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In this article, we study quantization of super-BMS, algebra W. We quantize W by the Drinfel’d twist quantization technique and
obtain a class of noncommutative and noncocommutative Hopf superalgebras.

1. Introduction

Lie (super-)bialgebras as well as their quantizations provide
important tools in searching for solutions of quantum
Yang-Baxter equations and in producing new quantum
groups [1, 2]. The notion of Lie bialgebras was introduced
by Drinfel'd in 1983 [1, 3]. In 1992, the problem that
whether there exists a general approach to quantize all Lie
(super-)bialgebras was posed by Drinfel'd in [4]. Later, a
positive answer was given by Etingof and Kazhdan in [5],
but they did not present a uniform method to realize quan-
tizations for all Lie (super-)bialgebras. Since then, the study
of quantizations of Lie (super-)bialgebras has attracted more
and more attention. A growing number of people studied the
structure theory of Lie (super-)bialgebras, such as [6-11].

The “quantum group” appeared in the work of Drinfel’d
as a deformation of the universal enveloping algebra of a Lie
algebra in the category of Hopf algebras. In the theory of
Hopf algebras and quantum groups, there exist two standard
methods to yield new bialgebras from old ones. Twisting the
product by a 2-cocycle but keeping the coproduct
unchanged is one way; using a Drinfel'd twist element to
twist the coproduct but preserving the product is the other
approach. Constructing quantizations of Lie bialgebras is
an important approach to producing new quantum groups
[1, 2, 12].

As an application of quantum groups, quantizations of
Lie (super-)bialgebra structures were intensively investi-
gated. Recently, some authors have considered the quantiza-
tion of several algebras, such as [11-18]. These algebras are
all centerless. The case with center is similar.

In order to study the precise boundary conditions for the
gauge field describing the theory, the super-BMS, algebra
was introduced in [19, 20]. In [19], the author applies the
construction to three-dimensional asymptotically flat N =1
supergravity, whose algebra of surface charges has been
shown to realize the centrally extended super-BMS; algebra.
In this article, we study quantization of centerless super-
BMS, algebra W.

The centerless super-BMS, algebra W is an infinite-
dimensional Lie superalgebra over C with basis {L,,, P,
QImeZpee+ Z} (¢=0 or 1/2) and satisfying the fol-
lowing relations:

[Lyw> L] = (m
Lo Q] = (g —p) Quiepr [ Q2 Q] = Py (1)

[Pm’Pn]z [Pm’Qp] =0,

- n)Lm+n’ [Lm’Pn] = (m - TI)P

m+n>

for any m,n € Z and p, q € ¢ + Z(e = 0 or 1/2). The fermionic
generators Q, are labeled by (half-)integers in the case of
(anti)periodic boundary conditions for the gravitino [19].
Clearly, the Z,-graded W is defined by W=Wge Wy,
where Wy ={L,,P, |meZ} and W;={Q,|pece+Z}.
W contains the Witt algebra. The Lie super-bialgebra struc-
tures of W have been determined in [21]. The non weight
modules of W have been studied in [20].

In this article, we study quantization of centerless super-
BMS, algebra W. In Section 2, we use the general method of
quantization by Drinfel’d twist to quantize explicitly the Lie
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bialgebra structures on W and obtain a family of noncom-
mutative and noncocommutative Hopf superalgebras. The
main result of the article is stated in Theorem 18.

2. Quantization of W

Theorem 1 (see [21]). Every Lie super-bialgebra structure on
W is a triangular coboundary Lie super-bialgebra.

Proof. The super-BMS; algebra W in this article is the cen-
terless case of that. By [21], we can deduce that every Lie
super-bialgebra structure on W is a triangular coboundary
Lie super-bialgebra. O

Definition 2 (see [11]). Let W be a Lie superalgebra con-
taining linearly independent elements a and b satisfying
[a, b] = kb with |a| = |b| =0 and 0 # k € C. Then, we set r =a
®b-b®a and define a linear map § =8, : L— L®L by
requiring that

8,(x) = (-1)"MMx.r = ()M ([x, a] @ b + (-1)“Ma e [x, b]
- [xb®a- (—1)”’”"'1)@ [x a])
)

for all x € W. Then, §, equips W with the structure of a trian-
gular coboundary Lie super-bialgebra.

Definition 3 (see [11]). A superalgebra (H, y,1) is a super-
space H equipped with a unit +: C — H, an associative
product yu: H® H— H respecting the grading, and the
identity ~element 1€H;. A Hopf superalgebra
(H,u,1,A,S, ¢) is a superalgebra (H, p,1) equipped with a
coproduct A: H— H®H, a counit ¢ : H— C, and an
antipode S: H — H, satisfying certain compatible condi-

tions. Note that the antipode S satisfies S(xy) = (—1)*1"/5(y)
S(x), Vx,y € H.

Definition 4 (see [12, 15]). For any element x of a unital R
-algebra (R is a ring) and a € R, r, k € N™, we set

X =(x+a)(x+a+1) (x+a+r-1),

Al =(x+a)x+a-1)- (x+a-r+1),

<a>:a(a—1)---(a—r+l)’ (3)

r

(r)

In particular, we set xy’ =x"), xy =xl, and =1,
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Lemma 5 (see [12, 15]). For any element x of a unital C
-algebra and a € C, r,s,t € N¥, one has

a a a a a a—s+1°
Z (_I)t 9 (t)_ a-b =(a_b)...(a_b_r+1)
sti=r S‘t' avh r r!
Z( 1) Kl = a-b+r-1 :(a—b)~~(a—b+r—1)
stt=r et e b T r!

Definition 6 (see [1]). Let (H, y, 1, Ay, Sy» €) be a Hopf super-
algebra. A Drinfel’d twist & on H is an invertible element in
H ® H such that

(Fo1)(A®Id)(F)= (18 F)(Id® A))(F), (e®1d)(F)
=1e1=(Idee)(F).
(5)

Lemma 7 (see [22]). Let (H, u, 1, A, Sy, €) be a Hopf superal-
gebra and F be a Drinfel’d twist on H. Then, w=u(I1d®$§,
VF is invertible in H with w™' = u(1d ® S))F . Moreover,
we denote At H— H®H and S: H— H by

Alx) = FAX)F,

L (6)
S(x) =wSy(x)w™,

Vx e H.

Then, (H, u,1, A, S, €) is a new Hopf superalgebra, which
is called twisting of H by the Drinfel'd twist F.

Lemma 8 (see [12, 15]). For any elements x, y in an associa-
tive algebra, p € N, one has

£ k(P ok k
X =) (-1) <k>J’P (ady)” (x). (7)

k=0

Definition 9. Let U(W) be the universal enveloping algebra
of Wand (U(W), u, 1, A, S, €) be the standard Hopf algebra
structure on U(W). Then, the coproduct A, the antipode S,
and the counit ¢ are defined by

AHX)=X®1+1®X,

In particular, Ay(1)=1®1 and S;(1) =¢(1) =1.

Lemma 10. Let X = —(1/m)L,and Y = P,, (m € Z"); we have
[X,Y]=Y; then, X and Y generate a two-dimensional nona-
belian subalgebra of W.

Proof. For any meZ*, by [L,,P,|=-mP,, we can get
[X,Y] =Y. Then, we set r=X®Y — Y ®X. By Definition
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2, 8, equips W with the structure of a triangular coboundary
Lie super-bialgebra. |

Lemma 11. For any a€C, neZ, pee+7Z, meZ*, and
re N*, we have

_x" _
LX) = X, L L XS = X0 L (9)
Ny [
P XY =X,y P PuX = X0y P (10)
_x" r
Qsz(zr) _Xa—(n/m) Qp’ QPX X[ ] (n/m) Qp (11)

Proof. We only prove that (9), (10), and (11) can be
obtained similarly. We prove (9) by induction on r. It is
true for the case of r = 1. Assume the case of r is also true;
then, we consider the case of r+ 1; we have

L X(r+1)

\ LXDX+a+r)=x" L (X+a+r), (12)

(n/m)

1

X L) = Lo L) (13)

y (12) and (13), we have

XU Ln(X a4y =X (XL - —L +(a+ r)Ln)
_ "
Xa_(mm) (X +a- p” + r)Ln
(D)
_Xa—(n/m)Ln‘

(14)

Therefore, we deduce that LnXEZ+1>

means that Lr,X,(f> :Xii)(n/m)]“"

XLf] = XLrl(n/m) L, is similar. O

1 .
= Xf: ) L,, which

(n/m)

is true. The proof of L,

Lemma 12. For any a € C, s, € N¥, we have

vex) = x0 ys, yexll = xI ys, (15)

Proof. The case of s =r =1 is clear. If s = 1, we prove (15) by
induction on r. We have

YXO = YXO (X +a+r) =X Y(X +a+r)
=X (XY =Y + (a+1)Y) (16)
=X (X +a+r-1y=x""y,

a

which means that

yx0=x"y. (17)

3
Suppose that Y*X(") = X(1) Y*. By (17), we have
YHXD =YX Y =X YY =X Y (18)
The proof of YSXL’] =X£ﬂs Y* is similar. O

Lemma 13. ForanymeZ*,neZ, pce+7Z, andr ¢ N*, we
have

LY =YL, +rY"'(n-m)P,,,, (19)
PY =Y'P, (20)
QY =Y'Q, (21)

Proof. We only prove (19) and (21). The proof of (20) is
similar.

m+n>

.
) Y™ *(adY)*L, = Y'L, + rY""' (n - m)P

>

,
QY =) (-1 <k> Y (adY)*Q,=Y"Q,.

k=0
(22)
O
Definition 14 (see [12, 15]). For a € C, set
o0 r
® Yr T
r=0
. 23)
=S XDeY,
r:Or
U,=u(Sy®I1,)F,
a H( 0 d) a (24)

Va = A“(Id ® SO)‘G/:a'

In particular, we set & =%, F=F,, u=u,, and v=v,.
Since Sy (X)) = (=1)"XI" and S,(Y") = (=1)"Y", we have

[ee]

ly v, = Z XVY” (25)

a=
r=0

Lemma 15. For a, b € C, we have &, Fb—1®(1—Yt) and
V,U,=(1-Yt)™* " F, F,, U, and V, are invertible ele-
ments with &, = F! and U,= Val



Proof. By (23) and Lemma 5, we have

[ee] _1 r s
FFy= Y ) xx ey yre

SN R Y O g9 o yhok

_1;)(_1) Zk o xIx,) e vkt (26)
0 a-b

=) (-1 @Yt =10 (1- Y1)
k=0 k

From (15), (25), and Lemma 5, we obtain

V,U,= i CU xinyryt yspres
azb™ o rist b
-3t 3 Lty v @)
rls!
r+s=k
a+b+k-1
= Z YRR = (1- vt
k=0 k
Then, we can deduce that ,=F,', U,=V,', F=F,
and U=V O

Lemma 16. For any me Z*, n€Z, pee+Z, and a € C, we
have

(Ln®1)Fa:Fa—(n/m)(Ln®1)’ (28)
(Pn®1)Fu:Fa7(n/m)(Pn®1)’ (29)
(Q®1)Fo=Fopum) (2 ®1), (30)

(1®L,)F,= F(18L,) + (n=m)Fy,, (X ®P,,,,t),

(31)
(1&P,)F,=F,(1&P,), (32)
(1®Q,)F,=F,(1®Q,). (33)

Proof. We only prove (28), (31), and (32); the proof of other
equations is similar. O

By (9) and (23), we have

(e8]
1
(L,®1)F, = Z LXDeYt = Z |Xaf (i Ln ® Y1
r—O 0

= Fa—(n/m)(Ln ® 1)
(34)

The proof of (29)-(30) is similar to (28).
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By (19) and (23), we have

(1®L,) Z (Y'L,+rY"(n-m)P,, )t
;o 1,
= D@ YLt +( XWeytp, .t
20 n—-m rz 1)‘ m+n
[ee) [ee) 1
= (Z X e Y’t') 1®L,)+ (n—m) zﬁxgm ®Y'P, 1"
=| r=0""

’)®Yr ot

a+1

J(1®L,)+ (n- mz X(1

=F,(1®L,)+(n- m)< Xi}l ® Y't') (Xg” ®Pm+nt)
rO
=F,(18L,)+(n-m)F,,, ( <>®P,W)

(35)

By (21) and (25), we have

3

<1 1
(1®QP)Fa = (1®Qp) (Zﬂxgﬂ@wﬂ) - Zr'X ®Q,Y't'

=0

n

2 x\r ®Y'Q th= (1®Qp).
(36)

Lemma 17. For any me Z*, n€Z, pee+7Z, and a € C, we
have

Ln Uu = Uu+(n/m)Ln + (m - 71) Ua+(n/m)X[—1i—(n/m)Pm+nt> (37)
P U Ua+(n/m) n> (38)
Qp Uu = Ua+(n/m) Qp’ (39)

Proof. We only prove (37) and (39); the case of (38) is sim-
ilar. By (9), (11), (15), (19), and (24), we have

LU, =L iﬂX[’]Y’t' =§( )LXHY’t'
" ! r=0 1’! - r=0 1"

—a—(n/m) LVl Y

(o) 71 r / - .
- Z( ) X[flk(n/m)(Y’Ln+rY l(n—m)Pm+,,)t

[r] r—
)| X—a—(vx/m)Y l(n - m)P

0 r 00
_ (_1) [r] r r (_1
=y X_u_<n/m)Y Lt + Z —

"

m+n
_ “1 r+l
- Ua+ n/m) L + z —a—(n/m) Y (n - m)Pernt

& -1 r 7] 1
= Ua+(n/m)Ln + (ﬂ’l - Vl) Z ( ) X[,l,, X[,L]l, YYP r -t

N (D' -
= Uy um Lo+ (m=1) ) X Y'Xx! P

4 7! —a—(n/m) a—(n/m)
r=0

1
a+(n/m)Ln + (m - n) Uu+(n/m)X[7¢]17(n/m)Pm+nt’

et

m+n

=U,
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o0 _1r [o0) _1r
Qn Ua = Qn <wahiyrtr> - Z(ril) QnX[j;Yrtr

r=0 r=0
— N\ (_1)r [r] rer _ \ (_l)r [r] Ty 4
-2 XUy QY = ;Tx_a_m,m)y Q,t
=U +(n/m)Q .
(40)
O

Theorem 18. With the choice of two distinguished elements X
=—(1/m)Lyand Y =P,, (m € Z") such that [X, Y] =Y in W,
there exists a structure of noncommutative algebra and nonco-
commutative Hopf algebra structure (U(W)[[t]], .1, A, S, €)
on U(W)|[[t]], such that U(W)[[t]]/tU(W)[[t]] = U(W), which
preserve the product and counit of U(W)([[t]]; the coproduct and
antipode are defined by

AL)=L,®(1-Yt)"" + 1L, + (n—m) (X<’> ®(I- Yt)*lpwt),

(41)
A(P)=P,®(1-Yt)"" +1®P, (42)
AQ)=Q,®(1-Y)"+18Q, (43)

S(Ly) = =(L= YO """ (L, + (m=m)XU], Pt (44)

S(P,)=—(1-Yt)""mp (45)

n n>

$(Q,) =—(1-Yt)"™qQ, (46)
wheremeZ*, neZ, andp e e+ 7.

Proof. We only prove (41), (43), (44), and (46); the cases of
(42) and (45) are similar. By Definition 14 and Lemmas
15-17, we have

AL,)=FA(L)F ' =F(L,®1+10L)F"
=F(L,®1)F+F(1®L,)F
= FF_ (L, ®1) + 9(1?(1 ®L,)+(n-mF, (x<1> ®Pm+nt>>
=(1e(1-Yt)"")(L,®1)+1®L, + (n—m)
: (X(l) ®(1- Yt)'IPm+nt> =L,e(1-Yt)y"+1eL,

+(n—m) (X<1> ®(1- Yt)'le+nt),
AQ,)=FAN(Q)F ' =F(Q,®1+10Q,)F "
=F(Q,®)F+F(1®Q,)F
= gF—(n/m)(Qn ® 1) + gF(l ® Qn)
=Q,®(1-Yt)" +18Q,,

1
S(L,)=-VL,U = _V(Un/an +(m—n) Un/mX[—(]n/m)Pmmt)
1
--vu,,, (Ln +(m- n)X[_(]n/ummt)

n

=—(1- Yt)—(n/m) (Ln +(m— n)Xf(]n/umMt),

S(Qn) = _VQnU = _VUn/an = _(1 - Yt)i(n/m)Qn' (47)

O

Remark 19. We can use the method in this paper to study the
quantization of other Lie (super-)algebras in the future.

Remark 20. The case with center is similar, because the cen-
ter element C can be exchanged. Namely, [C, W] =0.
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