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In this paper, we prove the partial Hölder regularity of weak solutions and the partial Morrey regularity to horizontal gradients of
weak solutions to a nonlinear discontinuous subelliptic system with drift on the Heisenberg group by the A-harmonic
approximation, where the coefficients in the nonlinear subelliptic system are discontinuous and satisfy the VMO condition for
x, ellipticity and growth condition with the growth index 1 < p < 2 for the Heisenberg gradient variable, and the
nonhomogeneous terms satisfy the controllable growth condition and the natural growth condition, respectively.

1. Introduction

Kohn in [1] proved L2 estimates for the operator

Lu = 〠
k

j=1
X2

j u + X0u + cu ð1Þ

constructed by Hörmander’s vector fields fX1, X2,⋯,Xq,
X0g (see [2]) based on the energy estimate and a subellip-
tic estimate. Moreover, some authors also inspected the
regularity of solutions to linear degenerate elliptic equa-
tions with drift term by establishing singular integral esti-
mates. For example, Folland and Stein in [3] established
Lp estimates and Lipschitz estimates to the operator on
the Heisenberg group

L = −
1
4〠

n

j=1
X2

j + Y2
j

� �
+ iαT ð2Þ

for suitable α, where T is the vertical vector field. To the
nondivergence linear degenerate elliptic operator

£ = 〠
q

i,j=1
aij xð ÞXiXj + a0 xð ÞX0 ð3Þ

constructed by Hörmander’s vector fields, Bramanti and
Zhu in [4] established Lp estimates with aijðxÞ and a0ðxÞ
belonging to VMO spaces related to fX1, X2,⋯,Xq, X0g
and Schauder estimates with aijðxÞ and a0ðxÞ being in
Hölder spaces for strong solutions. It is important in [4]
that the difference between equations without X0 and with
X0 was pointed out. When X1, X2,⋯, Xq in (3) is basis
vector fields and X0 is the drift vector field on homoge-
neous groups, many scholars have obtained regularities
to the operator £ with coefficients aij and a0 satisfying
appropriate conditions, such as [5–8]. In addition, Austin
and Tyson in [9] achieved the C∞-smoothness for the
operator on the Heisenberg group ℍn

L = −
1
4〠

n

i=1
X2

j + Y2
j

� �
±

ffiffiffi
3

p
T ð4Þ

by using the geometric analysis method.
Note that the equations studied in the above-cited papers

are linear. In this paper, we consider the regularity to the
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weak solution of discontinuous subelliptic systems with drift
term Tu on ℍn

−〠
2n

i=1
XiA

k
i x, u, ∇Huð Þ − Tu = Bk x, u, ∇Huð Þ, x ∈Ω, k = 1, 2,⋯,N ,

ð5Þ

where Ω is the bounded domain in ℍn, Ak
i belongs to the

vanishing mean oscillation space (which is abbreviated as
VMO) and satisfies the ellipticity on ℝ2n×N and polynomial
growth conditions with the growth index 1 < p < 2 for ∇Hu,
and also Ak

i is continuous for u and differentiable for ∇Hu
with continuous derivatives,

∇Hu = X1u, X2u,⋯X2nuð Þ, ð6Þ

Xi ði = 1, 2,⋯,2nÞ is the horizontal vector field and T is
the vertical vector field in ℍn. For more information about
ℍn, see Section 2. The nonhomogeneous term Bk satisfies
the controllable growth condition or natural growth condi-
tion. We will use the A-harmonic approximation method
to conclude the partial Hölder regularity to the weak solu-
tions and the partial Morrey regularity to the horizontal gra-
dients of the weak solutions.

More regularity for the elliptic system without drift term,
one can refer to [10–12] (Euclidean space) and [13–15]
(Heisenberg group).

Now, for any x ∈Ω, u, u0 ∈ℝN , P, P0 ∈ℝ2n×N , and the
growth index 1 < p < 2, we list the hypotheses that the sys-
tem satisfies.

(H1). Let Ak
i satisfy the following ellipticity and polyno-

mial growth conditions (growth index 1 < p < 2):

DPA
k
i x, u, Pð ÞP0, P0

D E
≥ λ 1 + Pj jð Þp−2 P0j j2, ð7Þ

Ak
i x, u, Pð Þ

��� ��� + 1 + Pj jð Þ DPA
k
i x, u, Pð Þ

��� ��� ≤Λ 1 + Pj jð Þp−1,
ð8Þ

where DPA
k
i denote the usual derivative of A

k
i with respect to

the variable P, 0 < λ ≤ 1 ≤Λ <∞.
(H2). Assume that Ak

i ðx, u, PÞ/ð1 + jPjÞp−1 is continuous
for u. More precisely, there exists a bounded, concave, and
nondecreasing continuous modulus ω : ½0,∞Þ⟶ ½0, 1�
with lim

s⟶0
ωðsÞ = 0 = ωð0Þ such that

Ak
i x, u, Pð Þ − Ak

i x, u0, Pð Þ
��� ��� ≤Λω u − u0j jp� �

1 + Pj jð Þp−1: ð9Þ

(H3). Let Ak
i be differentiable for the variable P with con-

tinuous derivatives, that is, there exists a bounded, concave,
and nondecreasing continuous modulus ϑ : ½0,∞Þ⟶ ½0, 1�
with ϑðsÞ ≤ s, lim

s⟶0
ϑðsÞ = 0 = ϑð0Þ such that

DPA
k
i x, u, Pð Þ −DPA

k
i x, u, P0ð Þ

��� ���
≤Λϑ

P − P0j j
1 + Pj j + P0j j
� 	

1 + Pj j + P0j jð Þp−2:
ð10Þ

(H4). For all x ∈ Brðx0Þ, Ak
i ðx, u, PÞ/ð1 + jPjÞp−1 satisfies

the following VMO condition:

Ak
i x, u, Pð Þ − Ak

i ·, u, Pð Þ
� �

x0,r

����
���� ≤ νx0 x, rð Þ 1 + Pj jð Þp−1, ð11Þ

where νx0 : ℝ
2n+1 × ½0, r0�⟶ ½0, 2Λ� is a bounded function

and satisfies

lim
r0⟶0

ν r0ð Þ = lim
r0⟶0

sup
x0∈Ω

sup
0≤r≤r0

νx0 x, rð Þ� �
Br x0ð Þ∩Ω = 0: ð12Þ

Here, we have used in (11) and (12) the notation

fð Þx0,r =
1

Br x0ð Þj j
ð
Br x0ð Þ

f dx: ð13Þ

(HC) (controllable growth condition). The nonhomoge-
neous term Bk satisfies the following controllable growth
condition

Bk x, u, Pð Þ
��� ��� ≤ c 1 + uj jp∗−1 + Pj jp 1− 1/p∗ð Þð Þ

� �
, ð14Þ

where c is a positive constant,

p∗ = p℘
℘−p for 1 < p < ℘, ð15Þ

and ℘ denotes the homogeneous dimension of the Heisen-
berg group.

Obviously, we can see that system (5) includes the sys-
tem

−〠
2n

i=1
Xi Ak

i xð Þ 1 + ∇Huj j2� � p−2ð Þ/2Xiu
k

� �
− Tu = Bk x, u, ∇Huð Þ, x ∈Ω, k = 1, 2,⋯,N:

ð16Þ

We state the main result.

Theorem 1. Assume that Ak
i ðx, u, ∇HuÞ and Bkðx, u, ∇HuÞ

satisfy the assumptions (H1)-(H4) and (HC). If 1 < p < 2
and u ∈HW1,2ðΩ,ℝNÞ is a weak solution to system (5), i.e.,
for all φ ∈HW1,2

0 ðΩÞ,
ð
Ω

Ak
i x, u, ∇Huð Þ∇Hφdx +

ð
Ω

u · Tφdx =
ð
Ω

Bk x, u, ∇Huð Þφdx,

ð17Þ

then, there exists a relatively closed singular set Ω0 ⊂Ω
such that for any α ∈ ð0, 1Þ, we have
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u ∈ C0,α
loc Ω \Ω0,ℝN� �

: ð18Þ

Moreover, for any β = ℘ −pð1 − αÞ, we have

∇Hu ∈ L
p,β
loc Ω \Ω0,ℝ2n×N� �

, ð19Þ

where Lp,βloc is a local Morrey space. The singular set Ω0
satisfies

Ω0j j = 0,Ω0 ⊂〠
1

[
〠

2
, ð20Þ

where

〠
1
= x0 ∈Ω : limsup

r⟶0
∇Huð Þx0 ,r
��� ��� =∞


 �
,

〠
2
= x0 ∈Ω : liminf

r⟶0

1
Br x0ð Þj j

ð
Br x0ð Þ

∇Hu − ∇Huð Þx0 ,r
��� ���2dx > 0

( )
:

ð21Þ

Corollary 2. Assume that Ak
i ðx, u, ∇HuÞ and Bkðx, u, ∇HuÞ

satisfy the assumptions (H1)-(H4) and the following
assumption:

(HN). The nonhomogeneous term Bkðx, u, ∇HuÞ satisfies
the following p natural growth condition

Bk x, u, Pð Þ
��� ��� ≤ a Pj jp + b ð22Þ

for ∣u ∣ ≤M, where a and b are constants depending only
on M.

Then, we have

u ∈ C0,α
loc Ω \Ω0,ℝN� �

and ∇Hu ∈ L
p,β
loc Ω \Ω0,ℝ2n×N� � ð23Þ

for weak solution u ∈HW1,2ðΩ,ℝNÞ to system (5) under the
assumption 2aM < λ, where 1 < p < 2 and Ω0 is same as in
Theorem 1.

Its proof is direct by combining the proof of Theorem 1
in this paper with the proof of Theorem 1.2 in [15].

Let us recall that the A-harmonic approximation method
was first introduced by Duzaar and Steffen in [16] and then
extended to other cases by some authors, see [17–19]. In this
paper, we use the A-harmonic approximation method
described in [15] to conclude Theorem 1. Different from
[15], the system considered by us has a drift term, which
brings new challenges to our research. Actually, the process-
ing of drift term are different from that the processings of
other terms in the system. Moreover, Lemmas 11–14 in Sec-
tion 3 used in proving Theorem 1 are different from the cor-
responding lemmas in [15] and will be rebuilt.

This paper is organized as follows: in Section 2, we intro-
duce the related knowledge of the Heisenberg group, some
function spaces on the Heisenberg group, horizontal affine
functions, and some necessary lemmas. In Section 3, we
show a Caccioppoli-type inequality for weak solution to

(5), the approximately A-harmonic lemma, the decay
estimate, and iteration relations. In Section 4, the proof of
Theorem 1 is given.

2. Preliminaries

2.1. The Heisenberg Group ℍn and Some Function Spaces on
ℍn. The Euclidean space ℝ2n+1, n ≥ 1 with the group multi-
plication

x ∘ y = x1 + y1, x2 + y2,⋯,x2n + y2n, t + s + 1
2〠

n

i=1
xiyn+i − xn+iyið Þ

 !
,

ð24Þ

where x = ðx1, x2,⋯,x2n, tÞ, y = ðy1, y2,⋯,y2n, sÞ ∈ℝ2n+1 leads
to the Heisenberg group ℍn. The left invariant vector fields
generated by commutation the Lie algebra on ℍn are

Xi = ∂xi −
xn+i
2 ∂t , Xn+i = ∂xn+i +

xi
2 ∂t , 1 ≤ i ≤ n, ð25Þ

and the only nontrivial commutator of such fields is

T = ∂t = Xi, Xn+i½ � = XiXn+i − Xn+iXi, 1 ≤ i ≤ n: ð26Þ

We call that X1, X2,⋯, X2n are the horizontal vector fields
on ℍn and T the vertical vector field. Denote the horizontal
gradient of a smooth function u on ℍn by

∇Hu = X1u, X2u,⋯,X2nuð Þ: ð27Þ

The homogeneous dimension of ℍn is ℘ = 2n + 2. The
Haar measure in ℍn is equivalent to the Lebesgue measure
in ℝ2n+1. We denote the Lebesgue measure of a measurable
set E ⊂ℍn by jEj:

The Carnot-Carathèodary metric (C-C metric) between
two points in ℍn is the shortest length of the horizontal
curve joining them, denoted by d. The ball induced by the
C-C metric is

Bρ xð Þ = y ∈ℍn : d y, xð Þ < ρf g: ð28Þ

For x = ðx1, x2,⋯,x2n, tÞ ∈ℍn, its Korànyi metric is
denoted by

xk kℍn = 〠
2n

i=1
xi

2
 !2

+ t2
 !1/4

: ð29Þ

The C-C metric d is equivalent to the Korànyi metric

d x, yð Þ = x−1 ∘ y
�� ��

ℍn : ð30Þ

For 1 ≤ p <∞, Ω ⊂ℍn, the horizontal Sobolev space
HWk,pðΩÞ is defined as

3Advances in Mathematical Physics



HWk,p Ωð Þ = u ∈ Lp Ωð Þ: ∇Hu ∈ L
p Ωð Þ, ∇2

Hu ∈ L
p Ωð Þ,⋯,∇k

Hu ∈ L
p Ωð Þ

n o
,

ð31Þ

which is a Banach space under the norm

uk kHWk,p Ωð Þ = uk kLp Ωð Þ + 〠
k

m=1
∇m
Huk kLp Ωð Þ: ð32Þ

The local horizontal Sobolev space HWk,p
locðΩÞ is

HWk,p
loc Ωð Þ≔ u : u ∈HWk,p Ω′

� �
,∀Ω′⊂⊂Ω

n o
, ð33Þ

and the space HWk,p
0 ðΩÞ is the closure of C∞

0 ðΩÞ in H
Wk,pðΩÞ.

Similar to the definition in [20], Morrey space and Cam-
panato space on Heisenberg group are defined as follows.

Definition 3 (Morrey space). Let 1 ≤ p <∞ andβ ≥ 0. For the
function g ∈ LpðΩÞ, if

gk kLp,β Ωð Þ ≔ sup
x∈Ω,0<r<diamΩ

r−β
ð
Ω x,rð Þ

g yð Þj jpdy
 !1/p

<∞,

ð34Þ

then, we say that g belongs to the Morrey space denoted by
Lp,βðΩÞ, where Ωðx, rÞ =Ω ∩ BrðxÞ.

Definition 4 (Campanato space). Let 1 ≤ p <∞ andβ ≥ 0.
For the function g ∈ LpðΩÞ, if

g½ �p,β ≔ sup
x∈Ω,0<r<diamΩ

r−β
ð
Ω x,rð Þ

g yð Þ − gð ÞΩ x,rð Þ
��� ���pdy

 !1/p

<∞,

ð35Þ

then, we say that g belongs to the Campanato space denoted
by Lp,βðΩÞ, and its norm is defined as

gk kLp,β Ωð Þ = g½ �p,β + gk kLp : ð36Þ

Lemma 5 (see [21, 22]). If for any 1 < p <∞, 0 < α < 1, we
have g ∈ Lp,℘+pαðΩÞ, then g ∈ C0,αðΩÞ.

Lemma 6 (Sobolev inequality, [23]). For Br ⊂ℍn, 1 ≤ q <
℘ = 2n + 2 and for any u ∈HW1,q

0 ðBrÞ, it holds

1
Brj j
ð
Br

uj j ℘qð Þ/ ℘−qð Þdx

 ! ℘−qð Þ/ ℘qð Þ
≤ cr

1
Brj j
ð
Br

∇Huj jqdx
 !1/q

,

ð37Þ

where c = cð℘,qÞ > 0:

Then, the following four lemmas are true.

For the proof of Lemma 6, see [24] and [25].

2.2. Horizontal Affine Function and Some Lemmas. Let u ∈
L2ðBrðx0Þ,ℝNÞ, x and x0 ∈ℝ2n+1. Denote the horizontal
components of x, x0 by

x′ = x1,⋯,x2nð Þ,
x′0 = x01,⋯,x02n

� �
:

ð38Þ

Let l : ℝ2n ⟶ℝN be a horizontal affine function. Fol-
lowing [13], if the horizontal affine function

lx0,r x′
� �

= lx0,r x′0
� �

+ ∇Hlx0,r x′ − x′0
� �

ð39Þ

is a minimizer of the functional

l⟶
1

Br x0ð Þj j
ð
Br x0ð Þ

u − lj j2dx, ð40Þ

then, we have

lx0,r x′0
� �

= ux0,r =
1

Br x0ð Þj j
ð
Br x0ð Þ

udx,

∇Hlx0,r =
℘−2
c0℘

℘+2
r2

1
Br x0ð Þj j

ð
Br x0ð Þ

u ⊗ x′ − x′0
� �

dx,

ð41Þ

where u ⊗ ðx′ − x′0Þ stands for the matrix ½ukðxi − x0i Þ�N×2n,
k = 1,⋯,N ,i = 1,⋯, 2n, and c0 is a positive constant
defined as

c0 =
Ð π
0 sin θð ÞndθÐ π

0 sin θð Þn−1dθ =

2m − 2ð Þ!!½ �2
2m − 1ð Þ!! 2m − 3ð Þ!!

2
π
, n = 2m − 1,

2m − 1ð Þ!!½ �2
2mð Þ!! 2m − 2ð Þ!!

π

2 , n = 2m:

8>>>><
>>>>:

ð42Þ

According to the meaning of lx0,r , one has the follow-
ing Poincaré inequality ([13]):

1
Br x0ð Þj j

ð
Br x0ð Þ

u − lx0,r x′
� ���� ���pdx

 !1/p

≤ Cpr
1

Br x0ð Þj j
ð
Br x0ð Þ

∇Hu − ∇Hlx0,r
�� ��qdx

 !1/q

,
ð43Þ

where 1 < q < ℘, 1 ≤ p ≤ ðq℘Þ/ð℘−qÞ.
Throughout the paper, we define

V ςð Þ = 1 + ςj j2� � p−2ð Þ/4
ς, 1 < p < 2, ζ ∈ℝN : ð44Þ

Lemma 7 (see [26]). For any ζ1, ζ2 ∈ℝN and s > 0, it holds
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(1) 2−1/2 min ðjζ1j, jζ1jp/2Þ ≤ 2ðp−2Þ/4 min ðjζ1j, jζ1jp/2Þ ≤ j
Vðζ1Þj ≤min ðjζ1j, jζ1jp/2Þ

(2) jVðsζ1Þj ≤max ðs, sp/2ÞjVðζ1Þj
(3) jVðζ1 + ζ2Þj ≤ cpðjVðζ1Þj + jVðζ2ÞjÞ

(4) ðp/2Þjζ1 − ζ2j ≤ jVðζ1Þ −Vðζ2Þj/
ð1 + jζ1j2 + jζ2j2Þ

ðp−2Þ/4
≤ cðp, kÞjζ1 − ζ2j

(5) jVðζ1Þ −Vðζ2Þj ≤ cðp, kÞjVðζ1 − ζ2Þj
(6) jVðζ1 − ζ2Þj ≤ cðp,MÞjVðζ1Þ −Vðζ2Þj for ζ2 with jζ2

j ≤M

Lemma 8 (Sobolev-Poincaré-type inequality, [15]). Let 1 <
p < 2 and u ∈HW1,pðBrðx0Þ,ℝNÞ with Brðx0Þ ⊂Ω. Then, it
follows

1
Br x0ð Þj j

ð
Br x0ð Þ

V
u − ux0 ,r

r

� 	����
����
2p∗/p

dx

 !p/2p∗

≤ Cp
1

Br x0ð Þj j
ð
Br x0ð Þ

V ∇Huð Þj j2dx
 !1/2

,

ð45Þ

where p∗ = ðp℘Þ/ð℘−pÞ and Cp depends only on ℘,N , p. In
particular, we have

1
Br x0ð Þj j

ð
Br x0ð Þ

V
u − ux0 ,r

r

� 	����
����
2

dx

 !1/2

≤ Cp
1

Br x0ð Þj j
ð
Br x0ð Þ

V ∇Huð Þj j2dx
 !1/2

:

ð46Þ

Let A ∈ BilðΩ ×ℝN ×ℝ2n×N ,ℝ2n×NÞ be a bilinear form
with constant tensorial coefficients. We recall that a map h
∈ C∞ðBrðx0Þ,ℝNÞ is A-harmonic if and only if it holds

1
Br x0ð Þj j

ð
Br x0ð Þ

A ∇Hh, ∇Hϕð Þdx = 0 ð47Þ

for any testing function ϕ ∈ C∞
0 ðBrðx0Þ,ℝNÞ.

Lemma 9 (see [15]). Let h ∈HW1,1ðΩ,ℝNÞ be a weak solu-
tion of the constant coefficient system

−〠
2n

i=1
XiA

k
i ∇Hhð Þ = 0, k = 1,⋯,N: ð48Þ

Then, h is smooth and there exists c ≥ 1 such that for any
Brðx0Þ ⊂Ω,

sup
Br/2 x0ð Þ

∇Hhj j2 + ∇2
Hh

�� ��2� �
≤ cr−2

1
Br x0ð Þj j

ð
Br x0ð Þ

∇Hhj j2dx:

ð49Þ

Lemma 10 (see [15]). Given 0 < υ ≤ L, 1 < p < 2, for any ε
> 0, there exist constants ρ ∈ ½0, 1� and δ = δð℘,N , p, υ, L, εÞ
∈ ð0, 1� and a bilinear form A on ℝ2n×N satisfying that for
P, �P ∈ℝ2n×N ,

A P, Pð Þ ≥ υ Pj j2,
A P, �P
� �

≤ L Pj j �P�� ��: ð50Þ

If w ∈HW1,pðBrðx0Þ,ℝNÞ is an approximate A-har-
monic map, i.e., for any ϕ ∈ C∞

0 ðBrðx0Þ,ℝNÞ, it holds

1
Br x0ð Þj j

ð
Br x0ð Þ

A ∇Hw, ∇Hϕð Þdx ≤ δρ sup
Br x0ð Þ

∇Hϕj j, ð51Þ

1
Br x0ð Þj j

ð
Br x0ð Þ

V ∇Hwð Þj jdx ≤ ρ2, ð52Þ

then, there exists a A-harmonic map h ∈ C∞ðBrðx0Þ,
ℝNÞ satisfying

1
Br x0ð Þj j

ð
Br x0ð Þ

V
w − ρh

r

� 	����
����
2

dx ≤ ρ2ε,

1
Br x0ð Þj j

ð
Br x0ð Þ

V ∇Hhð Þj j2dx ≤ 1:

ð53Þ

3. Some Lemmas

For convenience, we introduce some notations:

p′ = p
p − 1 ,

p∗ = p℘
℘−p ,

p∗ð Þ′ = p∗

p∗ − 1 ,

f x0, rð Þ = rp′
1

Br x0ð Þj j
ð
Br x0ð Þ

∇Huj jp + uj jp∗ + 1
� �

dx

 !p′/ p∗ð Þ′

+ r2
1

Br x0ð Þj j
ð
Br x0ð Þ

∇Huj jp + uj jp∗ + 1
� �

dx

 !2/ p∗ð Þ′

,

Φ rð Þ≔Φ x0, r, lð Þ≔ 1
Br x0ð Þj j

ð
Br x0ð Þ

V ∇Hu − ∇Hlð Þj j2dx,

Ψ rð Þ≔Ψ x0, r, lð Þ≔ 1
Br x0ð Þj j

ð
Br x0ð Þ

V
u − l
r

� 	����
����
2
dx

+ 1
Br x0ð Þj j

ð
Br x0ð Þ

u − l
r

����
����
2
dx,
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Ψ∗ rð Þ≔Ψ∗ x0, r, lð Þ≔Ψ x0, r, lð Þ

+ ω
1

Br x0ð Þj j
ð
Br x0ð Þ

u − l x′0
� ���� ���pdx

 !

+ ν rð Þ + f x0, rð Þ,

ð54Þ

where

ν rð Þ = sup
x0∈Ω

sup
0≤r′≤r

νx0 x, r′
� �� �

Br ′ x0ð Þ∩Ω
: ð55Þ

Lemma 11 (Caccioppoli-type inequality). Let u ∈HW1,2ðΩ
,ℝNÞ be a weak solution to (5) under the assumptions
(H1)-(H4) and (HC). Then, for any x0 = ðx′0, t0Þ ∈Ω,
Brðx0Þ ⊂ ⊂Ω and the horizontal affine function l : ℝ2n ⟶

ℝN with jlðx′0Þj + j∇Hlj ≤M0, we have

Φ x0,
r
2
, l

� �
≤ CcΨ∗ x0, r, lð Þ, ð56Þ

where Cc is a positive constant depending on ℘, p, λ,Λ,
M0.

Proof. We choose a standard cut-off function η ∈ C∞
0 ðBrðx0Þ,

½0, 1�Þ with η ≡ 1 on Br/2ðx0Þ and

∇Hηj j ≤ 4
r
,

Tηj j ≤ c
r2
:

ð57Þ

Taking a testing function φ = η2ðu − lÞ in (17), we have

ð
Br x0ð Þ

η2Ak
i x, u, ∇Huð Þ ∇Hu − ∇Hlð Þdx

= −2
ð
Br x0ð Þ

ηAk
i x, u, ∇Huð Þ u − lð Þ∇Hηdx

+
ð
Br x0ð Þ

η2Bk x, u, ∇Huð Þ u − lð Þdx

−
ð
Br x0ð Þ

u · T η2 u − lð Þ� �
dx:

ð58Þ

Dividing the equality above by the measure of the ball, it
yields

1
Br x0ð Þj j

ð
Br x0ð Þ

η2Ak
i x, u, ∇Huð Þ ∇Hu − ∇Hlð Þdx

= −2 1
Br x0ð Þj j

ð
Br x0ð Þ

ηAk
i x, u, ∇Huð Þ u − lð Þ∇Hηdx

+ 1
Br x0ð Þj j

ð
Br x0ð Þ

η2Bk x, u, ∇Huð Þ u − lð Þdx

−
1

Br x0ð Þj j
ð
Br x0ð Þ

u · T η2 u − lð Þ� �
dx:

ð59Þ

Note that ðAk
i ð·, lðx′0Þ, ∇HlÞÞx0,r is a constant, so it infers by

using the integration by parts that

0 = 1
Br x0ð Þj j

ð
Br x0ð Þ

Ak
i ·, l x′0

� �
, ∇Hl

� �� �
x0,r

∇Hφdx: ð60Þ

Owing to

−
1

Br x0ð Þj j
ð
Br x0ð Þ

η2Ak
i x, u, ∇Hlð Þ ∇Hu − ∇Hlð Þdx

= 2 1
Br x0ð Þj j

ð
Br x0ð Þ

ηAk
i x, u, ∇Hlð Þ u − lð Þ∇Hηdx

−
1

Br x0ð Þj j
ð
Br x0ð Þ

Ak
i x, u, ∇Hlð Þ∇Hφdx,

ð61Þ

we substitute the left and right hand sides of (60) and (61) into
the left and right hand sides of (59), respectively, to obtain

1
Br x0ð Þj j

ð
Br x0ð Þ

η2 Ak
i x, u, ∇Huð Þ − Ak

i x, u, ∇Hlð Þ
� �

∇Hu − ∇Hlð Þdx

= 2 1
Br x0ð Þj j

ð
Br x0ð Þ

η Ak
i x, u, ∇Hlð Þ − Ak

i x, u, ∇Huð Þ
� �

u − lð Þ∇Hηdx

−
1

Br x0ð Þj j
ð
Br x0ð Þ

Ak
i x, u, ∇Hlð Þ∇Hφdx

+ 1
Br x0ð Þj j

ð
Br x0ð Þ

Ak
i ·, l x′0

� �
, ∇Hl

� �� �
x0,r

∇Hφdx

+ 1
Br x0ð Þj j

ð
Br x0ð Þ

η2Bk x, u, ∇Huð Þ u − lð Þdx

−
1

Br x0ð Þj j
ð
Br x0ð Þ

u · T η2 u − lð Þ� �
dx:

ð62Þ

Then, adding and subtracting the same term ð1/jBrðx0ÞjÞÐ
Brðx0ÞA

k
i ðx, lðx′0Þ, ∇HlÞ∇Hφdx on the right hand side of the

above equality, it gets

I0 ≔
1

Br x0ð Þj j
ð
Br x0ð Þ

η2 Ak
i x, u, ∇Huð Þ − Ak

i x, u, ∇Hlð Þ
� �

∇Hu − ∇Hlð Þdx

= 2 1
Br x0ð Þj j

ð
Br x0ð Þ

η Ak
i x, u, ∇Hlð Þ −Ak

i x, u, ∇Huð Þ
� �

u − lð Þ∇Hηdx

+ 1
Br x0ð Þj j

ð
Br x0ð Þ

Ak
i x, l x′0

� �
, ∇Hl

� �
− Ak

i x, u, ∇Hlð Þ
� �

∇Hφdx

+ 1
Br x0ð Þj j

ð
Br x0ð Þ

Ak
i ·, l x′0

� �
, ∇Hl

� �� �
x0,r

�

− Ak
i x, l x′0

� �
, ∇Hl

� ��
∇Hφdx +

1
Br x0ð Þj j

ð
Br x0ð Þ

η2Bk x, u, ∇Huð Þ u − lð Þdx

−
1

Br x0ð Þj j
ð
Br x0ð Þ

u · T η2 u − lð Þ� �
dx≕ 2I1 + I2 + I3 + I4 + I5:

ð63Þ

The treatments to the terms I0, I1,⋯, I4 in (63) are similar
to that of Lemma 4.1 in [15], and we simply write the processes
of proofs. By (7), (44) and the known inequality
ð1 + jaj + jb − ajÞ2 ≤ 3ð1 + jaj2 + jb − aj2Þ, it gains

6 Advances in Mathematical Physics



I0 ≥ λ 3 1 +M2
0

� � � p−2ð Þ/2 1
Br x0ð Þj j

ð
Br x0ð Þ

η2 V ∇Hu − ∇Hlð Þj j2dx:

ð64Þ

By (8), j∇Hηj ≤ 4/r, Young’s inequality and Lemma 7,
we have

I1 ≤ 2ε 1
Br x0ð Þj j

ð
Br x0ð Þ

η2 V ∇Hu − ∇Hlð Þj j2dx

+ c p,Λ,M0ð Þε1/ 1−pð Þ 1
Br x0ð Þj j

ð
Br x0ð Þ

V
u − l
r

� 	����
����
2
dx:

ð65Þ

It implies from (9), Young’s inequality, Jensen’s inequal-
ity and Lemma 7 that

I2 ≤ 2ε 1
Br x0ð Þj j

ð
Br x0ð Þ

η2 V ∇Hu − ∇Hlð Þj j2dx

+ 2ε 1
Br x0ð Þj j

ð
Br x0ð Þ

V
u − l
r

� 	����
����2dx

+ c p,Λ,M0ð Þε1/ 1−pð Þω
1

Br x0ð Þj j
ð
Br x0ð Þ

u − l x′0
� ���� ���pdx

 !
:

ð66Þ

Using (11), Young’s inequality and Lemma 7, it follows

I3 ≤ 2ε 1
Br x0ð Þj j

ð
Br x0ð Þ

η2 V ∇Hu − ∇Hlð Þj j2dx

+ 2ε 1
Br x0ð Þj j

ð
Br x0ð Þ

V
u − l
r

� 	����
����
2
dx

+ c p,Λ,M0ð Þε1/ 1−pð Þν rð Þ:

ð67Þ

We have by using (14), Hölder’s inequality, Lemma 6,
Young’s inequality and Lemma 7 that

I4 ≤ 4cpε
1

Br x0ð Þj j
ð
Br x0ð Þ

η2 V ∇Hu − ∇Hlð Þj j2dx

+ 4cpε
1

Br x0ð Þj j
ð
Br x0ð Þ

V
u − l
r

� 	����
����
2
dx + c p, εð Þrp′

� 1
Br x0ð Þj j

ð
Br x0ð Þ

∇Huj jp + uj jp∗ + 1
� �

dx

 !p′/ p∗ð Þ′

+ c p, εð Þr2 1
Br x0ð Þj j

ð
Br x0ð Þ

∇Huj jp + uj jp∗ + 1
� �

dx

 !2/ p∗ð Þ′

:

ð68Þ

The remaining task is to deal with I5. Noting l is inde-
pendent of t and so

Tl = 0, ð69Þ

we use jTηj ≤ c/r2 to obtain

I5 = −
1

Br x0ð Þj j
ð
Br x0ð Þ

u · T η2 u − lð Þ� �
dx

= −
1

Br x0ð Þj j
ð
Br x0ð Þ

u − lð Þ · T η2 u − lð Þ� �
dx

= −
1

Br x0ð Þj j
ð
Br x0ð Þ

η u − lð Þ2Tηdx

≤
c

Br x0ð Þj j
ð
Br x0ð Þ

u − l
r

����
����
2
dx:

ð70Þ

Now, substituting (64)–(70) into (63), and taking ε small
enough, it implies

1
Br/2 x0ð Þj j

ð
Br/2 x0ð Þ

V ∇Hu − ∇Hlð Þj j2dx

≤ Cc
1

Br x0ð Þj j
ð
Br x0ð Þ

V
u − l
r

� 	����
����
2
dx + 1

Br x0ð Þj j
ð
Br x0ð Þ

u − l
r

����
����
2
dx

" #

+ Ccω
1

Br x0ð Þj j
ð
Br x0ð Þ

u − l x′0
� ���� ���pdx

 !
+ Ccν rð Þ

+ Ccr
p′ 1

Br x0ð Þj j
ð
Br x0ð Þ

∇Huj jp + uj jp∗ + 1
� �

dx

 !p′/ p∗ð Þ′

+ Ccr
2 1

Br x0ð Þj j
ð
Br x0ð Þ

∇Huj jp + uj jp∗ + 1
� �

dx

 !2/ p∗ð Þ′

:

ð71Þ

Then, (56) is proved.

Lemma 12 (approximately A-harmonic lemma). Assume the
assumptions of Theorem 1 are satisfied. For B2rðx0Þ ⊂Ω with
r ≤ r0 and a horizontal affine function l : ℝ2n ⟶ℝN with j
lðx′0Þj + j∇Hlj ≤M0, we define

A = DPA
k
i ·, l x′0

� �
, ∇Hl

� �� �
x0 ,r

,

w = u − l
ð72Þ

then, for all ϕ ∈ C∞
0 ðBrðx0Þ,ℝNÞ, it follows

1
Br x0ð Þj j

ð
Br x0ð Þ

A ∇Hw, ∇Hϕð Þdx
�����

����� ≤ c1 Ψ∗ 2rð Þ +Ψ1/2
∗ 2rð Þ

+Ψ1/p
∗ 2rð Þ + ϑ Ψ1/2

∗ 2rð Þ� �
+ ϑ Ψ1/p

∗ 2rð Þ� ��
sup
Br x0ð Þ

∇Hϕj j,

ð73Þ

where c1 = Cðp,M0,Λ, CcÞ. Here, we say that w is an approx-
imately A-harmonic map.
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Proof. A direct calculation gives

1
Br x0ð Þj j

ð
Br x0ð Þ

A ∇Hw, ∇Hϕð Þdx

= 1
Br x0ð Þj j

ð
Br x0ð Þ

ð1
0

DPA
k
i ·, l x′0

� �
, ∇Hl

� �� �
x0,r

�

− DPA
k
i ·, l x′0

� �
, ∇Hl + s∇Hw

� �� �
x0,r

�
∇Hw · ∇Hϕdsdx

+ 1
Br x0ð Þj j

ð
Br x0ð Þ

ð1
0
DPA

k
i ·, l x′0

� �
, ∇Hl + s∇Hw

� �� �
x0,r

∇Hw · ∇Hϕdsdx

≕ J1 + J2:

ð74Þ

The treatment of J1 is similar to that of Lemma 4.2 in
[15]. In fact, we use (10), the monotonicity of ϑ, Lemma 7,
Young’s inequality, Jensen’s inequality and Hölder’s inequal-
ity to gain

J1 ≤ C p,M0,Λð Þ Φ rð Þ + ϑ Φ1/2 rð Þ� �
+ ϑ Φ1/p rð Þ� � �

sup
Br x0ð Þ

∇Hϕj j:

ð75Þ

Now, let us estimate J2. Since

1
Br x0ð Þj j

ð
Br x0ð Þ

Ak
i ·, l x′0

� �
, ∇Hl

� �� �
x0,r

∇Hφdx = 0, ð76Þ

we see

J2 =
1

Br x0ð Þj j
ð
Br x0ð Þ

Ak
i ·, l x′0

� �
, ∇Hu

� �� �
x0,r

�

− Ak
i ·, l x′0

� �
, ∇Hl

� �� �
x0,r

�
∇Hϕdx

= 1
Br x0ð Þj j

ð
Br x0ð Þ

Ak
i ·, l x′0

� �
, ∇Hu

� �� �
x0,r

∇Hϕdx:

ð77Þ

Noting from (17) that

1
Br x0ð Þj j

ð
Br x0ð Þ

Ak
i x, u, ∇Huð Þ∇Hϕdx +

1
Br x0ð Þj j

ð
Br x0ð Þ

u · Tϕdx

−
1

Br x0ð Þj j
ð
Br x0ð Þ

Bk x, u, ∇Huð Þϕdx = 0,

ð78Þ

so we have

J2 =
1

Br x0ð Þj j
ð
Br x0ð Þ

Ak
i ·, l x′0

� �
, ∇Hu

� �� �
x0,r

∇Hϕdx

−
1

Br x0ð Þj j
ð
Br x0ð Þ

Ak
i x, u, ∇Huð Þ∇Hϕdx

+ 1
Br x0ð Þj j

ð
Br x0ð Þ

Bk x, u, ∇Huð Þϕdx − 1
Br x0ð Þj j

ð
Br x0ð Þ

u · Tϕdx

= 1
Br x0ð Þj j

ð
Br x0ð Þ

Ak
i ·, l x′0

� �
, ∇Hu

� �� �
x0,r

− Ak
i x, l x′0

� �
, ∇Hu

� �� �
∇Hϕdx

+ 1
Br x0ð Þj j

ð
Br x0ð Þ

Ak
i x, l x′0

� �
, ∇Hu

� �
−Ak

i x, u, ∇Huð Þ
h i

∇Hϕdx

+ 1
Br x0ð Þj j

ð
Br x0ð Þ

Bk x, u, ∇Huð Þϕdx − 1
Br x0ð Þj j

ð
Br x0ð Þ

u · Tϕdx

≕ J21 + J22 + J23 + J24:

ð79Þ

The treatments of J21 and J22 are similar to that of
Lemma 4.2 in [15]. To be specific, by (11), Lemma 7,
Young’s inequality and jlðx′0Þj + j∇Hlj ≤M0, one has

J21 ≤ C p,M0,Λð Þ ν rð Þ +Φ rð Þ½ � sup
Br x0ð Þ

∇Hϕj j: ð80Þ

We use (9), Young’s inequality, Jensen’s inequality and
Lemma 7 to get

J22 ≤ C p,M0,Λð Þ ω
1

Br x0ð Þj j
ð
Br x0ð Þ

u − l x′0
� ���� ���pdx

 !
+Φ rð Þ

" #
sup
Br x0ð Þ

∇Hϕj j:

ð81Þ

It is worth noting that the treatments of J23 and J24 are
different from that in [15]. Using the assumption (14),
Hölder’s inequality and Lemma 6, we obtain

J23 ≤ c
1

Br x0ð Þj j
ð
Br x0ð Þ

∇Huj jp + uj jp∗ + 1
� �1/ p∗ð Þ′

· ϕdx

≤ cr
1

Br x0ð Þj j
ð
Br x0ð Þ

∇Huj jp + uj jp∗ + 1
� �

dx

 !1/ p∗ð Þ′

� 1
Br x0ð Þj j

ð
Br x0ð Þ

ϕ

r

� 	p∗

dx

 !1/p∗

≤ cr
1

Br x0ð Þj j
ð
Br x0ð Þ

∇Huj jp + uj jp∗ + 1
� �

dx

 !1/ p∗ð Þ′

� 1
Br x0ð Þj j

ð
Br x0ð Þ

∇Hϕj jpdx
 !1/p

≤ cΨ1/2
∗ rð Þ sup

Br x0ð Þ
∇Hϕj j:

ð82Þ

Noting

T = XiXn+i − Xn+iXi, ð83Þ

it implies
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J24 = −
1

Br x0ð Þj j
ð
Br x0ð Þ

u − lð Þ · Tϕdx

= 1
Br x0ð Þj j

ð
Br x0ð Þ

u − lð Þ · Xn+iXiϕdx

−
1

Br x0ð Þj j
ð
Br x0ð Þ

u − lð Þ · XiXn+iϕdx

= −
1

Br x0ð Þj j
ð
Br x0ð Þ

Xn+i u − lð Þ · Xiϕdx

+ 1
Br x0ð Þj j

ð
Br x0ð Þ

Xi u − lð Þ · Xn+iϕdx

≤ sup
Br x0ð Þ

∇Hϕj j 1
Br x0ð Þj j

ð
Br x0ð Þ

∇H u − lð Þj jdx:

ð84Þ

In order to deal with ð1/jBrðx0ÞjÞ
Ð
Brðx0Þj∇Hðu − lÞjdx,

we denote

Ω1 = ∇Hu − ∇Hlj j ≤ 1f g ∩ Br x0ð Þ,
Ω2 = ∇Hu − ∇Hlj j > 1f g ∩ Br x0ð Þ,

ð85Þ

so

1
Br x0ð Þj j

ð
Br x0ð Þ

∇H u − lð Þj jdx = 1
Br x0ð Þj j

ð
Ω1

∇H u − lð Þj jdx

+ 1
Br x0ð Þj j

ð
Ω2

∇H u − lð Þj jdx ≤ Ω1j j
Br x0ð Þj j

� 	1/2

� 1
Br x0ð Þj j

ð
Ω1

∇H u − lð Þj j2dx
 !1/2

+ Ω2j j
Br x0ð Þj j

� 	1/p′

� 1
Br x0ð Þj j

ð
Ω2

∇H u − lð Þj jpdx
 !1/p

≤
1

Br x0ð Þj j
ð
Ω1

∇H u − lð Þj j2dx
 !1/2

+ 1
Br x0ð Þj j

ð
Ω2

∇H u − lð Þj jpdx
 !1/p

≤ c Φ1/2 rð Þ +Φ1/p rð Þ� �
:

ð86Þ

Then,

J24 ≤ c Φ1/2 rð Þ +Φ1/p rð Þ� �
sup
Br x0ð Þ

∇Hϕj j: ð87Þ

Now, we replace (80)–(87) in (79) to see

J2 ≤ C p,M0,Λð Þ Φ rð Þ +Φ1/2 rð Þ +Φ1/p rð Þ
+ ω

1
Br x0ð Þj j

ð
Br x0ð Þ

u − l x′0
� ���� ���pdx

 !#
sup
Br x0ð Þ

∇Hϕj j

+ C p,M0,Λð Þ ν rð Þ +Ψ1/2
∗ rð Þ �

sup
Br x0ð Þ

∇Hϕj j ≤ C p,M0,Λð Þ

� Φ rð Þ +Φ1/2 rð Þ +Φ1/p rð Þ +Ψ∗ rð Þ +Ψ1/2
∗ rð Þ �

sup
Br x0ð Þ

∇Hϕj j:

ð88Þ

Finally, we substitute (75) and (88) into (74) and then
use Lemma 11 to get

1
Br x0ð Þj j

ð
Br x0ð Þ

A ∇Hw, ∇Hϕð Þdx
�����

�����
≤ C p,M0,Λð Þ Φ rð Þ +Φ1/2 rð Þ +Φ1/p rð Þ +Ψ∗ rð Þ

+Ψ1/2
∗ rð Þ + ϑ Φ1/2 rð Þ� �

+ ϑ Φ1/p rð Þ� ��
sup
Br x0ð Þ

∇Hϕj j

≤ C p,M0,Λ, Ccð Þ Ψ∗ 2rð Þ +Ψ1/2
∗ 2rð Þ +Ψ1/p

∗ 2rð Þ
+ ϑ Ψ1/2

∗ 2rð Þ� �
+ ϑ Ψ1/p

∗ 2rð Þ� ��
sup
Br x0ð Þ

∇Hϕj j,

ð89Þ

i.e., (73) holds.

Lemma 13 (decay estimate). Assume the assumptions of The-
orem 1 are satisfied and Brðx0Þ ⊂Ω with r ≤ r0. For constants
θ ∈ ð0, 1/4�, δ = δð℘,N , p, υ, L, θÞ ∈ ð0, 1� and ρ ∈ ð0, 1� from
the A-harmonic approximation Lemma 10, we impose the fol-
lowing smallness conditions:

(i) Ψ1/2
∗ ðrÞ < δ/2 ;

(ii) ρ≔
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ψ∗ðrÞ + ðδ/2Þ−2½Ψ1/2

∗ ðrÞ +Ψ1/p
∗ ðrÞ + ϑðΨ1/2

∗ ðrÞÞ + ϑðΨ1/p
∗ ðrÞÞ�2

q
≤ 1:

Then, it holds

Ψ x0, θr, lx0 ,θr
� �

≤ c3θ
2Ψ∗ x0, r, lx0 ,r

� �
, ð90Þ

where lx0 ,θr and lx0 ,r denote the minimizing horizontal affine

functions with jlx0 ,θrðx′0Þj + j∇Hlx0 ,θrj ≤M0 and jlx0 ,rðx′0Þj +
j∇Hlx0 ,rj ≤M0, respectively, and the constant c3 depends only
on n,N , p, λ,Λ, δ.

Proof. We divide several steps to prove (90).

Step 1. Let us take

~w =
u − lx0,r

c2
, ð91Þ

where lx0,r = ux0,r + ∇Hlx0,rðx′ − x′0Þ, c2 = max fc1,
ffiffiffiffiffi
Cc

p g. We
first claim that ~w satisfies the assumptions (51) and (52)
Lemma 10.

In fact, for l = lx0,r and any ϕ ∈ C∞
0 ðBrðx0Þ,ℝNÞ, we have

by using Lemma 12, Lemma 7 (2), and assumptions (ii) and
(i) that

1
Br/2 x0ð Þj j

ð
Br/2 x0ð Þ

A ∇H ~w, ∇Hϕð Þdx
�����

�����
≤ ρ

c1
c2

Ψ∗ rð Þ +Ψ1/2
∗ rð Þ +Ψ1/p

∗ rð Þ + ϑ Ψ1/2
∗ rð Þ� �

+ ϑ Ψ1/p
∗ rð Þ� �

ρ

" #
sup

Br/2 x0ð Þ
∇Hϕj j

≤ ρ Ψ1/2
∗ rð Þ + δ

2

� �
sup

Br/2 x0ð Þ
∇Hϕj j ≤ ρδ sup

Br/2 x0ð Þ
∇Hϕj j:

ð92Þ
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Now, it deduces from Lemma 7 (2) and Lemma 11 that

1
Br/2 x0ð Þj j

ð
Br/2 x0ð Þ

V ∇H ~wð Þj j2dx

≤
1
c22

1
Br/2 x0ð Þj j

ð
Br/2 x0ð Þ

V ∇Hu − ∇Hlx0,r
� ��� ��2dx

=
Φ r/2, lx0,r
� �

c22
≤
CcΨ∗ rð Þ

c22
≤ ρ2:

ð93Þ

Then, the assumptions (51) and (52) of Lemma 10 are
satisfied by (92) and (93).

Using Lemma 10, it follows that there exists an A-har-
monic function h ∈ C∞ðBr/2ðx0Þ,ℝNÞsatisfies

1
Br/2 x0ð Þj j

ð
Br/2 x0ð Þ

V
~w − ρh

r

� 	����
����
2
dx ≤ ρ2ε ð94Þ

and

1
Br/2 x0ð Þj j

ð
Br/2 x0ð Þ

V ∇Hhð Þj j2dx ≤ 1: ð95Þ

Step 2. We estimate ð1/jBθrðx0ÞjÞ
Ð
Bθrðx0ÞjVðu − lx0,θr/θrÞj

2dx.

Let us denote

lh xð Þ = hx0,θr + ∇Hhð Þx0,θr x′ − x′0
� �

, ð96Þ

and compute by (3) and (2) of Lemma 7, Lemma 8 and (94)
that

1
Bθr x0ð Þj j

ð
Bθr x0ð Þ

V
~w − ρlh

θr

 !�����
�����
2

dx

= 1
Bθr x0ð Þj j

ð
Bθr x0ð Þ

V
~w − ρh + ρ h − hx0,θr − ∇Hhð Þx0,θr x′ − x′0

� �� �
θr

0
@

1
A

������
������
2

dx

≤ cp
1

Bθr x0ð Þj j
ð
Bθr x0ð Þ

V
~w − ρh
θr

� 	����
����
2
dx

+ cp
1

Bθr x0ð Þj j
ð
Bθr x0ð Þ

ρV
h − hx0,θr − ∇Hhð Þx0,θr x′ − x′0

� �
θr

0
@

1
A

������
������
2

dx

≤ cpθ
−2 2θð Þ−℘ 1

Br/2 x0ð Þj j
ð
Br/2 x0ð Þ

V
~w − ρh

r

� 	����
����
2
dx

+ cpCpρ
2 1
Bθr x0ð Þj j

ð
Bθr x0ð Þ

V ∇Hh − ∇Hhð Þx0,θr
� ���� ���2dx

≤ cp θ−2 2θð Þ−℘ρ2ε + C2
pρ

2 θrð Þ2 1
Bθr x0ð Þj j

ð
Bθr x0ð Þ

V ∇2
Hh

� ��� ��2dx
" #

:

ð97Þ

In order to estimate (97), we need to deal with ð1/jBθr

ðx0ÞjÞ
Ð
Bθrðx0ÞjVð∇

2
HhÞj2dx. Noting Lemma 9, it derives h ∈

C∞ðΩ,ℝNÞ and

sup
Br/2 x0ð Þ

∇Hhj j2 + ∇2
Hh

�� ��2� �
≤ cr−2

1
Br x0ð Þj j

ð
Br x0ð Þ

∇Hhj j2dx, ð98Þ

so we have

sup
Br/2 x0ð Þ

∇2
Hh

�� ��2 ≤ cr−2
1

Br x0ð Þj j
ð
Br x0ð Þ

∇Hhj j2dx, ð99Þ

∇Hhj j ≤ cr−2
1

Br x0ð Þj j
ð
Br x0ð Þ

∇Hhj j2dx
 !1/2

≔M inBr/2 x0ð Þ: ð100Þ

Hence, for θ ∈ ð0, 1/4�, we use Lemma 7 (1), (99), (100),
Hölder’s inequality and (95) to obtain

1
Bθr x0ð Þj j

ð
Bθr x0ð Þ

V ∇2
Hh

� ��� ��2dx ≤ 1
Bθr x0ð Þj j

ð
Bθr x0ð Þ

∇2
Hh

�� ��2dx
≤ sup

Br/4 x0ð Þ
∇2
Hh

�� ��2 ≤ cr−2
1

Br/2 x0ð Þj j
ð
Br/2 x0ð Þ

∇Hhj j2dx

≤ cr−2M
1

Br/2 x0ð Þj j
ð
Br/2 x0ð Þ

∇Hhj jdx

= cr−2M
1

Br/2 x0ð Þj j
ð
Br/2 x0ð Þ∩ ∇Hhj j≤1f g

∇Hhj jdx
"

+ 1
Br/2 x0ð Þj j

ð
Br/2 x0ð Þ∩ ∇Hhj j>1f g

∇Hhj jdx
#

≤ cr−2M
1

Br/2 x0ð Þj j
ð
Br/2 x0ð Þ∩ ∇Hhj j≤1f g

∇Hhj j2dx
 !1/2"

+ 1
Br/2 x0ð Þj j

ð
Br/2 x0ð Þ∩ ∇Hhj j>1f g

∇Hhj jpdx
 !1/p#

≤ 2cr−2M 1
Br/2 x0ð Þj j

ð
Br/2 x0ð Þ

V ∇Hhð Þj j2dx
 !1/2"

+ 1
Br/2 x0ð Þj j

ð
Br/2 x0ð Þ

V ∇Hhð Þj j2dx
 !1/p#

≤ Cr−2:

ð101Þ

By substituting (101) into (97), we get

1
Bθr x0ð Þj j

ð
Bθr x0ð Þ

V
~w − ρlh

θr

 !�����
�����
2

dx

≤ cp θ−2 2θð Þ−℘ρ2ε + CC2
pρ

2 θrð Þ2r−2
h i

≤ c p, Cp, C
� �

ρ2 θ−2−℘ε + θ2
 �

:

ð102Þ

Since ε > 0 in (102) is arbitrary, we take especially
ε = θ℘+4. Noting

Ψ∗ rð Þ < 1 and 2
p
> 1, ð103Þ

we use (ii) and the monotonicity of ϑ to obtain
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ρ2 =Ψ∗ rð Þ + δ

2

� 	−2
Ψ1/2

∗ rð Þ +Ψ1/p
∗ rð Þ + ϑ Ψ1/2

∗ rð Þ� �
+ ϑ Ψ1/p

∗ rð Þ� ��2 ≤Ψ∗ rð Þ + 16δ−2 Ψ1/2
∗ rð Þ +Ψ1/p

∗ rð Þ� �2
≤Ψ∗ rð Þ + 64δ−2Ψ∗ rð Þ:

ð104Þ

Therefore, it shows from (102) that

1
Bθr x0ð Þj j

ð
Bθr x0ð Þ

V
~w − ρlh

θr

 !�����
�����
2

dx ≤ c p, Cp, C
� �

θ2 1 + 64δ−2
� �

Ψ∗ rð Þ:

ð105Þ

Now, we substitute ~w = ðu − lx0,rÞ/c2 into (105) and
use Lemma 7 (2) to gain

1
Bθr x0ð Þj j

ð
Bθr x0ð Þ

V
u − lx0,r − c2ρl

h

θr

 !�����
�����
2

dx

≤ c22c p, Cp, C
� �

θ2 1 + 64δ−2
� �

Ψ∗ rð Þ:
ð106Þ

Since lx0,θr is a minimizer of ð1/jBθrðx0ÞjÞ
Ð
Bθrðx0Þ

ju − lj2dx, we have

1
Bθr x0ð Þj j

ð
Bθr x0ð Þ

V
u − lx0,θr

θr

� 	����
����
2
dx

≤
1

Bθr x0ð Þj j
ð
Bθr x0ð Þ

V
u − lx0,r − c2ρl

h

θr

 !�����
�����
2

dx

≤ c22c p, Cp, C
� �

θ2 1 + 64δ−2
� �

Ψ∗ rð Þ ≤ c3θ
2Ψ∗ rð Þ:

ð107Þ

Step 3. We estimate ð1/jBθrðx0ÞjÞ
Ð
Bθrðx0Þjðu − lx0,θrÞ/θrj

2dx.

To do so, let us first deal with ð1/jBθrðx0ÞjÞ
Ð
Bθrðx0Þ

jð~w − ρlhÞ/θrj2dx. Since jVðð~w − ρhÞ/rÞj is bounded almost
everywhere by (94), we denote its upper bound by M1. It
implies by Lemma 7 (1) that

(1) when jð~w − ρhÞ/rj ≤ 1, it follows

~w − ρh
r

����
���� ≤ ffiffiffi

2
p

V
~w − ρh

r

� 	����
���� ≤ ffiffiffi

2
p

M1 ð108Þ

(2) when jð~w − ρhÞ/rj > 1, we have

~w − ρh
r

����
���� ≤ ffiffiffi

2
p

V
~w − ρh

r

� 	����
����

� 	2/p
≤

ffiffiffi
2

p
M1

� �2/p ð109Þ

Hence,

~w − ρh
r

����
���� ≤max

ffiffiffi
2

p
M1,

ffiffiffi
2

p
M1

� �2
p


 �
≔M2: ð110Þ

Now, by using

lh xð Þ = hx0,θr + ∇Hhx0,θr x′ − x′0
� �

, ð111Þ

Lemma 8, (101), Lemma 7 (1) and (2), (94) and the
similar proof to (102), we get

1
Bθr x0ð Þj j

ð
Bθr x0ð Þ

~w − ρlh

θr

�����
�����
2

dx

= 1
Bθr x0ð Þj j

ð
Bθr x0ð Þ

~w − ρlh + ρ h − hx0,θr − ∇Hhð Þx0,θr x′ − x′0
� �� �

θr

������
������
2

dx

≤ 2 1
Bθr x0ð Þj j

ð
Bθr x0ð Þ

~w − ρh
θr

����
����
2
dx

"

+ ρ2
1

Bθr x0ð Þj j
ð
Bθr x0ð Þ

h − hx0,θr − ∇Hhð Þx0,θr x′ − x′0
� �

θr

������
������
2

dx

3
75

≤ 2 θ−2 2θð Þ−℘ 1
Br/2 x0ð Þj j

ð
Br/2 x0ð Þ

~w − ρh
r

����
����
2
dx

"

+ Cpρ
2 1
Bθr x0ð Þj j

ð
Bθr x0ð Þ

∇Hh − ∇Hhð Þx0,θr
��� ���2dx

#

≤ 2 2−℘M2
2θ

−2−℘ 1
Br/2 x0ð Þj j

ð
Br/2 x0ð Þ

~w − ρh
2M2r

����
����
2
dx

"

+ C2
pρ

2 θrð Þ2 1
Bθr x0ð Þj j

ð
Bθr x0ð Þ

∇2
Hh

�� ��2dx
#

≤ 2 21−℘M2
2θ

−2−℘ 1
Br/2 x0ð Þj j

ð
Br/2 x0ð Þ

V
~w − ρh
2M2r

� 	����
����
2
dx

"

+ CC2
pρ

2 θrð Þ2r−2
i
≤ 2 2−℘θ−2−℘ 1

Br/2 x0ð Þj j
ð
Br/2 x0ð Þ

V
~w − ρh

r

� 	����
����
2
dx

"

+ CC2
pρ

2 θrð Þ2r−2
i
≤ 2 θ−2−℘2−℘ρ2ε + CC2

pρ
2 θrð Þ2r−2

h i
≤ c p, Cp, C
� �

ρ2 θ−2−℘ε + θ2
 �

≤ c p, Cp, C
� �

θ2 1 + 64δ−2
� �

Ψ∗ rð Þ:
ð112Þ

We substitute ~w = ðu − lx0,rÞ/c2 into the inequality above
to obtain

1
Bθr x0ð Þj j

ð
Bθr x0ð Þ

u − lx0,r − c2ρl
h

θr

�����
�����
2

dx

≤ c22c p, Cp, C
� �

θ2 1 + 64δ−2
� �

Ψ∗ rð Þ,
ð113Þ

and know from that lx0,θr is a minimizer of ð1/jBθrðx0ÞjÞÐ
Bθrðx0Þju − lj2dx that

1
Bθr x0ð Þj j

ð
Bθr x0ð Þ

u − lx0,θr
θr

����
����
2
dx

≤ c22c p, Cp, C
� �

θ2 1 + 64δ−2
� �

Ψ∗ rð Þ ≤ c3θ
2Ψ∗ rð Þ:

ð114Þ
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Step 4. Combining (107) with (114), we derive (90). Lemma
13 is proved.

Before stating a new lemma, we introduce Campanato-
type functions. For the fixed Hölder exponent α ∈ ð0, 1Þ,
define a Campanato-type function by

Yα x0, rð Þ = r−pα
1

Br x0ð Þj j
ð
Br x0ð Þ

u − ux0,r
�� ��pdx, 1 < p < 2:

ð115Þ

We can prove the following lemma from Lemma 13.

Lemma 14 (iteration relations). Assume the assumptions of
Theorem 1 are satisfied. For any α ∈ ð0, 1Þ, there exist con-
stants ε∗, κ∗, r∗ and θ ∈ ð0, 1/8�, such that if for 0 < r < r∗

with Brðx0Þ ⊂Ω, one has

Ψ x0, r, lx0 ,r
� �

< ε∗ and Yα x0, rð Þ < κ∗, ðD0Þ

then, for any k ∈ℕ, it holds

Ψ x0, θkr, lx0 ,θkr
� �

< ϵ∗ and Yα x0, θkr
� �

< κ∗: ðDkÞ

Proof. Its proof is similar to Lemma 4.4 in [15]. Actually,
Ψ∗ðθkrÞ ≤ ε∗ has been proved in [15], so we only need to
take ε∗ ≤min fðθ℘+pρ/8Þ2/p, δ2/ð4δ2 + 256Þg and change the
estimate of ρðθkrÞ in [15] to

4. Proof of Theorem 1

Proof of Theorem 1 is finished with two steps.

Step 1.We prove u ∈ C0,α
locðΩ \Ω0,ℝNÞ. In fact, by Lebesgue’s

differentiation theorem ([27]), we get j∑1 ∪∑2j = 0, so our
aim is to show that u is Hölder continuous for every x0 ∈
Ω \ ð∑1 ∪∑2Þ. For any 0 < r0 < distðx0, ∂ΩÞ, we use Lemma
8, (43) and Lemma 7 (1) to gain

Ψ x0, r0, lx0,r0
� �

= 1
Br0

x0ð Þ�� ��
ð
Br0 x0ð Þ

V
u − lx0,r0

r0

� 	����
����
2
dx

+ 1
Br0

x0ð Þ�� ��
ð
Br0 x0ð Þ

u − lx0,r0
r0

����
����
2
dx

≤ c2p
1

Br0
x0ð Þ�� ��

ð
Br0 x0ð Þ

V ∇Hu − ∇Hlx0,r0
� ��� ��2dx

"

+ 1
Br0

x0ð Þ�� ��
ð
Br0 x0ð Þ

∇Hu − ∇Hlx0,r0
�� ��2dx

#

≤ 2c2p
1

Br0
x0ð Þ�� ��

ð
Br0 x0ð Þ

∇Hu − ∇Hlx0,r0
�� ��2dx:

ð117Þ

For any α ∈ ð0, 1Þ and r0 ≤ 1, using

lx0,r0 = ux0,r0 + ∇Hlx0,r0 x′ − x′0
� �

ð118Þ

(from it, one sees ux0,r0 = lx0,r0 − ∇Hlx0,r0ðx′ − x′0Þ), jlx0,r0
j + j∇Hlx0,r0 j ≤M0 and Hölder’s inequality, it infers

Yα x0, r0ð Þ = r−pα0
1

Br0
x0ð Þ�� ��

ð
Br0 x0ð Þ

u − ux0,r0
�� ��pdx

= rp−pα0
1

Br0
x0ð Þ�� ��

ð
Br0 x0ð Þ

u − ux0,r0
r0

����
����
p

dx

≤ rp−pα0
1

Br0
x0ð Þ�� ��

ð
Br0 x0ð Þ

u − lx0,r0
r0

����
���� + ∇Hlx0,r0
�� ��� 	p

dx

" #

≤ Cpr
p−pα
0

1
Br0

x0ð Þ�� ��
ð
Br0 x0ð Þ

u − lx0,r0
r0

����
����
p

dx + ∇Hlx0,r0
�� ��p" #

≤ C p,M0ð Þrp−pα0
1

Br0
x0ð Þ�� ��

ð
Br0 x0ð Þ

u − lx0,r0
r0

����
����
2
dx

 !p/2

+ 1
" #

= C p,M0ð Þrp−pα0 Ψ x0, r0, lx0,r0
� �� �p/2 + 1

h i
,

ð119Þ

where jx′ − x′0j ≤ dðx, x0Þ ≤ r0 is used in the third inequality.
By the definition of ∑1 and ∑2, (117) and (119), we

know that for any ε∗ and κ∗, there exists a radius r′ : 0 < r′
<min fr∗, distðx0, ∂ΩÞg such that

Ψ x0, r′, lx0,r ′
� �

< ε∗,

Yα x0, r′
� �

< κ∗:
ð120Þ

ρ θkr
� �

≔

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ψ∗ θkr
� �

+ δ

2

� 	−2
Ψ1/2

∗ θkr
� �

+Ψ1/p
∗ θkr
� �

+ ϑ Ψ1/2
∗ θkr
� �� �

+ ϑ Ψ1/p
∗ θkr
� �� �h i2s

≤
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4ε∗ + 16δ−2

ffiffiffiffiffiffiffi
4ε∗

p
+

ffiffiffiffiffiffiffi
4ε∗p

ph i2r
≤

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4ε∗ + 16δ−2 2

ffiffiffiffiffiffiffi
4ε∗

ph i2r
=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4δ2 + 256

δ2

� 	
ε∗

s
≤ 1:

ð116Þ
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Using the continuity of integrals, it follows that there exists
a neighborhood U ⊆Ω of x0 so that for any x ∈U ,

Ψ x, r′, lx0,r ′
� �

< ε∗,

Yα x, r′
� �

< κ∗:
ð121Þ

Then, Lemma 14 shows

Ψ x, θkr′, lx0,θkr ′
� �

< ε∗, Yα x, θkr′
� �

< κ∗, ∀x ∈U , k ∈ℕ,

ð122Þ

so

sup
x∈U ,r∈ 0,r ′ð Þ

r−pα
1

Br xð Þj j
ð
Br xð Þ

u − ux,r
�� ��pdy = sup

x∈U ,r∈ 0,r ′ð Þ
Yα x, rð Þ < κ∗ <∞,

ð123Þ

i.e., u ∈ Lp,℘+pαðU ,ℝ2n×NÞ. Therefore, we have u ∈ C0,α
locðU

,ℝNÞ from Lemma 5.

Step 2.We prove ∇Hu ∈ Lp,βðΩ \Ω0,ℝ2n×NÞ. For α ∈ ð0, 1Þ, it
implies by Lemma 7 (1) that

(1) if j∇Hu − ∇Hlx,rj > 1, then j∇Hu − ∇Hlx,rjp ≤ 2
jVð∇Hu − ∇Hlx,rÞj2

(2) if j∇Hu − ∇Hlx,rj ≤ 1, then j∇Hu − ∇Hlx,rjp ≤ 1

so

sup
x∈U ,r∈ 0,r ′ð Þ

rp 1−αð Þ 1
Br xð Þj j

ð
Br xð Þ

∇Hu − ∇Hlx,r
�� ��pdy ≤ sup

x∈U ,r∈ 0,r ′ð Þ
rp 1−αð Þ

� 2
Br xð Þj j

ð
Br xð Þ∩ ∇Hu− ∇Hlð Þx,rj j>1f g

V ∇Hu − ∇Hlx,rð Þ�� ��2dy + 1
" #

≤ sup
x∈U ,r∈ 0,r ′ð Þ

rp 1−αð Þ 2
Br xð Þj j

ð
Br xð Þ

V ∇Hu − ∇Hlx,rð Þ�� ��2dy + 1
" #

≤ sup
x∈U ,r∈ 0,r ′ð Þ

rp 1−αð Þ 2Cc Ψ x, r, lx,rð Þ + ω Yα x, rð Þð Þ + ν rð Þð½

+ f x, rð ÞÞ + 1� <∞:

ð124Þ

Thus,

sup
x∈U ,r∈ 0,r ′ð Þ

r− ℘−p 1−αð Þ½ �
ð
Br xð Þ

∇Huj jpdy ≤ Cp sup
x∈U ,r∈ 0,r ′ð Þ

rp 1−αð Þ

� 1
Br xð Þj j

ð
Br xð Þ

∇Hu − ∇Hlx,r
�� ��pdy + ∇Hlx,r

�� ��p" #

≤ Cp sup
x∈U ,r∈ 0,r ′ð Þ

rp 1−αð Þ 1
Br xð Þj j

ð
Br xð Þ

∇Hu − ∇Hlx,r
�� ��pdy +Mp

0

" #
<∞,

ð125Þ

i.e., ∇Hu ∈ Lp,βðU ,ℝ2n×NÞ, where β = ℘ −pð1 − αÞ.
Therefore, Theorem 1 is proved.
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