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In this manuscript, we present the generalized hypergeometric function of the type .F

ST>2 and extension of the K Laguerre

polynomial for the K extended Laguerre polynomials {Afo;)k(x)} Additionally, we describe the K generating function, K

recurrence relations, and KS Rodrigues formula.

1. Introduction

Laguerre polynomials are utilized to investigate non-central
Chi-square distribution. Many works are existed in the liter-
ature with implementation to classical orthogonal polyno-
mials. There many extensions of Laguerre polynomials.

A large number of properties of Laguerre polynomials
have been described in classical works, e.g., Erdélyi et al.
[1] and Bell [2]; also we can refer to Wang and Guo [3]
and Mathai [4].

Chak [5] has given a representation for the Laguerre
polynomials. Carlitz [6] proved the recurrence relations
involving Laguerre polynomials. Al-Salam [7] proved several
results involving Laguerre polynomials. Prabhakar [8]
introduced that generating functions, integrals, and recur-
rence relations are obtained for the polynomials Z¢(x; k)
in xk..

Andrews et al. [9], Chen and Srivastava [10], Trickovic
and Stankovic [11], Radulescu [12], and Doha et al. [13]
have done a lot of work for properties of Laguerre polyno-
mials. Akbary et al. [14] can be referred for other application
of Laguerre polynomials. Li [15], Aksoy et al. [16], Wang
[17], and Krasikov and Zarkh [18] studied problems of per-
mutation of polynomials; bijection that can induce polyno-
mials with integer coefficients is modulo .

In this manuscript, we present the properties of the
extending Laguerre polynomial including .F , r > 2; we con-
sider

(1+a)

L (x) = - nF (-n;1+a;x). (1)

Shively [19] extended the Laguerre polynomials as

Habibullah [20] demonstrated the Rodrigues formula as

—Q—n

e'x

Rn(a +1, _x) = i D" (x(x+2ne—x)’
) 3
ex” D (@1 % ( )
" (x*e™).

Erdélyi et al. [1] introduced

F(“+m+n+1>x"‘L(“)(x) D i

D" oc+mL(tx+m) :| —
[x () I'e+n+1) "


https://orcid.org/0000-0002-1490-8576
https://orcid.org/0000-0001-9832-1424
https://orcid.org/0000-0002-3992-8821
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1155/2022/6815685

Khan and Habibullah [21] introduced A, ,(x) =,F,(-n
12, (-n+1/2);1/2,15x%).
Khan and Kalim [22] introduced

(1+a), -m -m+1 -m+2 l+a 2+a 3+a ,
BT S

Khan et al. [23] proposed extended Laguerre polyno-

mials {A (@) (x)}
g, n

Parashar [24] presented a new set of Laguerre polyno-
mials L(*" (x) related to the Laguerre polynomials L{® (x).
Sharma and Chongdar [25] proved an extension of bilateral
generating functions of the modified Laguerre polynomials.

Researchers [26-28] found additional properties of k
gamma and k beta functions. Then, Mubeen and Habibullah
[29] introduced k fractional integrals and discussed its appli-
cation. Mubeen and Habibullah [30] introduced an integral
representation of some k hypergeometric functions. Krasniqi
[31] derived some properties of the k gamma and k beta
function. Mubeen [32] proved the properties of confluent k
integrals by using k fractional integrals. There is a tremen-
dous scope to study k polynomials using k gamma, k beta,
and k hypergeometric functions. Kokologiannaki and Kras-
niqi [33] introduced k analogue of the Riemann Zeta func-
tion and also proved some inequities relating to Riemann
Zeta function and k gamma functions.

Din et al. [34] understand the dynamical behavior such
diseases; they fitted a susceptible-infectious quarantined
model for human cases with constant proportions. Din
et al. [35] investigated a newly constructed system of equa-
tion for hepatitis B disease in sense of Atanganaa-Baleanu
Caputo (ABC) fractional order derivative. Din et al. [36]
developed the analysis of a non-integer-order model for hep-
atitis B (HBV) under singular type Caputo fractional order
derivative. They investigated proposed system for an
approximate or semi-analytical solution using Laplace trans-
form along with decomposition techniques by Adomian
polynomial of nonlinear terms and some perturbation tech-
niques of homotopy (HPM). Din [37] investigated the
spread of such contagion by using a delayed stochastic epi-
demic model with general incidence rate, time-delay trans-
mission, and the concept of cross immunity.

Ain et al. [38] impression of activated charcoal is shaped
by the fractional dynamics of the problem, which leads to
speedy and low-cost first aid. Ain et al. [39] presented an
impulsive differential equation system, which is useful in
examining the effectiveness of activated charcoal in detoxify-
ing the body with methanol poisoning. Din and Ain [40]
developed a model based on a stochastic process that could
be utilized to portray the effect of arbitrary-order derivatives.
A nonlinear perturbation is used to study the proposed sto-
chastic model with the help of white noises.

Rehman et al.’s [41] unsaturated porous media were ana-
lyzed by solving Burger’s equation using the variational iter-
ative modeling and homotopy perturbation method. Wang
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and Wang [42] described two different types of plasma
models with variable coefficients by using the fractal deriva-
tive. Wang [43] investigated the fractal nonlinear dispersive
Boussineq-like equation by variational perspective for the
first time. The fractal variational principle of the fractal
Boussineq-like equation was established via fractal semi-
inverse method (FSM).

2. Extended Polynomials
Lemma 1.

If k,jeZ" and n is any non-negative integer. Then, we
will get

—-n -n+1 -n+r—1 i n!
— =(-1yY —
( r )kj( r )kj < r >kj (=0 ki (n — rkj)!

(6)

Proof.

(—_:)kj (—n: 1)kj (—n +rr— 1)kj
-DE)E) -

-
-n+r-1 ) (—n+r
_— 42 -

r r
_(h n+r —n+2r
()

E%E%( vor) (e
-n+r-— -n+2r— -n+3r— (ki1
’ f (7)

By simplification we get our desired result. O

k]—l)
n+rk]—r -n+1
r
(—n+rk]—r+1>

Lemma 2.
IfkeZ" and n is any non-negative integer, thus

b, (1) (),

Rainville [44] (p 22)).

Lemma 3.
Assume that k€ Z* and n is any non-negative integer.
Then, we reach

gi B(k, n) =

Rainville [44] (p 57)).

Mg
Mg

B(k,n+k). 9)

n

0k

0
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TaBLE 1:

The extended Laguerre polynomials Aﬁfg (x) Khan et al. [23]
The K extended Laguerre polynomials Aﬁﬁk(x)
&( ) oot ntqgol,
. q+a), R
AR = S g ( ,xq>

n! g+a q+l+a  2q+a-1
9> 9 7 q

e (rk+a),, Fk< (’—r",k),(fn;k)k))...)(erk*l,k); . r>.
roor, ( )

(n;k)! %kr’k)’(a+rrk+1)k)).__)(rx+2rk—l,k X

7

A (x) =

If we put k=1 in our paper, then we get the result of Khan et al. [23].

Lemma 4. 3. The K Extended Laguerre
Assume that k€ Z* and n is any non-negative integer. . (a)
Thus, we have Polynomials A, (x)

Bk, n—k). (10) We describe the K extended Laguerre polynomial set {

0 mk( x)} as

D18
D18
D18
M=

B(k,n) =
0k

=
I
=

k

=
]

0

Rainville [44] (p 56)).

(__",k>, <_"+k,k),...) <er+lk> :
e (rk+a), F r r r

(o) r
A (x)= ———==F, ;x| 11
k(%) (nsk)! | fatkr a+rk+1 a+2rk—1 -
5 k > > k s U | T k
r r r
where a e Ryn, r, k€ Z™. Consider
Theorem 5.
—n + k -n+rk+1
If{Ai:’;)’k(x)}, are the K extended Laguerre polynomials. ( v ’k)‘
Then A, (%) ': +k“, o o
oc+rk oc+rk+1 a+2rk-1
w [nirk] 1y (2" k)( ' ,k)
A x)=e(rk+ « , ekt o), [ k n/r) K) (=1 +Kir), k) - ((=n+ vk + 1), k), (x4
r’”’k( ) ( )”’k JZ(; (n—rkj; k)!(rk + “)rkj (rkj; k)! ST k)' / (ot kq/r oc+qk+ 1, B), - ((a+2rk—1/r),k)j} (ks 1
(12) (14)
aeR,nrkeZ". (13) )
By using Lemma (1)
Proof.
(@) (rk + “)n k
A >
rnk (x) (1’1 : k)'
(/K] (15)

(-1)""(n;k)! ()™
% 2’ ri(n—rkj; k)!((a + rkir), k)j((oc+rk+1/r),k)j-~ ((oc+2rk—1/r),k)j (rkj; k)!
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4
Now, by applying Lemma (2), we get our desired result. From Equation (12), we acquire
O
. . " (@)
4. K Generating Functions § | *) . i (-1 ©" 1,
Theorem 6 S (rk+a),, S| & |(n-rkjsk)l(rk+ ), | (rkj; k)! '
Suppose that n, j, k € Z*. Thus, we reach (20)
oo [nirk] (~1) Mg ()™ Then, we have our result. O
nz::‘) = (n—rkj;k)!(rkJra)rk]. (rkjs k)!
rk+a rk+1+a 2rk+a—-1 —xt\" Theorem 8.
:e”Mk(t)OFhk<——;< p ;k>,< p k)( p ;k>;<7> ) I_fC€Z+, then
(16)
@
L
Proof. & (atrh),,  (-knF
We have c c+k c+rk+1 —xt ’
., (?k)’< r k>< r ’k> : ((1—kt)£”‘>
rirk
a+rk a+rk+1 a+2rk—1
i [nirk] )rk]ext” (x)rkj <fk>< . k)( . ,k),
=5 (n- rk] k)N (rk + o), (rkj s k)! (21)
= i i ) Mt (x)rkj Proof.
oo (ns )N (rk + a) . (rkj s k)! a7) From Equation (20), we note that
0 o) rkj rk
lz H <1>ft”<f<>f] e
— 20 rk+a rkj;k 0 A (X> 00 [nirk] ki ki
-0 =0 ( )k]( ] ) Z(C) r,nk t":Z(c)e" Z ( H™ (x)" "
z ( xt)rk] e (rk+a)n)k e = (n—rkj;k)! (rk+a) (rkj; k)!
=My (1) -
e (rk+ (x)rkj(rk] sk)! (22)
By applying Lemma (2), we get We get
Ot cor
%, [kl —l)rkjext" (x)’kj o) Ink * 00 00 expnrrki rj(a\Tkj
DIOWTE - ok S O (1))
= (,; Thjs K) (1 + ) 5, (rKj3 )" 2 ke, ZOJZO (n5 R (ks ) ()
& (—xt)™ _ i i (c+7kj), i t" ik | e (=xt)M
Zm ((rk+a/r)sk),((rk+ 1+ a/r) sk), - ((2rk+a=1/r) k), (rkj ) Tl (nk)! (a+ k)0 | (rkjsk)!”
(18) (23)
. _ . (m/k)
After simplification, we get our result. | Since (c) nrkjk — (e + rkj) ",k(c)fj,k’ and (1~ kt)
Yoo (m), (t"/(n; k)! it thus implies that
Corollary 7.
Suppose that o« € Rand n, 1, j, k € Z*. Thus, we reach (o)
(©)nsA ()t ,
i ok _ i (D) ik ex(—Xf)rkj
@ — o (arrh),, =0 [(1 - t)”’kJ} (a+ 1K), (rkjs k)!
N Ar n k<x)tn (th) k7
(rk:“;k),(rk+:+a;k>,»-~, (2rk+rzx—1;k>; — kt) c/k rk"'“)qk (rjk; k)!
(19) (24)
O
Corollary 9.

Proof.
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Assume that a € R and n,r, j, k € Z*. Thus, we reach

e
n=0 1,1k (1- kt),i“qk)/k I-t
Proof.
We choose ¢ =1+ « in Equation (21). We can reach the
desired results. O

5. K Recurrence Relations

Assume that a € R and n, j, k € Z*. Thus, we reach

@ @ @
xDAr)n,k(x)—(n+x)Ar’n)k(x) (rk+a+ I)Ar,n—l,k

d
,D=—.
) dx

(26)

Proof.
From Equation (16)

Theorem 10.
o
oA ( )k(x)t”
r,n
> 2 =e*M, (t),F
r;) (rk+a)nk k( )0 r.k (rk+oc .
r b
Let
A () )
o, (%) = r,n,k (28)
rimk (a+71k), ’

Suppose that

__.<—xt>'

o X't

oFr rk+a rk+1+a 2rk+a-1 :W< r>'
( ;k>,( k)( ;k>;

r r r

(29)

Then

F= ka(t)y/(xrtr> = iar,n,k(x)tn' (30)

r n=0

By taking partial derivatives,

g_i =My + X EM (', (31)
oF ror—1 _x !
= =My + X MDY, (32)
OF OF
o Y _xF- 33
X 5% 5 xF —tF. (33)

Since

0
F= Z Gr,n,k(x)tn’ (34)
n=0

k>,<rk+l+“;k>,..., (M;k);
r r

therefore dF/dx =Y 0

Ok (x) t".
Equation (33), then yields

(x)t", and t(0F/0t) =Y 20

rink

o [ee]
X Z ér)n,k(x)t” - Z no, . (x)t"
n=0 n=0

0 0 0
=X z Gr,n,k(x)tn - Z Gr,n,k(x) tﬂ“ =x Z Gr,n,k(x)tn
n=0 n=0 n=0

(gl

Orn-1k (X) £,

I
—_

n

(35)
We get @, (x) =0, and for n > 1, we get our result. []

Theorem 11.
Ifa € R and n > 2, then

DA (@) (x)=DA @ x)+A @ ) @

(
r,nk rnn—1L1k r,mnk

Proof.
By (25), we reach

(l—t)rk“exp[x<l_2t>} = iA (@) ). (37)

-t =0 1 nk

Let

Peaesp (5 )| = L, 9



z_i - (11_—_2tt>A(t)exp [x<11__2:)], (39)

(1—t)g_F = (1-26)A(t)exp [x(l_zt)]. (40)

X 1-t

By using Equation (38), we obtain

(l—t)g—f: =(1-2¢)F. (41)

", we reach

Zyrnk

Since F = Zyrnk

) (42)

Equation (41) can be expressed as

8

Z)Gr,n,k(x)tn_ Z rnk tn+1 Zyrnk

t _2Zyrnk tn+1

n=0 n=0
(43)
We get )h,o,k(x) = 0,)5r’1,k(x) =0, and for n > 2, we get our
result. O
Theorem 12.

IfaeR and n>r, then

(@ (9 - =) .
DAr’n,k(x)—Ar’n,k( ) ;}Ar,]’,k( ). (44)
Proof.
We have
g_i - {1 - IL_J F. (45)

Applying Equation (38) yields

oF _ |,
= =

t [ee]
- 1—_t:| Z yr,n,k('x) t". (46)
n=0
By using Equation (42), we obtain

; [zﬂ ] [zoyr,n,kmt"]
S e

n=0 j=0

Z )Gr,n,k(x) t" = Z yr,n,k (X)t
n=0 n=0
= Z yr,n,k (x) t"
n=0
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By using Lemma (4), we get

Z ),/r,n,k(x)tn = Z yr,n,k(x)tn - Z Zyr]k( )tﬂ“
n=0 n=0 n=0 j=0
0 oo n-1 (48)
= Zyr,n,k(x)tn_ Z yr]k( )tn
n=0 n=1 j=0
|
Then, we have )ﬁr’o)k(x) =0, }r,lyk(x) =0, and for n > r,
)Gr,n,k( yrnk Zyr]k (49)
We get our desired result.
Theorem 13.
Suppose that « € Rand n>r + 1. Thus, we get
nA @ (x)=(3x-rk-a)A (@) (%)= (rk+a+n-2)A @ (x).
r,nk r,n—1,k rn—2k
(50)
Proof.
We have
() ()
0=nA (x) —xDA
r,on k r,n—1,k
() («)
(x)+(2x—rk—a—n+1)A (x), nA
r,n—1,k r,n, k
(@) (@)
(x) =xDA (x)-(2x-rk-a-n+1)A (x).
rnn—1,k rnn—1,k
(51)
Then, after simplification, we get our result. O
Theorem 14.

Assume that o € Rand n, 1, j, k € Z*. Thus, we obtain

(1+a) (a) ~ (1+a)
Ar,n—l,k(X)+A (x)=A - (x). (52)

Proof.
From Equation (12), we obtain

(I+a)
(x)=e"(rk+1+a), .
rnn—1k ’

(n—1)/rk| (_1)rkj x'ki

; (n—1-rkj;k)! (r+1+oc)rkj(rkj;k)!’

SO
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that- Then, we acquire
(0() [n/7k] rkj . |
A =€k @), 2% (1)1 = rkj s )!
r, 1,
rkj .
(rkeF @) ) ()™ 1 (rkjs K)Y).
(1+a) (a) . (2] (- 1)ij Xk 5] - 1)rkJ (x )ka
Ar,n—l,k(x)+Ar,n,k(x>=e(rk+1+D£)nilk]Z(n 1-rkj;k)! (r+l+a), (rkj;k)!ex(rk+m""Z (n—rkj; )'(rk+tx)k(rk] k)!
s (& krarn-penys  ww . B krarn-ieys o9 }
5 (n=1=rkjs k)i(r+ o+ rkj)! (rkjs k) (o (n = rkjs k) (r + o+ rkj = 1)! (rkj s K)!
. I=) (rk+a+n—1)(-1)™ x’k [T‘ rk+tx+n l(-1)™ %" xrkn
= S (n-1- rkj; k)!(r + a + rkj)! (rkj; k o (n=rkjsk)\(r+a+rkj— 1) (rkjsk)! ~ (rkn;k)!
&l vas 1)k (1) (
(r+a+n-1)lk 54)
. JZ(; (rkj; k)!

1

7kn

/—’H

(n=1—=rkj; k)!(r + a + rkj)!

+(n rkj; k)(r+a+rk; 1'} (rkn

=e(r+1+a) nkz

] rk; k;
(r+a+n-1)1(-1)" X'k
—
T (n—rkj;k)!(r+a+rkj)!{r+“+n}(rk] rkn 0!
[ [7‘] rkj X'k x'kn
& ( 1) ’ !
= r+1+a"kz n—rkj;k)!(r+1+a), ik  (Tkjs k). (rkn;k)!

j=

6. K Differential Equation

Theorem 15.
Assume that « € R and n > q. Thus, we reach

xD’A @) (%) + (rk+a— 3x)DA( ) () + (2x+n—-rk- ot)A(a) (x)=0
o, k rnk ok .
(55)
Proof.
We have

xDPAY (x) + DAY, (x) = (n + x)DA", (x) + A% (x) = (rk+ a+ n— DAL | (x).

rn-1k

(56)
By using Equation (36), we get

xD?A) (x) + DALY (x) = (n+ x)DA'), (x) + A, (x)

= (rk+ @+ n = 1) DA (x) = Al () + 245, (3)].
(57)
or
xD?ALY (x) + (rk+ a-x)DAY) (x) = (rk + a + )A (“)k

(58)

() =2k +a+n- DAY | (x).

(7] (r+a+ (=19 ki N otk
= (n—rkjsk r+o¢+rk]) (rkj; k)!  (rkn;k)!
[z (-1)"% ki (1+a)

(n=rkj; )(r+1+a),, (kj; k)! =4 ok (*)-

By using Equation (26), we have

xD*AY, (x) + (rk + a— x)DA (x)
= (rk+a+n)A" (x )+2xDA(:2k(x) (59)

rnk

x = 2(n+x)DAS), (%),
or

xDPAY, (x) + (rk+ a = 3x)DAY, (x) + (2x+ n— rk - a)A'?), (x) = 0.

ik .k
(60)
O
7. K Rodrigues Formula
Theorem 16.
Assume that a € R and n, j, k € Z". Thus, we reach
—(rk=1)-a ,2x
(a X € 7 rk-1)+a+nk —x
Ar,n),k(x) = (i’l : k)' Dk (X( Dot 4 ) (61)
Proof.

We take into consideration the K extended Laguerre
polynomials involving



r>2,F,,r>2,

ef(rk+a),

)
Al (x) =

r

(nsk)l Tk <¢x+rk k) <oc+rk+1 k) <oc+2rk—l
r 5 5 r > DY

(_T"k) (‘”:k,k), (L’k“k> ;

r

By Theorem (12), we have

[nirk]

”'kx)_(n klz {(n

(s k) (rk + @), ™
—rkj; k)!(rkj; k)!} (rk + «)
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(a+71k),; 4 We get

~(r-1)-a ,2x [1/7K] k!
(@) X ¢ (nsk)! rkj =x | [ pynk=rkj ( nvact(rk=1
A = —1)™™ Dk (rk-1)
i) = e & [(n—rjk;k)!(rj)!} [vWe] [ (s )]

;x| —(r-1)- nirk]"

K (r-1)-agx [ ) »
— C... anfrk] n+a+(rk-1) Dij —X

”‘) (k)L & (x )pe)

(62)

Then, we get our desired result.
8. Special Properties

Theorem 17.

ik Suppose that o, f € R and n, j, r, k € Z*. Thus, we acquire
~ Xy (rk=1)=a [111] (—l)rk](n sk (at rk)n’kx’kj”*(rk’l) ek (a ~ [)’) }A(ﬁ) (x)
(n 5 k)' 0 (I’l - rk])'(rk] 5 k)' (06 + rk)rj,k AE?:/I),]( (X) — Z rk]. : r,n;rk] (65)
pard (rkj; k)!
(63) "
Proof.
Since anfrjk(xn+a+(r—l)) — ((X + rk)nerj+oc+(r—1)/ From Equation (25),
(u) 1 x — 2xt
A . 66
Z rnk (l_t)rkﬂxexp( 1—¢ ) ( )
Also, consider
1-2¢ 1-2¢
=(1-t)@P (1 —t)"*F ,
b))
(67)
S rm o0 00 00 trk;A(.B) ( ) £
(@ @B N 4B (o G (@Bt B) (g — (@ = B
A t) Al ()" = Al ()" = _
r;) r,nk 7;) r,nk HZ (T}’l;k)' & rn,k nZ:O]:ZO (f’k];k)'
By using Lemma (4) yields Consider
© o0 11 (g~ B) g P (x)erki o9 lnirk AL (x)t"
@ (y rkj rn—rkjk B) oA rk]k e 1-2t o 1-2t
;Amk( = ZO]Z(, (rkj;k)!] Z Z r)k; k)! (I-t) *exp (x( 1 t>> (1-1) "Fexp (J’ (11‘))
(68) 1-2
-2t
=(1- t)'k(“ﬁ”k)exp{ (x+y) (—1 - ) }
Then, we get our result. O (70)
Theorem 18.
. +
IfaeR and n, j, ke Z", then Then, we get
[nirk]
Aiﬁfwk (x+y)=

Z Arn rk]k(y rrk]k( )

Proof.

P -3

A(“+ﬁ+q)

n=0 T,nk =0 r,nk

(x+y)t".

(71)

(64)
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By using Lemma (4), we acquire

. QP ) (2) .
()= z p Ar, n—rkj, k 04 r, rkj, k G

(72)

On comparing the coefficients of ", we acquire our
result. O

9. Conclusion

We constructed the K extended Laguerre polynomials {

Agﬁk (x)} relied on the .F ,r>2. We acquired K generating
functions, K recurrence relations and K Rodrigues formula
for these K extended Laguerre polynomials. We will use
the integral transformations on the results of K extended
Laguerre polynomials in our future works (Table 1). We

can also apply Laplace transformation on our results.
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