-1(+2) 5 V(0P9)= P-1(+2)
(61)
1 0
V09 ieeay 3 VO )7 ey
(62)

Substituting Equations (60), (61), and (62) into Equation
(59), and simplifying, we obtain

k+1 p+1 2

1 (k=1)(p-1)

Uk,p,s)=— —
(ko) 52+25—k2—p2

(p-1)(s+2)

+LEL;L’;‘ <e2(xﬁ/ﬁ)+2(yw)4(t“/a) _2 (x_ﬁ )’_Y ﬁ))

(k=1)(s+2) (k=1)(p-1)(s+2)

By «
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Again, performing some mathematical manipulation to

Equation (63), it is reduced to

2 N 1
(k=1)(p-1)(s+2)

) { Lf L; L (ez (xPIB)+2(y" Iy)=4(1" /o)

5

Uk, p,s) =

2+ 25— k> - p?

Taking the inverse conformable triple-Laplace transform

to both sides of Equation (62), we get

u<’;§ J;:/ l:) — e(xﬁ/[})+(y7/y)—2(t“/a) +nyt_1 [ 1

.{LﬁLyL;x< 2(xP1B) +2(y"Iy)-4(t% )
xTy

B gy o
(I

B v «a

Now, apply the new iterative method to Equation (65).

(65)

(64)

2+ 25— k> — p?
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Using (49) into (65) and using (51), (52), and (53), the
components of the solution are obtained as follows:

('xﬁ y)/ ﬁ) =e(xﬁ/ﬁ)+(y”/y)—2(t”‘/tx)’
By «a

w550 0)
By «

_ -1

=L [52+25

i
w@?DM
{
)

L,BL)/L(X ( xﬁ/ﬁ)+2(yyly 4(t%/ex)

1 LﬁLyL(x( (=P1B) 2 1y)-4(1° o)
2+ 2s - k2 p?

—e (xﬁ/ﬁ +2 O'1y)-4(t/a) ) :| 0,
(66)
Uit ((P1B), 571y), (1°10)) = Ly (157 + 25— K> = p?)

(LELILE (S gu 2 (PIB), (7 1y), (¢¥1@)) = Eizyu (xP1B), (
Y1), (#%/a)))}], n>1.As a result,

By g By g\ \ 2
g x_,y_,t_ +u, x_,y_,t_
B v a B v «a

xﬁ )’Y ﬁ —1 ! 1 ﬁVL =0
By a RN I E_p2 LL, 2 ’
Y sf+2s—k"—-p ( (xﬁ ¥ td))
- u() H T T
By «
By o
(559
By «a
(W55 50 o 59)
1\ (> >
1 o o fo4
e N 7Y By B vy By o

2+ 25— kX - p?

Similarly, we get u,((x"/B), (3?1y), (t*/)) = us((xF1B),
(y'1y), (t*/«)) = 0 and so on.

Therefore, using Equation (54), the solution to Example
1 is given by

u<x[; y}/ ta) = ("ﬂ/ﬁ) O 1y)=2(t%0) (68)

By «a

Remark 15. For a = =1, in two dimensions, the conform-
able fractional telegraph in Equation (55) reduces to the clas-

By By g
g (22 (2
B v a B v «a

sical (or non-fractional) space-time telegraph equation, and
its exact solution is u(x, t) =", which is the same as
the result obtained in [28, 30, 49].

For f=y=1&a=0.5, the exact solution is u(x,y,t)
= e (e + e (erf c(v2t - 1))).

For f=a=1&y=0.5, the exact solution is u(x,y,t)
=e (e + & (—erf c(\/y +1))).

For a=y=1&B=0.5, the exact solution is u(x,y,t)
= (e* + e (—erf C(\/J_C+ 1))).

Whenever erf (t) =2//7 [ ( jo
erf (1).

“Ydz and erf c(t)=1-
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(©)

(d)

FIGURE 1: 3D solution plots of Example 1 at (a) «=0.5,$=0.8,y=0.6,t=0.1, (b) «a=0.6,=0.9,y=0.5,t=04, (c) «=0.8,3=0.5,

y=0.7,t=0.8, and (d) «a=0.9,5=1,y=0.2,¢t=1.

The 3D graphical simulation of exact solution corre-
sponding to Example 1 for different fractional-order values
«, 3, and y are depicted in Figure 1.

Example 2. Consider the time fractional-order nonlinear
telegraph equation with the external source term as follows:

0*u +58"‘u P o*u . 0u
or« T ot T T ox2B oy

. B Y
—2e "% sin (x_) cos (y_)
B Y
. B Y
+e7""% sin’ (x_) cos’ (y—),
B Y
under the initial conditions
By B Y @« By
u(x—, y—,O) = sin <x_> cos (y—>, a—“u<x—, y—,O)
By B y/) ot \pB vy
B Y
=—sin <x> cos (y),
B Y

(70)

and boundary conditions

Yo B - . Y
u(O, y—, t—) =0, a—u(O, y—, t—) =e "% cos <y—>, (71)
Y « oxP y o« y

B a . B 14 B a
u x—,O,t— — et gin (L ,a—u x—,O,t— =0. (72)
B« B) oy \B ~«

Solution. On both sides of Equation (69), we use the
properties of the conformable triple Laplace transform and
Theorem (12) to obtain
szU(k,p, s)=sU(k,p,0) - % U(k,p,0) +5(sU(k, p,s) = U(k, p,0))

=kK*U(k,p,s) - kU(0, p, s) - a% U(0,p,s) +p*U(k,p,s)

0 2p
-pU(k,0,s)— —U(k,0,s) -
PU(R0.5) = 5 U0, 9) R+ 1) +1)(s+1)
N B Y B oy g
+LELVL"‘(e’3(t %) sin? (x—) cos’ ()’7)_”3 (—,y—,—)).
r B Y By «a

(73)



14

Advances in Mathematical Physics

()

(d)

FIGURE 2: 3D solution plots of Example 1 at (a) a=0.4,8=0.59=0.7,t=0.2, (b)a=0.5,=0.6,y=0.8,t=0.4, (c) «=0.7,3=0.9,

y=0.5,t=0.8, and (d) a=1,8=1,9=09,t=1.

We get the following result by applying the conformable
double Laplace transform to the initial condition (70):

) p ] - r
U(k,p,0) = ErNE 5, Uk 0)= (R +1)(p?+1)
(74)

The boundary conditions (70) and (71) are transformed
using the conformable fractional double Laplace transform

p(s+5)-p p

as follows:
U(0,p,5) =0, > U(0,pys) = P (75)
(0,p5) = ' % (sP’S)—m»
1 0
U(k,0,s) = , — U(k,0,5) =0. (76)

(k2 +1)(s+1) oy

Using Equations (74), (75), and (76) into the Equation
(73), and simplifying, we get

P 2p

1 (I +1)(p*+1)

Uk,p,s)= —M—
(kp>s) s2+ 55— k* — p?

(PP+1)(s+1)

. B Y B oy o
+IELLY (e3’ f sin’ (x_) cos’ <y—> -u’ (x—, . —))
P 14 By «a

(B s+l (Rr1)(pPH1)(s+1)
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By simplifying Equation (77), we obtain

_ p 1
Ulkprs)= (k2 +1)(p?+1)(s+1) ' K - p?

. B Y
. {LEL;’L‘;‘ (e‘“ /% sin® (%) cos’ (%) (78)
B oy o
559}
B v «a
We get the following results by applying the inverse

conformable triple-Laplace transform to both sides of
Equation (78):

By . B Y
u(x—, y—, t—) =¢ "% sin (x_) cos (y—>
By « B Y

1
-1 Bryra
+ Ly, Lz Py {LxLth

(erea () (s
M)

Now, apply the new iterative method to Equation (79).

s+ 55—

(79)

15

Substituting (49) into (79) and using (51), (52), and (53),
we obtain the components of the solution as follows:

B gy g N B Y
u (x r t—) =¢ "% sin (x_) cos (y—>,
By «a B Y
oy e
Uy F) ?: ™
_ 1 319
=nyt 1[52+55 e { ( 3¢ sin < )
Y ﬁ y oo
- (5) - (55 9)]
Y By «a
_ -1 1 o3 xF
= Lo [52+55—k2 { L ( i’ B
Y . B Y
. cos’ <y—> — ¢31"% gin3 (—) cos® (y—>) H =0,
Y B Y

(80)

i (F 1), (571y), (t%10)) = Ly, ™ [(1/5° + 55 = k* = p?)

{LELYLE (S5 o, ((FP1B), (1), (1%10) = iy, ((F1B). (
Y1y), (t%a)))}], n = 1.As a result,

(152 ) e (5.2 5))

(xﬁ )/Y,ﬁ> LX t—l ;2 LfLyL(tx -0,
‘B Yy « 4 2+ 55—k —p2 7 ( (Xﬁ y)’ ta))
- u() H T T
B v «a
By o
(x Y t_> (81)
By «a
xﬂ yy to‘ xﬁ yy to‘ xﬁ })y ta
Bya) By e) By e
1
=L, e =0.
S2+55—k*—p ’

Similarly, we get u,((xP/B), ()'1y), (/&) = us((xP1B),
(y'1y), (t*/«)) = 0 and so on.
Therefore, the solution to the Example 2 using Equation

(54) is
By g 5
(53 a)=emn () (3)

Remark 16. For a = =1, in two dimensions, the conform-
able fractional telegraph equation (69) reduces to the classi-
cal (or non-fractional) space-time telegraph equation, and its

(82)

By By g
g (22 (2
B v a B v «a

exact solution is u(x,t)=¢e" sin (x) cos (y), which is the
same as the result obtained by [29, 30].

For f=y=1&a=0.5, the exact solution is u(x, y,t) =
e (e + e (erf c(v/t-1))).

The 3D graphical simulation of exact solution corre-
sponding to Example 2 for different fractional-order values
«, 3, and y are depicted in Figure 2.

7. Conclusion

The conformable triple Laplace transform has been exam-
ined in this study using all of our newly discovered results
and theorems. The solution of the conformable fractional
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nonlinear Telegraph equation in two dimensions is found
using the new conformable triple Laplace transform iterative
approach. We give the basic definitions and properties of the
conformable fractional derivative, conformable triple
Laplace transform method, and the new iterative method.
The proposed method CTLTIM has been put to the test in
a numerical experiment, and the outcome is also supported
by a 3D graphical representation for different values of frac-
tional orders «, 3, and y as shown in Figures 1 and 2. Note
that in Examples 1 and 2, if we use a = § =y, we obtain an
exact solution which was considered in [28, 30, 49], and
further, nontrivial problems that are solved using earlier
methods become trivial in the sense that the decomposition,

By By By
u<x_,y_,_>:uo(x_,y_,_)+ul(x_,y_,_>
B v «a B v «a B v «

B gy g B gy g
+u2<x_,y_,_)+...+um(x_,y_,_)+
By «a By «a

(83)

consists of only one term, i.e.,

(ﬁ y f_) (fy_ t_>,
By «a By «a
Due to the critical need to explore new analytical solu-
tions to understand the dynamics of solutions for such
important equations in physics and engineering, our find-
ings highlight the importance of exploring new generalized

methods for solving fractional partial differential equations,
mainly the nonlinear ones.

(84)
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