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In this study, the exact solutions of the Biswas-Arshed equation with the beta time derivative, which has an important role and
physically means that it represents the pulse propagation in an optical fiber, nuclear, and particle physics, are obtained using
the modified exponential function method. Exact solutions consisting of hyperbolic, trigonometric, rational trigonometric, and
rational function solutions demonstrate the competence and relevance of the proposed method. In addition, the physical
properties of the obtained exact solutions are shown by making graphical representations according to different parameter
values. It is seen that the method used is an effective technique, since these solution functions obtained with all these cases
have periodic function properties.

1. Introduction

Differential equations with fractional derivatives have been
used very popularly in many fields of science recently, just like
integer order derivative equations. It is used effectively in many
branches of science such as health, biology, engineering, and
stochastic models. Because such equations contain terms that
represent many of the behaviors studied in these cases, each
equation is defined as a mathematical model. To obtain the
solutions of these mathematical models, there are various
methods in the literature such as the improved Bernoulli sube-
quation method [1], the trial equation method [2], the
extended trial equation method [3], the G′/G method [4, 5],
the extended tanh method [6], the Kudryashov method [7, 8],
the generalized Kudryashov method [9], the new function
method [10], the first integral method [11, 12], the differential
transform method [13], the variational iteration method [14],
the exp-functionmethod [15, 16], the Adomian decomposition
method [17], some numerical methods [18–22], the Chebyshev
collocation method [23], the integral transform operator [24],

the Chebyshev-Taumethod [25], the Taylor expansionmethod
[26], the modified exponential function method [27, 28], and
the new type F-expansion method [29].

In this study, the modified exponential function method
was applied to obtain the exact solutions of the Biswas-
Arshed equation with the beta time derivative.

The outline of this study can be expressed as follows: In the
2nd chapter, some information about the definitions and prop-
erties of the Atangana’s beta derivative is given. In the third
chapter, the modified exponential function method is intro-
duced in detail with its features. In the fourth chapter, the
analysis of the nonlinear fractional mathematical model with
Atangana’s derivative is given. In the last section, there is a con-
clusion that includes all the outputs presented in this article.

2. The Properties and Definition of
Beta Derivative

Definition 1. Khalil et al. added a new fractional derivative
term to the fractional derivative topic and brought it to the
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literature [30]. Let us analyzed the conformable derivative
function g : ½0,∞Þ of the α order from type t > 0, α ∈ ð0, 1Þ
as follows:

0D
α
t g tð Þf g = lim

ε⟶0

g t + εt1−α
À Á

− g tð Þ
ε

: ð1Þ

When g is α-differentiable in the interval of ð0, aÞ, a > 0 and
lim

ε⟶0+
gðαÞðtÞ consists, then it can be defined as gðαÞð0Þ =

lim
ε⟶0+

gðαÞðtÞ.

Definition 2. The beta derivative term is described by Atan-
gana et al. as follows [31]:

A
0D

α

t g tð Þf g = lim
ε⟶0

g t + ε t + 1/ Γ αð Þð Þð Þð Þ1−αÀ Á
− g tð Þ

ε
: ð2Þ

The mathematical model used in the study that consists
of the Atangana’s fractional derivative is preferred because it
provides some features of the basic derivative rules. Accord-
ing to all these cases, the various properties of the conform-
able derivative are as follows:

(i) Let h ≠ 0 and g be functions that are differentiable
with respect to beta in the range β ∈ ð0, 1�. Accord-
ingly, the equation that can satisfy all the real num-
bers q and r is as follows:

A
0D

α
x q g xð Þ + r h xð Þf g = qA0D

α
x g xð Þf g + rA0D

α
x h xð Þf g: ð3Þ

(ii) p is defined as any constant that satisfies the follow-
ing equation:

A
0D

α
x pf g = 0, ð4Þ

A
0D

α

x g xð Þh xð Þf g = h xð ÞA0D
α

x g xð Þf g + g xð ÞA0D
α

x h xð Þf g, ð5Þ

A
0D

α

x

g xð Þ
h xð Þ
� �

= h xð ÞA0Dα
x g xð Þf g − g xð ÞA0Dα

x h xð Þf g
h2 xð Þ

: ð6Þ

If λ = ðx + ð1/ðΓðαÞÞÞÞα−1v is written instead of λ in
Equation (2) and v⟶ 0, when λ⟶ 0, is taken as follows

A
0D

α

x g xð Þf g = x + 1
Γ αð Þ

� �1−α dg xð Þ
dx

, ð7Þ

with

η = δ

α
x + 1

Γ αð Þ
� �α

, ð8Þ

where δ is the constant, and therefore, the following equa-
tion is written:

A
0D

α

x g ηð Þf g = δ
dg ηð Þ
dη

: ð9Þ

3. Properties of the Modified Exponential
Function Method

In this section, the modified exponential function method,
which is an efficient method used to obtain the wave solu-
tions of the nonlinear mathematical model defined by Atan-
gana derivatives, will be explained in detail.

The general form of the nonlinear fractional partial dif-
ferential equation containing the solution function u with
two variables and its beta derivatives is as follows:

P u, uj j2, A0D
β

t u, ux, uxx, uxx ,⋯
� �

= 0, ð10Þ

where x and t represent space and time to which the func-
tion u given in the general form is dependent.

Let us take the traveling wave transform generated
according to the independent variables in the general form
of the nonlinear partial differential as follows:

u x, tð Þ = u ηð Þ, η = x −
γ

α
t + 1

Γ βð Þ
� �β

 !
, ð11Þ

where γ is any constant. When the derivative terms in Equa-
tion (10) are written instead of those obtained from the wave
transformation (11), the general form of the following non-
linear ordinary differential equation is found:

N u, u2, u3, u′, u″,⋯
� �

= 0: ð12Þ

The solution function of the nonlinear fractional differ-
ential equation considered in this study is as follows:

u ηð Þ = ∑q
i=0Ai e

−ϑ ηð ÞÂ Ãi
∑r

j=0Bj e
−ϑ ηð ÞÂ Ãj = A0 + A1e

−ϑ+⋯+Aqe
−q ϑ

B0 + B1e−ϑ+⋯+Bre−r ϑ
, ð13Þ

where Ai, Bj, ð0 ≤ i ≤ q, 0 ≤ j ≤ rÞ are constants and ϑ = ϑðηÞ.
The terms of derivative in Equation (12) are obtained from
Equation (13). However, in this process, while the deriva-
tives of the function u with respect to η are taken, the func-
tion ϑ and its derivative with respect to η are required. For
this case, the following equation is used as

ϑ′ ηð Þ = e−ϑ ηð Þ + μ eϑ ηð Þ + λ: ð14Þ

If Equation (14) is arranged, the following equation is
obtained:

eϑ ηð Þ

μ e2ϑ ηð Þ + λeϑ ηð Þ + 1
dϑ = dη: ð15Þ

While integrating Equation (15) according to the functions
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η and ϑ, the following family cases are obtained according to
the states of the coefficients in the same equation [27, 28]:

Family 1. If μ ≠ 0 and λ2 − 4μ > 0,

ϑ ηð Þ = ln −
λ

2μ −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ2 − 4μ

p
2μ tanh

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ2 − 4μ

p
2 η + Eð Þ

 ! !
:

ð16Þ

Family 2. If μ ≠ 0 and λ2 − 4μ < 0,

ϑ ηð Þ = ln −
λ

2μ +
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−λ2 + 4μ

p
2μ tan

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−λ2 + 4μ

p
2 η + Eð Þ

 ! !
:

ð17Þ

Family 3. If μ = 0, λ ≠ 0, and λ2 − 4μ > 0,

ϑ ηð Þ = − ln λ

eλ η+Eð Þ − 1

� �
: ð18Þ

Family 4. If μ ≠ 0, λ ≠ 0, and λ2 − 4μ = 0,

ϑ ηð Þ = ln −
2λ η + Eð Þ + 4
λ2 η + Eð Þ

 !
: ð19Þ

Family 5. If μ = 0, λ = 0, and λ2 − 4μ = 0,

ϑ ηð Þ = ln η + Eð Þ, ð20Þ

where E, λ, μ are coefficients.

After determining the function ϑ in Equation (13) accord-
ing to the conditions stated above, another step that needs to
be done is to determine the upper bounds in Equation (13).
For this, the balance procedure must be used. In other words,
there is a relationship between q and r, which is analyzed as
the upper boundary, with the balancing of the highest order
derivative term in the nonlinear ordinary differential equation
and the highest order nonlinear term. Then, appropriate
values are determined to provide this correlation. In this
way, the boundaries of Equation (13) are stated. Then, the
terms of derivative required in Equation (12) are obtained
from Equation (13) and written in their place. The system of
algebraic equations consisting of the coefficients of the func-
tion ϑ in this equation is obtained. The coefficients in the form
of A0,A1, A2,⋯, Aq and B0, B1, B2,⋯, Br are found together
with the solution of this system of equations. Then, the
obtained coefficients are written in Equation (13). The func-
tions ϑ determined according to the family conditions are also
put in their place. It is checked that these functions, which are
obtained together with the necessarymathematical operations,
provide the nonlinear mathematical model with beta deriva-
tives. Finally, the graphs simulating the physical behavior of
wave solutions satisfying the equation are obtained according
to the appropriate parameters.

4. Analysis of the Nonlinear Mathematical
Model with the Beta Time Derivative

In this section, the traveling wave solutions satisfying the
Biswas-Arshed equation with the beta time derivative will
be analyzed by using the modified exponential function
method. The Biswas-Arshed equation physically means that
it represents the pulse propagation in an optical fiber. The
Biswas-Arshed equation with the beta time derivative is as
follows [32, 33]:

iA0D
β
t uf g + a1uxx + a2

A
0D

β
t uxf g + i b1uxxx + b2

A
0D

β
t uxxf g

� �
− i σ uj j2uÀ Á

x
+ τ u uj j2À Á

x
+ ζ uj j2ux

À Á
= 0,

ð21Þ

where a1, a2, b1, b2, σ, τ, and ζ are arbitrary constants. Here, the

functions uxx, uxxx,
A
0D

β
t fuxg, and A

0D
β
t fuxxg are, respectively,

given as the group velocity, the third order, spatiotemporal dis-
persions, and spatiotemporal third-order dispersions whereas
u = uðx, tÞ is defined as a complex-valued function. Also,
ðjuj2uÞx is the self-steepening term and ðjuj2Þx and juj2ux are
the terms of nonlinear dispersions. To solve the nonlinear frac-
tional differential equation, firstly using the wave transform
given below, this equation is reduced to a system of nonlinear
ordinary differential equations. For this, let us consider the
traveling wave transform in the form

u x, tð Þ = ϕ ηð Þeiφ x,tð Þ,

η = x −
ρ

β
t + 1

Γ βð Þ
� �β

,

φ x, tð Þ = −κx + w
β

t + 1
Γ βð Þ

� �β

+℘,

ð22Þ

where ρ, κ, w, and ℘ are constants. When the terms containing
derivatives required in Equation (21) are obtained from the
wave transform (22) and written in their place, we get the fol-
lowing system of nonlinear ordinary differential equations:

2κρb2 − 3κb1 +wb2 + ρa2 − a1ð Þϕ″ + κ3b1 − κ2wb2 + κ2a1 − κwa2 +w
À Á

ϕ

+ κσ + κζð Þϕ3 = 0,
ð23aÞ

ρb2 − b1ð Þϕ‴ + −κ2ρb2 + 3κ2b1 − 2κwb2 − κρa2 + 2κa1 −wa2 + ρ
À Á

ϕ′
+ 3σ + 2τ + ζð Þϕ2ϕ′ = 0:

ð23bÞ

By equating the coefficients of Equation (23b) to zero, the
following results are obtained:
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ρ = b1
b2

,

σ = −
2
3 τ −

1
3 ζ,

w = 2κ2b1b2 + 2κa1b2 − κa2b1 + b1
b2 2κb2 + a2ð Þ :

ð24Þ

A nonlinear ordinary differential equation is obtained by
substituting the values in Equation (24) into Equation (23a)
as follows:

−κb1 +
2κ2b1b2 + 2κa1b2 − κa2b1 + b1

2κb2 + a2
+ b1a2

b2
− a1

� �
ϕ″

+ κ3b1 −
κ2b2 − κa2 + 1
À Á

2κ2b1b2 + 2κa1b2 − κa2b1 + b1
À Á
b2 2κb2 + a2ð Þ + κ2a1

� �
ϕ

+ 2κ
3 ζ − τð Þ

� �
ϕ3 = 0:

ð25Þ

When the balance procedure is applied to Equation (25),
the following balance relation is obtained between the term ϕ
″ with the highest order derivative and the term ϕ3 with the
highest order nonlinear term:

3n − 3m = n −m + 2⇒ n =m + 1: ð26Þ

For m = 1, we obtain n = 2. In this case, it is assumed that
the solution function determined according to Equation (13)
is as follows:

ϕ ηð Þ = ψ

ϖ
= A0 + A1e

−ϑ + A2e
−2 ϑ

B0 + B1e−ϑ
: ð27Þ

The derivative terms required for Equation (25) are
obtained from Equation (27) as follows:

u′ ηð Þ = ψ′ϖ − ψϖ′
ϖ2 , ð28Þ

u″ ηð Þ =
ψ″ϖ3 + ψ′ϖ′ϖ2 − ψ′ϖ′ϖ2 + ψϖ″ϖ2

� �� �
− 2ϖϖ′ ψ′ϖ − ψϖ′

� �� �
ϖ4 :

ð29Þ

The system of algebraic equations, observed by substituting
the terms obtained in Equations ((27)–(29)) into Equation
(25), is solved by using the Mathematica program, and thus,
the following coefficients are obtained by this way. In addition,
two different cases of solutions such as Case 1 and Case 2,
where each case consists of five different solution families, are
given below. Now, let us consider these solution cases.

Case 1.

A0 = −λB0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3b1

2κb2 ζ − τð Þ −4κ + 2κ2 − λ2 + 4μ
À Á

a2
À Á

s
,

A1 = − 2B0 + λB1ð Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

3b1
2κb2 ζ − τð Þ −4κ + 2κ2 − λ2 + 4μ

À Á
a2

À Á
s

,

A2 = −B1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
6b1

κb2 ζ − τð Þ −4κ + 2κ2 − λ2 + 4μ
À Á

a2
À Á

s
,

a1 =
b1 2 − 4κa2 + a22 + b2

À Á
2κ2 − λ2 + 4μ
À ÁÀ Á

b2 −4κ + 2κ2 − λ2 + 4μ
À Á

a2
À Á :

ð30Þ

When the coefficients obtained above are, respectively,
substituted in Equations (27) and (22), the following wave
solutions are found according to the family states.

Family 1. When μ ≠ 0 and λ2 − 4μ > 0,

u1,1 x, tð Þ =Θ1 −λ + 4μ
λ +

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ2 − 4μ

p
tanh

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ2 − 4μ

p
/2

� �
x − b1/βb2ð Þ t + 1/ Γ βð Þð Þð Þð Þβ + E
� �h i

0
@

1
A

× ei −κx+ 2κ2b1b2+2κa1b2−κa2b1+b1ð Þ/ βb2 2κb2+a2ð Þð Þð Þ t+ 1/ Γ βð Þð Þð Þð Þβ+℘ð Þ,

ð31Þ
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Figure 1: The graphs simulating the behavior of the model (31) for the values of δ = 0:96, λ = 3, b1 = 2:5, B0 = 0:2, κ = 0:75, ζ = 0:21, τ
= 0:45, μ = 2, a2 = 3:6, b2 = 2:4, B1 = 0:85, E = 0:65, β = 0:5, A0 = −1:10702, A1 = −5:44284, A2 = −3:13655, a1 = 2:81046, ω = 0:730188, ρ
= 1:04167, and t = 1.
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Figure 5: The graphs simulating the behavior of the model (35) for the values of δ = 0:96, λ = 0, b1 = 2:5, B0 = 0:2, κ = 0:75, ζ = 0:45, τ
= 0:21, μ = 0, a2 = 3:6, b2 = 2:4, B1 = 0:85, E = 0:65, β = 0:5, A0 = 0 , A1 = −1:15011, A2 = −4:88796, a1 = 8:4127, ω = 1:89732, ρ = 1:04167,
and t = 1.
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where Θ1 =
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3b1/ð2b2κðζ − τÞð−4κ + ð2κ2 − λ2 + 4μÞa2ÞÞ

p
. Family 2. When μ ≠ 0 and λ2 − 4μ < 0,

where Θ1 =
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
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p
. Family 3. When μ = 0, λ ≠ 0, and λ2 − 4μ > 0,

where Θ2 = λ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3b1/ð2b2κðζ − τÞð−4κ + ð2κ2 − λ2Þa2ÞÞ

p
.

Family 4. When μ ≠ 0, λ ≠ 0, and λ2 − 4μ = 0,

u1,4 x, tð Þ = Θ3e
i −κx+ 2κ2b1b2+2κa1b2−κa2b1+b1ð Þ/ βb2 2κb2+a2ð Þð Þð Þ t+ 1/ Γ βð Þð Þð Þð Þð Þβ+℘ð Þ

2 + λ x − b1/β b2ð Þ t + 1/ Γ βð Þð Þð Þð Þβ + E
� �� � ,

ð34Þ

where Θ3 = λ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
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p
.

Family 5. When μ = 0, λ = 0, and λ2 − 4μ = 0,

u1,5 x, tð Þ = −
Θ4e
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p
.

Case 2.

Let us investigate the wave solutions of the following
family of solutions according to another set of coefficients
obtained by solving the system of algebraic equations.

Family 1. If μ ≠ 0 and λ2 − 4μ > 0, then
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Θ2μ 2B0 − λB1ð Þ +Θ1 λB0 − 2μB1ð Þ λ +

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ2 − 4μ

p
tanh

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ2 − 4μ

p
/2

� �
η + Eð Þ

h i� �
2μB1 − B0 λ +

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ2 − 4μ

p
tanh

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ2 − 4μ

p
/2

� �
η + Eð Þ

h i� �
× ei −κx+ 2κ2b1b2+2κa1b2−κa2b1+b1ð Þ/ βb2 2κb2+a2ð Þð Þð Þ t+ 1/ Γ βð Þð Þð Þð Þβ+℘ð Þ,

ð37Þ

u1,2 x, tð Þ =Θ1 −λ + 4μ
λ −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−λ2 + 4μ

p
tan

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−λ2 + 4μ

p
/2

� �
x − b1/βb2ð Þ t + 1/ Γ βð Þð Þð Þð Þβ + E
� �h i

0
@

1
A

Á × ei −κx+ 2κ2b1b2+2κa1b2−κa2b1+b1ð Þ/ βb2 2κb2+a2ð Þð Þð Þ t+ 1/ Γ βð Þð Þð Þð Þβ+℘ð Þ,

ð32Þ

u1,3 x, tð Þ =Θ2 coth
1
2 λ x −

b1
βb2

t + 1
Γ βð Þ

� �β

+ E

 !" #
ei −κx+ 2κ2b1b2+2κa1b2−κa2b1+b1ð Þ/ βb2 2κb2+a2ð Þð Þð Þ t+ 1/ Γ βð Þð Þð Þð Þβ+℘ð Þ, ð33Þ

A0 =
ffiffiffiffiffiffiffi
3b1

p
λB0 − 2μB1ð Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2b2κ ζ − τð Þ −4κ + 2κ2 − λ2 + 4μ
À Á

a2
À Áq ,

A1 = −

ffiffiffiffiffiffiffiffiffiffiffi
3b1b2

p
B2
0 − μB2

1
À Á

+
ffiffiffiffiffi
b1

p
b2 B2

0 − λB0B1 + μB2
1

À Á� �
2κ ζ − τð Þ −4κ + 2κ2 − λ2 + 4μ

À Á
a2

À ÁÀ Á1/2
B0

,

A2 = 0,

a1 =

2μ
ffiffiffiffiffi
b1

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
κ ζ − τð Þ −4κ + 2κ2 − λ2 + 4μ

À Á
a2

À Á
b2

q
a2 + 2κb2ð Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
κ ζ − τð Þ −4κ + 2κ2 − λ2 + 4μ

À Á
a2

À Á
b2

À Á2b1 λB0 − 2μB1ð Þ2 B2
0 − λB0B1 + μB2

1
À Á2q

+ κ ζ − τð Þ −4κ + 2κ2 − λ2 + 4μ
À Á

a2
À Á

b1b2
À Á

λB0 − 2μB1ð Þ
−4κ + a2 2 5κ2 + μ

À Á
+ κa2 −8κ2 + 2λ2 − 8μ + κ 2κ2 − λ2 + 4μ

À Á
a2

À ÁÀ Á
+

+κ −4κ2 + 2λ2 − 4μ + κ 2κ2 − λ2 + 4μ
À Á

a2
À Á

b2

 !
B2
0 − 2λμ a2 + 2κb2ð ÞB0B1 +

+2μ2 a2 + 2κb2ð ÞB2
1

0
BB@

1
CCA

κ2 ζ − τð Þ −2 + κa2ð Þ −4κ + 2κ2 − λ2 + 4μ
À Á

a2
À Á2

b22B
2
0 λB0 − 2μB1ð Þ

� � :

ð36Þ

15Advances in Mathematical Physics



where η = x − ðb1/βb2Þðt + ð1/ðΓðβÞÞÞÞβ, Θ1 =ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3b1/ð2b2κðζ − τÞð−4κ + ð2κ2 − λ2 + 4μÞa2ÞÞ

p
, and Θ2 =ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

6b1/ðb2κðζ − τÞð−4κ + ð2κ2 − λ2 + 4μÞa2ÞÞ
p

.

Family 2. If μ ≠ 0 and λ2 − 4μ < 0, then

where Θ1 =
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3b1/ð2b2κðζ − τÞð−4κ + ð2κ2 − λ2 + 4μÞa2ÞÞ

p
and Θ2 =

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
6b1/ðb2κðζ − τÞð−4κ + ð2κ2 − λ2 + 4μÞa2ÞÞ

p
.

Family 3. If μ = 0, λ ≠ 0, and λ2 − 4μ > 0, then

Family 4. If μ ≠ 0, λ ≠ 0, and λ2 − 4μ = 0, then

Family 5. If μ = 0, λ = 0, and λ2 − 4μ = 0, then

u2,5 x, tð Þ = Θ4B0e
i −κx+ 2κ2b1b2+2κa1b2−κa2b1+b1ð Þ/ βb2 2κb2+a2ð Þð Þð Þ t+ 1/ Γ βð Þð Þð Þð Þβ+℘ð Þ
b2 B1 + B0 x − b1/βb2ð Þ t + 1/ Γ βð Þð Þð Þð Þβ + E

� �� � ,

ð41Þ

where a1 = ðb1ðð−1 + κa2Þ2 + κ2b2ÞÞ/ðκð−2 + κa2Þb2Þ and
Θ4 =

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3b1b2/ðκ2ðζ − τÞð−2 + κa2ÞÞ

p
.

5. Conclusions

In this study, an effective technique, the modified exponen-
tial function method for the Biswas-Arshed equation with

the beta time derivative, was applied. It can be said that this
method is an advantageous technique for obtaining wave
solutions of nonlinear partial differential equations. This
advantage can be explained as follows. The traveling wave
solutions of the mathematical model contain periodic func-
tions. By obtaining these functions, the behavior model
obtained in a range can be generalized to an infinite range.
In this study, a package program was used for all mathemat-
ical operations and graphics that simulate the behavior of
the mathematical model and for all the operations related
to showing that solution functions provide the mathematical
model. Using the method, two case situations consisting of
coefficients were analyzed. According to these situations,
hyperbolic, trigonometric, and rational solution functions
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belonging to the mathematical model were obtained. In
addition, in the second case, the solution functions belong-
ing to the mathematical model were obtained in a complex
form. For this reason, while determining the graphs simulat-
ing the behaviors, they were examined separately as real and
imaginary parts in Figures 1–10. When all these results are
analyzed, it is concluded that obtaining periodic solution
functions is of great importance, because such functions will
allow to make comments about a desired range.
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