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This article presents the E-parametric metric space, which is a generalized concept of parametric metric space. After that, the
discussion is concerned with the existence of fixed points of single and multivalued maps on E-parametric metric spaces

satisfying some contractive inequalities defined by an auxiliary function.

1. Introduction and Preliminaries

Metric fixed point theory is a very fruitful area of research
belonging to nonlinear analysis and operator theory. It has
much usage in other fields of mathematics. Numerous gen-
eralizations of Banach contraction principle have flourished
this field in several aspects through using generalized forms
of metric spaces or contraction conditions. It is not wrong to
say that the contraction condition given by Salimi et al. in
[1] is the most renowned condition of this decade, whereas
on the account of metric spaces, we have many abstract
forms like b-metric spaces [2-5], partial metric spaces [6,
7], and partial b-metric spaces [8, 9]. Recently, the notions
of R-metric [10] and parametric metric spaces [11] have
been initiated.

In the following, we recall the concept of parametric
metric spaces [11] and the convergence of sequences.

A map P, : Hx H x (0,00) — [0,00) (where H # &) is
said to be a parametric metric on H if it satisfies the follow-
ing axioms:

(i) P, (¢,2',v) =0 forall y>0 = ¢=¢'

(
(i) P, (¢, €',v) =P(¢', ) for all v>0
(

(i) P, (& ¢",Y) <P, (&€ )+ P, (¢',2"Y) for all ¢
¢',¢'""€H and for all v>0

Then, (H, P,,) is a parametric metric space. If (H, P,,) be
a parametric metric space and {€,} € H, then

(1) ¢, —¢eH&< lim P,(¢,,£Y)=0 for all y>0
n—~oo

(2) {¢,}isCauchyif lim P, (e,,¢,Y)=0 for all y>0

m> “n>
m,n—00

Note that (H, P,,) is complete if each Cauchy sequence
in H converges in H.

One of the ways to generalize the contraction condition
is to define it via some auxiliary functions. For example, an
auxiliary type function was given in [12], where Q; repre-
sents the collection of functions Q : (R*)* — R* = [0,00)
satistying the below axioms:
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(i) Q is nondecreasing and continuous with respect to
its each coordinate

(ii) If g,, g, € R* with g, <q, and q, < Q(4;, 45, 41> 4,),
then g, <&(q,);

(iii) If q,, 9, € R with q, > g, and q, <Q(q;, 95, 9;> q,)>
then g, =0

(iv) If ge R* with ¢<Q(0,0,4,(1/2)q) or g<Q(0, 4,
0, (1/2)q) or 4<Q(g,0,0,q), then g=0

and £ : R* — R" is a nondecreasing map with Y, &"(t)
<oo forall >0 and &(t) < t for all ¢ > 0.
As examples of Q € Q;, we cite the following:

(i) Let Q;(q; 495> 93> 94) = k max {q;, q,, g5, q4} with &
(t) = kt, where k € [0, 1).

(ii) Let Q,(qy» 95955 94) = kq, with &(t) = kt, where k
€[0,1).

(iii) Let Q;(qy, 4y q3-q4) =74y +b7q, + " q, with ()
=(a* +b" +c*)t, where a*,b",c* >0 and a* +b"
+c*€l0,1).

Khalehoghli et al. [10] took a binary relation E on H and
a simple metric d on H to define an R-metric space, denoted
as (H, d, By). They also said that a self map T on H is a By
-contraction, if

d(Te, Te’) skd(e,e’), (1)

for all ¢,¢' € H with €B,e', where 0 < k < 1. Along with this
definition, the authors also defined the concepts of By-con-
tinuity and By-preserving property in order to extend the
result of Banach on R-metric spaces.

2. Main Results

Let H #+ & and E be an equivalence relation on H. We intro-
duce the following: a function P,, : H x H x (0,00) — [0,
00) is an E-parametric-metric on H, provided that the
following axioms hold:

(x(E, e’)Pm (Te, Te’,v) <qQlp, (e, e’,v) P, (6, TEY), P, (e’, Te',v),

for all Y>0 and for all ¢,¢' € H with £~¢', where Q¢ Q:.
Also, consider the following assertions:

(a) T is E-preserving, that is, € ~ €' implies T¢ ~ T¢'
(b) There is £, € H such that €, ~ T8, and «a(8,, T¢,) > 1
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(i) P,,(¢,¢',v) =0 €=¢foralle ~ ¢ and forall v>0
(i) (P,,(¢,¢',v) =P, (¢',&Y) forall y>0and forall € ~ ¢’

(iii) P,,(&,¢",Y) <P, (&€ v)+P, (¢, ¢ V) foralle, €',
¢'" e H, forall y>0andforall¢ ~¢' ~¢''

Then, (H, E, P,,) is an E-parametric metric space.

Example 1. Take H as the collection of all functions g : (0,
00) — R. Consider an equivalence relation E on H defined
by gEf if t|f(t) — g(t) for all t € (0,00) (note that | means
that ¢ divides f(t)—g(t)). Define P, : Hx H x (0,00)
— [0,00) by

P,(g,£Y)=1|g(¥) - f(Y)|,forall g, f € H and for allv>0.
(2)

Then, (H,E, P,,) is an E-parametric metric space.
Below, (H, E, P,,) stands for an E-parametric metric space.

Definition 1. Let {x,,} be an E-sequence in (H, E, P,,), that
is, «,, ~ k,,,1 for each m € N. Then, we say that

(i) {x,,} is a convergent sequence in H and converges to
xkeH iflim, P, (x,,xY)=0 for all v>0 and «,, ~ « for
each m >k (for some value of k)

(i) {x,} is Cauchy if lim, , P, (x,,«,Y)=0 for
all v>0.

Definition 2. (H,E,P,,) is E-complete if each Cauchy E
-sequence in H is convergent in H.

Definition 3. (H, E, P,,) is called regular whenever if P,, (¢,

', v?) =0 for some Y > 0, then we have P, (¢,¢',Y) =0 for
all v.

We now present the first main theorem of the section.

Theorem 4. Let (H,E,P,) be an E-complete regular E
-parametric metric space. Let T: H— H and a: HxH
— [0,00) be two maps such that

P, (e’, Te,v) +P, (e, Te’,v)

; SENC

(c) For every ¢, ¢’ € H such that ¢ ~¢' and oc(@,{’,') >1,
we have a(T¢, TC') > 1

(d) For each E-sequence {€,,} in H with a(2,,,¢,,,,) > 1
for all me N and €,, — ¢, we have a(¢,,,2) > 1 for
allmeN
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Then, T has a fixed point. yields that T"x, ~ T™*'x, and a(T"x,, T™"'x,) > 1 for all m

€ IN. Take a sequence {«,,} with the terms as x,, = T"x, for

Proof. By (b), there must be «, € H of the form x, ~ Tx, and  all m € N. Thus, ,, ~«,,,; and a(k,,, k,,,;) > 1 for all m €

(kg Tky) > 1. Since T is E-preserving, we have Tk, ~ T°k;, W =INU {0}. Before doing the next part of the proof, we take
and by (c), &(Tx,, T?k,) = 1. The repetition of these steps K, # ,,,, for all m € W. From (3), for each m € W, we get

Pm(TK TKm+1’ )<‘X(Km>Km+l) (TK TKm+1’ )

< Q<Pm(Km’ Km+1’Y)’ Pm(Km’ TKm’v)’ Pm( m+1> TKm+1’ )’

N —

(P T ) + P T >>)

(4)

= Q<Pm(Km’ Km+1>Y)’Pm(Km Km+1>Y)’Pm(Km+1’ Km+2>v)’ (Pm(KmH’ m+1° ) +P ( m> m+2’v)))

N = N =

< Q<Pm(Km’ Km+l’v)’ Pm(Km’ Km+l’v)’ Pm(KmH’ Km+2’Y)’ (Pm(Km’ Km+1’Y) + Pm (Km+1’ Km+2’v))) 4

for all v>0.0 O general, then we have at least one m, € W such that P,

0 0 0
o _ (K> Koy 10 Y°0) S P (Ko 115 Ky 42> Y°) - for  some Y2 > 0.
Here, our claim is, for each v>0, {P,, (k,,, K,,,1,Y) } ey 18

i ) P ) Then, from (4) and property (i) of Qg, we get
a strictly decreasing sequence. Suppose this is not true in
0 0
Pm (Km0+1> Km0+2> Y ) = Pm (TKm0> TKmo+1> Y )
1
0 0 0 0 0
Q<Pm (Km0> Km0+l> Y )> Pm (Km0> Km0+l> Y )> Pm (Km0+l’ Km0+2> Y )> z (Pm (Km0> Km0+l> Y ) + Pm (Km0+1’ Km0+2’ Y )))

Q(Pm (Kmo+l’ Km0+2> Y0)> Pm (Kmo> Km0+1> YO)’ Pm (Kmo+1’ Kmo+2’ YO)’ Pm (Kmo+1’ Kmo+2’ YO)) .

IA

IA

(5)

Property (iii) of Q; together with the above inequality Property (ii) of Q; together with (8) implies
implies that
P (Kp1s KppynsY) S E(P, (Kpps Kyppe15Y ), forally>0and m € W.

P, (K115 Ky 120 Y°) = 0, forv? > 0. (6) 9)
] ] . ) After a few simplification, we get
This fact and regularity condition give us

P, (K Kpuy1sY) <&M (P, (Ko, 1,Y)), forally>0 and m € N.

Py (K115 Ky 12 ) = 0, for ally>0, (7) (10)

which is not possible under the assumption. Thus, P,,(x,,, Hence, {Km};nis a sequence in H with «,, ~«,,,, and P,
K01 Y) > P, (Kppots KppiosY) for all Y>0 and m e W. Again, (K> KpersY) <& (P, (g, ,Y)) for all ¥>0 and meN.
we use (4) and property (i) of Q; to obtain Now, we will show that this E-sequence is also Cauchy.

For each n > m € N, we can obtain

Pm<Km+1’ Km+2’v) =P (TK TKrrH—l’ ) ©
Q(P,,(Kpp> Ky 15Y )s Py (K> Kms15Y )5 P, Py (K KpY) < ) Py (K5 Kj4p,Y) < z & (P, (kg k1,Y)), for ally>0.
, 5
( m+1> Ky )’Pm(Km’ Km+1’v))’ (11)
(8)
The convergence of Y, §'(P,,(k,, x,,Y)) for each v>0
for all Y>0 and m e W. implies that {x,} is a Cauchy E-sequence in (H,E,P,).
P m y q m



The E-completeness of (H, E, P,,) leads to the existence of a
point k, € H with lim P, (x,,x,.,Y) =0 for all v>0 and

m—0o0™ m

P, (Tx,, Tk,,Y) < a(x,,, &, )P, (Tk,,, Tx,,Y)

< Q<Pm(Km’ K* >Y)’ Pm(Km’ TKm’v)’ Pm(K*’ TK*’Y)’

= Q(Pm(Km, KoY )s Py (Kpps K15 )s P (56,5 TL,Y),

for all v>0.

Pm(K*’ Tva) < Pm(K*> Km+1>v) + m(Km+l> TKwY) = Pm(K*> Km+l>

j2
<p, +Q(P

> Bm+1>

(K> K
SPm(KmeH’

for all v>0.
Applying the limit when m — o0 in (13), we get

1
Pm(K*’ TK*’Y) < Q(O’ 0’ Pm(K*’ TK*’Y)’ E (Pm(K*’ TK*’V))>’
(14)

for all v>0.

a(e,e’)Pm(Te,Te’,v)sE max Pm(E,E',v),Pm(E,TK,Y),Pm<E',T£’,Y),

for all >0 and for all ¢,¢' € H with €~¢', where & : R
—> R*" is a continuous and nondecreasing map with Y2,
&'(t) < oo forallt>0and &(t) <t for all t > 0. Also, consider
the following assertions:

(a) T is E-preserving, that is, £ ~ €' implies T¢ ~ T¢'
(b) There is £, € H such that £, ~ T, and a(€,, T¢;) > 1

(c) For every ¢,8' € H such that €~¢' and a(¢,2') > 1,
we have a(T¢, T¢') > I
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k,, ~ k, for each m >k, for some k. By (d), we also conclude
that a(x,,, x, ) > 1 for each m > k. Now, from (3), we get

(Pm(K*’ TKm’Y) + Pm(Km’ TK*7Y))) (12)

N = DN =

(P (Kppy1s K,5Y) + P (K0 TK*,Y))> ,

By triangle property and (12), we get

Y)+P, (Tx,, Tk,,Y)

—_— N

K> KsY )5 Py (K K15V )s Py (K4 TR,V )5 = (Pry (K15 6,5Y) + Py (5,5 T, )
P

0)+Q( B
Y) + Q<Pm(Km’ K*,V), m(Km’ Km+1’v)’Pm(K*’ TK*’Y)’ Py (Pm(KWHl’ K*’Y) + Pm(Km’ K*’Y) + Pm(K*’ TK*’V))) 4

\S)

(13)

Thus, by property (iv) of Qg, we get P, (x,, Tk,,Y) =0
for all Y>0. Therefore, k, = Tk,.

In the following result, (15) is a special case of (3), but
with (15) we do not need the condition of the regularity of
the E-parametric metric space.

Theorem 5. Let (H,E, P,,) be an E-complete E-parametric
metric space. Let T: H— H and a: Hx H— [0,00) be
two maps such that

P, (e’, TB,V) +P, (e, TE',Y)
2

(d) For each E-sequence {¢,,} in H with «(€,,,%,,,;) =1
for all me N and €,, —> ¢, we have a(¢,,,2) > 1 for
allmeN

Then, T has a fixed point.

Proof. By (b), we know that there is x, € H of the form
ko~ Tk, and a(k,, Txy) = 1. In view of the fact that T
has E-preserving nature, thus Tx, ~ Tk, and by (c), a(T
Ko T*ky) > 1. Continuing this process, we get T"k,~
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T %, and a(T™ky, T" k) =1 for all meN. Take a Now, we take «,, #«,,,; for all meW. From (15), one
sequence {x,} with the terms as «, = T™x, for all me  writes for each meW,
N. Thus, «, ~k,,; and a(k,,«,,;) =1 for all meW.

Pm(KWH-l’ Km+2’v) = pm(TKm’ TKm+1’Y) < a(Km’ Km+1)Pm(TKm’ TKm+1’Y)

1
< E(max {Pm(Km’ Km+1’v)’ Pm(Km’ TKm’v)’ Pm (Km+1> TKm+1’Y)’ z (Pm<Km+1’ TKm’Y) + Pm(Km’ TKerl’Y))}

1
(max {Pm(Km’ Km+1’v)’ Pm(Km’ Km+1’v)’ Pm(KnHl’ Km+2’v)’ 5 (Pm(KnHl’ Km+1’v) + Pm(Km’ Km+2’v>) })

=&
< E(max {Pm(Km’ Km+1’Y)’ Pm(Kerl’ Km+2’Y)})’

(16)

for all v>0. O Now, by following the proof of the above result, we may
ensure that {«,,} is a Cauchy E-sequence in (H, E, P,,), and
for all m € W, (16) implies that there must exists «, € H with lim,, P, (x,,x,,Y) =0 for

all v>0 and «,, ~ «, for each m >k, for some k. Also, using

Py (Kpp1s KmansY) S E(P(Kops KppsysY) ) forally>0and m e W, (d), we conclude that a(k,,,x,)>1 for each m>k. Now,
(17) from (15), we get

Since «,, # &,

Therefore,

P, (K Kpuy1sY) <&M (P, (Ko, 1,Y)), forally>0 and m € N.

(18)

P, (Tx,, Tk,,Y) < a(x,,, &, )P, (Tk,, Tx,,Y)

m>

IN
S
—

max {Pm(Km, K.Y ), Py (K> Ty Y)s Py (56, Tk ,Y), = (P (%, T, ) + P (K, TK*,Y))}> (19)

N = N =

= (e {0 0, PoO 1 ) P TR 5 P 50) B T ),

for all ¥>0 and for all m > k. By triangle property and (19), we get

P, (x,, Tk,,Y) <P, (%, €,,.1,Y) + P, (x

(
(

m+1> TK* ’Y) = Pm(K*’ Km+1’v) + pm(TKm’ TK* ’Y)
SPm(K*’KerI’Y)-'—E max {Pm(xm’x*’v)’Pm(Km’K v)’Pm(K*’TK*’Y)’ (Pm(KmH’K*’Y) +Pm(Km’ TK*’Y))}>

m+1>

max

N = N =

<P, (Kys K15 Y) +& P (K5 165X )5 Py (K05 615 ) P (16,5 TK, )y = (P (K1 K,5Y) + Py (8,5 ,5Y) + P (K, TK*,Y))}>,

(20)



for all ¥>0 and for all m > k.
Applying the limit when m — oo in (20) and using the
continuity of &, we get

P, (., Tk,,Y) < f(max {Pm(K*, Tk,,Y), %(Pm(;c*, TK*,Y))}),

(21)

for all v>0.
The above inequality is only possible when P, (x,, T,,
Y) =0 for all v>0. Therefore, «, = Tk,.

Example 6. Take H = C[1,00) with equivalence relation E on
H defined as hy ~h; if t| hy(t) — hy(t). Define P, : HxH
x (0,00) — [0,00) by

|hg(Y) = hy(Y)
0, forall hg, hf € Hand forallve(0, 1).

,forall hg, hf € H and forally>1,

P, (hgyhpY) = {
(22)

Definethemaps T : H— Hand a : H x H— [0,00) by

h,(t)+1
A if hy(t) >0,
T(hy(t)) =
_(hg(t))z, otherwise, (23)
L ifhyhy >0,

a(hyhy) = {

0, otherwise.

Here, one can verify that all the axioms of Theorem 5 are
valid, and there is a fixed point of T in H.

rxc(T{%, Te’)Hpm <T€, TE’,Y) <q|p, (e, e’,v),Pm(B, TeY), P, (e’, Te’,v),

for all Y>0 and for all ¢,¢' € H with £ ~ €', where Q € Qg and
a,(Te, T¢") =inf {a(j,j'): je T j' € TC'}. Also, consider
the following assertions:

(a) T is E-preserving, that is, € ~ ¢' implies j~ j' for each
jeTeandj eTt

(b) There is x,€ H and x; € Tx, such that k,~ k; and
alxy, 1) > 1

(c) For every ¢,&' € H such that ¢ ~¢' and a(¢,2')> I,
we have a (T2, T¢') > 1
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Let (H,E,P,) be an E-parametric metric space. Let
N(H,E) denotes the collection of all nonempty subsets
of H having the following properties:

(i) For any Ay € #/(H,E), sup {P,,(k, w,Y): x,w € Ay}
exists for each v>0
(i) If {«,} c Ay and x, — «, then k € A,

The Hausdroff E-parametric distance Hp is a mapping
from /' (H, E) x #/(H, E) x (0,00) into [0, c0) defined by

Hp (Ay,By,Y) =max {A(Ay, By, Y), A(By, ApsY) ) (24)
for all Y>0 where

A(Ay, By,Y) =sup {inf {P, (x, w,Y): w € By}: k€ Ay},
A(By, Ay,Y) =sup {inf {P, (w,x,Y): k€ Ay}: w € By }.
(25)

Here, everyone should know that for each A, € #'(H, E),
we€ (H,E P,) and for each value of Y there must exists ,
€ Ay with P, (k,, wY) <qinf {P,(k w,Y): k€ Ay}, where
q > 1. Subsequently, we take inf {P, (w,x,Y): k€ Ay} =P,
(w, Ag,Y).

In the following theorem, we will discuss the case of the
existence of fixed points for multivalued maps.

Theorem 7. Let (H,E,P,) be an E-complete regular E
-parametric metric space. Let T : N (H,E)— N (H,E)
and o : Hx H— [0,00) be two maps such that

P, (e’, T?,,v) +P, (e, TE’,Y)
2

, (26)

(d) For each E-sequence {¢,,} in H with a(€,,,%,,,;) > 1
for all me N and ¢,, — €, we have a(L,,,£) > 1 for
allmeN

(e) For each q> 1, Tk € #/(H,E) and w € H there is x,
€ Tx with P,,(x;, w,Y) <qP,(w, Tx,Y) for all V>0,
where inf {P, (w, x,,Y): k, € Tk} =P, (w, TKY).

Then, T has a fixed point.

Proof. By (b) and (c), we observe that a (Tx,, Tx;) > 1, since
Kk, € H and k, € Tk, are of the form x, ~ k; and a(x,, ;) > 1.



Advances in Mathematical Physics

Here, we take x, # «,. Otherwise, k, € Tk,. By (26), we get

a.(Tko, Ty )P, (11, Txy,Y) < o (Tio, Trey ) Hp (T, Ty5Y)

< Q<Pm(Ko> K1>Y)s Py (Kgs TR, Y), Py (101, Try,Y),

for all y>0. O

Since a.(Txy, Tky) > 1, by (e), there is k, € T, such that

P, (%1, 1,,Y) < & (Txg, Ty )P, (1), Try,Y), (28)

(P, (115 Treg,Y) + Py (6 T’va))) , )

N =

for all Y>0. Here, again, we take x; # k,. Otherwise, x; € Tk,.
Thus, by using it in (27), we get

1
P, (k1> 63,Y) < o (Tko, Ty )Py, (Ky, Ty, Y) < Q<Pm(Ko» K15Y)s Py (Ko, Tk, ), P,y (1, THy,Y), 5 (P (1> TrpsY) + Py (Ko TKl’Y))>

N =

< Q<Pm(K0’ K1>Y ), Py (1, K15Y), Py (1675 1,Y),

for all Y>0.

Here, our claim is P, (kg k;,Y) > P, (k, k,,Y)¥Y > 0.
Suppose this is not true. Then, P,,(k,, k,, Y°) < P, (k;, k5,
v?) for some Y > 0. Then, from (29) and by property (i)
of Qg, for ¥ >0, we get

P, (11, 65, Y°) < Q(P,, (K1 %5 Y°), P,y (K9 %15 Y°), P,
- (x5 55 YO), P, (%, 15, YO)).
(30)

From property (iii) of Q; and the above inequality,
we get

P, (x;, %5, Y°) = 0, for someY” > 0. (31)
This fact together with regularity condition implies
P, (x, ,,Y) = 0, forally>0, (32)
and it is not possible under the assumption. Thus, P,, (k.
k,Y) > P, (%, %,,Y) for all v>0. Again, we use (29) and

property (i) of Q; to obtain

P, (K1, %) < Q(P,,(Ky» k1,Y), P, (%9, k1, ), P,
- (K1, 15,Y), P, (K, %1,Y) ), for allv>0. (33)

The property (ii) of Q; and (33) imply

P, (), %,,Y) <&(P,,(ky, £,Y)), for ally>0. (34)

(Pl 1Y) +Pm<x1,xz,v>>),

(29)

Clearly, a(x;, x,) > 1 due to the fact that x; € Tk, «, €
Tk, and a (Tk,, Tx;) > 1. Also, the E-preserving character-
istic of T yields x, ~ ,. Thus, by (c), we get a (Tx,, Tk,)
> 1. The repeated application of the above steps yields the
sequence {x, } with k,, € Tk,, 1, k,_; ~ K, A(K,,_1>K,,) > 1
and P,,(x,,_1, K,,Y) > P, (K> K,s1,Y) for all Y>0 and

Pm(Km’Km+1’Y) SE”l(Pm(KO’Kl’Y))’ (35)

for all ¥>0 and for all m € N.

The steps given below will show that {«,, } is a Cauchy E
-sequence. For each n>m €N, the triangle inequality and
(35) imply that

n—1 o)
P, (K K,5Y) < Z P, (K K;41,Y) < Z E (P, (kg K1,Y))
j=m j=m

for all v>0.

The convergence of Y E(P, (kg %,,Y)) together with
the above inequality confirm that {x,} is a Cauchy E
-sequence in (H,E,P,,). The E-completeness of (H,E,P,,)
ensures the existence of a point «, € H with lim,,_ P, (
K> K,Y) =0 for all v>0 and «,, ~«, for each m>k, for
some k. We now able to conclude that, by (d), «a(x,,, «,)
>1 for each meN. Since «,, ~x, and «a(x,,x,)>1 for
each m >k, using (c), we have «a(Tx,,, Tk,)> 1. Thus, by
(26), we get



Hp (Tk,, Tx,,Y) <a(Tk,, Tk, )Hp (Tk,,, Tx,,Y)

< Q(Pm(xm, k.>Y)s P (%, Tx,,,Y), P, (%, Tx,,Y),

= Q(Pm(Km, K*,Y),Pm(Km, Km+1)Y)’ Pm(K*) TK*)Y)>

for all v>0.

P, (x,, Tk,,Y) <P, (%, Kpp1sY) + Ppy(%,41 Tk,,Y) < P, (K, K

1
+ Q(Pm(xm, €,5Y)s Py (6,5 6,015V )s Py (%, T,,Y),

< Pm(K*’ Km+1’Y) + Q(Pm(xm’ K*’Y)’ Pm(Km’ Km+l’Y)’ Pm(K*’ TK*’Y)’

for all v>0.
Applying the limit when m — oo in (38), we get

m+1>

Y) + Hpm(TKm, Tk,,Y) <P, (k,, &
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(Pm(K*’ TKm’Y) + PM(K"” TK*’Y))> (37)

N = N =

(P )+ P T ) )

By triangle property and (37), we get

Y)

m+1>

(P (Kpyy1s K.Y + Py (Koo TK*,V)))

N =

(Pos(Fors1s Ku¥) + P (s K ¥) + P (s TK*,v»),

(38)

In the following theorem, (40) is a special case of (26),

but with (40), we do not need the condition of regularity

of the E-parametric metric space.
1
P, (x,, Tk,,¥Y)<Q <0, 0,P,(x,, Tx,,Y), 3 (P, (s TK*,Y))) , forally>0.

(39)  Theorem 8. Let (H,E,P,) be an E-complete E-parametric
metric space. Let T : N/ (H,E) — W' (H,E) and a: Hx H

Thus, by property (iv) of Qg, we get P, (x,, Tk,,Y) =0

for all v>0. Therefore, x, € Tk,.

occ(TE, Te’)HPm (Te, Te’,v) <&| max{P, (e, z’,v), P, (¢, TLY), P, (e’, Te’,v),

for all ¥>0 and for all ¢,' € H with €~¢', where & : R*
— R* is a continuous and nondecreasing mapping with

Yoo & (t) < oo forall t>0 and E(t) <t for all t > 0, and a,
(Te, T¢') = inf {a(j,j'): je T¢,j' € Te'}. Also, consider the
following assertions:

(a) T is E-preserving, that is, € ~ 2" implies j~ j' for each
jeTeandj eTt

(b) There is x,€ H and x; € Tx, such that x,~ k; and
oKy ;) > 1

— [0,00) be two maps such that

P, (e’, TE,Y) +P, (e, Tl’,',v)
2 bl

(c) For every ¢,&' € H such that ¢ ~¢' and a(¢,€')> I,
we have a (T2, TC') > 1

(d) For each E-sequence {¢,,} in H with «a(€,,,%,,,,) > 1
for allm e N and ¢,, — ¢, we have «(€,,,€) > 1

(e) For each q>1, Txe N/ (H,E) and weH there
exists x, € Tx with P, (x,, w,Y) <qP,(w, Tx,Y) for
all ¥>0, where inf {P, (w,x,,Y): x, € Tk} =P, (w,
Tx,Y).

Then, T has a fixed point.
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The proof of this theorem will be done by following the  the following integral equation:
techniques of Theorems 5 and 6.
T
. . . . t)y=p(t t, , ds, 42
3. Application to Existence of Solutions of x(H)=p(t) + L S(t:)f (5:x(s))ds (42)
Integral Equations
where
Let X = C([0, T], R) be the set of real continuous functions
defined on [0,T] and P, : X X X x (0,00) — [0,400) be (A) f:]0, T] x R — R is continuous
defined by (B) p: [0, T] — R is continuous
(C) S:[0, T] x [0, T] — [0,+00) is continuous and
P,(x,y,a)= sup ———|x(t) —y(t)| 41
(@)= SUp e OO (4 T
sup (J S(t, s)ds) <1, (43)
te[0,7] \Jo
for all x, y € X and all ¢ € [0, T]. Then, (X, P,,) is a complete
parametric metric space. Let ~ be the equivalence relation
on X defined by x ~ y if and only if ¢ | x(¢) — y(¢). Then, (X,
P,,~) is a complete E-parametric metric space. Consider (D) There exists k € (0, 1) such that
x(s) = Hy(s)| + |y(s) — Hx(s
0= (6 4(9) (8 59N g max { 16) -6 o) Hx(9)}, ) - iy, =P S,
(44)

for all x, y € X with x ~ y and s € [0, T] where

Hx(t)=p(t) + JZ S(t, s)f (s, x(s))ds, t € [0, T], forall x € X.

(45)

(E) There exists x, € X such that

T

o1 5P(0)+ || S(03)f (5%

0
T

xo(t) - [p(t) | stesirts ()]

0

t

(F) s| jg S(t,s)[f (s, ¥(s)) = f(s,x(s))]ds for all x,yeX
with x ~y and s € [0, T]

We have the following result on the existence of solu-
tions for integral equations.

Theorem 9. Under assumptions (A) — (F), the integral Equa-
tion (42) has a unique solution in X = C([0, T], R).

Proof. Let H : X — X be defined by

Hx(t) =p(t) + J S(t,s)f (s, x(s))ds, t €0, T], forall x € X.

(47)

O

First, we will prove that H is E-preserving. Let x ~ y.
Then, we have s | fg S(t,s)f (s, y(s))ds — jg S(t,s)f (s, x(s))ds
for all s € [0, T]. On the other hand, by the definition of H,
we have

T

Hy—-Hx= Jo S(t,s)[f (s y(5))=f (s, x(s))]ds, forall t € [0, T].

(48)

So, Hx ~ Hy.
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Now, suppose that x, y € X with x ~ y. Then, by (C), (D)
and the definition of H, we get

x(s)l; s y(s) = Hy(s)|,

Advances in Mathematical Physics

Hy(s)| ; (s) - Hx(S)I})

sup |x(s) = Hy(s)| + sup [y(s) — Hx(s)|
s€[0,T] s€[0,T]

Hy(s)], [x(s) =

5€[0,T] 2

Po(Hx By )= sup s H(0) < Hy(0)
L (lmz S(6 I (s x(5)) (5 y())lds
sk( i { (5)} [x(9) = Hx(5) | (o) -
sk( max  sup 1x(s) = y(s)], S[ISI:;]PC()
sk[

Now, by (E), there exists x, € X such that x,~ Hx,.
Then, the conditions of Theorem 4 are satisfied and hence
the integral Equation (42) has a unique solution in X = C(]
0, T], R). Note that « =1 when ¢ ~ €' and a =0 when €+ ¢'.

4. Conclusion

This article presents fixed point theorems for mappings
satisfying the contraction type conditions defined with
auxiliary functions over E-parametric metric spaces. The
readers will get many fixed point results as the outcome
of this work. These results have been obtained in the fol-
lowing ways:

(1) Defining an auxiliary function through a particular
form

(2) Equipping the E-parametric metric space (H, E, P,,)
with a directed graph and defining a(x, y) = 1, when-
ever (x,y) is an edge in a directed graph defined on
H and a(x, y) = 0 otherwise. Similarly, we may con-
sider a partial order on H instead of a directed graph

(3) Defining an equivalence relation on H by edge/path
of a graph, a partial order, a preorder, etc.

(4) Taking P, (¢,¢',v)=d(e ¢
used for a metric on H

) for all v, where d is
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